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In this paper, we propose a simple nonparametric test for testing the null hypoth-
esis of constant coefficients against nonparametric smooth coefficients in a semi-
parametric varying coefficient model with integrated time series. We establish the
asymptotic distributions of the proposed test statistic under both null and alternative
hypotheses. Moreover, we derive a central limit theorem for a degenerate second
order U-statistic, which contains a mixture of stationary and nonstationary variables
and is weighted locally on a stationary variable. This result is of independent interest
and useful in other applications. Monte Carlo simulations are conducted to examine
the finite sample performance of the proposed test.

1. INTRODUCTION

Cointegration has proved to be a powerful tool in studying long-run relationships
among integrated time series and is a widely used econometric methodology
in macroeconomics and financial time series analysis. Nonetheless, empirical
evidence often fails to support the existence of cointegrating relations with
fixed cointegrating slope coefficients; e.g., see Taylor and Taylor (2004) for an
overview on the purchasing power parity debates. Motivated by empirical find-
ings, researchers propose various flexible specifications to relax the constancy
restriction of cointegrating vector(s), including, (i) structural breaks (Gregory
and Hansen, 1996), (ii) a smooth transition between different economic regimes
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(Saikkonen and Choi, 2004), (iii) varying coefficient models with the coefficients
being functions of some additional variables (Cai, Li, and Park, 2009; Xiao, 2009;
Sun and Li, 2011; and Sun, Cai, and Li, 2013), or the coefficients being functions
of time (Park and Hahn, 1999; Cai and Wang, 2010; Phillips, Li, and Gao, 2013;
and Cai, Wang, and Wang, 2014). Alternatively, some researchers directly seek
nonlinear cointegrating relation among integrated time series, see, for example,
Granger (1991) and Park and Phillips (2001) for parametric nonlinear cointegrat-
ing models and Wang and Phillips (2009a, 2009b) about nonparametric cointe-
grating models.

In this paper we are interested in testing parameter constancy in the framework
of semiparametric varying coefficient models studied by Cai et al. (2009) and
Xiao (2009), i.e.

Y, =X'0(Z)4u, 1<t<n, 6))

where Y;, Z;, and u, are all scalars, X, is of dimension d, and 6 (-) is a d x 1
vector of unknown smooth functions,! the superscript T’ denotes the transpose of a
matrix. We assume that Z; and u, are stationary variables, or I(0) variables, while
X; is allowed to contain some nonstationary components. Also, all the variables
are continuously distributed. Of course, Z, can be ¢/ T so that model (1) becomes
the time varying coefficient model discussed in Park and Hahn (1999), Cai and
Wang (2010), Phillips et al. (2013), and Cai et al. (2014). We are interested in
testing the following null hypothesis:

Hy: Pr{0(Z,)=6y} =1 forsomebye ® 2)
against an alternative hypothesis of
H;: Pr{0(Z;) #60} >0 forany 0 € 0O, 3)

where © is a compact subset of R. That is, we test whether the coefficient func-
tions in (1), #(-), are constant. If the null hypothesis holds true, model (1) becomes
a linear cointegrating model; otherwise, model (1) is a semiparametric varying
cointegrating model.

There are several new and interesting findings in this paper. First, the power
of our test statistic depends on the stochastic property of X;. Specifically, we
consider two cases. In Case (a), X is an integrated process of order one (or 7 (1));
in Case (b), X! = (XITJ, X2T,I)T, where X, is 1(0) and X, is 1(1).> We show
that the proposed test is consistent under both cases, although the power of the test
varies. If the null hypothesis fails to hold, under Case (a), the test statistic diverges
to 400 at the rate of n2+/h; under Case (b), the test diverges at the rate of n%h
when the coefficients for the I(1) regressors (i.e., X5 ;) are nonconstant, and the
divergence rate reduces to n+/h when the coefficients for the 1(0) variables are
nonconstant but the coefficients for the I(1) variables are constant. These results
suggest that the presence of a stationary component (under Hy) reduces the power
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of the test by an order of v/, while the presence of a nonstationary component
enhances the power of the test by an order of n.

Another interesting and perhaps surprising finding of the paper is obtained for
Case (b). Let 8; (z) be the functional coefficient for variable X;, for j =1,2.
When 0;(z) = 010 (a constant vector) for all z and 6>(z) does not equal any
constant over a nonempty interval of z, then the least squares estimator o,
based on a misspecified linear (null) model diverges to oo at the rate of root-n
if Cov [X 11,02 (Zl)] # 0. Therefore, a misspecified linear model leads to incon-
sistent or divergent OLS estimates from the true parameter value 69, if the true
model is only linear in the stationary covariate X1 ,, but the coefficient of the
nonstationary variable X» ; is a smoothing function of the stationary covariate Z;.
This result suggests that it can be very important to test for the correct model
specification when X; contains both I(0) and I(1) components in model (1). More
discussions on this issue are given in Section 3.2 and Appendix A.

Xiao (2009) also independently considered the parameter constancy test for
Case (a), where his test statistic is based on the maximum of a sequence of squared
(standardized) distances between the kernel estimates calculated at pre-selected
points under the alternative hypothesis and the OLS estimate calculated under the
null hypothesis. By assuming independency between {Z;} and {u,}, Xiao (2009)
showed that his proposed test statistic follows a maximum chi-squared distribu-
tion under the null hypothesis. With Z, =¢/n in model (1), Park and Hahn (1999)
considered the problem of testing for the parameter constancy applying Shin’s
(1994) residual-based test statistic which was originally used to test the station-
arity against nonstationarity of error terms, whereas Cai et al. (2014) proposed
a procedure for testing whether 6(-) has a known parametric functional form for
the predictability of asset returns. The test statistics proposed in Park and Hahn
(1999) and Cai et al. (2014) do not converge to conventional distributions under
the null hypothesis. In contrast, our test statistic given in Section 2 is a consistent
test and is asymptotically normally distributed under the null hypothesis.

Against different alternative hypotheses than the semiparametric varying coef-
ficient model considered in this paper, many researchers propose various statis-
tics for testing a linear cointegrating model, including a parameter stability test
by Hansen (1992a), a modified RESET test by Hong and Phillips (2010), a non-
parametric specification test by Wang and Phillips (2012), and linearity tests of
cointegrating smooth transition regressions by Gao, King, Lu, and Tjgstheim
(2009) and Choi and Saikkonen (2004), among others. Gao et al. (2009) con-
sidered the problem of testing a linear cointegration model, Y; = 6y + X601 + u;,
against a nonlinear cointegration model, Y; = g(X;) + u;, where {X; le is a ran-
dom walk process independent of {u,}}_;. Wang and Phillips (2012) considered
a similar testing problem as in Gao et al. (2009) but relaxed many of the restric-
tive assumptions to allow for a more general nonstationary process for {X,}_,.
Moreover, Wang and Phillips (2012) did not require {X,};_, to be independent
of {u;};_,. Choi and Saikkonen (2004) advocated a smooth transition regression
model, ¥, = X o+ 67 X,8(X,,j — ¢) +u;, where X, is a p x 1 vector of random
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walk processes, X, ; is the j th component of X;, and the functional form g(-) is
unspecified. Choi and Saikkonen (2004) investigated the problem of testing the
null hypothesis of = 0, so that the model becomes a linear cointegration model
under the null hypothesis. They further applied the Taylor expansion method to
the smooth function g(-), so that they essentially tested a linear cointegration
model against a parametric nonlinear (with some finite order polynomials in X;)
cointegration model. Our model (1) differs from all the aforementioned models in
the sense that under the alternative hypothesis, the coefficients in our model are
functions of a stationary variable Z; with unknown functional forms. While for
example, the smooth function g(-) considered in Choi and Saikkonen (2004) is a
finite order polynomial function of the nonstationary variable X, ; 3

Some technical results developed in this paper may be useful in other contexts.
For example, Lemmas A.l and A.6 extend the central limit theorem for degen-
erate U-statistics of Hall (1984) for i.i.d. data and of Fan and Li (1999) and Gao
and Hong (2008) for weakly dependent (absolutely regular) processes to inte-
grated processes. Lemma B.2 in Appendix B gives the convergence results for
nondegenerate U-statistics with integrated time series and kernel weights on a
stationary variable. In addition, we obtain weak uniform convergence results for
a kernel estimator of 6 (z) in model (1), which is used to derive a limiting result
of the “asymptotic variance” of the proposed test.*

The rest of the paper is organized as follows. Section 2 describes our test
statistic. Section 3 studies the asymptotic behaviors of the test statistic under both
the null and the alternative hypotheses. Section 4 presents Monte Carlo simulation
results to examine the finite sample performance of our test. Section 5 concludes
the paper. All the mathematical proofs are relegated to three Appendices.

2. TEST STATISTIC

Following Li , Huang, Li, and Fu (2002), we initiate our test statistic from an
L, -type test statistic as follows

o~ o~ T o~ o~

/ [0 -] [0G) -] de.

where K; (z) = K ((Z; —z) /h) , K(2) is a kernel function, / is the bandwidth,
n -1 n

0(z) = [thXf Kt(z)} D X YiK(2) €)
t=1 t=1

is the kernel estimator of the unknown smooth coefficient curve 8 (z), and %

is the usual ordinary least squares (OLS) estimator of 6y based on the linear

(null) model. It is clear that the test statistic has a random denominator. To avoid
the random denominator problem, we modify the test statistic with a positive
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definite weighting matrix D, (z) = > /_; X; X T'K:(z), which leads to the follow-
ing weighted test statistic

/ (D0 () @) —0)]" [Dn ) @) — )] dz

=3 YT xam [ K@K @ )

t=1 s=1

where i, =Y, — X,T@B is the parametric residual. Define I?,,S = f K, (2)K; (2)dz.
Then,

Riy=h / K (0)K (Zs = Z0)/h+v)do

can be regarded as a local weight function selecting (7, s) among all  # s such
that Z; and Z; are close to each other. Therefore, by removing the global cen-
ter, the term with ¢ = s, replacing the local weight function Igm with K; ; =
K((Z;,—Zg)/h) as in Li et al. (2002), and adding a trimming indicator function,
we obtain the final test statistic given as follows

R 1 L& R
I, = mIZI:Z#;XZXSMZMSKt,sln,t,S, (6)
=1s

where 1, ;s =1, 11,5, 10 =1(Z; € S;), and 1(A) is a trimming indicator func-
tion which equals 1 if A holds true and O otherwise. The set S, trims out the
boundary region of the support of Z; so that we can obtain the weak uniform
convergence result for g(z) over z € S;,. Note that S,, satisfies the condition that
lim,,Pr(Z; € §,) =1 holds uniformly over t = 1,...,n; see Lemma C.1 in
Appendix C for the construction of the trimming set S,,. Hence, the use of such
a trimming function will not affect our test results asymptotically.

Evidently, the proposed test statistic is a second order U-statistic constructed
from both I(0) and I(1) variables. To the best of our knowledge, there does not
exist any asymptotic result for such a U-statistic, which makes the results of
Lemmas A.1 and A.6 be of independent interest and useful in other applications.

3. ASYMPTOTIC RESULTS

For the convenience of readers, we summarize our notation here. (i) For a non-
decreasing nonstochastic positive sequence c,, we use O,(c,) to denote an ex-
act probability order of ¢,; i.e., A, = O.(c,) means that A, = O,(c,) but not
A, # op(cy). (ii) Let y be a finite dimensional matrix of random variables.

1/r
The L"-norm of y is denoted by | x|, = (Zl 2 E |)(,~,j|r) , where y; ; is
the (i, j)-th element of y, and ||-|| without any subscript denotes the Euclidean

EEENT3

d . (.S e
norm. (iii) “—”, AN , and 23 > stand for the convergence in distribu-
tion, in probability, and almost surely, respectively, and “= ” denotes the weak

29
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convergence with respect to the Skorohod metric as defined in Billingsley (1999).
(iv) We write “A = B ” to define A by a known or previously defined quantity
B, or to assign the quantity A to a new notation B (usually A has a long ex-
pression and B is a shorthand notation). (v) [a] is the integer part of a (a > 0),
and [0,1]1¢ =[0,1] x --- x [0, 1] refers to the product space of d-multiplication
of interval [0,1]. (vi) We denote a generic positive constant by C that may take
different values at different places.

Throughout this paper, we assume that {Z;};’:l is a strictly stationary, abso-
lutely regular (f-mixing) sequence, and that X; may contain a constant term
but it does not contain any deterministic trend variables. We derive the asymp-
totic results of the proposed test statistic when X, is nonstationary in Section 3.1,
and when X, contains both stationary and nonstationary variables in Section 3.2.
Below we use IA,f and T,f to denote the test statistic 7:1 under Case (a) and Case (b),
respectively.

3.1. Case (a): X, is a Vector of Integrated Variables

In this section, X; isad x 1 vector of I (1) variables. Below we list some assump-
tions on the data-generating mechanism of {(X;, Z;, u,)}le.

(Al) () Xy = Xs—1 4+ for 1 <t < n, where Xo = Op,(1) and
max<;<n E ([7:117) < C < oo for some g > 8;
(ii) {Z;}}_, is a strictly stationary and absolutely regular (f-mixing)
sequence with f-mixing coefficients satisfying f, = O (p_’) for
some p > 1;

(iii) {u};_, is independent of {(X;, ZOY/_y; {(Gur,ne), Fue—1)},o, 2,

and forms a martingale difference sequence with 62 = E (v,z) < 00,

Supy<;<p |E (D,2|7:n,t—1) _‘71;2| 230, and SUpr<;<p E (vfl}',,’,_l) <
C < oo forv =noro=u,where 7, ; =0 (s, 5, Zs+1),5 < t) is
the smallest o-field containing all the past history of (uy, s, Z;+1)
forl <t <n.
(A2) Denote By, (r) =n~!/2 E"zr]] n;. There exists a vector Brownian mo-
tion By, such that

B,y (r) = By (r) )

on D[O0, l]d as n — oo, where DJ0, l]d is the space of cadlag functions on
[0, 1] equipped with Skorohod topology, and B, is a d-dimensional mul-
tivariate Brownian motion with a finite positive definite covariance matrix

- —1/2
Zn_nll)n;oVar(n 230 ).

Remark 1. The mutual independence between {u,} ; and {(X;,Z;)};_, in
Al (iii) looks restrictive, but it is not unreasonable given the complexity of our test
problem; e.g., Gao et al. (2009) made the same independence assumption when
considering a test statistic similar to ours. The martingale difference condition is
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required for the application of Wang’s (2014, Thm. 2.1) generalized martingale
central limit theorem when we derive the limiting distribution of our proposed test
statistic under the null hypothesis. Taking the weak convergence result in (7) as an
assumption is commonly done in the econometrics literature; e.g., Assumption 2.2
in Wang and Phillips (2009a). The conditions for the multivariate functional cen-
tral limit theorem for partial sums of weakly dependent random vectors can be
found in Wooldridge and White (1988) and de Jong and Davidson (2000). More-
over, Assumption A2 assumes that the d x 1 vector X, is not cointegrated with
itself as X, is finite and nonsingular; see Phillips (1986).

It follows clearly by (7) and applying the continuous mapping theorem that

d

SUPg<, <1 }Bn,ﬂ(r)| — SUPg<,<| |B,7 (r)|. As supg-,<; |B,7 (r)| = 0p(1), hence,
we have
max |X,|=Op(\/ﬁ), (t))
1<t<n
which is frequently used in our proofs in the appendices.

To derive the limiting distribution of /¢, we need additional regularity assump-
tions listed below.

(A3) The sequence {Z;};_; has a common Lebesgue probability density f (z)
with bounded uniformly continuous derivatives up to the second order over
the support of Z;. Let f; s (z;, z5) be the joint probability density function
of (Z;,Z) for t #s. Then, f; s (2;,zs) and its first- and second-order par-
tial derivatives are all continuous and uniformly bounded over its support
and over all 7 # s.

(A4) 0 (z) has bounded uniformly continuous derivatives up to the second order
and |10 (Z,)|l; < C < oo for some g > 2.

(AS) (i) The kernel function K () is a symmetric (around zero) probability
density function on interval [—1, 1];
(ii) K (-) satisfies that |K (u) — K (u’)| < C |u —u’| for some C < oc.
(A6) Asn — 0o, h — 0 and nh/Inn — oo.
Assumptions A3—A6 are regularity assumptions commonly imposed in a non-

parametric framework. Next we present the asymptotic properties of our test
statistic with the detailed proofs relegated to Appendix A.

THEOREM 3.1. Under Assumptions AI-A3, A5, and A6, we have,
(i) under Hy,

J¢=nVh1%) J52, 5 N, 1), 9)
where
. 2 d
n a= n4 Zzu? %( Y) Ktz,sl",f,s - 0-112’ (10)
t=1 s#t
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u, = Yy — X,T =0 (Z,) is the nonparametric residual® with the

leave-one-out semiparametric estimator =" (Zy) for all t, O’az =

4otrE[f (Z1)] fol fo (By(s)" B, (r))zdrds is an almost surely positive
random variable, and vy = sz (u)du;

(ii) under Hy and if Assumption A4 also holds, the test statistic J\! diverges to
+00 at the rate ofn2 h, viz.

Pr(J,f > Cn) — lasn— oo,

for any nonstochastic positive sequence C, = o(n>v/h).

Theorem 3.1 indicates that /¢ is a consistent one-sided test as the leading term
of Ji diverges to positive infinity at the rate of n?y/h under Hy; see (A.21) in
the proof of Theorem 3.1 in Appendix A. The null hypothesis is thus rejected at
the significance level a if J is greater than z,, the (1 —a) 100th percentile of
a standard normal distribution for a € (0, 1).

3.2. Case (b): X; Contains Both Stationary and Integrated Variables

T\T
Lo Xz,z) , Where
X1,; is of dimension d; with its first component unity and the remainder 1(0) vari-
ables, and X» ; is of dimension d, with I(1) variables. Model (1) then becomes
Y, = X1 t01 (Z) + X2t92 (Z) + u;. The null and alternative hypotheses are
defined by (2) and (3), respectlvely, where under the null hypothesis we have a
linear cointegrating model, ¥; = X 1,,910 +X ,,«920 + u;. The test statistic is given

by (6) and is denoted by Zf
Below we only list assumptions that replace the corresponding assumptions
listed in Section 3.1.

We decompose X; (a d x 1 vector) into two groups: X; = (X r

(B1) (i) We assume that X1, an n x d; matrix containing n observations on
X1, has a full column rank and that X»; = X2 ,—1 + 5, satisfies
Assumption A1(i) with B, , (r) = n_l/ZXz’[n,] forr € [0, 1];

(i) The sequence {X L,,m,Zt}:l:l is a strictly stationary and abso-
lutely regular (S-mixing) process with f-mixing coefficients satis-
fying f; = O (p_’) for some p > 1;
(iii) Assumption Al (iii) holds with F;, ; = & ((us, 75, X 1,5 Zs41) .5 < 1)
being the smallest o-field containing all the past history of
(u,, m,Xl,t,Z,_H) forl <t <n.
(B3) (i) Assumption A3 holds.

(i1) For some s > 2, E (HXUX{:

S
)§C<ooand

sup E (Hxl,,xfl
zeS ’

‘1z, = z) f(2) < C < o0, a1)
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where & is the support of Z. Also, sup .jesxsE
(|x1.XT , X10X{o[120 = 20,2 = 2) fo.u(z0.2) < C < oo,
where fo,t(z(), zy) 1s the joint density function of (Zg, Z;).

146,

Gii) E (X117 =2), E (X1, X712 =2), and E(| X1, XT, |17, =
z) all have bounded uniformly continuous derivatives up to the
second order for some dy > 0.

Remark 2. Assumptions A5 (ii) and B3 are used to derive the weak uniform

convergence rate for the kernel estimators: sup,.g, ||§1 (2) =61 (2)|| = 0p(1) and

=o0p (n7!/?), see Lemma C.1 in Appendix C, where S,

is an expanding bounded subset of S and is given in Remark 6 at the end of
Appendix C.

In the next two theorems, we present the limiting results of the test statistic 73
under the null and alternative hypotheses. The proofs are relegated to Appendix A.

THEOREM 3.2. Under Assumptions Bl, A2, B3, A5, and A6, we have,
under Hy,

J =Vl 52, -5 N, 1),

~ d ~ . .
where 02 b abz, and 02 b and abz have respectively the same mathematical rep-
resentation as a q and o 2 defined in Theorem 3.1.

In Appendix A we show that the asymptotic property of &2 b is dominated

by the I(1) covariates so that one can replace (XZTXS)2 in 2 ' by (xT. x> S)
if the sample size is sufficiently large. The intuitive explanatlon to this result is as
follows: u; in equation (6) mimics the stochastic properties of u; under Hy so that
under Hy, the leading term of Zﬁ’ is

I’l3 ZZX XuluAKlélnlS’

t=1 s#t

and further, the leading term of 17 ' is given by n AT Y| Z#t X2 XU
K; 1, ;s because X2 X258 the leadlng term of XTXx = Xl X1+ X2 X2

THEOREM 3.3. Under the assumptions of Theorem 3.2 and if Assumption A4
also holds, we have, under Hi,

(1) if Pr[02(Z;) # 02] > O for any 6, € Oy, then Jb O, (n*h) which implies
that Pr (J,f > C, ) — 1l asn — oo for any nonstochastlc positive sequence
C,= o(nzh);

(ii) if Pr[62(Z;) = O] = 1 for some bry € Oy and Pr[0(Z;) # 6] > 0 for
any 01 € Oy, then ]b 0, (n\/_) which implies that Pr (J > Cn) — las
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n — oo for any nonstochastic positive sequence C, = o(n~/h); where ©;
and ©, are compact subsets of R%" and R%, respectively.

Remark 3. Theorem 3.3 shows that under Hi, the test statistic J,’l’ diverges to
+o00 at different rates depending on whether or not 6> (z) = 6> (a constant vector).
Although J,ll7 is a consistent test under both cases, more samples are required for
the power of the test statistic to approach one under case (ii) than under case (i).
Moreover, the proof in Appendix A indicates that when 6 (z) = 019 (a constant
vector) for all z and 6,(z) # 6> over a nonempty interval of z, the least squares
estimator ) of the misspecified linear regression model diverges to oo at the rate
of root-n if Cov(X 1,02 (Z,)) # 0. This result suggests that it is very important
to test for the correct model specification when X, contains both 1(0) and I(1)
components in model (1).

Specifically, when 6 (z) = 6 (a constant vector) for all z and 6>(z) # bho
over a nonempty interval of z, model (1) becomes Y; = X {tﬁlo + X2T 02 (Z)) +
U = XlT’,Glo + XzT,tco + ¢, where co = E[0(Z;)] and ¢ = e, + u; =
X 2T A0 (Zy) — E02(Z;)]} +u,. Applying the partitioned inverse to the OLS esti-
mator gives 0 = (X7 MaX1) ™' XT MaY, where My = I, — X (XI X2) ™' X7 and
I, is the n x n identity matrix, so that 9\1 —b10= (XlTMgXl)_leTMge. It is easy
to show that n_leTMzXl = 0,.(1) and n—1/2 Z’:Zl u; = Op(1), so the stochastic
order of B; — 6y is determined by n~'XT Mye.If Cov [ Xy 1,67 (Z;)] #0, we have
w2 X0 XD (02(20) = EW0:(Z)1) S Cov [X1,4,07 (Z0)] x [ By (r)dr,
50 61 — 610 = O, (v/n). However, n=' >, Xl)thT,t{Gz(Zt) — E[6L(Z)]} =
O.(1) if Cov[X1,,6] (Z;)] = 0, which leads to ) — 610 = O, (1). Therefore, it
is the correlation between the stationary variables X1, and 6»(Z;) (the varyir}g
coefficients for the integrated variable X»,) that nurtures the inflation of 6,
by a magnitude of /n when the coefficients for the integrated variables are
wrongly specified as constants. Note that J,f’ = 0,(n*h) holds true whether
Cov[X1,,0] (Z;)] equals zero or not, as terms containing X, are the domi-
nating terms of /.

4. MONTE CARLO SIMULATIONS

In this section we use Monte Carlo simulations to examine the finite sample
performance of the proposed test. The power simulation results reported below
include two cases: (i) the coefficients for the /(1) variables are nonconstant;
(ii) the coefficients for the 7 (1) variables are constant, but the coefficient for the
1(0) variable is nonconstant. The test statistic is computed as

I Z,—Z
InzﬁZZXITXSﬁ,iZSK( ’h ‘V). (12)

t=1 s#t
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Note that we did not use any trimming indicator function in the simulations. In
practice, the data support is always finite. Thus, the trimming indicator carries
theoretical importance, but it may not be needed in practice.

The standardized test statistic is given by

Jo =nvhl,/\G2, (13)

where 5, = 2n R~ 300 S g (XtTXS)2 K2, %y in (12) and @i, in G are
the respective OLS and semiparametric residuals calculated under Hy and Hj.
Under Hy, J, is asymptotically normally distributed with zero mean and unit
variance by Theorems 3.1 and 3.2.

We consider the following data-generating process (DGP):

Vi =01(Z) X1, +02(Z1) X2, +03(Z1) X3, + uy, 14)

where X1, =1, X2, = 22:101,& X3, = 22:102,& and {vl,s} and {vz’s} are
both randomly drawn from i.i.d. N(0, 1), so that {X 1,[} is an 1(0) process and
{X2,} and {X3,} are both I(1) processes; {Z;} is randomly drawn from i.i.d.
uniform [0, 2]; {u;} is randomly drawn from i.i.d. N (0, cru2) with o, = 2. Also,
{v1.1}. {v2.r}. {Z/}, and {u;} are all mutually independent of each other. We set
01(z) = y1+ 722, 62(2) = 73+ y4 sin(z), and 63(z) = s + y6z. Three DGPs are
considered by setting different values to the six parameters y;’s for j =1,...,6.
They are set as follows:

DGPy : (71, 72,73, 74,75, 76) = (1,0,0.5,0,0.5,0)
DGP; : (y1, 72,73, 74,75, 76) = (1,0.5,0,0.5,0.5,0.3)

DGP3 : (y1, 72, ¥3, 74, 75, ¥6) = (1,2,0.5,0,0.5,0)

where DGP; satisfies the null hypothesis with ¥; = X ;+0.5X2; +0.5X3 ; +u,,
and both DGP; and DGP3 violate the null hypothesis. None of the three coeffi-
cient curves are constant under DGP,, while the coefficient curves for the inte-
grated variables X ; and X3 ; are constant under DGP3. To measure the distance
between the null and alternative hypotheses, we define

n

~ 1
D=2 n D[00Z) =00 B D E[6,;(Z1) = b10]" = D;,

=1 =1 =1

where j refers to the experiment corresponding to DGP;, 60 and 0, ; () are the
[th coefficient under Hy and DGP;, respectively. It is easy to calculate that D =0,
Dy =0.4979, and D3 = 16/3 ~ 5.33.

The number of Monte Carlo replications is 1, 000, and the sample size n = 100,
200, 400, and 600. According to Sun and Li (2011) we use a Gaussian kernel func-
tion with 4 = ¢G,n™>, where &, is the sample standard deviation of {Z/}}_,,and
we choose ¢ = 0.8, 1.0, and 1.2 to examine the effects of different degrees of
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TABLE 1. Estimated sizes

c=0.8 c=1.0 c=1.2
n 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10% 20%

100 .006 .019 .037 .080 .006 .018 .035 .077 .007 .016 .037 .084
200 .013 .037 .057 .115 .011 .030 .060 .119 .014 .033 .062 .114
400 .010 .044 .073 .143 011 .045 .079 .145 .011 .046 .084 .143
600 .005 .040 .074 .135 .008 .039 .069 .139 .010 .038 .065 .131

smoothing on test results. Monte Carlo results for DGP; are reported in Table j,
j =1, 2, 3. Using different bandwidths does have mild impacts on the percentage
rejection rates—more on estimated powers than estimated sizes. We observe from
Table 1 that some downward size distortion of our test. This is quite common in
this type of nonparametric test even for independent or weakly dependent data
cases. We have done some simulations using a residual-based bootstrap method
to generate the null critical values. The results show significant size improvement
using the bootstrap method. Since we do not verify the theoretical validity of the
bootstrap method in this paper, these results are not reported here. However, the
results are available from the authors upon request.

Although our test is under-sized (see Table 1), Table 2 shows that our test is
quite powerful against DGP2 where none of the coefficients of the nonstationary
covariates are constant. DGP3 is designed to measure the power of our test when
the coefficients for the I(1) variables are constant but the coefficient for the 1(0)
variable varies with respect to Z;. Although D3 = 16/3 (the distance between
the null DGP; and DGP3) is much larger than D, (the distance between DGP;
and DGP»), the rejection rates in Table 3 for each given sample size are smaller
than those given in Table 2 in most cases. Moreover, the rejection rates in Table
3 grow at speeds slower than those in Table 2. The results given in Tables 2 and
3 are in line with the theory given in Theorem 3.3. Whether the coefficients of
the I(1) variables are constant or not overwhelms the distant measure D;’s in the
prediction of the power of the test.

TABLE 2. Estimated powers: Varying coefficients for the I(1) variables

c=0.8 c=1.0 c=1.2
n 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10% 20%

100 709 .769 .806 .855 .737 .800 .830 .870 .754 813 .843 .879
200 .964 978 984 991 968 982 988 .993 970 .985 .992 .994
400 .998 1.00 1.00 1.00 .998 1.00 1.00 1.00 1.00 1.00 1.00 1.00
600 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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TABLE 3. Estimated powers: Constant coefficients for the I(1) variables

c=0.8 c=1.0 c=1.2
n 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10% 20%

100 .658 .788 .836 .89 .732 .829 .868 905 .774 .853 .883 914
200 930 945 955 969 94 953 963 972 944 96 966 .976
400 965 975 982 986 .967 .982 983 .99 973 982 986 .990
600 985 987 989 992 987 987 99 991 987 988 991 .991

5. CONCLUSION

In this paper, we propose a consistent nonparametric test for testing the null
hypothesis of constant coefficients against nonparametric smooth coefficients
in a semiparametric varying coefficient cointegrating model. We show that the
standardized test statistic converges to a standard normal distribution under the
null hypothesis.

Although not reported here, we have also done some simulations using a
residual-based bootstrap method, the results show that we can have much bet-
ter estimated sizes for a wide range of smoothing parameter values. We leave
the theoretical justification of the bootstrap method as well as the selection of
the smoothing parameters balancing the size and the power of the test as fu-
ture research topics. Finally, we only consider the case that Z; is a station-
ary variable. It will be interesting to generalize the result of this paper to the
case that Z; is an I(1) variable, and we leave this as a possible future research
topic.

NOTES

1. This paper only deals with the case that Z; is a scalar for expositional simplicity. How-
ever, our results can be easily extended to the case that Z; contains more than one stationary
variable.

2. The test statistic for the case that X; is stationary was considered by Cai, Fan, and Yao (2000)
and Li et al. (2002), among others.

3. It would be desirable if our model can be extended to allow for Z; to be a nonstationary pro-
cess, then it will be a general model which covers, for example, the testing problem considered in
Gao et al. (2009) as a special case. This extension is beyond the scope of the current paper and is left
as a possible future research topic.

4. The “asymptotic variance” does not have the same meaning as in stationary cases as it is a
positive random variable, not a constant. The square root of this term is used to scale the test statistic
such that the standardized test statistic has a standard normal distribution under Hy. As this scale
serves a role similar to the square root of a traditional variance, we abuse the usage of “asymptotic
variance” to save creating a new name for this term.

5. Here, the reason for using a nonparametric residual is that (10) holds under both the null and
alternative hypotheses.
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APPENDIX A: Proofs of Main Theorems

Proof of Theorem 3.1 (i). Under Hj, the OLS residual, uy = Y; — XtT @\O =
ur — X,T (50 - 00), and accordingly we decompose Zf in (6) as

n

1
= h;é;x X (et + @ —60)" X, XT @ —60) =20, XT (B —00) | Kis s
= If, + @ —00)" G5, (B0 —00) =2 (B —t0)" G4, (A1)
where
2 n t—1
Ifn = mzz XtTXsutus Kis1nt,s, (A.2)
t=2s=1
2 n t—1
Gy =2 2 XiX{ XoXT Kislus, (A3)
t=2s=1
and
n t—1
ng = ZZ X Xy (e Xs +usXe) Kislp,s. (A4)
t 2s5=1

https://doi.org/10.1017/50266466615000018 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466615000018

A CONSISTENT NONPARAMETRIC TEST 1003

Applying the generalized martingale central limit theorem of Wang (2014, Thm. 2.1) we

show that n\/lelan/ a,%,a i> N(0,1) in Lemma A.l. Also, combining Lemmas A.2 and
A.3 gives

2 d
O = Zzu, u? (X Xs) K2l 5 02, (A5)
t=1s#t
where 02 = 400, E [£(zD] fo I (B,7 )7 By, (r)) drds > 0 (almost surely) is inde-

pendent of a standard normal variate N, and vy = [ K 2 (u)du. In addition, Lemma A.4
shows that G, = Op(n) and G4, = O,(1). Note that under Hy, model (1) becomes

a linear cointegrating model, Y; = X tT 0o + us, and it is well known that the OLS es-
timator, 5(), of the linear cointegrating model, gives g() -0y = 0p (n_l) (e.g., Phillips,
1995). Taking these results together gives, under H, anA“ /\/% = nf[“ a,%a +
Op (f) = nfl \/a—k op(1), where h — 0 as n — oo by Assumption A6. Finally,
by Slutsky’s lemma, we obtain under H that J¢ = n«/leﬁ/\/% = n«/le,f/ an’,l X

‘/on a/o*,, a —> N(0, 1) because 02 = oga +o0p(1) by Lemma A.5, where replacing u;
in an ¢ by the semiparametric residual for all 7 gives an o~ This completes the proof of
Theorem 3.1 (i). |

Below, we present Lemmas A.1-A.5 which are used to prove Theorem 3.1 (i). In par-
ticular, Lemma A.1, a limiting result of a degenerate U-statistic with both /(1) and 7(0)
covariates, should also be useful in other contexts.

LEMMA A.l. Under Assumptions AI-A3, A5(i), and A6, we have n«/ftllan/ a,%,a i>
N (0,1).

Proof. First, we have

n t—1

ln 3hzzx Xsurus Ki slnrs

t=2s=1
n t—1 n t—1
ShZZXI | Xsurus Ki slpps + 3hzz Ny Xsurus K s1pzs
t=2s=1 t=2s=1
=Ay1+Aps

where A, and A,» denote the two terms in the same order as they appear in the second
equality line. Under Assumption Al (iii) we have E (A,) = 0. Without loss of generality
we assume that X, is a scalar for notation simplicity. Under Assumption A1l we have for
some dg > 0

n t—1

( ) 460;’:2 ZZ [(WIXS)Q Ktz,sln,t,s]

t=2s5=1

2 n t—1

_40 o, ZZ (X‘%Ktz,s)

t=2s5=1
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400_2n113 n t—1 s i1—1

62 ZZZE(;&K,%) 406;2 DOIDDE (m.mz )

t=3s5=2i=1 t=45=3i1=2ip=1

3
n 1 1
- 0( 6h)+ 0 (n3h1+a‘o/(1+a‘0)) =0 (n3h1+50/(1+a‘0))’

where applying Lemma B.1 gives |h~'E(;, n;, Kt%s)‘ < h_50/(1+‘50)/)’f°_/i(11+50) for
some dy > 0, and Zi’ilﬂfO/(H%)
ing Markov’s inequality gives A,» = OP((n3h1+50/(1+50))_1/2). Hence, nvhA,»

Op ((nh%/(1+00)) -l 2) and is asymptotically ignorable under Assumption A6. u

< C < oo by Assumption Al (ii). Hence, apply-

Next, denoting X, ;| = 2 2J_)_1XTIZ§_11 XsusKsslps and S2 =
al>r_ 22(2, ;- Then, an,,l —Z, 5 Ut Xy —1. Applying Wang (2014, Thm. 2.1)

we will show (nv/hA,, S,%) (62N, 2), which requires that we verify the following
results: {big(n;,us), Fn,¢ } forms a martingale difference such that

max E (mzlfn,;—l) -E (77[2)‘ =op (1) (A.6)
[max E ("‘t2|}—n,t—l) —E (u?)‘ =o0p(1)
Jmax [E [0l 2 Co) | F | #-E [ (sl 2 Co) | Fam ]| =0p) A7)

for any constant positive sequence C;,, — 00,

n
max | X, 1| =o0p (1) and n =271, | |E (neus| F—1) | = 0p (1), (A8)

2<t<n
=2

and there exists an almost surely finite functional g2 (3,7) of By (r), r € [0, 1], such that

(B,,,,7 (r),s,%) = (B,, ), 8> (3,7)). (A9)
Evidently, (A.6)—(A.7) hold under Assumption Al (iii). Also, in Lemma A.2 we
have that
40' 0 E f(Z]) n il Xs :
Sr% = ZZ( ) +op(1)
t=2s5=1
1 T 2
40 1)2E (Z) n s
- U AN S Bn,,( . ) Bn,,,(;) +op(1)
t=2s=1
4 52,

Thus, (A.9) holds by the continuous mapping theorem under Assumption A2 with
2
1 ps
&2 (By) = 40nE[f (2] Jo J3 (3,7 )7 By, (r)) drds.
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Under Assumptions Al and A3, Hansen (2008, Thm. 2) holds, which gives

1 & Zi—2 2 Inn
. 2 K —E NV =0, h*+,/ — ).
Zseuspn nht 1|u;| ( h ) (uel) /) p( nh

It follows that

t—1

max | X max | X7 XeuK;s o1
2<t<n| n,t— 1| 2f2<t<n t— 121 sUs 8¢ sln,t.s
A

(n[) zrgai(nszKt slors = =0p (\/E)

where we used (8) that maxj<,<, [| X/ = Op (/). This gives maxp<;<p | Xy 1| =
o0p(1) as h = 0 when n — oo. In addition, the independence between {u ,} _, and {n:}" =1

implied in Assumption Al gives n~1/2 Zz:z |Xn’,_1| |E (n,u;I}",,,,_ )| = 0. Hence,
(A.8) holds true. As all the assumptions required by Wang (2014, Thm. 2.1) hold, we

obtain n\/sz,,]/,/S,% i) N (0,1). Combining this result with Lemma A.3, we obtain
n«/ﬁllall/ 0,12,“ i> N (0, 1). This completes the proof of Lemma A.1.

Remark 4. Gao and Hong (2008) derived a central limit theorem for a general-
ized U-statistic of the form of >)_, Z?# wn (X5, X¢) @1 (s, nt), where yy, (Xg, X¢) =

Z;n:;(s_]’t_l) Ani¢2 (n5—i.ne—i) is a linear combination of a function of an r-
dimensional strictly stationary f-mixing process, X; = (;7[_1, e ;11), and ¢ (-,-) and
¢ (-, -) are both symmetric functions. The central limit theorem in Gao and Hong (2008)
assumes y, (X5, X;) to be weakly dependent, while Lemma A.1 considers the case that
wn (X5, Xr) is nonstationary. Therefore, Lemma A.1 can be considered as an extension of
Gao and Hong’s (2008) result to for integrated time series data.

LEMMA A.2. Under the assumptions given in Lemma A.1, we have S,% 4 0(12.

Proof. First, we have

Zntl

n t—1

ZZ(XITIXS) K2 Ly s

t 2s=1
80‘2 n t—1s—1
ZZ ZX ]Xs1X32Xt 1us us, Ky 5 Ky szlntslln,t,sz
i h S ao
=Ap1+An2. (A.10)

Letting e; s = [M%Kt%sl,,’,,s —E (u%[(tzjsl,,,,,x)} / h, we decompose A,,| into two terms

2 n t—1 2 u2K2 1 2 n t—1 2
s 0,5 LS ZZ [_1
t=2s=1 t=2s5=1

=Ap+ A
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Using Lemma B.1 we have that
B (u_%Ktz’Sln,t,s) = 002E[1(Z) € 8y) £ (Z)]+ 0 (h)
10 (h—&o/(1+6o)ﬂ50/(1+50))

|t—s]|
under Assumption Al (iii). Then by (8), we have n_4z Zt l(XT )2
_s ) o/ (144 ,
(h+h aO/(]+(>0)ﬁ|t0—/s(|+ o)) = 0p(h) + Op (0= 0400 (uy =00/ +0)) = 4, (1) by

Assumptions Al (ii) and A6. Therefore, applying the continuous mapping theorem and
(7), we obtain

n t—1 2
NI f(Zl) ZZ( ) oty o2, A1)

t=2s=1

Now, we show that A, = op(1). Let My; = n_lX,T ® X,T and V5 =
vec(n_le XST), where “® ” denotes the Kronecker product, and vec (A) is an (nk) x 1
vector formed by stacking up the columns of an n x k matrix A. Then, n"x TX s X TX r=
My, V5. Denote My (r) = My [y and Vy (r) = V [y for any r € [0 1]. By As-
sumption A2 and the continuous mapping theorem, we have M, = M = Bg ® B,7T and
V= V= vec(B,,B;). For any small € € (0, 1), setting N = [1/€], s; = [kn/N]+ 1,
s{=skp1— L NF =[(N—=1) (¢t —1)/n], and s;* = min (s, 7 — 1), we have

n t—1 n
[Apa] = n_zzMn,tZVn,set,s < SUP ||Mn ()lin~ 22 ZV” s€t,s
t=2 s=1

t=2 ||s=1
n || NF sf*
=, sup 1My (I ™2 D" 1D D" Vasers
r<l =2 || k=05=5k
= Sup ||Mn(r)||n_2z Zvnskzets
0<r<l =2 ||k=0 S=Sk

PR
n | N&osg

+ sup ||Mn(r)||n_2z ZZ Vis — Vnsk et,s

Osrs 1=2 | k=05=5t
n N°| oS¢
< Sup IMn Ol sup 1V @)l 233> e (A12)
0=r<1 1=2k=0 |s=5
n t—1
+ sup My () sup Ve ()= Vi (7)) [0 72 D0 D Jerss |-
0<r<1 [r—r'|<e P

Since M), and V;, converge to well defined O, (1) limiting processes under the Skoro-
hod topology, we have supg<, <1 [|Mn (r)ll = Op (1) and supp<,<1 |V (1)l = Op(1).
In addition, as n — 00, we have

sup |V (r) = Vi () | 4 sup V)=V ()] 250

Ir—r|ze Ir—r'|ze
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as € — 0. With ]em] = 0p(1), the second term in (A.12) is 0p (1). Further, we have

S;:* n s+en
1
2} § E{[D es||<=D sup E|— > e ;|<Clenh)™/?=0(1),
1=2k=0 | |s=st nimpstnest M€ GO

if we set € to be a small positive constant such that enh — oo as n — oo. Hence, the first
term in (A.12) is also op (1). Therefore, we obtain A, = 0)(1).

Next, we show that A,» = op(1). Without loss of generality, we give the proof for a
scalar X;. By Assumption A1 (iii) we have E (A,2) =0 and

n t—1s—1

2 640 4 ¥2 32 g2 g2
(AnZ) MZZ Z (X IX X KIS] t,Szln,t,SllnatySZ)

t=3s51=2sp=1

12808 n t—1¢t—-1s1—1

82 DIDIDIPIN: ( 1 XS XL XD K,

t=41'=3s51=2s1=1

Kf,Szan,Sl 1",1,3‘2 Kl/,sl Kl/,szln,t/,sl ln,t/,sz)
= 640y (n1 +2n2) (A13)

where the definition of y,; and y,» will be clear from the context below. Consider y,
_ Nt . 4 2 yv2 _

first. As X; = >0,y n;, we have X, | X3 X5, =2 <11 2iy<i—1 Ziggt—.] Zi451—1

Dis<s) Dig<s) 2uin<sy Dig<s, My~ Mig- Hence, there are totally 11 summations in ;|

over subindexes: ¢, 51, §2, i],...,ig. Letting j be the total number of different subindexes,

we have y,1 = D, 1 +...+ D, g, where

n t—1s;—1

D = 8 2 Z Z Z Z ZE( t 51 t2,s21n,l,s1 ln,t,sz)

t=3s1=2s2=1 i ij

sums over j + 3 different subindexes and Zf —1!ls =8. Applying Lemma B.1 to j <4, itis
readily seen that D,, | = O (n™%), D, 2= 0(n™3), D, 3=0(n"?),and D, 4 = O(n~"),
where E(|17, |q) < C < oo for some g > 8. When j > 5, there are more than eight different
subindexes. Letting m, = [CO lnn] for some positive constant Cq, we will repeatedly use
Lemma B.1 and a summation splitting method to obtain the order for D,, 5 to D, g.

(i) For j =5, D, 5 contains 8 summations, where | <[y <4fors=1,...,5, Zgzl Iy =
8, and there are at least two [ ’s equal to one. As an illustration, we take the case that
Is=Ily=1andt>i| > s >ip> i3> sy >i4 > i5,and apply Lemma B.1 to obtain

-2 I3 I I 2 K2
’h E (7715 7/!4’71:71,;7],: KZ .81 t,szln,taslln»tss2)‘

c pRIIF0) i) iy >y,

= 200/ (1400) 0/ (1+00)

fais o A s2—ig<my

Applying this method to other combinations of summations, we obtain

8 pdo/(1+40) 6
E (Dn 5) -0 % +0 _ e .
: 2872200/ (1500) 2871290/ (1+00)
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(ii) For j = 6, D, ¢ contains 9 summations, where 1 <[y <3 for s = 1,...,6,

Zle ls = 8, and there are at least four / ’s equal to one. We take a case that [g =I5 =4
=ly=1andt > i) >ip > s > i3> i4 > sy > i5 > ig and apply Lemma B.1 to obtain

) bl 2 2
’h E (77i(, MisNiy Mis 77,'; ’7,‘1 Kt,sl Kt,sz l’hl‘,sl ln,t,sz)

ﬁggn/(1+50)’ ifi3—iq > my

c do/(14+00) wp. . ;
< sy | AT i3 =iy < my and sy —is > m
/;;‘50152“0), if i3 — iy < my and sy —is < my,

Applying this method to other combinations of summations, we obtain
b o n9ﬁ;>r‘lon/(l+5o) o n6m?2

(Dng) = 12811200/ (14-00) + 181200/ (1440) |

(iii) Applying the same method to the cases with j =7 and j = 8 we obtain

n10 goo/(1+00) nom3
; 11871200/ (14-00) 85,2/ (1430)

b o nllﬂ,(,;&/(l—'_%) o n6m*

(Dn.g) = 1181200/ (1+00) + 81200/ (1+00) |
Therefore, we obtain

do/(14do) 4
1 n* By m 1

Anl _O(n(1+ 1200/ (15 09) +nh250/(1+50) —0(;) (A.14)

if Co > [4+25) (2+a)]/ (dpIn p) for some &y € (0, 1) as Assumption A6 implies /1 ~n ™~
for some a € (0, 1). Similarly, we can show

n4,33;,0/(1+50) mt
__ n n _
An2 = O(h(1 + 300/ (50 T %0/ (T50) )) =0 (A-15)

if Co > [5+0d0(5+3a)]/(lnp) for some dy € (0,1/2). Hence, we obtain A,y =

Op (n_l/ 24 \/ﬁ) by Markov’s inequality. Combining this result with (A.11) gives S,% i)
03. This completes the proof of Lemma A.2. u

LEMMA A.3. Under the assumptions given in Lemma A.lI, we have U,%’a =52+
op(1).

Proof. Simple calculations lead to

n t—1

4 2

2 2 2 2).2 T 2

Ra=Si=— D> (u, —au)us (X, XS) K2 L.
t=2s=1
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By Assumption Al (iii) we have E ( Ona— S,2,) =0and

el s S e et

2
EOD N [(xfxsxz,xt) KK st |

t=3s5=2s5'=1

(L
=0\ \ M s T vy

do/(1+0o) 4
| 4 pdo
rof M1y Lm e
n h200/(1+0) nh200/(1+3d)

= O(n_2h_1) + O(n_l),

where we use the same proof method as used in the proof of Lemma A.2, and we apply
Assumption Al (ii) to obtain the last line for properly chosen dy € (0,1) and Cqy > O.

Therefore, we obtain 0,%, a— S,zl =0p (n_l/ 2) by Markov’s inequality as nh — oo when

n — 00. This completes the proof of this lemma. n

LEMMA A.4. Under the assumptions given in Theorem 3.1, we obtain ng = O.(n)
and ng = 0, (1), where G‘2Zn and ng are defined in (A.3) and (A.4), respectively.

Proof. Using exactly the same arguments as those used in the proof of Lemma A.2, we
obtain

xI'1' S X xT X E(Kisln,s)
—1 ~a s t t,sin,t,s
nG Zﬁnz n Jn h

1 ps
+o,,(1)i2E[f(zl)]/0 /0 (By(5)T By(r)2drds = 0,(1).

Hence, G‘z‘n = O,(n). Next, we write Gg‘n = ng,] + ng,z’ where

g t—1
gn,l = (nzh) Zu; Z XITX‘YXS Kislpts
=2 s=1

-1 .
and ng 5= ( 3h) ;1711 i1 X XsusX: Kt s1y,1,. By Assumption Al (iii) we
have E G“n i = =0for j=1,2, and applying the same proof method used in the proof of
Lemma A.2 gives

n t—1

[G311 1 (G3n 1 ] 6]12 ZZE(X X5 X XTX XfKtz,sln,t,s)
1=2 s=1

n t—1s1—1

6hZZZZ (X X X XTX Xthlelszlntslln[sz)

t=3 51=25y=1

=o(m™'n ) +01)=0().
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Then, applying Markov’s inequality gives Gg‘ nl= Op(1). Similarly, we can show G‘3‘ n2=
Op(1). This completes the proof of Lemma A.4.

LEMMA A.5. Under the assumptions given in Theorem 3.1 (i), we have ?f,%j a— 0,,2’a =
op(1), where Ef,a is defined by (10).

Proof. Replacing u; in 0,12’” by ity = Y; —X,T@\(_’)(Zt) =u —XT [@\(_[) (Z:)—0(Z1)]
gives ’&,ia. Applying Lemma C.1 we verify Lemma A.S. u

Remark 5. Here we emphasize that it is important to use the nonparametric residuals
in computing 3,%. If the nonparametric residual i, is replaced by the parametric residual
ur =Y — x,Tﬁo =u;+ XIT[@) —H(Zt)], then under Hy, iy = O)p (ﬁ) and Lemma A.5
does not hold; the resulting test may have only trivial power even as n — 0o. The same
argument also applies to Theorem 3.2.

Proof of Theorem 3.1 (ii). Under Hj, we express ﬁo as @) = 50 —E[0(Z)]+E[0(Z:)],
where

-1 -1
o — E10(Z1)] = (Z X,X,T) > XX e +(Z x,xf) > Xy (A.16)
1 t t

t

with e; = H(Z,) —E [9 (Z,)]. By Assumption Al (ii), White (2001, Thm. 3.49), McLeish
(1975, Lem. 2.1) and the fact that a f-mixing sequence is also an o -mixing sequence, we
have as m — oo,

Sup E |Er—p (er)| < 6[3;1_1/‘] llezlly = o(1) for some g > 1, (A.17)
t

which implies that maxj<,<, [n=2>'_, Xy X es|| = 0, (1) by Hansen (1992b, Thm.

3.3). Hence, we have
Bo—E[0(Z:)] =0p()+ 0p (") = 0p (1), (A.18)

which means that the OLS estimator converges to the mean value of the random coefficient
under the alternative hypothesis. Since uy = Y; — X lT Oy =ur—X tT (90 - H(Z,)), simple
calculations lead to

1 & . .
T = > X X [+ B0 =0 20)" XiXT (Bo—0(25)
t=1s#t
_ZutXST (@) -0 (ZY))] Kt,sln,t,s

=1 +1§ 218, (A19)

n
where the definitions of I]fln (j = 1,2,3) should be apparent. As Ifn is the same as that
defined under Hp, we obtain /¢, = O, (n~'h=1/2) by Lemma A.1. Next, we consider

) n t—1

—1 T T T
n Ign = nth szt Xse; XiXg esKisln,t,s
t=2s5=1
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0~ o~ E10 Z1)' 65, {00~ E[0(21)])
~ 2 <
+{o—E[0(z)]}" o 22X el XiXsKi s, (A.20)
t 1 s#t

where the second term equals op, (1) by (A.18) and ng = Op(n) by Lemma A 4. Applying
vec(ABC) = (CT ® A)vec(B) and Lemma B.2, we have

I I XXy p XX Kislus
PO DD Dl s
n n n n h

n

1 1 X,TXY XT®XT ™ Keslnrs
- E E —— Jvec\erey | ————
T n : h

=2

112 xTx, (xTexT K; 51
:7272 (X [ X5 ®@X; N o uec(e,e[)M +op(1)
n n n n h

1 rr
i) /0 /0 By (r)T By (s) By (r)T E [elele (Zl)] By (s)dsdr, (A.21)

which is an almost surely positive random variable. Similarly, we have

n
TS X Xsel Xi XK sn s = 0p (1).
t=1s#t

Combining the above result with (A.18), one can easily see that the third term in (A.20) is
of order 0, (1). Hence, we obtain Ié‘n = O, (n).
. . o~ T .

Finally, we consider I3, = {oo—E[6(2D]} GS, Ié‘n 5> where G§, is defined by
(Ad)and If, , = (m3n) >, S X[ Xsu,XST es K¢ s1y.1.5. Following the proof of
Lemma A.4 we can show that 13‘1n,2 = 0p (1). As G§, = Op(1) by Lemma A 4. Also,/t\)y
(A.18), we have I§ = O)(1). Therefore, under Hy, I3, = O,(n) is the leading term of /7.

Consequently, n«/EIA,;‘ = nv/h0.(n) diverges to 4o at the rate of n2J/h. Combining this
result with Lemmas A.2 and A.5 completes the proof of Theorem 3.1 (ii). n

Proof of Theorem 3.2. Under HO, we have iy = ¥ — X[ 0y = ur — X[ (6o —6p)- Then
I has the same decomposition as /! given by (A.1), viz.

7:7—11,,-%(90 00)" G2n(90 00) — 2@ —00)" G3,,,

where lb R 2 e and G3 are defined the same as in (A.2), (A 3), and (A.4), respectively.
Lemma A.6 below shows that, under Hy, n«flln/1 /an b % N (0, 1), where an , and O'b

have exactly the same mathematical formula as anz o and 03, respectively. Lemma A.7 be-

low shows that (50 —G)Tng ((Z)b —-0)=0p (n_l) and (f% —H)Tng =0p (n_l). Hence,

T o2y = nv/hIb, )\ Jo2 4+ 0p (V) S N (0, 1).
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As Enz,b = O'rib +0p(1) by Lemma A.8 below, we have n«/fzi;b/ 33,17 g N (0,1) by
Slutsky’s lemma. In addition, a,f b= 05 +o0p (1) by Lemmas B.2, A.2, and A.3. This com-
pletes the proof of Theorem 3.2. |

The following lemma gives the asymptotic distribution of a degenerate U-statistic when
X; contains both I(0) and I(1) variables.

LEMMA A.6. Under Assumptions Bl, A2, B3, A5 (i), and A6, we obtain
d
nVhip [\Jok, = N(©,1).

Proof. A simple calculation gives

n t—1 n t—1
b 2

Iln = mszitxl,sutusKt,sln,t,s + = 3h szz tXZ srus Ky sln,t,s
t=2s=1 t=2s=1

_ b b
=l +H 0

where E (10 J
can show that Var(llbn ) = O(n~*h~"). Hence, ”‘/Ellbnl = nvhOp(n=2h~1/2)
= 0p(n~!) = op(1). Following closely the proof of Lemma A.l, we have

n«/ﬁ]b o2 i N (0, 1) under Assumptions B1, A2, B3, A5 (i), and A6, where
1n,2 nb2 13
aib’z :2(n4h) P 123#1” u ( X2 ) Ktz,sln’,,s.Note that

) =0 for j = 1,2 by Assumption Al (iii). Applying Lemma B.1, one

n n

Zi—7
2= 2 > (6 x) K (A2 d
t 1 s#t

n n

o N T x) +2xT X0 X Xo i+ (XE, X,0)]
t=1s#t

Zi— 7
XKZ( th S)ln,t,s
:O'n2,b,2+0p (n_l)

by Lemma B.2. This completes the proof of this lemma. n

LEMMA A.7. Under the assumptions given in Lemma A.6, we have
@0 —00)" G5, @o—00) = 0p (n").
and
-0 G4, =0, ().

where Gé’n and ng are defined in (A.3) and (A.4), respectively.
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Proof. A simple calculation gives

n t—1
X1 xT Xy,X
b 1,141 ¢ 21,420 ¢
G = = ZZ%Z% ( xl XZJXZX)Kt,sln,I,X

n t— IX ltX X]; o

tz‘z,g 2,1 X2 X, Xf XZtXf t,slnt,s
- —1/2

_ Op(n ) Op (n /) +( 0,(1) Op(ﬁ))’ (A22)
0p (n712) 0,1 0p (V) Op ()

where the last line can be obtained by following the proof of Lemma B.2. As the model be-
comes Y; = Xthﬁlo + X;tﬁzo +u; under Hy, itis well known that 019 — 019 = O)p (n_l/z)

and @}0 —b=O0p (n_ 1) given the assumptions imposed in this paper. We therefore obtain
(@ —HO)T G5 (6o —00) = Op(n~"). Next, we consider

n t—1

G4, = () D> X! XoXoKi s

t=2s=1

+( ) Z Z MYX Xs Xt Ky vln,t,v—G]—znl'f-Gg,nz
s=1t=s+1

Below we will only calculate the stochastic order of Gb 1 in details as the proof for Gg 02

is similar. First, by Assumption A1 (iii) we have E(G3l1 /) 0 for j =1,2. Applying the
same method used to prove Lemma A.2 gives

—1
r 02 < T TyTy p2
|:G3,Z 1 (G3n 1) ] = ) ZZEI:XI XsXs X5 X; XsKt,sln,t,s]
t=2s5=1
n t—1 t—1

6h2 Z > 2 E[XtTXanXsTZXzT

t=2s1=1s53=1,50%#5]

X5, Ky 5, Kf’521”>f’5‘11n,t,52j|
0 (n—l) ) ((nh250/(1+50))—1)
o ((nh25o/(1+50))—1) o

for some Jy € (0,1). Hence, we have ng,l = (0p(n~1/2), OP(I))T by Markov’s

inequality. Similarly, ng 5 has the same order as Gg . Hence, (6’0 —HO)T G3, =

Op (n_l). This completes the proof of this lemma. n

LEMMA A.8. Under the assumptions given in Theorem 3.2, we obtain

> - Zt—Z,
2 ZZ 2; Q(XTXS) K2 (%) Lyss =02, +op(l),

tl;ét
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where iy =Yy — XtT@\(_’) (Zt) is the semiparametric residual, and replacing u; by u; for

Lo~ 2
allt in O, p 8ives oy .

Proof. Note that it; = Y; — X/ 0 (2,) =u, — X[ [§(—’> (z1) - e(z,)]. The result in

Lemma C.1 implies that ar% » 18 the leading term of ?7\3 »- This completes the proof of this

lemma. |

Proof of Theorem 3.3. Under H| we decompose the least squares estimator @\0 as

-1
n n
> xix! ZX,XT Zi)+ thxT > Xouy. (A.23)
t=1 t=1

t=1

It is well established that (from the linear regression model with 7(0) and 7 (1) regressors)

n (n=1/2
> xix! Zx,u[ (0 ’(’n_l))), (A.24)
t=1

which has a smaller order compared with the first term on the right-hand side of (A.23).
Therefore, we only consider the leading term of 9\0 and show that the stochastic order of
@) depends on whether 6,(Z;) is a constant vector or not. For notational simplicity, we
will only consider the case that both X ; and X, ; are scalars. We denote 0; = 6 (Z;)

dy, d
.0y =0,(Z;), and D, =X X, X] = (dln dZn) where di, = >/_; X7 g don =

S X1 Xy andds, =371 2 ;- It is straightforward to show that

n—1/2 1
[ 0](2){,)(7) ZX,X,Ta(Z,)
=1
_ 1 (n_]/2d3,l —n_]/zdzn) (Z?:l X%,telr +Z?:1 Xl,tXZ,IHZI)
det(Dy) \ —don din S X1 X200+ X X5 0
n—l/2d3n (Z?:l Xf’[elt + z;l:l Xl,tXZ,tGZt)
1 —n~12d,, (Zle X1, X201+ 0, X%ﬁz:)
det(Dy) | 4, (ZLI X1 Xa,01+ 3, X%,HZ,)
_d2n (Z;l:l Xi[ell + Z:lzl XI,IXZ,tHZt)

_ 1 (’l_]/zdSn Z?:l Xl,tX2,t92t —n_1/2d2n Z?:l X%,IQZt) +0 (n_1/2)
det (Dy) din 20 X%ﬁzz —don D1 X1,0 X240 P

4 (DG,
~ (D_IGZ)’ (A.25)

where D = p1,W(a) — (1 Wiy)%, G1 = WiyWeo) (11,0, — 116,) . Go = g, W2y —
,ulyl,ng(zl), and for j = 1,2 and s = 1, 2, we denote

W)= /0 ByYdr, wi=E(X],), w0 =FEIX},0;(Z)), and g, = E16;(Z))]
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Therefore, combining (A.23), (A.24), and (A.25) gives

12902 D716, +0, (n_l/z) and By £ D716, + 0, (n_l/z) , (A.26)

where 0 = (élo,ﬁzo)T and ay 4 b, means that the two random sequences a, and by,
have the same distribution asymBEOtically. Evidently, 520 =0p(1). If Cov(X 1,02 (Z,))
= u1,0, — 111, # 0, we have 019 = O, (ﬁ) as Pr(G =0) = PI‘(W(])VK(Z) =0)=0
by the fact that W)Wy is a continuous random variable. We have 019 = O.(1)
if Cov(Xl,,,Gz (ZZ)) = 0 holds true. However, if 6»; = 6, a constant, for all 7, simple
calculations lead to

éE) _ 1 d3y, Z?:] Xitalt —dy Z?:] X1,0X2,:01
det (D) \din 27—y X1, X2,101 = don 34—y X7 011 + (d1nd3n — d3,)000

B ( 0 ) 1 d3n 20y X%J‘glt —don 2 X1,:X2,:01
00 det(Dp) \ din Z?zl Xl,tXZ,t‘glt —dyy Z?:] Xitglt ’

which implies, by Lemma B.2,

10 A0 d (D~1G;
—~ A2
|:0 ﬁi| (920 —92()) - (D_1G4 ’ (A.28)

where G3 = Wyuo 9, — 11141,0, W(zl) and G4 = (,ug,ul’gl - /11/12’9]) W(1). Therefore,
combining (A.23), (A.24), and (A.28) gives

(A.27)

Dot D163+ 0, (n=1/2) and Vi 020 — 620) 4 p-1G4+0, (n_l/z) . (A29)

which implies 819 = O, (1) and 9 = 659 + O (n~1/?). Compared with the OLS estima-
tor when the true model has a varying coefficient for the integrated variable, the OLS
estimator here has a stochastic order lowered by a factor of n1/2, Consequently, the
OLS estimator for the coefficient of the integrated variable is 1/n-consistent if 0} (z) is
not constant over nonnegligible intervals, and the OLS estimator for the coefficient for the
stationary covariate is not explosive any more although it is still inconsistent. Moreover,
(A.29) indicates that the OLS estimator of the coefficient for the integrated variable is not
super-consistent any more if the stationary covariate has a varying coefficient.

Below we will show that Ié’n = O¢(n) in case (I) and that Ié’n = O¢(1) in case (II).
Therefore, the leading term of n\/m;b isnvh Ié’n =0, (nz\/fz) for case (I), and it becomes
O, (n~/h) for case (II).

Case (I): Pr{0h(Z;) #6,} > 0 for any 6, € ©, C R. Define §; = D~'G; and 6, =
D! G,. Then obviously, 9]- = Op(1) for j =1,2. Then, by (A.26), we have §IO 4 n1/20_1
and @\20 4 6,. Hence, the leading term in Ié’n can be obtained by replacing @\10 and 9\20 by
nl/ 291 and 05, respectively. We have

a 2 n t—1 R R
]Ign - WZZXtTXXxIT(ao_QI)XST(GO_QS)Kt,Sln,I,x
t=2s5=1
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2 n t—1
(X1, X1.5+X2,Xa,4)[X1,0 —)+ L@ —0r))]
3 Zz LtAl,s 2,t22,s 1L,t\W1 = 2= V2t
ht =2s5=1 [ f
5 _ 01 2s 7
x [X1,s (0 «/1% \/’; 0)1Kt sn 1,5 [1 +0p(l)]
p Xo, . Xay
_Tzzxz,txz,s( , =0) : )
n ht=2s=l ﬁ ﬁ
- X5z Xp
X (Xl,s \/}7: 2 TnSe%) Kt slnt,s [1+0p(1)], (A.30)

where the leading term of (A.30) equals a summation of six distinct components and each

component has exactly the same order of O, (1); for example, ( ) Zz ) Zt ! X 2
d 1 2

X3 02025 Kishuis = Jo Jo (By(r)By(s) dsdrE[03(Z1) f(Z1)] = Oe(1) by

Lemma B.2. Therefore, Ié” , = Oc(n). In addition, by the symmetry of (A.30) and the
fact that

(n3h)_1 iX%J (
t=1

2
) K (0)= O, (n—lh—l) =o0p(1)
llb

5, converges in distribution to a positive random variable. Similarly,

Xoy = Xog
NIRRT
imply that n™

one can show that I3bn = 0p(n). Because we have already shown Ilbn = 0p(1), we have

n«/ﬁab = 0, (nzﬁ), which diverges to 400 at the rate of nzx/}z. Evidently, whether
Cov (let,()z (Z,)) = 0 or not does not change the result as XQJHZ/\/E dominates the

—14b b
order of both n 1, and 13,

Case (ID): Pr{05(Z;) =659} = 1. Define §; = D~'G3 and 6, = D™' G4, where §; =

O, (1) for j =1,2. Then, by (A.29), we get ao 4 Gy and ﬁ(é}o - 020) 4 6. Hence, the
leading term in Ié’n can be obtained by replacing @\10 and 9\20 — 0y by 0; and n_l/zéz,
respectively. Therefore, we have

n t—1
ZZXTXS@\O_QI)XIXST(@\O_QS)Kt,sln,Z,s
t 2s5=1
) n t—1
n3hZZ(XUXls"‘XZtXZs)[Xlt(Hl —01) + X2,102//n)]
1=2s5s=1
X [Xl v(el _gls)'f'XZ,SéZ/\/;l)]Kt,sln,t,s [1 +0p(])]
n t—1
X2t Xz,z A
2h Zz |:X1 16 — N
~ 2 ~
X |:X1,s(01 —61)+ T;ez] Kislns [L4+0p(D)], (A.31)
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where the leading term of equation (A.31) equals a summation of four components,
and each component has exactly the same order of O.(1); e.g., applying Lemma B.2

gives (n*h) T S0, STV X2 X3 Kislus 5 Jo Jo [By(r)By)) dsdrE[£(21)]

= Ue . ererore, = Ue . In addition, by the symmetry o . and the fact that

O, (1). Theref Ié’n O, (1). In addition, by th, f (A.31) and the fact th
R ~ X2 - 1P -2, -1

(n*h) " D XauXas [Xl,t(el—enw ﬁaz] K (©) = 0c (n7207") = 0p(1),

t=1

which implies that Ié’n converges in distribution to a positive random variable. Similarly,
one can show that Ié’n = op(l). Taking these results together lead to n\/ﬁj;lh = n\/ﬁlé’n

+op (nvh) = Oc(n+/h), which diverges to +oo0 at the rate of nv/h.
Finally, when X ; and X, ; are vectors of dimensions dj x 1 and dp x 1, respectively,
it is easy to show that the conclusion in Theorem 3.3 still holds true. All one needs to do is

to replace By (r)2 by By (r)B”T (r), E (Xl,tXZT,) rather than £(X ;X5 ;), and so on. This
completes the proof of Theorem 3.3. u

APPENDIX B: Some Useful Lemmas

LEMMA B.1. Suppose that {&;} is a q-dimensional strictly stationary process satisfying
the f-mixing condition with coefficients fiz. For any j (1 < j <k —1 ) and arbitrary
integers iy <ip < -+ <ig, (&iysees i) (fil,...,éii), and (éij+1,...,§ik) have cumulative
distribution functions F(x1, ..., X}), F (X150, xj), and F@ (Xj 415 -5 Xk ), respectively.
Let G(x1, ..., xg) be a Borel measurable function such that for some dy > 0,

/.../qu 1G @1y coes i) FOAFD (e ) FP (x4 1, cees i) < € < 00,

Then

’// G(xyy..., xp)dF(x1,...,x5)
Rak

—/,../quG(xl,...,xk)dF(l)(xl,.,.,xj)dF(z)(xj+1,...,xk)

< 4C1/(1+§0)ﬁf0/(1+60), where T = ij+1 _ l]

Proof. This is Lemma 1 in Yoshihara (1976). u

To simplify notation, the following lemma takes X; ; and X ; as scalars.

LEMMA B.2. Let g(-) and m(-) be Borel measurable functions. Denote g(z) =
E[gX1)1Zt =2], um(2) = E[m(X1 )| Zi =z, yg.5(:) =E [!g (x1.0)"1z = z],
and yy 5(z) = E [}m (X1.)|"T0 12 =21 for some 8 > 0. If g (2), 11 (2), wg.5(2), and
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W, (2) all have bounded uniformly continuous derivatives up to the second order, under
Assumptions Bl, A2, B3, A5(i), and A6, we obtain, for any positive integers j, j’, and [,

n t—1
- Z z x/ !
Ap = J+]/)/2h X z’sg(xl,t)m(xl,s)](t,sln,t,s

1 rr . .
A ELug (Z))um (Z1) £ (Z1)] /0 /0 B (r)BJ (s)dsdr,

where v; = le (u)du.
Proof. Applying the same proof method used in the proof of Lemma A.2, we obtain

n t—1

X\ ( X2\
ZZZ( 2’) (jﬁ) El™ g (X1, om(X1 )KL Lnp.s1+0p (1),

where 1, ;s =1,,¢1,,5 and 1,, ; = 1(Z; € S,), and 1(A) is a trimming indicator function
which equals 1 if A holds and 0 otherwise.
By Lemma B.1, we have

’ 1E[g(Xl t)m(Xl Y)Kt sln,t,s] Xt,s (5/(1+(5)

<Ch l+r>ﬁ
where letting @ = (Z; — Z) / h and applying the change of variables gives
ais=h" //ﬂg(z,)ﬂm(z )K ( p —Zs )f(Z[)f(Z VI(Z, € S)(Zs € Sp)dZ,d Z

= [ [ e 0+ 20 i (20K @) f (ho+ 20 £ (20 b0+ 2, € )12, € ,)dedZ,

- / K (@) doE [1g (Z1) i (Z0) £ (Z) 1(Z1 € S.)]+ 0 (h).

and
7, — 7
h—(1+6)//Wg,é(Zz)Wm,a(Zs)Kl(Hé) (IT)f(ZZ)f(Zs)dzzdzs
=h“5//wg,5 (ho+ Zs) Y5 (Zs) K'0F) () f (ho+ Zs) [ (Zs) dwd Zy

=170 [ KD @) d0E [ 21 v s (20) £ 2]+ 0 (127).

Therefore, we have

L X2\ (Xos 7 5/(1+9) =0 L
ZZZ( ) (T;,l) (h+hl+()ﬂ|t Sl )=0[7(h)+0[7 ((nh)l+r5n l+r))
t=2s=1

= Up(l)
asmaxj<,<y || X2./|| = Op (vn) by (8), >7°, ﬁf/(H_d) < C < 0o by Assumption Al (ii),

and nh — oo and h — 0 as n — 0o by Assumption A6. Since Pr(Z € §;) - 1 asn — oo,
we complete the proof of this lemma. u
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APPENDIX C: Proof of Weak Uniform Convergence
under Case (b)

In this appendix we extend Hansen’s (2008, Thm. 2) weak uniform convergence results
of kernel estimator derived for absolutely regular (f-mixing) time series to time series with
both integrated and absolutely regular variables. The following proof is derived for the case
that Z; has an unbounded support.

LEMMA C.1. Under Assumptions Bl, A2, B3, and A4-A6, we obtain SUp;es, ||51 (z)—
01 @)l = 0p(1) and sup s, 1102(z) — 02 ()| = 0p (n~1/2), where S = SN[—cn, cul and
cp=0 (n¢ In n) is a sequence of nondecreasing positive numbers for any ¢ > 0.

Proof. The kernel estimator of 6(z) in (4) can be rewritten as 8(z) — 6(z) =
Wi (Z)_I‘I’nz(z), where

1 X1, X1, X1 o Yur,11@) ¥ur1,12(2)
Far@ =15 ;(Xz,zxf XZtXf)Kt(Z):(anI,U(Z)T ‘Pnl,zz(Z))’ €D

and W2 () = () ™' X0y X [ XTT(Z0,2) + g | Ko (2) with T1(Z2,2) = 0(24) 0. 2).
Applying Hansen (2008, Thm. 2) to ‘¥,1,11(z) gives sup,¢ s, !Tnl,ll (z) — Eanl,ll(Z)| =
Op (bn), where by, = /Inn/(nh). By Assumptions Bl and B3 and applying the change
of variables gives EW, 11(z) = g1(z) + O (h?), which holds uniformly over z € S, with

a1 =E (X1, X] 12 =2) £ @),

Therefore, we have

sup [¥a1,110) = 810)] = 0p (ba+1?). €2

78,

As for ;1 12(2), it can be expressed as
n

W1, 12G) = ) D" X1, X Ki (2)

t=1

n n
=) E[X 1K (9] D X7, +n7! D e ()X,

t=1 =1
where ¢;(z) = h =1 {X| ,K; (z) — E[ X1 ,K: (z)]}. Denoting
9@ =E(X1,/1Z =2) f(2), (C3)
we obtain that h = E [ X ,K;(2)] = g2 (z) +O (h?) holds uniformly over z € S,. Hence,

(nh) ™ E[X1,K: 2)] ZXQ, £ @n” ZX2,+0p(h2f ) (C4)
=1
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as maxj<;<, | X2,/| = Op (v/n). For the second term of ¥, 12(z), we set 7, € (0, 1),
N =[1/w], tx = [kn/N1+ 1, 1 =ty — 1, and £* = min (l]f,n). To simplify notation
and without loss of generality, we give the proof of (C.5) for scalar case. We have

n
n=3/2 Z X5 e ()

t=1

N-1 4"
= n_3/2 z ZXQ,[&(Z)
k=0 1=ty
N—1 [ N—1 5"
<7 2 Xan 2 @)+ n T D 3 (Xas = Xan) )
k=0 t=t k=0 1=ty
N—1| g n
< sup !Bn’”(l’)|}’l_l Z Zet(z) + sup |Bn,n(r)_Bn,17 (r/)|n_12|et(z)|»
rel0,1] p p— Ir=r'|<t) =1

where sup,.[o.1 | By, (r)| = O, (1) by Assumption A2 and supzesn_l iler@)] =
Op(1). Simple calculations give

N—1|% N Iy
-1
< —
supn™! D1 eo)] < - sup sup > e(2)

€8 =0 |1=t 2€8n 0<k<N=1 =y
t+tyn
< sup sup |— z (@)= 0p (brn,n)>

zeS, t+mn<n Tnlt i—=t

where bq, , = +/In(nty) /(nt,h) and the last equality follows from Hansen (2008, Thm.
2). As Suplr_r/lf'[n !Bn’” (r) - Bn,"] (r/)‘ = Op (\/ T”)’ we have

n
sup n_S/ZZXz’,e,(z) =0p(by), (C.5)
€S =1

where by, = /In(nty) / (ntyh) + /7. Combining (C.4) and (C.5) gives

1

sup

n
v \Pnl,IZ(Z)_gZ(Z)”_IZX%:, =0p (h2)+0p(b,’§). (C.6)
ZEOy

=1

Next, we consider ¥y 22(2) = (nh)™' 30 X5 X1 K;(z) = 7 E[K; (2)]n~!
Ty Xo X3, 4T S0 X0 XT e (2), where e/(2) = T [K¢ (2) — E (K (2))] and
hE[K, @l=f@+0 (hz). Applying the same method used above, we obtain

n
sug n~! Yn1.22(2) —f(xn~! letsz,t =0, (h2) +0p(by). (C.7)
Z€on =1
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Letting Dy, = diag{ly, , ﬁldz} and combining (C.2), (C.6), and (C.7), we obtain

sup | D7 19,1 @) D71 = 5@) | = 0, (W) + 0, () + 0, (b)),

Z€S5,

where

S() = 510 § @230 X7,
n=3/2 ?:1X2,t82(Z)T f(Z)n_zZ}’:le,zXz,, '

Finally, we consider ¥,;5(z). Simple mathematical manipulations give

_ I - _ I < _
Dy 'W,n(2) = EZDH "X, xI' D' DyT1(Zs,2)K, (2) + EZDH 'Xu,K; (2)
=1 t=1

xI
L X XT T (Ze, 2) 4 X2 /il (Z,2)

X Xo, XT
nht=1 %X{tnl(Zt,z)_f_ z’nzrﬁnz(zt,Z)

1< X1, uz
+7 @u K (2)
Tl WV
(V211D + P2, 12(2) +(‘I’n2,13(Z))
T\ @+ Y 0@ Wn2,23(2))

Again, applying the same method used in the proof of the weak uniform convergence rate
for ¥, (z), we have that

K: (2)

(‘Fnz,u(z) +¥52,12(2)

TTz 122+ Y2 22(2)) — (K [S(l) @ D0V )+ @) Dat (@) /2]

= 0y (v (" +nb}))
holds uniformly over z € S, where u»(K) = fuzK (u)du, and that
sup | Wp2.13(2)| = Op (bp) and sup ||¥p2.23(2)| = O0p (b)) (C.8)
€Oy, Z€0p

Therefore, we obtain that

D, {00) =0 =1 12K D; 5 ()7 [ () DD @)+ 5 (2) Da0D () /2]
=0y (Vaoy ' (n* 7)) +0p (57" (b +87))

or

D, [02)=0) = u2(K)0? () /2]
=12 12 (K)S ()~ SO (2) D0D (2) + 0, (ﬁa;l (h4 +hb;;)) +0, (a‘;l (b +b;))

= 0, (07 'Vh?) + 0, (57" Vuhby) + 0, (37 (bu+5}) ) (€.9)
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holds uniformly over z € S,, where &, = inf,cg, f(z). Let 7, = O(n™F%), &y =
O0(n™¢), and h = O(n™%). Taking a € (1/3,1), ¢ € (1 —2a,min(1 — a,a)), and
€ € min{2a —1/2,(a —¢)/2,(¢c —1+2a)/2,(1—¢c —a)/2,¢c/2}, we can show that
Dy, [g(z) —0(z)— n? ﬂz(K)H(z) (z)/Z] =0p(1). This completes the proof of this lemma. B

Remark 6. When Z; has an unbounded support, 6, — 0 as ¢; — o0, and the rate at
which ¢, can go to +00 is determined by the tail behavior of the density function f (z).
When Z; has a bounded support, S, trims out the data within ¢, distance to the boundary
of S, where ¢, > 0 and ¢, — 0 as n — oo; for example, if S = [0, 1], we can choose
Sy =l¢n, 1 —¢nl, where ¢, > O and h /¢, — O asn — oo.
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