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SUMMARY
For acquiring a broad view in an unknown environment, we proposed a control strategy based on
the Bézier curve for the snake robot raising its head. Then, an improved discretization method was
developed to accommodate the backbone curves with more complex shapes. Besides, in order to
determine the condition of using the improved discretization method, energy of framed space curve
is introduced originally to estimate the shape complexity of the backbone curve. At last, based on
degree elevation of the Bézier curve, an obstacle avoidance strategy of the head-raising motion was
proposed and validated through simulation.
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1. Introduction
A snake robot is a mobile robot with hyper-redundant degrees of freedom (DOFs).1–3 Therefore, it
can move flexibly and adapt to the complex environment and it plays a prominent role in the search
and rescue operation, inspection, and maintenance.4, 5 For completing a specific task in the complex
environment, it is important that head-raising motion can help the snake robot obtain a broad visual
space and act as a flexible manipulator.4 However, the redundant DOFs of the robot increase the
difficulty of control of the head-raising motion. So, the motion planning of the snake robot is a key
problem.

Tanaka et al. proposed the head control method of the planar locomotion based on the non-side-
slipping constraint for the wheeled snake robot.6 Then, they proposed the head-raising model using
the kinematic redundancy.7 But these methods are only suitable for the wheeled snake robot because
of non-side-slipping constraint. However, snake robots without wheels are widely studied for their
better mobility and adaptability in the clutter environment.8, 9 In addition, Ye et al. proposed the head-
raising method based on the modified serpentine curve.10 However, the inflexibility of the serpentine
curve limits the motion range of the head. Then, a predefined spiral curve method for the head-
raising of the snake robot is proposed by Zhang et al.4 But the head of the snake robot has a rather
small workspace because of the inflexibility of the spiral curve. Besides, the head-raising motion is
realized after the snake robot stops moving. Before the snake robot stops moving, the rolling gait or
turning-in-place gait can be adopted to move forward or turn around.8, 11 The way of raising head
after stopping is adopted in wheeless snake robots field.4, 12

For realizing the head-raising motion, the backbone curve theory is adopted.13 In order to over-
come these shortcomings, we propose the head-raising method based on the Bézier curve. The Bézier
curve has the rather high flexibility of its construction.14 The robot is divided into two parts, the base
part and the upper part. The backbone curve of the base part is designed as a planar arc to ensure
the stability of the robot as much as possible. For the backbone curve of the upper part, it should be
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constructed and modified flexibly so that the head can have a rather large workspace. Spline curves
and Bézier curves are widely used in computer graphics.15 The spline curves have been used in the
kinematics of the hyper-redundant manipulators.16, 17 But, it is hard to ensure the smoothness of the
connecting point and the local adjustment for the piecewise curve by the spline curve at the same
time. Liljebäck et al. used the planar Bézier curve to construct the control frame for the snake robot
locomotion.18 In this paper, the space Bézier curve is adopted to design the backbone curve of the
upper part. Then the local adjustment and piecewise construction for the Bézier curve can be easier to
implement. In order to determine the degree of the Bézier curve, constraints including the arc length,
second-order derivative continuity at the connection point, and the direction of the tangent line at
the end point are used. And it is proved that the second-order derivative continuity at the connecting
point of the backbone curve can avoid the sharp change of the phase angle. Once the design of the
piecewise backbone curve is completed, the backbone curve can be discretized by the discretization
method based on its curvature and torsion.19, 20 However, the discretization method is not applicable
to the backbone curve with a large shape change. Then, a variable called energy of the framed space
curve is introduced in computer graphics.21 We originally applied it to estimate the shape change of
the backbone curve. Hatton et al. proposed an annealed chain-fitting method,22 but it is computation-
ally expensive.8 And it is not applicable to the backbone curve of the head-raising method. In order
to decrease the discretization error of the backbone curve with a large shape change, a modified
discretization method based on the optimization is proposed. Then the zero-moment point (ZMP)
method and the support polygon method are adopted to analyze the stability of the motion. The two
methods both have an assumption that the ground is a plane. However, the assumption can simplify
the computation of the stability of snake robots though it has some limitations. Thus, the assumption
is adopted by several researchers.4, 7, 10 Besides, the ZMP method is also widely used in the humanoid
robotics field.23, 24 Then the proposed head-raising method and the predefined spiral curve method
are compared in terms of the size of the workspace obtained by them. At last, the strategy of obstacle
avoidance of the head based on the degree elevation of the Bézier curve is proposed. The simulation
verifies the effectiveness of the obstacle avoidance strategy.

The article is organized as follows. In the second section, the motion model of the head-raising
is constructed. The Bézier curve is briefly introduced at first. Then the backbone curve of the base
part is designed and optimized. The Bézier backbone curve for the upper part is determined, and
the discretization method is modified for adapting to more complex backbone curve. What’s more,
the stability analysis based on the ZMP method is given. In the third section, the proposed head-
raising method is compared with the predefined spiral curve method. And the relationship between
the threshold and discretization error for the modified discretization method is studied. In the fourth
section, the obstacle avoidance strategy is studied which is based on the degree elevation of the
Bézier curve. The simulation result validates the effectiveness of the strategy. In the fifth section, the
conclusions and future works are presented.

2. The Motion Model of Head-Raising
In this section, the head-raising method based on the Bézier curve and the improved discretization
method are developed. The energy of the framed space curve is used to estimate the shape of back-
bone curve. In addition, the ZMP method and the support polygon method used for the stability
analysis are presented.

2.1. An introduction to the Bézier curve
The Bézier curve is widely used in the computer graphics design.15, 25 It is a parametric curve based
on the Bernstein polynomial. It is constructed on some control points and builds some smooth curves
easily. The shape of the Bézier curve can be changed by moving these control points. The expression
of the Bézier curve is the combination of the control points and Bernstein polynomial so it looks very
intuitive, compact, and flexible. The control points of the Bézier curve are assumed as P0, P1, P2,...,
Ph−1, Ph. The Bernstein polynomial is expressed as

Bh,i(t) = h!
i!(h − i)! t

i(1 − t)h−i (1)
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Fig. 1. (a) The linear Bézier curve. (b) The Bézier curve of degree 4. (c) The Bézier curve of degree 5.

where t ∈ [0, 1] is a parameter for the curve. And the expression of the Bézier curve of degree h can
be represented as

Ch(t) =
n∑

i=0

Bh,i(t)Pi (2)

Then we can construct a linear Bézier curve firstly,

C1(t) = (1 − t)P0 + tP1 t ∈ [0, 1] (3)

The equation represents a location moving from P0 to P1 along the curve when t increases. In this
article, the Bézier curve of degree 4 and Bézier curve of degree 5 are used to design the backbone
curve. So the Bézier curve of degree 4 is given as

C4(t) = P0(1 − t)4 + 4P1t(1 − t)3 + 6P2t2(1 − t)2 + 4P3t3(1 − t) + P4t4 t ∈ [0, 1] (4)

And the Bézier curve of degree 5 is given as

C5(t) = P0(1 − t)5 + 5P1t(1 − t)4 + 10P2t2(1 − t)3 + 10P3t3(1 − t)2 + 5P4t4(1 − t)

+P5t5 t ∈ [0, 1] (5)

The linear Bézier curve, Bézier curve of degree 4, and Bézier curve of degree 5 are shown in Fig. 1.
The Bézier curve of high degree can ensure the smoothness at the connection of the piecewise curve,
but the Bézier curve of low degree can reduce the complexity of the computation.

2.2. The design of the backbone curve
Then the planar arc curve is adopted to design the backbone of the base part, and the quartic Bézier
curve is used to design the backbone curve of the upper part of the snake robot. And the length of
the entire backbone curve is equal to the length of the entire body of the snake robot. Though the
proposed head-raising method can be applied to the snake robots with different kinematic chains,8, 20

the kinematic chain of the snake robot adopted in this article is shown in Fig. 2. The snake robot
consists of joints with a single DOF and the axis of each joint is rotated 90 degrees relative to the
previous joint axis, which is shown in Fig. 2(a). The configuration in Fig. 2 is widely adopted in the
snake robot field.8, 26, 27 And the snake robot in this article is divided into the base part and upper part,
which is shown in Fig. 2(b).

2.2.1. The backbone curve of the base part. For the process of head-raising of the snake robot, the
function of the base part is to ensure the stability of the body of the snake robot as much as possible.
The support polygon method and ZMP method are usually used to determine the stability of the
robot. And Ye et al. first introduced the ZMP method to determine the stability of the head-raising
motion for the snake robot.10 For the two methods, the projections of the center of mass of the body
and the ZMP of the body on the ground inside the support polygon indicate that the motion of the
body is stable. So the body will have a greater possibility of the stable standing when the support
polygon constructed by the base part has a larger area. As we know, for a given perimeter of the
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Fig. 2. (a) The axis of each joint is rotated 90 degrees relative to the previous joint axis; pitch joint generates
rotation in the plane, while yaw joint generates rotation out of the plane in this illustration. (b) The structure of
the snake robot.
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Fig. 3. The backbone curve of the base part and the support polygon constructed by the base part.

polygon, the circle has a largest coverage area in all the plane polygons. So we choose to design the
backbone of the base part as a planar arc. Then we use the backbone curve theory to discretize the
backbone curve to generate the joint angles of the base part. The support polygon and the backbone
curve are shown in Fig. 3.

For the planar arc, the arc length, which equals the length of the base part of the snake robot, is
assumed as l, and the radius of the arc is r. The central angle of the plane arc is θ . The equations are

r = l

θ
(6)

S = 1

2
r2(θ − sin(θ)) θ ∈ (0, 2π) (7)

where S indicates the area enclosed by the backbone curve of the base part, which is shown in Fig. 3.
Then the area of the support polygon has a maximum value. When θ equals π , S has the maximum
value, 1/2πr2. So the central angle θ of the arc is determined to be π and the radius r is calculated
as l/π . Then the backbone curve of the base part of the snake robot can be discretized to calculate
the joint angles for the base part. The discretization method based on the curvature and torsion of the
backbone curve is given as,8, 20, 28 {

κy(s) = κ(s) cos(φ(s))
κp(s) = κ(s) sin(φ(s))

(8)

φ(s) = φ0 +
∫ s

0
τ(s)ds (9)

where s is the arc length of the backbone curve. κ(s) and τ(s) are the curvature and torsion of the
backbone curve respectively. κy(s) and κp(s) are the projections of the curvature in the yaw joint and
pitch joint respectively, which are shown in Fig. 2. φ0 is the initial phase angle of the discretization
and φ(s) is the phase angle of the discretization.
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Fig. 4. The discretization of the planar arc backbone curve.

{
θy = ∫ si+1

si−1
κy(s)ds yaw joint i = 2, 4, 6, ...

θp = ∫ si+1

si−1
κp(s)ds pitch joint i = 1, 3, 5, ...

(10)

where θy and θp are the joint angles of yaw joints and the joint angles of pitch joints for the snake
robot, respectively. Here s0 is 0. And si represents the sum of lengths of the first i links. The
discretization result of the backbone curve of the base part is shown in Fig. 4.

2.2.2. The backbone curve of the upper part. For the backbone curve of the upper part of the snake
robot, it should connect with the backbone curve of the base part smoothly. In general, it should
be ensured that at least the first derivative of the piecewise backbone curve is continuous at the
connecting point. But there will be a sharp variation of the phase angle of the discretization at the
connecting point of the backbone curve if only the first derivative of the backbone curve is continuous
at the connecting point, which is introduced in refs. [4, 29]. The problem will lead to sharp changes
in motion trajectories.4 In order to ensure the smoothness of the junction point for the backbone
curve, at least first-order derivative continuity or at least second-order derivative continuity should
be satisfied. Since the general parameter representation of the parametric curve is easier than the arc
length parameter representation to calculate, we adopt the general parameter representation of the
backbone curve. And we assume that the planar arc and Bézier curve are denoted as Ca(t), t ∈ [0, π]
and Cb(t), t ∈ [0, 1]. Then the conditions of the smoothness at the connecting point are given,

C′
a(π) = C′

b(0) (11)

C′′
a(π) = C′′

b(0) (12)

where symbol ′ and symbol ′′ indicate the first-order derivative and the second-order derivative
respect to the parameter t. The case of satisfying Eq. (11) is C1 continuous. And the case of satisfying
Eqs. (11) and (12) is C2 continuous.

The Frenet–Serret frame can be calculated as follows,30

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

T(t) = C′(t)
‖C′(t)‖

Ns(t) = C′′(t)
‖C′′(t)‖

B(t) = T(t) × Ns(t)

N(t) = B(t) × T(t)

(13)

where C(t) is a parametric curve. The T(t), N(t), and B(t) are the unit tangent vector, the unit normal
vector, and the unit binormal vector at parameter t, respectively, which construct a Frenet–Serret
frame. In Fig. 5(a), the backbone curves of the base part and the upper part are the planar arc and the
Bézier curve of degree 2, respectively. The connection of them is C1 continuous. The Frenet–Serret
frames of them at the junction point P0 are {P0 : Ta, Na, Ba} and {P0 : Tb, Nb, Bb}, respectively. The
frame {P0 : Ta, Na, Ba} and the frame {P0 : Tb, Nb, Bb} have a phase angle variation φe along the
axis Ta or Tb,

φe = ((Ba × Bb) • Ta) arccos(Ba • Bb) (14)
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Fig. 5. (a) The backbone curve constructed by the planar arc and the Bézier curve of degree 2. (b) The backbone
curve constructed by the planar arc and the cubic Bézier curve.

where ((Ba × Bb) • Ta) is used to describe the signum of φe. The existence of the phase angle vari-
ation causes the non-smoothness of backbone curve discretization and the sharp changes in some
motion trajectory for the snake robot. In Fig. 5(b), the backbone curves of the base part and the upper
part are the planar arc and the cubic Bézier curve, respectively, whose connection is C2 continuous.
The frame {P0 : Ta, Na, Ba} and the frame {P0 : Tb, Nb, Bb} have a phase angle variation φe along
the axis Ta or Tb is 0. So the C2 continuity can avoid these problems.

For the Bézier curve, the first-order and second-order derivative at P0 is controlled by the first
two control points, P1 and P2. Besides, there are also some restrictions that the backbone curve of
the snake robot should satisfy. The restrictions are the arc length of the backbone curve, the desired
tangent direction, and the desired position of end point of the backbone curve. Assuming that the
backbone curve of upper part is the Bézier curve of degree h, the desired position of the end point is
the known control point Ph. The rest restrictions can be represented as,

∫ π

0
‖C′

a(t)‖dt +
∫ 1

0
‖C′

b(t)‖dt =
n∑

i=1

li (15)

C′
b(1)

‖C′
b(1)‖ × ra = 0 (16)

where n denotes the number of the links of the snake robot. li denotes the length of i-th link of the
snake robot. And ra is a desired unit tangent vector of the end point of the backbone curve. 0 is a
3 × 1 zero vector. The way in which Eq. (16) describes the end direction constraints greatly reduces
the computational complexity. Then the backbone curve of the upper part needs five control points
to construct a quartic Bézier curve considering these restrictions.

For determining the quartic Bézier curve, we assume that the control points are P0(a0, b0, c0),
P1(a1, b1, c1), P2(a2, b2, c2), P3(a3, b3, c3), and P4(a4, b4, c4). P0 as the end point of the backbone
curve of the base part and P4 as the desired position of the end point of the backbone curve for
the upper part are both known. P1 and P2 can be determined by Eqs. (11) and (12), respectively. a3

and b3 can be represented by c3 through Eq. (16). Then a3 and b3 are substituted into Eq. (15), so
a3, b3, and c3 can be solved. In order to avoid the tangent direction of the end point of the Bézier
curve converging to the direction −ra for Eq. (16), a predefined P3 can be set P3 = P4 − kra. k is
an adjustable parameter. The initial value of c3 used for iteration of solving c3 from Eq. (15) should
be determined by the predefined P3. The desired backbone curve solved through these equations is
shown in Fig. 6.

2.3. The modified discretization method
2.3.1. The discretization error. The discretization method based on the curvature and torsion of
the backbone curve is proposed by Yamada et al.19, 20 The method is widely applied in the dis-
cretization of the backbone curve which has a small curvature and torsion change with the arc length
parameter.8, 31 And the quality of the discretization can be measured by the discretization error,20
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Fig. 6. The backbone curves of the head-raising method corresponding to the base part and upper part are a
planar arc and a quartic Bézier curve.

Enm =
∫ Lt

0 ‖C(s) − Cd(s)‖ds

L2
t

(17)

where Lt is the total length of the snake robot. C(s) indicates the backbone curve of the snake robot
and Cd(s) is the vector of the position of the point on the link model for the snake robot. Enm denotes
the discretization error of the backbone curve. A greater discretization error indicates a worse dis-
cretization result. However, for the backbone curve with a large change of the curvature and the
torsion, the error of the discretization based on the curvature and the torsion of the backbone curve
is rather large.

The discretization of the backbone curve with a small change of the curvature and torsion is shown
in Fig. 7(a). And the discretization of the backbone with a large change of the curvature and torsion is
shown in Fig. 7(b). They have the same backbone curve of the base part and the same arc length of the
entire backbone curve. The relationship between the curvature and the arc length and the relationship
between the torsion and the arc length corresponding to the backbone curve in Fig. 7(a) are shown
in Fig. 8(a) and Fig. 9(a), respectively. The relationship between the curvature and the arc length and
the relationship between the torsion and the arc length corresponding to the backbone curve in Fig.
7(b) are shown in Figs. 8(b) and 9(b), respectively. We can find that the discretization result of the
backbone curve with a large curvature and torsion change is worse. The discretization error Enm of
the backbone curve in Fig. 7(a) which is calculated by Eq. (17) is 0.00568705. The discretization
error Enm of the backbone curve in Fig. 7(b) is 0.0530048. The discretization error of the backbone
curve in Fig. 7(b) is nearly 10 times that in Fig. 7(a). So the discretization method is not applicable
for the curve with a large change of the curvature and torsion.

2.3.2. The modified discretization method. In order to improve the discretization of the backbone
curve with a large curvature and torsion change, a modified discretization method is proposed. In
the modified method, an optimization algorithm is adopted at the backbone curve segment where
the changes of the curvature and the torsion are relatively large to minimize the discretization error.
Firstly, we need an evaluation criterion of the shape change of the backbone curve whose change
of the curvature and torsion is relatively large. Borrowing a concept from the computer graphics
literature,21, 32 it is called energy of the framed space curve. Then the energy U can be calculated as,

U =
∫ s

0
ω(s)2ds (18)

ω(s) =
√

κ(s)2 + τ(s)2 (19)

ds = ‖C′(t)‖dt (20)
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κ(t) = ‖C′(t) × C′′(t)‖
‖C′(t)‖3

(21)

τ(t) = (C′(t) × C′′(t)) · C′′′(t)
‖C′(t) × C′′(t)‖2

(22)

where U is the energy of the framed space curve based on the Frenet–Serret frame. And ω denotes
the magnitude of the rate of the rotation for Darboux vector d = τT + κB relative to the Frenet–
Serret frame. Since the backbone curve is designed based on the general parameter t, the relationship
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between the arc length s and the general parameter t is given in Eq. (20). C(t) is the backbone curve,
and κ(t) and τ(t) are the curvature and torsion represented based on the general parameter t.

Then the energy is used to estimate the shape change of the backbone curve and provide a mea-
suring guide to the backbone curve segments that need an optimization discretization. Then the
local energy of the i-th curve segment of the backbone curve Ei

l corresponding to the i-th link is
defined as,

Ei
l =

∫ si

si−1

ω(s)2ds i = 1, 2, 3, ..., n (23)

where a threshold of the local energy of the backbone curve Et is set and the local optimization of
the discretization method is adopted if Ei

l > Et. The arc length of the local energy integration for i-th
curve segment is equal to the length of the i-th link. The local energy of all links for the snake robot
and the threshold Et corresponding to the backbone curve in Fig. 7(a) is shown in Fig. 10(a). The
local energy of all links for the snake robot and the threshold Et corresponding to the backbone curve
in Fig. 7(b) is shown in Fig. 10(b).

The modified discretization method with an optimization algorithm is adopted when the local
energy Ei

l of a curve segment is larger than Et. Here, we assume that the local energy of the nk-th
curve segment is larger than the threshold. Then the discretization of the curve segment with a serial
number greater than or equal to nk needs to be optimized. The serial number of the link for the snake
robot is shown in Fig. 2(b). Since the transformation matrix 0Tnk−1 of the (nk − 1)-th link relative to
the world frame 0 is known, we have

arg min
qi∈Rn

(

nk+m−1∑
i=nk

‖pi(q) − C(ti−nk+1)‖2)

s.t.

{
0 < t1 < t2 < ... < tm ≤ 1

qi
dlim ≤ qi ≤ qi

ulim

(24)

where pi(q) indicates the position vector of the transformation matrix 0Ti of the i-th link and m
represents the number of the curve segments needed to be optimized. qi

dlim and qi
ulim are the lower

bound and upper bound of the joint limit of i-th joint for the snake robot. q is the joint angle vector
for the links corresponding these curve segments. In order to reduce the computational complexity
of the optimization, m0(m0 ≤ m) curve segments are optimized at a time and then the next m0 curve
segment is optimized until all joint angles qi of the robot are calculated. The discretization of links
whose number is less than m0 is calculated by Eq. (24) alone.

The process is given as follows. (a) Calculate the local energy of the curve segments of the back-
bone curve for the snake robot and determine the threshold Et. (b) Determine if the local energy of the
curve segment is greater than Et. If not, the joint angles of the robot can be obtained by discretizing
the backbone curve using the method in Eq. (10), which is based on the curvature and torsion of the
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Fig. 11. The discretization result of the backbone curve in Fig. 7(b) using the modified discretization method.

backbone curve. (c) Otherwise, the discretization of the curve segment with a serial number greater
than or equal to the serial number of the curve segment whose local energy is larger than Et needs
to be optimized. Then the other part of the backbone curve is discretized using the method in Eq.
(10). The discretization result of the backbone curve in Fig. 7(b) using the modified discretization
method is shown in Fig. 11. Here Et is set 2.25 m−1 and m0 is set 3. And the selection of Et will
be studied in Subsection 3.2. The point on the curve with the solved parameter ti is the knot point.
The optimization algorithm can ensure that the end point of the last link approaches the end point
of the backbone curve as can as possible through the discretization result obtained by the modified
discretization method, which is as shown in Fig. 11. So it is more reasonable to replace Lt to s(tm).
s(tm) represents the arc length from the start point of the backbone curve to knot point C(tm). Then
the discretization error of the backbone curve in Fig. 7(b) using the modified discretization method
is 0.0106609. The discretization error of the modified discretization method is one-fifth of the error
of the non-modified method. The result is much better than before.

2.4. Stability analysis of head-raising motion
For the snake robot head-raising motion, the stability of the snake robot is the prerequisite for com-
pleting a specific task. In general, the support polygon method and ZMP method are used to analyze
the stability of the mobile robot. The support polygon method has been introduced briefly in Section
2.2.1. The support polygon method here is used to determine the static stability of the snake robot.
And the ZMP method can be used to analyze the dynamical stability of the robot. For the support
polygon method,23

M = polygon(pi) i = 1, 2, ..., nb + 1 (25)

pc =
∑n

i=1 pi
cmi∑n

i=1 mi
(26)

where pi represents the joint position for the base part of the snake robot. nb denotes the number of
the links of the base part. M is the planar region of the support polygon, and the function polygon
output a polygon constructed by point pi. pc indicates the center of mass of the robot. And the pi

c is
the center of mass of the i-th link. mi is the mass of the i-th link. If the projection of pc on the ground
is inside the support polygon, the configuration of the robot is statically stable.

In the process of the motion for the robot, the ZMP method is used for dynamically stability deter-
mination for the snake robot. Since the ZMP is calculated by the condition of the torque equilibrium,
the linear velocity and the angular velocity of the link ought to be computed.23 The linear velocity
and angular velocity of the i-th link are known firstly, then
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0vj = 0vi + 0ωi × 0Ri
ibj (27)

0ωj = 0ωi + 0Ri × izjq̇j (28)

where 0vj and 0ωj are the linear velocity and angular velocity of the j-th link represented in the world
frame 0. The izj is the z-axis of frame j represented in frame i. 0Ri denotes the rotation matrix of
the frame i relative to the frame 0. ibj is the joint position vector for j-th link represented in the i-th
frame. q̇j indicates the derivative of j-th joint angle relative to the time.

Next, the linear momentum and angular momentum of the robot are computed by the velocities of
the links,

0ċj = 0vj + 0ωj × (0Rjcj) (29)

0Pj = mj
0ċj (30)

0P =
N∑

j=1

0Pj (31)

0Lj = 0cj × 0Pj + 0RjIj
0RT

j
0ωj (32)

0L=
N∑

j=1

0Lj (33)

where cj represents the coordinate of the center of mass for the j-th link described in frame j. And
0ċj denotes the derivative of the center of mass of the j-th respect to time represented in the world
frame. 0Pj and 0P represent the linear momentum for i-th link and the robot, respectively. 0Lj and 0L
denote the angular momentum for i-th link and the robot, respectively. Ij is the inertia tensor matrix
of the j-th link relative to the local frame.

Then the ZMP can be solved based on the dynamics algorithm,

τ = p × f + τ p (34)

0Ṗ = Mg + f (35)

0L̇= c × Mg + τ (36)

substitute Eqs. (35) and (36) into Eq. (34), we have

τ p = 0L̇− c × Mg + (0Ṗ − Mg) × p (37)

where f denotes the reaction force of the ground to the link. And p denotes the ZMP, M = ∑N
j=1 mj. g

is the gravity acceleration vector. So, we can obtain

τpx = L̇x + Mgy + Ṗypz − (Ṗz + Mg)py (38)

τpy = L̇y − Mgx − Ṗxpz + (Ṗz + Mg)px (39)

where ⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0P = [Px Py Pz]T

0L= [Lx Ly Lz]T

c = [x y z]T

g = [0 0 − g]T

p = [px py pz]T

(40)

Let the x component τpx and y component τpy of the moment τ p be 0. The px and py of the ZMP
can be solved.

px = Mgx + pzṖx − L̇y

Mg + Ṗz

(41)
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Fig. 12. The illustration of the ZMP and the support polygon for the snake robot.

py = Mgy + pzṖy + L̇x

Mg + Ṗz

(42)

Then, we have pz = 0 considering that the snake robot locomotes on the ground. If the projection
of the ZMP on the ground, (px, py) lies inside the support polygon, the snake robot is dynamically
stable.24 The illustration is shown in Fig. 12.

3. The Workspace Comparison with the Existing Method and Relationship Between the
Threshold and the Discretization Error

3.1. The workspace comparison with the existing method
3.1.1. The workspace of the predefined spiral curve method. Zhang et al. proposed a predefined
spiral curve method for the head-raising of the snake robot.4 Then, a shape-fitting method based on
the 3-DOF joint is proposed.4 And the roll, pitch, and yaw angles of the joint can be solved. But for
the snake robot with single-DOF joints, it is not suitable. Therefore, we will compare the backbone
curve based on the Bézier curve with that of a predefined spiral curve. And the modified discretization
method is also applied to the predefined spiral curve. Here, we assume that the planar spiral curve of
the predefined spiral method and the planar arc of the proposed method have the same length, and
the length equals

∑8
i=1 li. Then equations of the spiral curve of the predefined spiral curve method

are given as,4 ⎧⎪⎨
⎪⎩

xl(t) = xs(t̂1) t ∈ (0, t̂1)
yl(t) = ys(t̂1) − t + t̂1 t ∈ (0, t̂1)
zl(t) = 0 t ∈ (0, t̂1)

(43)

⎧⎪⎨
⎪⎩

xs(t) = ab(t̂3 − t) sin(t + φ0) t ∈ (t̂1, t̂2)
ys(t) = a(t̂3 − t) cos(t + φ0) t ∈ (t̂1, t̂2)
zs(t) = 0 t ∈ (t̂1, t̂2)

(44)

⎧⎪⎨
⎪⎩

xs(t) = ab(t̂3 − t) sin(t + φ0) t ∈ (t̂2, t̂3)
ys(t) = a(t̂3 − t) cos(t + φ0) t ∈ (t̂2, t̂3)
zs(t) = ct − ct̂2 t ∈ (t̂2, t̂3)

(45)
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Fig. 13. The head-raising motion by the predefined spiral curve method.

⎧⎪⎨
⎪⎩

t̂1 = ∑n
i=1 li

t̂2 = t̂1 + φbase

t̂3 = t̂1 + 2ncπ

(46)

where a, b, and c are adjustable parameters. φbase is the phase value of the second interval, and nc is
the cycle number of the spiral curve. And Eq. (43) represents the straight line segment, and Eq. (44)
describes the planar spiral curve segment. And Eq. (45) represents the spatial spiral curve segment.
The predefined spiral curve is shown in Fig. 13. Then the snake robot moves from state 1 to state
2, and the pose of the head forms a spatial trajectory. The parameters of the predefined curve are as
follows: a = 14.7, b = 1, c = 48.5, t1 = 1552, t2 = 1555.1, t3 = 1567.7, φ0 = 1.6022, φbase = π , and
nc = 2.5. The motion process of the head-raising for the snake robot is shown in Fig. 13. The starting
state in which the snake robot raises its head is the state 1 as shown in Fig. 13. And the end state
in which the snake robot raises its head is the state 2. The workspace of the method is the spatial
trajectory formed by the pose of the head.

3.1.2. The workspace of the method based on the Bézier curve. In order to get the workspace of
the head for the snake robot, we are inspired by the method in ref. [33]. Firstly, n0 grid points are
evenly distributed in the hemisphere space whose center point is P0 and radius r0 equals the length
of the upper part of robot,

∑17
i=9 li. P0 is the end point of the base part of the snake robot. These

grid points are shown in Fig. 14. Every grid point is used as the end point of the backbone curve of
the Bézier curve. Then a sphere, whose center is a grid point and radius is r1, is constructed. The
n1 points are distributed on the sphere, and every unit vector from the center of the sphere to the
point on the sphere form a desired tangent direction for the end point of the backbone curve of the
Bézier curve, C′(1)/‖C′(1)‖. Then the point set with n0 points and n1 directions for each point is
used to solve the valid Bézier curves by Eqs. (11), (12), (15), and (16). Then the backbone curve of
the base part and these Bézier curve construct several full backbone curves. And these full backbone
curves are discretized to generate some configurations for the snake robot. But these configurations
of the snake robot should meet the following conditions: (a) avoiding self-collision; (b) the center of
mass of the robot is inside the support polygon; (c) the upper part of the snake robot has no collision
with the ground. The computation of avoiding self-collision is completed in Moveit! software of
the Robot Operating System (ROS) Kinetic Kame through the Flexible Collision Library.34 The
condition (b) can be determined by Eqs. (25) and (26). It can be judged whether the condition (c) is
satisfied by the relationship between the coordinates of the z-axis of the link centroids and the ground
coordinate. Here n0 = 15, 708, P0 = [−0.2051, 0.0066, 0], r0 = 0.738 m, r1 = 0.01 m, and n1 = 20.
These samples construct 314,160 backbone curves and the number of curves satisfying above 3
conditions is 75,160. The configurations of the snake robot obtained by these reasonable curves form
the workspace of the head, which is shown in Fig. 15. Phead indicates the position of the head in
Fig. 15.
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Fig. 14. The grid points are evenly distributed in the hemisphere.

Fig. 15. The workspace of the head calculated by the method based on the Bézier curve method.

Fig. 16. (a) The polyhedrons enclosing the workspace of the head obtained by the proposed method. (b) The
polyhedrons enclosing the workspace of the head obtained by the predefined spiral curve method.

3.1.3. Result of comparison. For comparing the workspaces of the head obtained by the proposed
method and the predefined spiral curve method, the volumes of the smallest polyhedron enclosing the
workspace are calculated. The polyhedrons enclosing the workspace of the head obtained by the pro-
posed method and the predefined spiral curve method are shown in Figs. 16(a) and (b), respectively.
The volumes of the polyhedrons in Figs. 16(a) and (b) are 0.1991 and 0.00023985 m3, respectively.
The workspace of the proposed method is much better than that of the predefined spiral curve method.

3.2. Relationship between the threshold and the discretization error
In order to give a guide to select a proper threshold for the modified discretization method, we studied
the relationship between the threshold and the discretization error by the modified discretization
method. In Subsection 3.1.2, 75,160 valid curves are obtained. Then, 32,580 curves are selected
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Fig. 17. The relationship between the discretization error and the logarithm of the threshold.

randomly from them, and the local energy of the curve segments for selected curves are calculated.
Considering that the curvature and torsion of the arc backbone curve for the base part are both
constants, the discretization of the base part by the method based on the curvature and torsion is
convenient and accurate. Therefore, we set such an interval as the value range of the threshold Et,
whose upper bound is the maximum value of all local energy for the selected curves, and the lower
bound is the maximum local energy of the curve segments of the backbone curve for the base part.
Then, we obtain that Et ∈ [2.01563, 15, 666, 600]. Aim to better study the relationship, log10 Et is
taken as the independent variable and the value range of log10 Et is interpolated linearly to generate
20 values. Then the combination of the threshold and the selected backbone curves generates 20 ×
32, 580 samples. When the local energy of a curve segment of an entire backbone curve is larger
than the threshold, the optimization is adopted. Otherwise, the backbone curve is discretized by the
method based on the curvature and torsion. The result is shown in Fig. 17. When log10 Et ≤ 1.03(Et ≤
10.7086), the discretization error has a rather small variation. When the threshold log10 Et ≥ 3.21,
the maximum value of Enm keeps 0.3649. The threshold can be selected according to the desired
discretization error referring to Fig. 17.

4. The Obstacle Avoidance Strategy of the Head-Raising Method and Simulation

4.1. The obstacle avoidance of the head-raising
Another advantage of the proposed method over the predefined spiral curve method is that it can
achieve obstacle avoidance. Since the Bézier backbone curve is constructed by control points, the
Bézier backbone curve can be adjusted by moving these control points. The poses of the links will
be changed once the backbone curve is changed. This property can be used in the obstacle avoidance
of the snake robot. The obstacle avoidance of the snake robot based on the Bézier curve method is
illustrated in Fig. 18(a). In Fig. 18(a), the links of snake robot are simplified by slim boxes, and the
links of the robot with low opacity are in a state of collision with an obstacle. The links of the robot
with high opacity are in the state of successfully avoiding an obstacle. For the process, the change of
the Bézier backbone curve is shown in Fig. 18(b). {P0, P1, ...P4} indicates the control points of the
Bézier backbone curve for the snake robot when the snake robot collides with the obstacle. In order
to locally adjust the backbone curve to avoid the obstacle, the new control points are needed. One
of the excellent features of the Bézier curve is that new control points can be added by the degree
elevation without changing the shape of the curve. For the process of the Bézier curve of degree h
elevating to the Bézier curve of degree h + 1, we assume that the control points of the Bézier curve
of degree h + 1 are G0, G1, ....., Gh+1. The control points of the Bézier curve of degree h are P0, P1,
....., Ph. ⎧⎪⎨

⎪⎩
G0 = P0

Gi = i
h+1 Pi−1 + (1 − i

h+1 )Pi 1 ≤ i ≤ h
Gh+1 = Ph

(47)
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Fig. 18. (a) The obstacle avoidance of the snake robot based on the Bézier curve method. (b) The change of the
Bézier backbone curve for the snake robot.
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Calculating the control points by Eq. (47) can achieve one-degree elevation. Besides, Eq. (47) used
for iteration can achieve a multi-degree elevation of the Bézier curve. However, computation of the
Bézier curve will become expensive with the degree of the curve increasing. So we choose to elevate
the Bézier curve of degree 4 to one of degree 5 as the backbone curve. The control points G0, G1, .....,
G5 in Fig. 18(b) are computed according to {P0, P1, ...P4} using Eq. (47). Then G3 is moved to G′

3
for adjusting the Bézier curve locally. Then, G0 = G′

0, G1 = G′
1, G2 = G′

2, and G5 = G′
5. G′

4 is solved
by Eqs. (11), (12), (15), and (16).

For the steps of the avoiding obstacle, they can be expressed in Algorithm 1. These variables in
Algorithm 1 are shown in Fig. 19. And the process of the avoiding obstacles is to loop the algorithm
until all element of ds are not smaller than 0 or the loop time reaches the set maximum iteration time.
η in Algorithm 1 is a step size of the point movement. As described in Eq. (47), the flexibility of the
backbone curve of the snake robot can be increased by adding more control points to the Bézier curve.
When the backbone curve has more flexibility, the head of snake robot can avoid more obstacles in
the environment at the same time. However, adding more control points will enlarge the order of
the Bézier curve and increase the computation burden of the discretization of the backbone curve
largely since the discretization of the backbone curve needs to calculate the torsion and curvature of
the backbone curve as shown in Eqs. (21) and (22).

4.2. Simulation of the obstacle avoidance
In order to validate the effectiveness of obstacle avoidance of the head-raising method based on
the Bézier curve, we conducted a simulation of the upper part of snake robot passing through a
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Algorithm 1 The strategy of obstacle avoidance based on the degree elevation of the Bézier
backbone curve

1: Assume n0 obstacles, n links for the robot, ci
ob for the center of mass as i-th obstacle and p(i, j)

as the point on the center line of j-th link closest to the i-th obstacle. Define Qj and Qj+1 as the
two end point of the j-th link. Define ri as the radius of envelope sphere of the i-th irregular
obstacle, Rj as the radius of envelope cylinder of the j-th link and ltl as a tolerance length. The
initial Bézier backbone curve is of degree 4.

2: for each i ∈ [1, n0] do
3: for each j ∈ [1, n] do
4: p(i, j) = Qj + t(Qj+1 − Qj)

5: solve t by the condition that (Qj+1 − Qj) · (p(i, j) − ci
ob) = 0

6: if t < 0 then
7: t = 0
8: end if
9: if t > 1 then

10: t = 1
11: end if
12: d(i, j) = ‖ci

ob − p(i, j)‖
13: ds(i, j) = d(i, j) − ri − Rj − ltl
14: k = 0
15: if ds(i, j) < 0 then
16: k = k + 1
17: elevate degree of the Bézier backbone curve using Eq. (47) and generate a new free

control point P2+k

18: v(k) = (p(i, j) − ci
ob)/‖p(i, j) − ci

ob‖
19: P2+k = P2+k + ηv(k)
20: end if
21: end for
22: end for

Table I. The overview of the snake robot.

Dimensions Module: 4.3 cm × 4.3 cm × 8.65 cm
Length (full 16 module robot): 138.4 cm
Length (start link): 4.05 cm
Length (head link): 4.6 cm

Mass Module: 0.2 kg
Full 16 module robot: 3.2 kg

Joint limit ±99 degree

clutter environment constructed by three spheres. The structure parameters of the snake robot are
given in Table I. The simulation is completed on the dynamics simulation software. The simulation
scenario is shown in Fig. 20. The proportional-derivative controller with gravity compensation is
adopted to ensure the accuracy of the trajectory tracking in the joint space. For the obstacle avoidance
simulation, the positions of the obstacle spheres are known in advance. The radii of the three obstacle
spheres, r1, r2, and r3, are all 5 cm. The radii of envelope cylinder of the links R are all 3.04 cm.
The distances between sphere 1, sphere 2, and sphere 3 are 6.8, 7.2, and 7.2 cm respectively. The
positions of the spheres are [−0.281767, 0.035917, 0.319962], [−0.116983, 0.00319943, 0.319914],
and [−0.199326, 0.0195819, 0.469938] m, respectively. The positions of the end point of the links
for the base part of the snake robot are [0, −0.0405, 0], [0, 0, 0], [0, 0.0865, 0], [−0.06412, 0.1446,
0], [−0.1282, 0.2026, 0], [−0.2143, 0.194, 0], [−0.3004, 0.1855, 0], [−0.3518, 0.1159, 0], and
[−0.40322, 0.04637, 0] m. The head of the snake robot moves through the clutter environment along
the direction like black arrows in Fig. 20.
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Fig. 20. The illustration of the simulation scenario.

The specific process of obstacle avoidance is shown in Fig. 21. The initial state of the snake robot
is shown in Fig. 21(a). Then the snake robot head approached the spheres in Fig. 21(e). The three
intermediate states for approaching the spheres are designed based on the Bézier backbone curve as
shown in Figs. 21(b), (c), and (d). Then the head pass through the gap between the sphere 1 and
the sphere 2 is shown in Fig. 21(f) and (g). In this process, the distances between the links and the
obstacles are calculated to determine whether the robot has collisions with the obstacles. If so, the
degree of Bézier backbone curve is elevated and the new control point is moved to adjust the poses
of the links of the robot. In this simulation, the Bézier backbone curve of degree 4 is elevated to
the one of degree 5 to achieve collision avoidance. The same method is applied in passing the gap
between the sphere 1 and sphere 3, which is shown in Figs. 21(h), (i), (j), (k), and (l). For determining
the collision between the snake robot and the obstacle, the tolerance length ltl in Algorithm 1 is set
0.0001 m and the array ds is computed. Then the minimum value dmin of the array ds for every time
interval is treated as a variable for determining the collision. If dmin ≤ 0, the collision occurs. If not,
the robot is treated to be safe. The changes of dmin with the obstacle avoidance and without the
obstacle avoidance are shown in Fig. 22. The figure is clipped from the state shown in Fig. 21(e)
(corresponding to 16 s) for a better show of the obstacle avoidance. The projections of ZMP of the
robot on the ground in the obstacle avoidance process are shown in Fig. 23(a). The projection of
ZMP for the planned trajectory and the projection of ZMP for the actual trajectory both inside the
support polygon prove that the motion of the snake robot is stable. And the local magnification of the
projections in Fig. 23(a) is shown in Fig. 23(b).

5. Conclusions
In this paper, the head-raising method of snake robots based on the Bézier curve is proposed. The
backbone curve of the snake robot for head-raising motion is piecewise. The backbone curve of
the base part of the robot is set to a planar arc for ensuring the stability of the snake robot. The
backbone curve of the upper part is the Bézier curve. The continuity condition of the piecewise
backbone curve is given for avoiding the sharp change of the phase angle. Besides, the discretization
method is improved for making the links of the robot better approach the piecewise backbone curve.
In order to determine the condition of adopting the modified discretization method, the energy of
the framed space curve concept in the computer graphics filed is used to estimate the shape change
of the backbone curve. When the curve energy of the backbone curve is larger than a threshold, the
modified discretization method should be adopted to decrease the discretization error. For selecting
a proper threshold, the relationship between the discretization error and the threshold is studied.
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Fig. 21. The process of the obstacle avoidance for the snake robot.
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Fig. 22. The relationships between minimum distance dmin and the time.

Then the proposed method is compared with the existing head-raising method that uses a predefined
spiral curve. The workspace of the proposed method is much larger than the existing method. In
addition, the proposed method performs well in obstacle avoidance. The simulation result validates
the effectiveness of the obstacle avoidance strategy. In the future, we will study the obstacle avoidance
of the head of the snake robot in a more complex environment.
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Fig. 23. (a) The projections of ZMPs of the robot on ground and the support polygon. (b) The local magnification
of the projections of ZMPs.
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