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Abstract. A dusty plasma consisting of negatively charged cold dust, adiabatic hot
ions, and inertia-less adiabatic hot electrons has been considered. The adiabatic
effects of electrons and ions on the basic properties of electro-acoustic solitary waves
associated with different types of electro-acoustic (viz. ion-acoustic (IA), dust ion-
acoustic (DIA), and dust acoustic (DA)) waves are thoroughly investigated by the
reductive perturbation method. It is found that the basic properties of the IA,
DIA, and DA waves are significantly modified by the adiabatic effects of ions and
inertia-less electrons. The implications of our results in space and laboratory dusty
plasmas are briefly discussed.

1. Introduction

The study of electro-acoustic (particularly ion-acoustic (IA), dust ion-acoustic
(DIA), and dust acoustic (DA)) solitary waves in plasmas is very important not
only from an academic point of view, but also from the view of its vital role
in understanding the nonlinear features of localized electrostatic disturbances in
laboratory and space environments.

The basic features of solitary waves associated with TA waves, in which electron
thermal pressure gives rise to a restoring force and ion mass provides the inertia,
were first theoretically predicted by Washimi and Tanuiti (1966) by assuming an
ideal plasma containing cold ions and isothermal electrons. These basic features
(Washimi and Taniuti 1966) were verified by a novel laboratory experiment of
Ikezi et al. (1970). The basic features of TA solitary waves, which are relevant to
laboratory (Ikezi et al. 1970; Lonngren 1983; Nakamura et al. 1993) and space
(Temerin et al. 1982; Bostrom et al. 1988; Dovner et al. 1994) plasmas, were invest-
igated by Schamel and Bujarbarua (1980), Nishihara and Tajiri (1981), and Cairns
et al. (1995) who assumed cold ions and non-adiabatic electrons following a vortex-
like distribution, a bi-Maxwellian distribution, and a non-thermal distribution,
respectively. All these theoretical works (Washimi and Taniuti 1966; Schamel and
Bujarbarua 1980; Nishihara and Tajiri 1981; Cairns et al. 1995) are only valid for a
cold ion limit. The effects of finite ion-temperature were then included by different
authors (Das 1977; Das 1979; El-Labany and El-Sheikh 1992a,b; Mamun 1997)
who assumed adiabatic ions and non-adiabatic electrons following different types of
distributions (Washimi and Taniuti 1966; Schamel and Bujarbarua 1980; Nishihara
and Tajiri 1981; Cairns et al. 1995). It is obvious that these investigations (Das
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1977; Das 1979; El-Labany and El-Sheikh 1992a,b; Mamun 1997) are concerned
with different plasma models which are not consistent. The inconsistency of all
these plasma models by the above authors arises from the fact that one component
(ion fluid) is assumed to be adiabatic, but the other component (electron fluid) is
assumed to be non-adiabatic.

It is now well-established theoretically as well as experimentally that dust, which
is not neutral, but is negatively charged by electron and ion currents, is ubiquitous
in most space and laboratory plasmas (Goertz 1989; Selwyn 1993; Mendis and
Rosenberg 1994; Winter 1998; Shukla and Mamun 2002; Ishihara 2007). It has
been shown both theoretically (Rao et al. 1990; Shukla and Silin 1992) and experi-
mentally (Barkan et al. 1996; Nakamura et al. 1999; Barkan et al. 1995) that in
an unmagnetized dusty plasma the dynamics of such charged dust introduces two
types of new eigenmodes, namely DIA and DA waves (Rao et al. 1990; Barkan
et al. 1995).

Shukla and Silin (1992) have first theoretically shown that due to the conserva-
tion of equilibrium charge density

Neoe + NapZae — nipe = 0

and the strong inequality n.y < njy (where nyy is the particle number density of the
species s with s = e, i,d for electrons, ions and dust particles, Z; is the number
of electrons residing on the dust grain surface, and —e is the electronic charge), a
dusty plasma (with negatively charged static dust grains) supports low-frequency
DIA waves with phase speed much smaller (larger) than the electron (ion) thermal
speed. The dispersion relation (a relation between the wave frequency w and the
wave number k) of the linear DIA waves is (Shukla and Silin 1992)

O.)2 = (ni(,/neo)kzci?/(l + kQA%)e),

where C; = (kBTO/mi)l/2 is the TA speed (with T being the electron temperature, ky
the Boltzmann constant, and m; the ion mass) and Ap, = (kBTO/47TTL(.()€2)1/2 is the
electron Debye radius. For a long wavelength limit (viz. kApe < 1), the dispersion
relation for the DIA waves becomes

W= (ni('/neU)l/QkOi.

This form of spectrum is similar to the usual IA wave spectrum (Lonngren 1983)
for a plasma with njy = ney and T; < T, (where T; is the ion-fluid temperature). DIA
waves have been observed in laboratory experiments (Barkan et al. 1996; Nakamura
et al. 1999). The linear properties of the DIA waves in dusty plasmas are now well
understood from both theoretical and experimental points of view (Shukla and
Silin 1992; Barkan et al. 1996; Nakamura et al. 1999; Shukla and Rosenberg 1999;
Verheest 2000; Shukla and Mamun 2002). DIA solitary waves have been investigated
by several authors (Bharuthram and Shukla 1992; Nakamura and Sharma 2001;
Mamun and Shukla 2002a,b). However, all these latter investigations are limited to
a cold ion-fluid limit (7; = 0).

Rao et al. (1990) first predicted the existence of DA waves, where the dust
particle mass provides the inertia and the pressures of inertia-less electrons and
ions give rise to the restoring force. The predictions of Rao et al. (1990) were
conclusively verified by the laboratory experiment of Barkan (1995). Mamun et al.
(1996) have investigated DA solitary waves in a two-component unmagnetized
dusty plasma consisting of a negatively charged cold dust fluid and an inertia-less
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isothermal ion fluid. The work of Mamun et al. (1996) is only valid when a complete
depletion of electrons onto the dust grain surface is possible. A number of theoretical
investigations (Ma and Liu 1997; Mamun 1999; Mamun and Shukla 2001) have been
carried out into DA solitary waves in order to generalize the work of Mamun et al.
(1996) by assuming a three-component unmagnetized dusty plasma consisting of
a negatively charged cold dust fluid and inertia-less isothermal electron and ion
fluids. These works are only valid for cold dust and isothermal electrons and ions.
Recently, the effects of the dust fluid temperature on DA solitary waves have been
investigated by a number of authors (Mendoza-Briceno et al. 2000; Gill et al.
2004; Sayed and Mamun 2007). Mendoza-Bricefio et al. (2000) assumed a two-
component dusty plasma containing adiabatic dust fluid and non-adiabatic ions
following the non-thermal distribution of Cairns et al. (1995). and they studied
the effect of the dust fluid temperature on DA solitary waves by the pseudo-
potential approach (Bernstein et al. 1957). Gill et al. (2004) assumed a dusty
plasma containing adiabatic dust fluid and non-adiabatic ions following the bi-
Maxwellian distribution of Nishihara and Tajiri (1981), and they also studied the
effect of the dust fluid temperature on DA solitary waves by the pseudo-potential
approach. Sayed and Mamun (2007) assumed a dusty plasma containing adiabatic
dust fluid and non-adiabatic (isothermal) inertia-less electron and ion fluid, and
they studied the effect of the dust fluid temperature on DA solitary waves by the
reductive perturbation method (Washimi and Taniuti 1966). It is obvious that all
these above investigations are concerned with different dusty plasma models, which
are not consistent (appropriate). The inconsistency of all these dusty plasma models
arises from the consideration of one component (dust) being adiabatic, and other
components (electrons or ions or both) being non-adiabatic.

Therefore, in the present work, we consider a consistent and realistic dusty
plasma system containing non-inertial adiabatic electrons, adiabatic ions, and neg-
atively charged static dust in order to perform a proper investigation of the basic
properties of small, but finite-amplitude TA, DIA, and DA solitary waves by the
reductive perturbation method (Washimi and Taniuti 1966).

This paper is organized as follows. The basic equations governing the adiabatic
plasma system under consideration are given in Sec. 2. The Korteweg—de Vries
(KdV) equation is derived, and is analyzed in order to study small but finite-
amplitude IA, DIA, and DA solitary waves in Sec. 3. A brief discussion is presented
in Sec. 4.

2. Governing equations

We consider an unmagnetized dusty plasma consisting of negatively charged cold
dust fluid, adiabatic hot ions, and inertia-less adiabatic hot electrons. The dynamics
of the electro-acoustic waves in one-dimensional form in such a dusty plasma system
is governed by

L+ —(nsus) =0, (2.1)
x

8’[1,(1 8’&(1 Z([e %

ot T+ or mq Oz’ (2:2)
Ou; iaui _ _edp 1 8Pi7 2.3)
ot ox m; 0x  m;n; Ox
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OP; OP; ou;
7t P =0 2.4
ot “ar T T 24)
0p 1 0P,
- - =0, 2.5
6833 n. 0x (2.5)
@—47re(n —ni + Zang) (2.6)
12 - e i drtd ), .
where ng is the number density of dusty plasma species s with s = e,i,d for

electrons, ions and dust, ug is the fluid speed of dusty plasma species s, ¢ is the
wave potential, Zg is the number of electrons residing on a dust grain surface, mqy
is the mass of the dust, P; is the thermal pressure of the plasma species j with
J = e,ifor electrons and ions, m; is the mass of the ion, 7; is the adiabatic constant
for plasma species j, m. is the mass of the electron, and e is the magnitude of the
electronic charge.

3. Derivation of the KdV equation

Now, we derive the KdV equation from (2.1)-(2.6), by employing the reductive
perturbation technique and the stretched coordinates ¢ = €'/%(z — vot) and 7 =
é3/2t, where € is a small parameter measuring the weakness of the dispersion, and
vp is the phase speed of the electro-acoustic waves. We can express (2.1)—(2.6) in
terms of ( and 7 as

ong ong 0
63/28—7;—61/2110 ;C +61/28—C(n5u5):0, (3.1)
ou ou, ou Zae Op
3/2Y%  1/2 d 1/2 d _ 1/22d° Y@ 39
€ o € UO@C + € ud6§ € a aC, (3.2)
Ou; Ou; Ou; e 0¢ 1 0P,

3/2%%  1/2 1 2, Y% 12 & YV 1/2 i 3.3
oy T g e e =T o T a8

OP; OP; OP; ou; .
63/2877']—61/2110875+€1/2uj87<"+61/2771?78—<" =0. (3.4)

0 1 0P,

V2e 2 /2" = 3.5
€ e@( € % , (3.5)

¢ .
ea—<2 = 4me(ne — ni + Zang). (3.6)

We can expand the variables n,, u,, P;, and ¢ in a power series of € as

Ng = Ngo + engl) + 62n§,2> 4+, (3.7)
us = eull) +Eu® - (3.8)
P =Py +ePV) +EPY 4o (3.9)
o =epV) 49 4+ (3.10)
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where nyy is the number density of dusty plasma species s at equilibrium and Pjg
is the thermal pressure of plasma species j at equilibrium. Now, substituting (3.7)—
(3.10) into (3.1)~(3.6) and taking the coefficients of €/? from (3.1)~(3.5) and € from
(3.6) we get

C Z( C
() = 200,00 = 240 ) (3.11)
Vo maqvy
i 2
ni(1) _ @ui(l) _ _( Njp¢ 2>¢(1)’ (3.12)
Vo YiPo — minipvg
, 2
(D) = D0y (1) = Teo€ 1) (3.13)
) Vo ’YePe()
4dre [n(el) — ni<1) + Zdnt({l)} =0. (3.14)
Using (3.11)—(3.13) into (3.14), we have
ng”mdngp + ’yePeon?Omdvg — 'yePe(,Zgnd()Xp =0, (3.15)

where X, = (v Py — mini“v%). Equation (3.15) is the linear dispersion relation (a
relation between w and k, where w is the wave frequency and k is the propagation
constant) for the electro-acoustic waves propagating in the dusty plasma model.
We assume that at equilibrium the ion-thermal (electron-thermal) pressure is iso-
thermal, i.e. Py = njkpTio (Peo = neokpTeo), where Tiy (Ti) is the ion (electron)
temperature at equilibrium and kg is the Boltzman constant. We now consider
three special cases, viz. A waves, DIA waves, and DA waves.

3.1. 14 waves

We first assume that no dust is present (i.e. ngy — 0 and nj) = ne) and v, =3 =7

in (3.15), so we obtain

Vg = \/’7(14’0’)01, (3]6)
where 0 = T/Ti and C; = (kgTw/mi)'/? is the TA speed. For v = 1, Ty — 0
(i.e. 0 — 0), (3.16) becomes vy = w/k = C;. This is the well-known linear dispersion
relation for the IA waves in electron—ion plasma. Therefore, IA waves are those
waves where the restoring force comes from the electron thermal pressure, and
inertia is provided by the ion mass.

3.2. DIA waves
We next assume that dust is static (i.e. mq — o) and 7. = 7 = 7, so then from
(3.15) we obtain

1
v = | LLF 1) (3.17)

1]
where p = ne/nip and mq is the dust mass. For vy = 1 and Tjy — 0 (i.e. 0 — 0),
(3.17) becomes vy = w/k = (nm/nc(,)l/QCi. This is the well-known linear dispersion
relation for DIA waves propagating in dusty plasma consisting of Maxwellian
electrons and ions, and stationary dust. This means that DIA waves are A waves
modified by the term (n;y/ neo)l/ 2, where the restoring force comes from the electron
thermal pressure, and inertia is provided by the ion mass.
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3.3. DA waves

We finally assume that electrons and ions are Maxwellian and dust is mobile
(i.e. mj = 0) and v, =7 = 7y in (3.15), so we get

1—p
- Cu, 3.18
=\ e (3.15)

where Cyq = (de]gTi(,/md)l/2 is the DA speed. For v = 1 and ney — 0 (i.e. p — 0),
(3.18) becomes vy = w/k = Cq. This is the well-known linear dispersion relation
for DA waves propagating in dusty plasma consisting of Maxwellian electrons and
ions, and mobile dust. Therefore, we can say that DA waves are those waves where
the restoring force comes from ion thermal pressure, and inertia is provided by the
dust mass.

Similarly, substituting (3.7)—(3.10) into (3.1)—(3.6) and equating the coefficients
of €*/2 from (3.1)~(3.5) and €* from (3.6), we obtain

ont’ ol 8
Sor ~Ma T acl™

ou”
JulM] +nsog—< — 0, (3.19)

8u<11) 5'&((12) (1) 8ufll> _ Zqe a¢(2)

- - 3.20
or Vo ac +Ud 8C ma 8< 5 (3 )
(1) (2) (1) )
Mo agi — Uonm% — Uoni(l) aglg n nit)ui(l) 3;%
T
e oo e (1>8¢(1) 1 ap®
=——Nio——F5,— — 1y _ i , 391
mino o¢ m; i ¢ mi ¢ (3.21)
op)" or” 1 op}" 1 aul! oul?
o " ac ! ac + P = + %P5~ =0, (3.22)
dg'V) 90 op®?
en((\l) g< + €Ne() gc - aé_ = 07 (323)
2 (1)
aadc)? = dme[n(?) —n + Zuiny]. (3.24)

Now, using (3.11)—(3.15), and eliminating ng2>, uf), Pj(2> and ¢(?) we finally obtain

It A B
ApM) B =0 3.25
or * ac TP Tag Y (3.25)
where the coefficients A and B are given by
e(’yePeoZgnd(,XgH — md’U(Q)GI)

A= '2 3 ) (3.26)
2. Poomavg X, (%PeozdndoXp + niom;vg G)

GP&‘ C 3X
B= T W2 (3.27)
8rme? (’)’oPeoZd nao X, + niomivy G)

where

G = (7(‘R?('Zg nao — nz(;mdvg)a H= Vo [3PYOP(§UZ(1 + nnt)mdv(% (2 - 70)]
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and
I = 5 Peoniovo[3X, — %iPo(1 + 7)) 4 10 X v0(2 — 7).

Equation (3.25) is the KdV equation describing the nonlinear propagation of
electro-acoustic waves in an unmagnetized dusty plasma consisting of negatively
charged cold dust fluid, adiabatic hot ions, and inertia-less adiabatic hot electrons.

3.4. Stationary solution of the KdV equation

The stationary solution of this KdV equation is obtained by transforming the inde-
pendent variables ¢ and 7 to £ = ( —wuy7 and 7 = 7, where ug is a constant velocity,
and imposing the appropriate boundary conditions, viz. (1) — 0, 9¢1) /o¢ — 0.
0? ¢<1>/a§2 — 0 at £ = F00. Thus, one can express the steady-state solution of the
KdV equation as

o) ::¢"Lsech2<zf), (3.28)
A
where the amplitude ¢, and the width A are given by
3u
b = 707 (3.29)

/4B
A=4/—. (3.30)
Uo

It is obvious from (3.28)—(3.30) that as u increases, the amplitude (width) of the
solitary waves increases (decreases). We now consider three special cases, viz. [A
waves, DIA waves, and DA waves.

3.9. 14 waves
We first assume that no dust is present (i.e. nq9 — 0 and njp = neo (v = 1)) and
Vi =Y = 7y in (3.26) and (3.27), so the coefficients A and B for IA waves become

_ e(1+7)(1+0)

A 3.31
2m11)0 ( )
232 (2
B=_L2bi (3.32)
2’00

where vy = [y(1 + O’)]l/QCi is the phase speed of the IA waves and Ap. = (kgTeo/
47rne()62)1/2 is the electron Debye radius.

3.6. DIA waves
We next assume that dust is static (i.e. mq — o0) and v = 7% = 7 in (3.26)

and (3.27), so the coefficients A and B for DIA waves, in which both positive and
negative solitary profiles exist, become

_e[(M+)op? +3u+y 2]

A= : (3.33)
Qmivo,u
212 2

150 (3.34)
2v9p

where vy = [y(1 + po)/u]'/2Cy is the phase speed of the DIA waves.
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Figure 1. The variation of u,. (obtained from A(u = p.) = 0) with v and o for DIA waves.

3.7. DA waves

We finally assume that electrons and ions are Maxwellian and dust is mobile
(i.,e. m; — 0) and v = v = v in (3.26) and (3.27), so the coefficients A and B
for DA waves, in which only negative solitary profiles exist, become

 Zae[3(1 4+ po)® + (po® = 1)(2 =) (1 — )]

A =
2mqvo (1 + po)

, (3.35)

B Yool — N))‘%), (3.36)

2(1 + po)?
where vg = [y(1 —p)/(1 + ua)]l/ZC’d is the phase speed of the DA waves and Ay =
(kBTiQ/47TZdndOeQ)1/2 is the modified ion Debye radius.

It is clear from (3.28), (3.29), and (3.33) that the solitary potential profile for
DIA waves is positive (negative) if A > 0 (A < 0). Therefore, A(u = p1.) = 0, where
e 1s the critical value of p above (below) which the solitary waves with a positive
(negative) potential exist, gives the value of p.. To find the parametric regimes
for which the positive and negative solitary potentials exist, we have numerically
analyzed A, and obtained a A(u = p.) = 0 surface plot, which is shown in Fig. 1.
It is clear from (3.29) that ¢,, = o0 at y = p.. This means that the small-amplitude
DIA solitary waves with a negative (positive) potential exist for a set of plasma
parameters corresponding to any point that is much below (above) the A(u =
te) = 0 surface shown in Fig. 1. Figure 1 shows that p., which is a function of ~
and o, decreases with the increase of v and . For v = 1 and ¢ = 0, p. = 1/3
which is similar to the results of earlier works. The basic properties (amplitude and
width) of the small-amplitude DIA solitary structures are examined in Figs 2-5.
The amplitude decreases with increasing v and o for p = 0.5, as shown in Fig. 2.
Figures 3 and 4 show that the amplitude ¢,, of the negative (positive) solitary
profiles increases (decreases) rapidly with the increase of p but slowly with the
increase of o for a constant y. The width of the DIA waves increases linearly
with the increase of v but decreases slowly with o for constant p, as shown in
Fig. 5. Similarly, it is found that the width of the DIA waves increases linearly
with the increase of i but decreases slowly with o for constant . The basic features
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Figure 3. The variation of the amplitude ¢,, of the negative solitary profile with p and o
for DIA waves and v = 1.

(amplitude and width) of DA waves in which only a negative solitary profile exists
are shown in Figs 6 and 7. Figure 6 shows that the magnitude of the amplitude
¢m increases (decreases) with v (o) for constant u. Similarly, we have found that
the amplitude increases linearly (slowly) with the increase of p (o) for constant .
Figure 7 shows that the width A of the DA waves increases linearly (decreases
slowly) with v (o) for constant u. Similarly, it is found that A decreases linearly
(slowly) with p (o) for constant -.

4. Discussion

The adiabatic effects of electrons and ions on the basic features of electro-acoustic
solitary waves in an unmagnetized dusty plasma consisting of negatively charged
cold dust, adiabatic hot ions, and inertia-less adiabatic hot electrons are investigated
theoretically. The results that have been found from this investigation can be
summarized as follows.
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Figure 4. The variation of the amplitude ¢,, of the positive solitary profile with p and o for
DIA waves and v = 1.

Figure 6. The variation of the amplitude ¢,, with v and o for DA waves and p = 0.5.
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Figure 7. The variation of the width A with v and ¢ for DA waves and p = 0.5.

(i) We have found that the DIA solitary waves with a positive (negative) potential
can exist for g > u. (< p.) (as clearly shown in Fig. 1).

(ii) The amplitude of the solitary profiles for DIA waves decreases with increasing
values of v and o (as clearly shown in Figs 2—4).

(iii) The magnitude of the amplitude of the negative (positive) solitary potential
profiles increases (decreases) with increasing p (as clearly shown in Figs 3
and 4).

(iv) The width of the solitary profiles for DIA waves increases with increasing values
of v but decreases with increasing o (as clearly shown in Fig. 5).

(v) The magnitude of the amplitude of the solitary profiles for DA waves increases
(decreases) with the increase of v (o) (as clearly shown in Fig. 6).

(vi) The width of the solitary profiles for DA waves increases with an increase of y
but decreases with increasing values of u (as clearly shown in Fig. 7).

The ranges (y =1—3, 0 =0.1—-0.9 and g = 0.1 —0.9) of the dusty plasma
parameters used in this numerical analysis are very wide. The parameters which
we have chosen in our numerical analysis are appropriate for both space (Shukla
and Mamun (2002), Mendis and Rosenberg (1994)) as well as laboratory (Barkan
et al. (1996), Merlino et al. (1998)) dusty plasmas.
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