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Nearly invariant Brangesian subspaces

Arshad Khan, Sneh Lata®, and Dinesh Singh

Abstract. This article describes Hilbert spaces contractively contained in certain reproducing kernel
Hilbert spaces of analytic functions on the open unit disc which are nearly invariant under division
by an inner function. We extend Hitt’s theorem on nearly invariant subspaces of the backward shift
operator on H?(ID) as well as its many generalizations to the setting of de Branges spaces.

1 Introduction

In this paper, we study nearly invariant subspaces from a Brangesian point of view. A
subspace M of the Hardy space H*(ID) is called nearly invariant under the backward
shift operator $* on H*(ID) if S* (f) belongs to M whenever f vanishes at zero. These
subspaces first arose in the work of Hitt [11] while characterizing the shift invariant
subspaces of the Hardy space of an annulus. The kernels of Toeplitz operators are
particular examples of nearly S*-invariant subspaces, and this special case of Hitt’s
theorem was independently established by Hayashi [10] by developing ideas similar
to those used by Hitt. Hitt called these subspaces “weakly invariant” rather than
“nearly invariant”. Sarason, [13], coined the term “nearly invariant subspaces” and—
more importantly—gave a new proof of Hitt’s theorem by utilizing ideas based on de
Branges—Rovnyak spaces, [3]. See also [14]. In doing so, Sarason engendered new ideas
that gave rise to some very interesting papers such as [1, 2, 8, 15]. Since the time [10, 1],
and particularly [13] appeared nearly invariant subspaces have established themselves
as an important area of research and they can be deemed to be a proper generalization
of the concept of invariant subspaces. In addition, they connect with many diverse
areas including with mathematical physics. See D. Vukoti¢ (2011). [Review of the
book The Hardy spaces of a slit domain, by A. Aleman, N. Feldman, and W. Ross].
MR2548414 (2011m:30095).

Theorem 1.1  (Hitt’s theorem). Let M be a non-trivial nearly invariant subspace of
H?*(D) under S*, and let g be a function in M of unit norm that is orthogonal to
M n zH?*(D) and positive at the origin. Then there exists a S*-invariant subspace N
of H*(D) such that M = gN and ||g f|| = ||f|| for all f € N.

In 2010, Chalendar, Chevrot, and Partington [4] generalized Hitt’s result to the
backward shift operator on a vector-valued Hardy space. A few years later, the first
and third author from [4], in collaboration with Gallardo-Gutierrez, introduced and
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described in [5] nearly invariant subspaces with finite defect for the backward shift
operator on H*(ID). This work was further extended to the vector-valued case by
Chattopadhyay, Das, and Pradhan in [7].

Simultaneously, Erard [9] in 2004 introduced the notion of nearly invariant
subspaces in the vastly general situation of multiplication operators that are bounded
below on reproducing kernel Hilbert spaces. He first deduced a factorization theorem
in the general setting and later used it to describe nearly invariant subspaces of the
backward shift on general reproducing kernel Hilbert spaces of analytic functions
on the open unit disc D on which the operator of multiplication with z is well-
defined and bounded below. As a particular case, his result also described nearly
invariant subspaces of the backward shift on H?(ID). His description turns out to be
the same as Hitt’s. However, since he was working in a much more general setting, his
method could not capture two crucial pieces of information about the representation,
namely, the norm equality (as it appears in Hitt’s theorem) and the closedness of the
backward shift invariant subspaces that appear in the representation. In 2021, Liang
and Partington used Erard’s factorization theorem ([9, Theorem 3.2]) to describe
nearly invariant subspaces of Dirichlet-type spaces D,, -1 < a <1 with respect to
the operator of multiplication with a finite Blaschke factor. This work of Liang and
Partington has been extended to the finite defect setting in 2022 by Chattopadhyay
and Das in [6].

Let H; and 3, be two Hilbert spaces with norms || - [|; and || - ||, respectively. We
say J{; is contractively contained in J{; if J(; is a vector subspace (not necessarily
closed) of 3, and the inclusion map is a contraction, thatis, || 4]|, < ||h]|; forall h € H;.
In this paper we shall investigate the above-mentioned avenues of research associated
with nearly invariant subspaces for contractively contained Hilbert spaces.

The organization of the paper is as follows. Section 2 contains definitions and
terminologies that will be used throughout the paper. In Section 3, we describe
Hilbert spaces that are contractively contained in the Hardy space H*(ID, C") and
which are nearly invariant under the backward shift operator on H?*(ID, C"). Our
result (Theorem 3.3) is, in a sense, the best possible generalization-in the setting
of de Branges spaces-of Hitt’s theorem (Theorem 1.1) and also its vector-valued
generalization by Chalendar et al. (Theorem 3.1). This is so, since the representations
obtained in both these theorems can be easily derived from our version once we
assume that our general de Branges space is the special case of the scalar valued
Hardy space of Hitt or the n-dimensional valued Hardy space of Chalendar et al. At
the same time, we show through specific counterexamples that our characterization
per se in the general setting of the contractively contained de Branges space cannot
be improved. In other words we show that in the conclusion of Theorem 3.3, our
inequality between the de Branges space and the Hardy space cannot be improved to
an equality (Example 3.5) nor can we conclude in the general case that the backward
shift invariant subspace in our description is closed, see (Example 3.6). Afterwards, in
Section 4 (Theorem 4.3), we extend a work of Erard from [9, Theorem 5.1] (stated here
as Theorem 4.1) to the case of contractively contained Hilbert spaces. Our Theorem 4.3
is in fact also an extension of Liang and Partington’s result ([12, Theorem 3.4]) that
used Erad’s result to describe subspaces of the Dirichlet-type spaces D, (0 < a <1)
which are nearly invariant under “division by a finite Blaschke factor” Lastly, in
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Section 5, we extend our study from Section 4 to the finite defect setting. Theorem 5.3
is an extension of Chattopadhay and Das’ result [6, Theorem 3.9] to multiplication
with inner function on general reproducing kernel Hilbert spaces which in turn is a
generalization of Liang and Partington’s above-mentioned work to the finite defect
setting.

2 Terminologies and definitions

Let D be the open unit disc in the complex plane C. For a given Hilbert space X,
let H?(ID, X) denote the familiar Hardy space of K-valued analytic functions on D.
Recall that

H*(D,X) = { S Auz" ApeX, Y |Amllk < oo}
m=0 m=0
and it is a Hilbert space with respect to the norm ||f[3 4 = g [|Am||%> where
f(z) = X0y Anz™ belongs to H*(D,X). The Hardy space H*(DD,C) is denoted
simply as H*(ID). Note thatif {x; : i € I'} is an orthonormal basis of X, then H*(I), X)
can be identified (under an isometric isomorphism) with ¢*-direct sum of I copies
of H*(DD). Thus, each f € H?(ID, X) can be identified with an I-tuple (f;);c;, where
each f; e H*(D) and ||f][3 & = X;e; |Ifill3,c- Henceforth, for notational convenience,
we shall not mention X in the norm || - ||2,5; instead, we shall write it as || - ||,

The forward shift or simply the shift operator S on H*(ID, K) is defined as Sf(z) =
zf(z) and it’s adjoint S$*, known as the backward shift operator, is given by

5 ey - [ =1
z
for f € H*(D, X).

In the introduction, we have used the term subspace to refer to a closed subspace,
and we shall keep following the same terminology throughout the paper. But very
often, in what follows, we shall encounter subspaces that are not necessarily closed;
to make them stand out, we shall refer to them as vector subspaces.

Definition 2.1 ~ A vector subspace M of H*(ID, X) is said to be nearly invariant under
the backward shift S* if S* f € M whenever f € M and f(0) = 0.

In light of the fact that S* is a left inverse of S, the definition of nearly invariant
under S* is equivalent to saying f € M whenever S f € M. This motivated Erard in [9]
to extend the notion of nearly invariant to the setting of bounded below multiplication
operators on reproducing kernel Hilbert spaces. Before giving Erard’s version, first, we
provide the following relevant definitions.

Definition 2.2 A set of complex-valued functions on a set X is called a reproducing
kernel Hilbert space (RKHS) if

1. H is avector space with respect to pointwise addition and scalar multiplication;
2. X has a norm with which it is a Hilbert space;
3. for each fixed x € X, the point evaluation map f ~ f(x) is continuous on .
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Suppose H is an RKHS on a set X. Further, suppose ¢ is a function on X which
multiplies J{ into itself. Let My denote this multiplication map. Then it can be seen
that My is linear and bounded. The following is Erard’s analog of nearly invariant in
the context of a multiplication operator on an RKHS.

Definition 2.3  Let H be an RKHS on a set X and suppose M is a multiplication
operator on H which is bounded below. Then, a vector subspace M of H is said to be
nearly invariant under division by ¢ if ¢ f € M implies f € M.

Note that when My is bounded below on J, then nearly invariant under a left
inverse of My, as we discussed above, would mean f € M whenever ¢ f € M which
clearly justifies Erard’s choice for the terminology “nearly invariant under division by
¢”. Moreover, the advantage of this terminology is that it brings to light the essence of
the definition for multiplication operators. Also, the absence of an explicit mention
of a left inverse makes the definition much simpler to follow.

The following are straightforward but yet important observations.

Lemma 2.4 Let W be an open subset of the complex plane, H be an RKHS on W
consisting of analytic functions on 'W, and let ¢ be an analytic function on W that
multiplies I into itself. If ¢ vanishes at a point in W, then the only vector subspace of I
that is nearly invariant under division by ¢ and contained in ¢J{ is the zero subspace.

Proof  Suppose, M is a vector subspace of J{ that is nearly invariant under division
by ¢ and it is contained in ¢J. Then for h € M, h = ¢ f for some f € H. Since M is
nearly invariant under division by ¢, therefore f € M. Again, using the fact that M is
contained in ¢J and it is nearly invariant under division by ¢, we conclude f = ¢ f;
for some f; € M. Then h = ¢*f;. Continuing in the similar fashion, we obtain that
for each n, h = ¢"*' £, for some f, € M. Now since ¢ has a zero in W, say at z,, we
deduce that the analytic function & has a zero at z, of every order. This implies that
h = 0. Hence M = {0}; this completes the proof. ]

Lemma 2.5 Let M be a non-zero Hilbert space contractively contained as a vector
subspace in H. If R is closed in I, then M n R is closed in M.

Proof Let {h,};>, be a sequence in M n R that converges to h in M. Since M is
contractively contained in X, therefore {4, } converges to h in J{. But, each h, € R
and R is closed in J{. Therefore, h € R which implies that &1 e M n R. Thus M n R is
closed in M. u

We end this section by recalling a few more terminologies. If ¢ is a bounded
analytic function on D, then it multiplies HZ(ID)) into itself, and in this case, the
multiplication operator My is a particular example of a Toeplitz operator which is
generally denoted as Ty. Further, a bounded analytic function on I is said to be an
inner function if rhg} |p(re’’)| =1a.e. If ¢ is an inner function on D and ¢(0) =0,

then the composition operator, denoted as Cy, is an isometry on H*(D)). Suppose, X
is a Hilbert space with an orthonormal basis indexed by a set I. Then, direct sum of
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Ty and Cg on H*(ID, X)(identified as ¢*-direct sum of I-copies of H*(I)) are again
bounded operator which we shall denote again by T and Cy.

3 Nearly invariant Brangesian subspaces for the backward shift on
vector-valued Hardy spaces

In [4], Chalendar, Chevrot, and Partington extended Hitt’s theorem (Theorem 1.1)
to the vector-valued setting. They described subspaces of H?(ID, C") that are nearly
invariant under the backward shift operator S* on H*(ID,C"). In this section, we
investigate their result in the de Branges setting. We describe Hilbert spaces contrac-
tively contained in H*(ID, C") and nearly invariant under S*. It is crucial to note that
we do not assume these vector subspaces to be closed in the Hardy space.

Before presenting their description, we explain some notations essential to under-
standing their result and which will also be used throughout this section. Suppose,
gi>- - - > gm be C"-valued functions on ID. Let G denote n x m matrix-valued function
that maps z € D to n x m matrix with column vectors g1(2),..., g¢m(2). Now, sup-
pose f is a C"-valued function on D. Clearly, we can write f = (fi,..., f), where
fi»- .- fm are scalar-valued functions on ID. Then for each z € ), the matrix multipli-

fi(2)
cation G(2)f(z) = (g21(2)-gm(z)) : =31 fi(2)gi(2) is well-defined. We
ful2)
shall use Gf to denote the function z — G(z) f(z) = X1, fi(2)gi(2). Clearly, if each
gi and f are analytic on D, then G f is also analytic on D.

Theorem 3.1 ([4, Theorem 4.4]). Let F be a nearly S*-invariant subspace of
H*(D,C") and let {gi, ..., g} be an orthonormal basis of M © (M n zH*(D, C")).
Let G be the n x r matrix-valued function with columns gy, ..., g,. Then, there exists
an isometric mapping

3:F>F given by Gf ~ f,

where F = {f e H*(D,C"):3 hed, h=Gf}. Moreover, F is subspace of
H*(D,C") that is S*-invariant.

We shall now present the main result (Theorem 3.3) of this section. It is an analog
of Theorem 3.1 for the de Branges setting. We start with the following preliminary
observation.

Proposition 3.2 Let M be a non-zero Hilbert space contractively contained in the
Hardy space H*(ID, C"). Suppose, M is nearly invariant under the backward shift on
H?(D,C"). Then, M & (M nzH?*(D,C")) is non-zero and its dimension can be at
most 1.

Proof  First note that since M is non-zero, therefore Lemma 2.4 implies that M
cannot be contained in zH*(ID, C").
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Now as M is contractively contained in H?*(ID,C"), for each w € I, the point
evaluation map E,, : M — C” given by E,,(f) = f(w) is bounded. Let {ey,..., e, }
be the canonical orthonormal basis of C". We claim that the set {g; := Ej(e;):1<
i <n}spans M © (M nzH*(D,C")). For any f in M n zH*(D,C"),

(gi> flw = (ei, Eo(f))cn = (e, £(0))cn = (ei,0)cn = 0.

Thus, each g; belongs to M & (M nzH?*(D,C")). Further, if f € M is orthogonal
to each g;. Then f(0) is orthogonal to e; for each 1< i < n. This forces f(0) =0
which means f € M nzH?(ID,C"). Hence, the set {g; : 1< i < n} spans Mo (Mn
zH?*(D, C")). This completes the proof. [

Theorem 3.3 Let M be a non-zero Hilbert space contractively contained in
H?*(D,C"). Suppose M is nearly invariant under S* and |zh|nt > |h|n when-
ever zhe M. If {g1,...,g}, 1<r<m, is an orthonormal basis for Mo (Mn
zH*(ID, C™)), then there exists a vector subspace N of H*(D, C") that is S*-invariant
such that M is in one-to-one correspondence with N via the linear map

G:N->M givenby f~ Gf,

where G is the matrix-valued function whose columns are gy, . . ., g,. Moreover, for each
heM, ||h|lv 2 ||fll2> where h = G f with f € N.

Proof  Firstly, using Proposition 3.2, M n zH?*(ID, C") is closed in M, M o (Mn
zH*(D, C")) is non-zero, and dimension of M © (M n zH?*(ID, C")) is at most n. Let
P denote the orthogonal projection of M onto M n zH*(ID, C") and let Q = I — P.

Now since M is nearly invariant under S*, therefore S*P is a well-defined linear
mapping of M into itself. Let us define

R=8§"P.

Then the hypothesis || f||n < ||2f || whenever zf € M implies that R is a contraction
on M.

Fix any h € M. We decompose it as h = Qh + Ph. Note that Ph € zH*(DD, C"). This
means Ph = $§*Ph = SRh. Then, we have

(3.1) h=Qh+SRh
and
(3.2) QA + IRAII5c < [IQAI[c + ISRAI = [A15-

As{gi,..., g} is an orthonormal basis for M © (M n zH*(ID, C")), therefore we
can write

Qh =aong +apgt...taprdr= GA(),
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ao1

where ag,...,dq, are scalars, Ag=| ¢ |€C’", and G is the n x r matrix-vaued
aor

function on D with columns g, .. ., g,. Thus,

(3.3) h=GAy + SRh.

Further, | Qh|[3; = X1 |a0i|* = ||Ao|[2-. Thus, Inequality (3.2) yields

(34) [14ollE + [IRRII5c < [[AI[c

Now Rh € M. Then repeating the above arguments for R/ in place of h, we obtain
a vector A; € C" such that

Rh = GA, + SR?*h

and [|A;||2 + ||[R*h|[5; < ||RA|[5¢. Then, Equations (3.3) and (3.4) yields
(3.5) h=GAg + G(zA;) + S*R*h

and

(3.6) [[Aol[E + 14l + IR*RIR < [IRI 3¢

Again, R*h € M. Continuing as above, we obtain a sequence {A, } in C" such that
for each postive integer m

(3.7) h=G(Ag+Aiz+ -+ A,z")+S™R™ )
and
(3.8) > NAE + IR AR < IRl

i=0
The Inequality (3.8) establishes that

> A,
n=0

2
cr < 0.

Thus,
f(2) =3 Anz"
m=0

belongs to H*(D, C").
Clearly, Gf is analytic on D. Now comparing the coefficient of z”" in h, Gf, and
using Equation (3.7), we conclude, h = Gf. Also, using Equation (3.8),

1F1l2 < (1Al

Hence, for each heM there exists an fe H*(D,C") such that h=Gf and
[1£1l2 < [[Bllov.

Let N = {f e H*(D,C") : Gf e M}. Then,N is a vector subspace of H*(ID,C").
Clearly, the mapping G: N — M given by G(f) = Gf is a well-defined surjective
linear map. To show it is one-to-one, let Gf = 0. Suppose, f(z) =7y Amz™.
Write f = A +zfi, where fi(z) =Y, _iAmnz™. Then Gf = GAg+G(zfi) and

https://doi.org/10.4153/50008439524000687 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439524000687

8 A. Khan, S. Lata, and D. Singh

zGf; e M nzH?*(D, C"). This implies that GAg = Q(Gf) = 0, which further implies
that Ay = 0; hence f = zf;. Thus, G f; = 0. Continuing in this way, we can show that
Ay =0 for all k. Hence, f = 0. Thus § is one-to-one.

Finally, we shall show that N is invariant under S*. Let f = Y oo_ A;,2™ € N. Then,
there exists an h € M such that h = G f. Now,

h=Gf = Q(GF) + SR(GS).
But Q(Gf) = GAy. Therefore,
h= GA() + SR(Gf)

which implies

SR(GF) = G(f - Ao) = G( iAkzk),
k=1

and hence

R(Gf) = G( iAkzk_l) = G(s*( i Akzk)) = G(S*f).
k=1 k=0

Since R(Gf) € M, therefore by definition, S* f € N. Hence N is invariant under S*.
This completes the proof. [ ]

Remark 3.4 Note that the Hitt’s description of a nearly S*-invariant subspace of
H*(D) (Theorem 1.1) as well as it’s vectorial generalization (Theorem 3.1) both have
three parts to them, namely, the representation in terms of S*-invariant subspace,
the norm preservation between nearly S*-invariant subspace and the corresponding
S*-invariant subspace, and the closedness of the S*-invariant subspace. Now the
description (Theorem 3.3) we obtain for our setting does gives a representation that
is similar to the one given in Theorem 1.1 for the scalar case and Theorem 3.1 for the
vector case, but our description in the general case neither guarantees the preservation
of norm nor does it guarantees the closedness of the $*-invariant vector subspace.
Interestingly, with the help of the following two examples we show that either of these
can't be promised for our setting in general.

Example 3.5 (Failure of equality of norms). Let M = span{l +z,z +z*} and U :
H?*(D) — H?*(ID) be the linear operator given by
U) =1, U(z)=v2z, U(Z*) =Vv2z% U(")=2" forn > 3.
Define a norm |.[5¢ on M by
| fllve = [Ufll2 - for feM

Then M equipped with norm || - |5 is @ Hilbert space contractively contained in
H?(D) that is nearly S*-invariant.

Clearly, M n zH*(D) = span{z + z*}. Let f € M nzH*(D). Then f = a(z + z*)
for some scalar a and ||S* f||n = |a|[U(1 + 2)||2 = |«|+/3. On the other hand, || f]|» =
laf||U(z + 22)||ne = |a|2. Therefore, ||S*(f)||ac <||f]ln for each feMnzH*(D)
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which simply means that ||zh||5¢ > ||h||m whenever zh € M. Thus, M satisfies the
hypotheses of Theorem 3.3.
Now we can verify that

Mo (MnzH*(D)) = spani{g},

where g(z) = %\g“) and ||gl|nc = 1.

Then using Theorem 3.3, there exists a $*-invariant vector subspace N of H?(DD)
such that M = gN.

For1+zeM,wehavel +z = gzzf\/zi. Therefore, f = 22%5 € N. Notice that

lz+113c = V22 +13
=3

and

22
2

z-2

113 = |

2
5551,
8

3

Hence,1+z = gf and ||1 + 2| > || f]|2-

Example 3.6 (Failure of the closedness). Let D denote the classical Dirichlet
space consisting of analytic functions on the unit disc D with the norm [|f]|3, =
Soolailf(i+1) for f(z)=Yiyaiz' €D. Recall that D is a Hilbert space
contractively contained in H*(ID), and it is not closed in H*(DD).

Let 0 be a bounded analytic function on I with |||/« =1and 6(0) > 0. Set

M=06D

and define ||0 f||at = ||f]|p- Clearly, M is a vector subspace of H*(D), || - || @ norm
on M with respect to which M becomes a Hilbert space contractively contained in
H?(D).

Let, f € M nzH*(ID). Then, f = 0h for some h € D and f(0) = 0. Thus, #(0) =0
because 6(0) > 0. This implies that h = zh, for some h, € H*(ID). But zh; € D implies
hy € D and ||zh||p 2 ||hi||p. Therefore, S*(f) = Ohy € M and ||S™ fl|n = ||hul|o <
llzh1l|D = ||f]]ac. This means M is nearly S*-invariant and ||zg||nt > ||g]|n whenever
zg € M. Hence, M satisfies the hypotheses of Theorem 3.3. Note that M e (Mn
zH*(D)) = span{6}. Therefore, there exists an S*-invariant vector subspace N of
H?(D) such that M = ON. But this simply means N equals D, which is not closed in
H?(DD). Hence, this example shows that the S*-invariant vector subspace we obtain
in the representation given by Theorem 3.3 may not be closed.
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4 Nearly invariant Brangesian subspaces related to multiplication
operators on reproducing kernel Hilbert spaces

In [9], Erard extended the study of nearly invariant subspaces on H?(ID) to reproduc-
ing kernel Hilbert spaces.

Theorem 4.1 (Erard [9, Theorem 5.1]). Let H be an RKHS consisting of complex-
valued analytic functions on D on which multiplication with z is well-defined with
dimension of H © zH equals 1 and ||h||s¢ < ||zh||5c for all h € H. Assume also that
there exists f € 3 with f(0) # 0. Let M be a non-zero subspace of 3, which is nearly
invariant under the backward shift. Let g be any unit vector of M © (M n zH). Then,
there exists a linear subspace N of H*(D) such that

h
M= gN and ||l > ||§||2-
Besides, N is invariant under the backward shift and g(0) # 0.

Our main result (Theorem 4.3) of this section generalizes Erard’s Theorem. We
describe Hilbert spaces that are contractively contained in an RKHS of analytic
functions on the unit disc which are nearly invariant under division by an inner
function. So, in our result, subspaces have been replaced with contractively contained
Hilbert spaces and multiplication with z has been replaced with an inner function.

Before proceeding further, we would like to compare Erard’s theorem with Hitt’s.
Erard’s theorem replaces H*(ID) by a much general RKHS, and also, instead of
assuming M, to be an isometry, it only assumes it to be bounded below. However,
the drawback of Erard’s theorem is that although the representation of a nearly S*-
invariant subspace when H = H*(ID) is very similar to what Hitt’s theorem gives, it
does not infer the correspondence between a nearly S*-invariant subspace and the
corresponding S*-invariant vector subspace to be an isometry, and in fact, it doesn't
even guarantee the closedness of the S*-invariant vector subspace.

Interestingly, we can deduce our Theorem 3.3 (the scalar case) as a corollary
from Erard’s Theorem without missing any detail because we have shown, with
Examples 3.5 and 3.6, that the two features of the description of a nearly S*-invariant
subspaces that Erard’s theorem misses do not hold for our setting in general.

We first prove the following analog of Lemma 2.1 from [9] that played a pivotal role
in proving Erard’s Theorem. Indeed, we have proved this result (in disguise) within
the proof of Theorem 3.3, and we need it again for Theorem 4.3. We feel that it is a
crucial observation and is interesting in its own right; so, we are proving it here as a
separate result.

Lemma 4.2 Let T be a bounded operator on a Hilbert space H such that || Th|sc >
| Al 3¢ for all hin H. Let M be a Hilbert space contractively contained in H such that
h € M whenever Th e M and | Th| ¢ 2 ||h||a. If P denotes the orthogonal projection of
MontoM n THand Q = Ipg — P, then R := (TT*) ™' T* P is a well-defined contraction
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on M, and for every positive integer m, we can decompose each h € M as
h= Z TkQRkh + Tm+1Rm+lh
k=0
and

13 > 3 [QR A3
k=0

Proof Leth e M. Then
TRh=T(TT*)'T*P(h)
= T(TT*) ' T*Thy (Ph = Thofor some hq € )
= Thy
= P(h)
This shows TRh € M, but then Rh € M and ||TRh|| > ||[RA||n. Thus, ||[RA|jn <

[|TRA||nt = ||Ph||n < ||A||v. Therefore, R is a well-defined contraction on M.
Again, let i in M and decompose it as

(4.1) h=Qh+Ph=Qh+ TRh.
Then
(4.2) [h]3c = 1 QRIS + ITRA|S > QA5 + IR
Now Rh € M. Thus,
(4.3) Rh = QRh + TR*h
and
(4.4) IRAIB > QR + (IRl

Then, using Inequalities (4.1)-(4.4), we have
h=Qh+TQRh+T*R*h
and
[R13¢ > 1 QRIA: + | QR[5 + [R*A5

Continuing this process, we obtain that for non-negative integer m, we can write

h — Z TkQRkh + Tm+1Rm+lh
k=0
and
PR k2
[RI5e > 30 QR A5
k=0
This completes the proof. ]
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Theorem 4.3 Let H be an RKHS consisting of analytic functions on D. Let ¢ be
an inner function such that ¢(0) =0, ¢H c K, and ||h|| < ||ph]|| for every h e H.
Assume that, if ¢h € H for an analytic function h on D, then h € 3. Let M be a
Hilbert space contractively contained in H which is nearly invariant under division by
¢ and ||¢h||n > ||hl|vc whenever ¢h € M. Then, there exists a vector subspace N of
H*(D, £2(1)) invariant under T, such that M is in one-to-one correspondence with N
via the linear map

G:N->M givenby (Gf)(z)=>_gi(z)fi(z) (pointwise),

iel
where f = (fi)ier and {g; : i € I} is an orthonormal basis of M © (M n ¢XH). More-
over, | hlae 2 [ flmw.em) if h(2) = Zier 8i(2) fi(2) for f = (fi)ier € N.
Proof Let P denote the orthogonal projection of M onto it’s closed subspace M n

¢H and Q = It — P. Let h € M. Then using Lemma 4.2,

m

(4.5) h=3 M{QR"h+My*'R"'h forevery m >0,
and
(4.6) 2. 1QacR™ Il < [IAlf5c

m=0

where R := (M¢M$)‘1M¢P is a contraction on M.
Since {g; : i € I'} is an orthonormal basis of M © (M n ¢F(), therefore for every
k > 0, we have

QR*h = > ckigi
iel
for some {cy; }ier € (I).
Then
=22 3 cuMigi + MYTR™
k=0 iel
and

ZZI%I2 [1Eve

iel k=0

Thus for every i € I, gi(z) := Yo, cxiz* is in H2(ID). Further, since ¢ is an inner
function with ¢(0) = 0, therefore the composition operator Cy4 induced by ¢ is an
isometry on H?*(D). Thus, f; = C4(q:) = S cki¢” belongs to Cy(H?*(D)) and
1£ill3 = EZo lexil*.
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Then, for any w € D,
Y l(gifi)(w)

iel

1/2 1/2
s(2|gi<w>|2) (Z|f,-<w>|2)

iel iel

< (ZII <gikw >t 2)1/2( ZI( > ICkzlz)(ki;|¢>(W)|2"))l/2

1
<|Qk by —,
ksl
where k,, is the kernel function of M at the point w. This shows that the series };.; gi fi
converges at each point in .

We shall now prove that 3" ;.; g; f; is analytic on . Suppose zo € D and choose r > 0
such that D(zy,r) c D. Let w € D(zo, r). Since the kernel function K of M is analytic
in the first variable and coanalytic in the second variable, therefore K is bounded
on compact subsets of D?. Thus, there exists a constant A > 0, depending on zy and
r, such that |k, |3, = K(w,w) < A. Also, SUP},,_,j<,|#(w)| < B <1, where B depends
on z, and r. Therefore,

1/2

This also implies that {i € I : f;(z)gi(z) # 0} must be countable which means we can
assume the above sum on the left must be a countable sum. Then, using the Weierstrass
M-test the series converges uniformly on D(zy, r). Thus, the series Y ;; &; f; converges
locally uniformly on D. Hence Y;;(g; fi) is analytic on D.

Further, using Equation (4.5), i — Y;; gi fi is an analytic function on D having
zero of every order at 0. Hence
(4.7) = > gi(2)fi(z) for everyzeD,

iel

fi € C4(H*(D)) for each f; € I and

lelelz =2 Z lexil® < 1Bl

iel k=0
Now, define

N={f=(f)ier € H(D,*(1)) : fy € Co(H*(D)), 3heM,
h(z) =) gi(2)fi(z) for z e D}.

iel
Clearly N is a vector subspace of H*(ID,/*(I) and the map G(f)(z) =
Y 8i(2)fi(z),zeD, is a well-defined linear surjective map. To show it is
one-to-one, we shall show that every feN is uniquely determined by Gf.
Let f=(fi)ice€N. Then, there exists heM such that h=Y,;4ifi
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Let f; = X4 akifpk- Then h = ¥ ;ccoigi + ¢ (;:iel gi];i) , where fl = Ykoo C(k+1)i¢k-
Then, ¢ (¥;c; gifi) € H which yields ¥, gi fi € H. Thus, h — 31 coigi € M ¢pH.
Therefore, Q(h) = Y ;¢; coigi- This means,

<f1)1) =Coi = <Qh)gl>
for each i. Now, Ph = ¢ (Zie] gifi) and P = MyR. Therefore, Rh = 3, ; gifi. Again,
repeating the above arguments, QRh = Y ;; c1;€; which implies
(fis$) = c1i = (QRh, gi).

Continuing like this, we obtain

{f¢") = (QR*h, &1).
This establishes the claim.
Lastly, we shall show that N is invariant under T;. Let f = (fi)ier € N. Then

by definition, for each i, f; € Cy4(H*(D)) and there exists an h € M such that
h(z) = Y1 8i(2) fi(2) for every z € D. We decompose h as

h=Qh+Ph=Q+MgRh,
since P = MyR. Then
h= ;g:‘fi = ;cmgi + M¢R(;giﬁ),
where for each i € I, f; = Y52, cxi$* which implies
MyR(h) = ;gi(fi - coi)
and therefore
R(h) = ;giT(Z(fi)'

Hence, T (f) = (T fi)icr € N which establishes that N is invariant under 7. ]

Remark 4.4 In[12],Liangand Partington used Erard’s methods from [9] to describe
subspaces of Dirichet-type spaces D, (-1 < a <1) that are nearly invariant under
division by a finite Blaschke factor. For a > 0, D, posses an equivalent norm with
respect to which M is bounded below on it with a lower bound 1. Hence, our Theorem
extends Theorem 3.4 from [12] to a vastly general situation.

5 Nearly invariant Brangesian subspaces with finite defect related
to multiplication operators on reproducing kernel Hilbert spaces

Chalendar, Gallardo-Gutiérrez, and Partington introduced and studied the notion
of nearly $*-invariant subspaces of H*(ID) with finite defect in [5]. In this Section,
we shall extend our work from Section 4 to the finite defect case. This extension is
motivated by work of Chattopadhyay and Das from [6]. They, following Erard’s ideas,
as discussed in Section 4, extended Liang and Partington’s description [12] of nearly
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S*-invariant subspaces of Dirichlet-type spaces to the finite defect situation. First, we
introduce some definitions and terminologies that we shall need in this section.

Let JH be a Hilbert space. Suppose M is a vector subspace of H{ which is a Hilbert
space (with maybe a different norm) and J is a closed subspace of H{ such that
MnF = {0}. Then, the vector subspace M + F of H becomes a Hilbert space with
respect to the norm given by

1h+ fll = 1Bl +If156 e, feT.

Furthermore, M and JF are closed orthogonal subspaces of (M + F,|| - ||g ). Hence-
forth, we shall use M @ JF to denote (M + F, || - ||o)-

The following result is an anlogue of Lemma 2.1 from [9] and our Lemma 4.2 for
the finite defect situation.

Lemma 5.1 Let H be a Hilbert space and T € B(H) with ||Th||5¢ > ||hl|s¢ for all
h € 3. Let M be a Hilbert space contractively contained in H for which there exists a
finite dimensional subspace F of H such that M n F = {0}, Th e M implieshe M & F,
and ||Th||n > ||h||e- If P and L, respectively, are the orthogonal projections of M & F
onto Mn TH and F, and Q = Iney — P, then R:= (T*T)"'T*P is a well-defined
contraction on M & JF. Further, for each m > 0, every h € M can be written as

h=> T*QR*h+ T""'R™'h+ T Y T*'LR*h
k=0 k=1

and

[R13c 2 D0 IQR* R[5 + 3 [ LR R[5
k=0 k=1

Proof ForgeMea T,
TRg=T(T*T)'T*P(g)
= T(T*T) ™' T* Thy, where Pg = Thy for some hy €
=Thy
= Pg.
Thus TRg € M, which implies Rge M@ F. Also, ||[Rg|le <||TRg||lm = |PglIm <

IIPglle < ||glle- Therefore R is a well-defined contraction on M & F.
Fix any h € M. Then

(5.1) h=Ph+Qh=TRh+Qh
and
(5.2) |Al3¢ = ITRRI3: + [QA[5¢ > [RR[ + | QA3

Since Rh e M & J, therefore we can decompose it as

Rh = P(Rh) + Q(Rh) + L(Rh) = TR*h + QRh + LRh
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and
[RR|[g = [ TR?h|[3¢ + [|QRA[[3¢ + [ILRA|[3¢.
Using these in Equations (5.1) and (5.2), we obtain
h=Qh+TQRh+ T*R*h + TLRh

and

1
1Rl3c > 3 IQR A3 + IR*AIIG +[ILRA|[5.

k=0

Continuing like this we can show that

h=> TFQR*h+ T R™'h + 5" T*LR*h

k=0 k=1
and
PRI k|2 PR k|2
11l 2 30 IQR Al + [IR™* llg + > LR AI[5¢
k=0 k=1
for every m > 0. This completes the proof. ]

Definition 5.2  Let H be an RKHS on a set X, ¢ be a complex-valued function on X
such that ¢ ¢ H and My, the operator of multiplication with ¢ is bounded below
on J. Then a vector subspace M of J{ is said to be nearly invariant under division
by ¢ with defect p if there exists a p-dimensional subspace I (which can assumed to
have zero intersection with M) of H such that ¢ f € M implies f € M & F (algebraic

direct sum). The subspace J (unique upto isomorphism) is said to be the defect space
of M.

The following is the main theorem of this section. It an extension of our Theo-
rem 4.3 for the finite defect case.

Theorem 5.3  Let 3 be an RKHS consisting of analytic functions on D. Let ¢ be an
inner function such that $(0) = 0, ¢H € I, and ||h|| < ||ph]| for every h € H. Assume
that if h € H for an analytic function h on D, then h € H. Let M be a Hilbert space
contractively contained in H which is nearly invariant under division by ¢ with defect
space F of dimension p such that | ph| e > ||h||e whenever ¢ph € M.

1. IfM ¢ ¢, then there exists a vector subspace N of H*(D, £*(I) @ CP) invariant
under T such that M is in one-to-one correspondence with N via the linear map
G: N - M given by

4
(Sa)(2) = Z;gi(Z)fi(Z) +¢(2) Z_} ei(2)ti(z) (pointwise),

whereq = (f,t) eN,and{g;:iel}and{e;:i=1,...,p} are orthonormal basis
of Me M n ¢ and F, respectively. Moreover,

15 2 105 D15 = A5 + 112113
for h e M, where h = §(f, t).
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2. IfM < ¢pH, then there exists a vector subspace N of H*(ID, C?) invariant under Ty
such that M is in one-to-one correspondence with N via the linear map G : N - M
given by

p
9(t)(2z) = ¢(z) Z; e;(2)ti(z) (pointwise),

where t e Nand {e; :i=1,..., p} is an orthonormal basis of F. Moreover,

1Bl > |1£]]2
for h e M, where h = §(t).

Proof Leth € M. Then, using Lemma 5.1 for m > 0,

(5.3) h=% MJQR™h+My§"R™ + My My'LR™h
k=0 k=1
and
(5.4) 175 > 3 IQR* A3 + 3 ILR s,
k=0 k=1

where Q and L are the projections of M @ F onto M & (M n ¢H) and F, respectively.
Recall that M @ F is the Hilbert space (M + F,]| - ||o), where ||a + b, = ||al5; +
||b||5; fora e Mand b € F.

Let {g;:iel} and {e;:i=1,...,p} be orthonormal basis of Ran(Q) and
Ran(L), respectively. Then

P
QR*h = Z ckigi and LRFh = dejej
=1

iel

for {ck; }ier € £*(I) and {dkj}‘;:l € C?. Using these representations in Equation (5.3),
we obtain

m m
h=3" > ckiMygi+ My T R™ i+ My
k=0 i€l k=

p
Do diiMy'e;
1j=1

and

oo P oo
Y3 eril? + D0 D0 Ndig? < )3
iel j

k=0 j=1

=~
—

Thus for every i € I and je€ {1,2,...,p}, fi = Yhoo ckid” and t; = Y32, di ;"™
are well-defined functions in Cy(H*(D)) and ¥, || fil3 + Zle II£;15 < ||A|f3¢- Then
using the arguments simiar to the ones used in the proof of Theorem 4.3, we first show
that for each w € D,

1
(5.5) ifi))(w)| < | Qkw [ ail| Bl ————=
;I(gf)( )< [1Qkw vl Allae prYTE
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and

P 1
(5.6) > (et Wl < Lk 3| |t ————
1 VI=lgw)l?
and then use them to establish that }",.; g; f; and ¢ Zle ejt; are both analytic on .

Lastly, using Equation (5.3), we conclude that h — ¥, gi fi — ¢ Zﬁ.):l ejt;jis an analytic
function on I having zero of every order at 0. Hence,

P
(5.7) h=> gifi+¢ ) ejtj on D.
iel j=1

Note that each f;,t; € Cy(H?*(ID)). Therefore, we have obtained f = (f;)cs €
H*(D,¢*(I)) and t = (tj)§)=1 € H*(D,C?) with f;, t; € Cs(H*(D)) such that Equa-
tion 5.7 holds and

p
(5.8) LA+ 1e02 = 2103 + 208502 < 1l
iel =
Define
N= {(f7 t) e (D, (1) @ CP) « f = (fidienst = (1)), fir tj € Co(H* (D))

P
and 3h e Msuchthath =) g;fi+¢ > e;t;, and foreach i €I,

iel j=1
1<j<p, k20, (fi,d*) = (QR*h, gi), (t}, ¢*) = (LR*'h, )} .

Clearly N is a vector subspace of H*(ID, ¢*(I) & C?), and the map G: N - M
given by

»
S(fot) =) gfi+ ¢(Z ejtj)
j=1

iel

is well-defined one-one, onto, and linear.
Now we will show that N is invariant under ;. Let (f, ) € N. Then, by definition,
there exists a h € M such that

iel

p
h=) gfi+¢) ejt),
j:I

and for each k > 0,(QR*h, g;) = (fi, ¢*) and (LR¥*'h,e;) = (t;, ¢*) for every i e
I,1<j < p. Decompose
h=Qh+ Ph
= Qh + M¢Rh
= ZCOigi + ¢(Rh)

iel
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Then

iel iel

) P
$(Rh) =h =3 coigi = ¢(Zgifi) + ¢(Zejtj)’
j=1
where f; — cgj = ¢ f. Then

N P
Rh = Zglfl + Zejtj.
j=1

iel

Then

S gifi+ fj ejtj = Rh=L(Rh) + (P+ Q)(Rh) = ijdojej +(P+Q)(Rh),

iel j=1 j=1

since Rh e M @ F and L(Rh) = Zle doje;. Therefore,

; L
> 8ifi+¢ (Z ejtj) €M,
iel j=1

where t; — dy; :~¢t~j. Let f = (fi)icrand F = (t})?=1 Then, (f, ) € N; hence T5(f.t) =
(T3 f, Tyt) = (fs f) € N. This establishes that N is T, invariant; hence completes the
proof for the case M ¢ ¢IH.

Lastly, note that Q = 0 when M ¢ ¢J{. Then, the proof for the case M ¢ ¢H follows
simply by repeating the above arguments with Q = 0. [ ]
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