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Abstract

We present an analytical option pricing formula for the European options, in which the
price dynamics of a risky asset follows a mean-reverting process with a time-dependent
parameter. The process can be adapted to describe a seasonal variation in price such
as in agricultural commodity markets. An analytical solution is derived based on the
solution of a partial differential equation, which shows that a European option price
can be decomposed into two terms: the payoff of the option at the initial time and
the time-integral over the lifetime of the option driven by a time-dependent parameter.
Finally, results obtained from the formula have been compared with Monte Carlo
simulations and a Black—Scholes-type formula under various kinds of long-run mean
functions, and some examples of option price behaviours have been provided.
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1. Introduction

In this paper we consider a mean-reverting process (S;);>0 under a probability space
(Q,F,Q), described by the stochastic differential equation (SDE)

dSt = K(l.l(t) —In St)St dt + O-St th, (11)

where k > 0 is the speed of the reversion, u : [0, c0) — R represents the long-run mean
function of the process, o is the volatility, and W, is a standard Brownian motion driven
on a filtration (F;);>0 generated by the process.

The process satisfying model (1.1) generally represents the spot price of assets
that exhibit mean reversion with both seasonal and nonseasonal behaviours, especially

'Department of Mathematics and Computer Science, Chulalongkorn University, Bangkok, Thailand;
e-mail: piyapoom.n@hotmail.com, khamron.m@chula.ac.th

2Center of Excellence in Data Science for Health Study, Division of Mathematics and Statistics, School
of Science, Walailak University, Nakhon Si Thammarat, Thailand; e-mail: rsanae @wu.ac.th

© Australian Mathematical Society 2021

178

https://doi.org/10.1017/51446181121000262 Published online by Cambridge University Press

@ CrossMark


http://dx.doi.org/10.1017/S1446181121000262
https://orcid.org/0000-0002-8791-861X
https://orcid.org/0000-0001-7797-4418
https://orcid.org/0000-0002-2755-5263
mailto:piyapoom.n@hotmail.com, khamron.m@chula.ac.th
mailto:rsanae@wu.ac.th
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S1446181121000262&domain=pdf
https://doi.org/10.1017/S1446181121000262

[2] Option pricing on mean-reverting asset 179

agricultural commodities, livestock, energy and manufactured metal. For a simple case
of constant long-run mean functions, the model describes the price of nonseasonal
mean-reverting assets, known as the one-factor Schwartz model. Schwartz [21] showed
that it was suitable for the empirical price data of mean-reverting assets such as crude
oil and copper. For a more complicated case, the seasonality of mean-reverting asset
prices can be described by a periodic time-dependent long-run mean function u(f) in
the model. In addition, the model (1.1) was used to describe the short-term interest
rate by Black and Karasinski [2], called the Black—Karasinski model or extended
exponential Vasicek model [4].

Since all asset prices usually have fluctuations, financial derivatives such as futures
and options are often used as tools to prevent risks for practitioners such as risk
managers, investors and farmers. One of the most popular financial derivatives used
for hedging the risks from price fluctuations is the European option [11], a financial
contract which gives the buyer the right, but not the obligation, to buy (sell) an
underlying asset at a predetermined price on a specific date. The option that gives
the right to buy (sell) is called a call (put) option. The predetermined price of an
underlying asset is called the strike price and the specific date is called the expiration
date.

To enter a long or short position for an option, a premium or an option value must
be determined under a particular assumption, known as the arbitrage-free condition. In
other words, the price of an option must be fair for both seller and buyer. Consequently,
the determination of the price for options is an important problem for researchers in
the field of economics and mathematics [1, 3, 6, 8, 14, 22, 25].

Let v(S, t; ¢) be the value of a European option on an underlying asset spot price S
at time ¢t < T with a strike price K and an expiration date 7, where ¢ = —1 for a call
option and ¢ = 1 for a put option. It is well known that under the risk-neutral measure,
the fair value of the European option is

(S, 1;¢) = e "TIER[(¢K — ¢ST)T|F7], (1.2)

where 7 is the constant risk-free interest rate.

The basic methods to approximate the European option value (1.2), such as Monte
Carlo simulations and multinomial tree models, usually take considerable computation
time.

Under model (1.1), we can show that the solution at the expiration time 7" with given
initial time ¢ is

—«(T~1) 0'2 T T
Sr=5¢ exp {Z(e_K(T_I) 1)+ ke f pu(u)e™ du + oe ™7 f e qu},
t t
(1.3)

which has a log-normal distribution. One can compute the option price (1.2) by using
the characteristic function approach (see [25] for more details); however, the formula
obtained is in the form of an improper integral which is not easy to simplify and may
take a long time to evaluate.
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From the dynamics of the log-normal asset price, one can directly derive a
closed-form formula for (1.2) by using the normal distribution property with the
probability density function (PDF) of In(S7). In this way, the formula obtained is
similar to the Black—Scholes formula, where the more general mean and variance
depend on the time to expiry; we refer to the resulting formula as a Black—Scholes-type
formula. Although this probabilistic approach is effective for European options and
the derivation is not complicated, it is not easy to apply and extend the idea for a
more complicated option such as the American option, where the exercise time is not
known [12].

Alternatively, one powerful method that can handle both types of option is the
partial differential equation (PDE) approach, where the problem of expectation is
transformed into a PDE problem via the Feynman—Kac theorem [15]. For the European
option, Chiu et al. [6] used asymptotic expansions to approximate the solution of
a PDE, under which the process follows a more general mean-reverting model with
stochastic volatility. For the American option (on stocks), the reader can consult Kim
[13], Underwood and Wang [23], and Carr et al. [5] for more details. Moreover, the
PDE approach based on the Feynman—Kac theorem [15] was applied to price volatility
derivatives as proposed in [7, 16-20, 24].

In the PDE approach, by applying the Feynman—Kac theorem [15] to model (1.1),
the value of the European option (1.2) can be obtained from the solution of the PDE

) 2¢2 a2 ) .
(S, t;¢) . o8- 0 v(S,zt, o) o) - lnS)S(?v(S, t; d) B

(S, ;) =0, (1.4)

ot 2 oS oS
for § > 0and 0 <t < T, subject to the terminal condition
v(S,T;¢) = (9K — ¢S)", S >0. (L.5)

In this paper we propose a method for solving the PDE (1.4), subject to the terminal
condition (1.5), in order to derive an analytical formula for pricing European options
on the underlying asset whose prices follow model (1.1). To solve the PDE, we
separate the solution into two parts, and apply the Fourier transform and method of
characteristics to obtain the solution. The obtained formula can be expressed as the
sum of the initial payoff of the option and the time-integral over the lifetime of the
option.

The PDE approach developed in this paper has two main advantages: first, one can
easily apply and modify the technique for more complicated pricing problems, for
example, to obtain analytical formula for the American options under model (1.1); and
second, the decomposition of the solution can be used to approximate the option price
using the known initial payoff and the approximation of the integral term.

The rest of this paper is organized as follows. Section 2 provides details on deriving
an analytical formula for pricing European options on a mean-reverting asset whose
prices satisfy the model (1.1). Section 3 gives the derivation of the Black—Scholes-type
formula, and demonstrates numerical results of the option values computed from the
formula under various kinds of long-run mean functions. Comparisons of our results
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with Monte Carlo simulations and the Black—Scholes-type formula, and the behaviours
of option prices, are also illustrated in this section. Section 4 concludes.

2. An integral representation for European options

In this section we give an integral representation formula for pricing the European
option on a mean-reverting asset whose prices satisfy model (1.1). In addition, the
put—call parity formula for the European option is provided.

In order to derive our formula, we need the boundary conditions for v(S,1; ¢)
provided in the following lemma.

LEMMA 2.1. Assume that the underlying asset spot price (St)0 follows model (1.1)
with integrable function u : [0, T] — R. Then

I']“ Vi 1, _1 - l’l“l t; 1 - () 2.1
1 (S’ > ) V(S, > ) > ( )
}()’ () S < ].

PROOF. Let X; = InS;. By It6’s lemma, model (1.1) can be written as the extended
Vasicek model [10]

where a(f) = u(f) — 0> /2«, and the solution of (2.2) is
! !
X, = Xoe ™ + ke ™ f a(w)e® du + oe™ f et dw,,.
0 0

Hence, the solution to (1.1) is

2 ¢ :
S, = SS_” exp {;—K(e_’“ — 1) +xe™ f uw)e du + oe™ f e qu}.
0 0

It is easy to see from integrability of u that the term

g

2 ¢ ‘
— (™ =1)+ ke ™ f u(w)e du + oe™ f e dw,
2K 0 0

is bounded for all 0 < ¢ < T. Thus, the condition
S; — 0 for some 0 < t < T implies S;7 — 0 as well. (2.3)
By (1.2),for0 <t < T,
lim v(S, 1; =1) = lim e " E2((Sy - K)*IF]

= ¢ TIE(Sr — KISt — 0]
=0. (2.4)
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Similar to (2.3), the condition

S; — oo for some 0 < ¢t < T implies S — oo.

Similar to (2.4), img_,e (S, £; 1) = limg_,e e "TPE[(K — S7)*|F7] = 0. O

The analytical formula for European options is now derived by solving the PDE
(1.4) subject to the terminal condition (1.5) as described in the following theorem.

THEOREM 2.2. Assume that u : [0, T] — R is integrable. Then the value of a European
option v(S, t; ¢) on the asset spot price S at time t < T with a strike price K and an
expiration date T is represented by

V(S 1:8) =u(S, T - 1;¢) + (9K — ¢S)", (2.5)

where

Ko

u(S, v ¢) = fo (K(H\ + ¢H> Ngdi(p)]) + S M(Hs + ¢Ha Nl¢da(p)D} dp,  (2.6)

with
o VR P-dXp)/2
2yn Ve — 1 ’

—1
Hy, = —re”'P,

Hy = -Z \/’_<( Ve — 1)e 012,
2n

2
Hy = (r = k(T =7+ p)e +xIn S+ S-(1 = ™) + k()

2
M= exp( —(r+x)p- Z-_K(l ey 4 e—KpSD(p))’

2k K (o2 .
e
d = d - T ==
2(p) = di(p) Vo
o) =™ [ (T = wie ™ d.
T—p

and NT-] as the cumulative distribution function (CDF) of the standard normal
distribution.

PROOF. For ease of notation, we write v(S, 1) for v(S, t; ¢) in the proof. This proof is
divided into three parts: (i) conversion and Fourier transform; (ii) inversion; and (iii)
solution.
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(i) Conversion and Fourier transform.
Note that the domain of the European option value v(S, f) is

{(S,H)0<S<00,0<t<T}
First, we change variables as follows:
7:=T—t, x:=-InS, ulr):=u@®), ExT1):=v(S,10). 2.7
Then the new domain is {(x,7) | x € R,0 < 7 < T}. By the chain rule,

ov(S,r)  OE(x,t) ov(S,1)  10E(x,7)
o ot S S ox
0*v(S, 1) 1 O’E(x, T) N 1 0E(x,T)
08? S2 a2 s?2 ox
Substituting into (1.4), we obtain a new PDE

LEx,7)=0, xeR,0<7<T, (2.8)
where
0 0'262+( 0'2+~()+ )6+
=—-—_— — — + k(7)) + kX | — + 1.
ar 2 axn 2 T ax
By (2.7), the terminal condition (1.5) becomes the initial condition

E(x,0) = (¢K — pe™)", (2.9)
and the boundary conditions (2.1) become

lim E(x,7) =0 if¢=-1,

X—00

lim E(x,7)=0 if¢ =1 (2.10)

x——00

To solve the PDE (2.8) subject to (2.9)—(2.10), we apply ideas of Underwood
and Wang [23] by setting

E(x,7) = u(x,7) +g(x), x€R, 0<7<T, (2.11)
where
8(x) = (¢K — pe™)". (2.12)
Substituting (2.11) into (2.8) and (2.9)—(2.10), we have the new PDE
Lulx,7)=f(x,7), x€eR, 0<7<T, (2.13)
where
fx,1) = -Le), (2.14)

with the initial condition

u(x,0) = 0, (2.15)
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and the boundary condition

lim u(x,7) = ¢1in_1 (E(x,1)—gx) = - ¢lin_1 (@K —pe™)" =0. (2.16)

Px——00

We now apply the Fourier transform to solve (2.13), subject to conditions
(2.15)—(2.16). The Fourier transform in x of a function A(x, ) is defined by

H(E, 1) = Flh(x, )] = \/L_ I " e e dx,

2w co

and note that

Oh(x,7)] . Fh(x, D _
T2 | = g n, 7| SR =-Ehe .
Oh(x,)| _ 0H(E, 1)
"f[x o ]_ €= ~HED.

Using these facts and taking the Fourier transform of the PDE (2.13) and the
initial condition (2.15), we obtain a first-order linear PDE

oU(&, 1) B U, 1)

ot K& EY: +AEDUE ) =F(E 1) (2.17)
for £ e R, 0 < 7 < T, with the initial condition
U,0) = Flux,0)] =0, (2.18)
where F(¢,7) := F[f(x,7)] and
2 2
A T) = %gz ; (% - Kﬁ(r))ig Fr—k. (2.19)

To solve this PDE, we apply the method of characteristics. We set
§=¢&(s), t=1(s), U 1) =UE), 1())=Uls), (£00),7(0) = (%, 0)
with parametric equations

T(s) =5, &)= foe_”(s) - é';oe—l(s’

where s is a parameter. Then the PDE (2.17) becomes a first-order linear
ordinary differential equation

dU(s)
ds
Solving (2.20) yields

+ A(&oe ™, s)U(s) = F(&pe ™, 5). (2.20)

U(s) = e~ f;A@oe-Kazmz{ f ek MO (e 1) 2 4 U(O)}. 2.21)
0
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Substituting s = 7 and & = &7 back into (2.21) and using the initial condition
(2.18), we have

T .
U(g’ T) — e fO AT z) dz{ f efo A7) dZF(éjeKTfK‘T" ;1\_) i + U(é:O’ 0)}
0
T a A
— f eB(ff,T,‘?‘)—B(f,T,T)F(é;eKT—K‘f" ,?_) dr
0

- f Fi(&, 1, P)F(&e™ %) dx, (2.22)
0
where
A Y IS A B
B(é‘:, T, y) — f A(é_‘eKT—KZ, Z) dZ, and Fl (é:a T, ;1\_) — eB(f,T,T)_B(é:,T,T)'
0

From (2.19),

O_ZeZKT(l _ e—2ky)
4k

y
— ki&e*” f w(e ™ dz + (r — Ky,
0

A > 0'2 ,
B(f? T’y) = f + 2—Ki§€KT(1 - eiK})

and

0_2 ( 1= eZK(T—‘?))

Fi(£,7,%) = exp {(r G -T1)+ ra—
201 _ k(T-%) T
+ if(% + ke f fiz)e ™ dz)}. (2.23)

(i1) Inversion.
Note that, when h = F~![H(&)], the scaling property of Fourier transform gives

1
F[H(cE)] = —h(’f) (2.24)
C

lc

for every ¢ € R\{0}. From (2.24) and the convolution property,

|
FUH((6)Hy(cé)] = —(F ' [H1(€)] * F ' [Ha(cE)])
V2r
_ 1 e Z
- LC Iy (x — z)hz(z) dz (2.25)
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for every ¢ € R\{0}, hy = F'[H(é)], and hy = F~'[H1(£)]. By applying (2.25)
with ¢ = "= and taking the inverse transform of (2.22),

u(x,7) = FUE D] = f FUF (&, 1, 1) F (£, 1)) dt
0

1 fT - )foo V(2D 2) de d?
= — i filx =z, 7, D) (277, %) dz d7, (2.26)
V27T 0 —0 !

where fi(x, 7, %) = F ~'[F (£, 7, ©)]. From the integral of the Gaussian function

00
_av2ah A B2 IAALA T
P +by+¢ dy — eb J4a+c -,
oo a

equation (2.23) yields

1 0 .
fen=F e nn= = [ AEnnet
JT J—00

A /2K e(r—K)(‘?—‘r)
V1

—{(0?/2K)(1 — 7D 4 ke'T j: aw)e™ dw — x)?
X A 9
exp{ o2(e2D — 1) /k }
(2.27)
when
2¢,2k(t=1) _ 1 . 2 1— K(T—%) T
a: O-(e )’ b:l(o- ( e )+K€KTf ﬁ(W)e_KWdW_x),
4K 2K 2

and ¢ = (r — k)(T — 7). From (2.12), we can write

8(x) = (¢K — pe™ ) iprz-g 1 k) (%), (2.28)
where 1y4,>_41n k) (+) is the indicator function [9]. Thus
0g(x) .
B = g Np-smr (0,
0’ g(x
éi(z ) = Ko(x + InK) — pe ™ 1igr>_p1n k) (%), (2.29)

where (+) is the Dirac delta function. By substituting (2.28)—(2.29) into (2.14),

o*K

flx, 1) = > 0(x +InK) + ¢((r — k(1) — kx)e™ = rK){prs—pmky(x). (2.30)

Using (2.27) and (2.30), we rewrite (2.26) in the form

u(x, 1) :f f fHx—-z,7, D)z, 7,T)dzdT, (2.31)
0 J-oo
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where

folz 1. %) = Tf(ze 7, 7)
O_ZKe(rfk)(‘T'fT)
=

A\ k(T-T) a_
— kze"ED=ETT K TN s g0 k) (2), (2.32)

8z + ¢V InK) + ¢((r — k(D) T

e(K—r)(‘”r—‘r)

Hl,T, 1) = Wfl(xﬁﬁ)

1 (O’ \/eZK(T—’r) _ 1)—1
\2r V2«

—{x + (0/26) (T — 1) — ke T f; aw)e™ dw)?
X exp { = }
20 Ve2x@-1) _ 1/ @)2
(2.33)
(iii) Solution.
Note that
f WD igzzom (2)dz = lim ¢ f h(z) dz (2.34)

for any integrable function &, and m € R. From (2.31)—(2.33), by applying
(2.34) to (2.32), we can write the solution in the form

.
M(X,T):f (I] +12+I3 +I4)d‘/1\', (235)
0
where
0o 2K (r—k)(T—7) R
I = f gre = 3 5(z+ T D1 K)f3(x - z,7,7) dz, (2.36)
7 S K(F-T)
L = lim (r— k()T i (x - 2,1, D) dz, (2.37)
P00 J_ekr-1 In K
" A K(F-T)
I; = — lim kzeOETD=TT (v — 71, 1) dz,
pn—oo ekt ng
7 A
L = — lim rKe' TOf(x - 2,7, 1) dz

P00 J_oxr- In K

For convenience, we denote

. 0_2 . T
a= e, b=—(D-1)— ke f aw)e™ dw,
— 2 g 2.38
o 62/((1—‘?') -1 R ( . )
c=—————, m=-Ynk.

V2«
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From (2.33), (2.36) and (2.38),

ZK (r—k)(T—1) R 2K (r—k)(F—7)
I = %ﬁ(ﬁeﬂfﬂ InK,7,%) = = e2 fi(x—m, 7, %)
2 1/x—m+b\?
= exp{(r -0t - ) - 5(F2) . (239)
2c\2n 2 c
By (2.33), (2.37) and (2.38),
L = (r — ka(t))e" 0, (2.40)
where
Jp = ¢lim f efx—2z,1,7) dz
1 " 1(x—z+b\?
= lim ( f exp{—i——(L) }dz)
$n—=c0 X e N2 Im a 2 ¢
{—x -b+ c2/2a}
=expy ——M8M
a
1 7 1 —x—-b 2 2
x lim ( f exp{ - —(M) }dz) (2.41)
gn=\ e N2 I 2 c
v 2 (n—x—b+c*/a)/c
= exp {M} lim (L e—yz/2 dy). (2.42)
a pn—oo m (m—x—b+c%/a)/c
Recall that the CDF of the standard normal distribution is defined by
1 < 2
Nlz] i= — f e dy. (2.43)
V27 J-oo
Applying (2.43) to (2.42) yields
v 2 —x—b 2
J2:¢exp{ X b+c/2a}N[_¢(m X +c/a)]‘ (2.44)
a c
Thus,

—y — 2
I = 90— ki) exp{r(t = 1) + M}

y N[ _ ¢(w)} (2.45)
Similarly to the way we obtain (2.40)—(2.41), we set
I = - Kerz_ﬂ ¢£iinm mn Ze_z/af3(x -7, 1)dz
= —g exp {r(% -7)+ w}h, (2.46)
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where

o e B e IE

Similar to (2.42), applying (2.43) and setting & = —x — b + ¢*/a in (2.47), we

have
1 h
J3 = lim [ f(z+h)exp{ (Z+ )}dz
dn—oo 2 c

Cv— () )]
=@r { ;(m:h)} ¢hN[—¢(m:h)]. (2.48)

Substituting (2.48) into (2.46) yields

—x—b+c/2a ~ l(m—x—b+c2/a)2}
2
—x—b+c2/2a}

I; = - exp {r(f' -7)+

c

KC
a2n

— ¢K(x—+ b; C2/a) exp {r(% -T)+

¢(Lb+c2/a)]. (2.49)

XN -

Similarly to (2.44), using the normal distribution function and (2.33), we obtain

c

I = —¢rKe’<f—T>N[ - ¢(m_—x_b)]. (2.50)

Collecting (2.35), (2.39), (2.45), and (2.49)—(2.50) after combining I, and I,
we obtain

u(x, ) = fT{zji/I;_ﬂ exp {(r— KE-1)— %()%er)z}
e Pttt

—x—-b+c*2a 1/x—m+b—c?la\?

. ol J}

; ¢(r ) + K(—_x - b; </ “))

b ool

C

exp {r(f' -7)+
c

X exp {r(% -7)+
(2.51)
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Substituting x = —1In .S and (2.38) back into (2.51) yields

u(S, 1) = ulx,7)

K(T-T) =

=jﬂKéh+ﬂ%NwEﬁm+se M(Hs + ¢HyN[¢d(?)])} dt,
’ (2.52)
where
o VreHE-D-d1®)/2
2\r Ve — 1

H, = —re’®™0

H; = _O-‘/’?( Ve2—t) _ 1)6—35(%)/2’
2Vr

H,

—_— A 2 A
Hy = (r = )T + kInS + (1= ) + (o)

2
M = exp {(r FOE =) = T (-T2 ekﬁ—ﬂz,z(%)},

V2k K (o? .
—[In—+ (— +an) AL ) ey € ],
o V2@ _ 1[ S \2 ( )~ el®)
0-\/1 — 2k(3-7)

Ve
@(F) = ke'™ f a(w)e™ dw.

(%) =

dy(3) = dy(?) -

From the equations (2.7), (2.11)—-(2.12), (2.52), u(w) = u(T —w) and p = 7 — 7,
we have

V(S, 1) = u(x,7) + (9K — ¢pe™)" =u(S, T — 1) + (pK — $S)",
where u(S, 1) is defined as u(S, t; ¢) in (2.6).
This completes the proof of Theorem 2.2. o

REMARK 2.3. The decomposition of formula (2.5) as the sum of the integral and the
known initial payoff in the second term can provide the bound for the option prices if
one can estimate the integral term.

REMARK 2.4. The same technique used for obtaining Theorem 2.2 can be also applied
to derive an analytical formula for the American option price for assets under the
process (1.1), since the PDEs controlling both European and American option prices
are similar, except for their domains and some additional boundary conditions of
American option.
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The following corollary describes the put—call parity for European option based on
the result of Theorem 2.2.

COROLLARY 2.5. Let p(S,t) = v(S, t; 1) and c(S, t) = v(S, t; —1) denote the put and call
option functions, respectively. Then

S, t)+ S =c(S,1) + Ke T + u, (S, T - 1), (2.53)

where
Upe(S, ) = f $" MHy dp,
0

with M and Hy defined in Theorem 2.2.

REMARK 2.6. Note that the put—call parity for the European option of the underlying
asset following (1.1) is different from that of Black—Scholes formula (for stocks) with
the addition of the last term u,.(S, T — 1) in (2.53).

From Theorem 2.2, we note that formula (2.5) can be applied with any inte-
grable long-run mean function. In the next section we compare the results com-
puted from the formula obtained with those from Monte Carlo simulations and the
Black—Scholes-type formula in various kinds of long-run mean functions. Moreover,
the behaviours of European option prices are demonstrated and discussed.

3. Numerical results and discussions

In this section we provide numerical results of option prices computed from the
analytical formula (2.5) under some cases of long-run mean functions. This section
is divided into two parts. In Section 3.1 the accuracy of the results computed from
our analytical formula (2.5) is compared with Monte Carlo simulations and the
Black—Scholes-type formula. Examples of option price behaviours are illustrated and
discussed in Section 3.2.

In this section, we use the following parameters: strike price K = 40; expiration date
T = 1; volatility o = 0.5; and five cases of long-run mean functions (constant, linear,
smooth periodic, piecewise differentiable and piecewise continuous periodic). The
graphs and descriptions of these long-run mean functions y : [0, 1] — R are displayed
in Figure 1.

3.1. Comparisons with Monte Carlo simulations and Black—Scholes-type
formula To verify the results from our analytical formula, we compare them
with the standard benchmark approaches such as Monte Carlo simulations and the
Black—Scholes-type formula, since they are quite accurate and simple to perform.
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FIGURE 1. Five cases of long-run mean functions.

In our comparisons, we compute call and put option prices (1.2) on the underlying
asset prices S at the initial time ¢t = 0,

v(S,0;¢) = e "TEC[(¢K — ¢S1)*ISo = S], (3.1

by varying the asset spot price S with the fixed initial time t = 0, where ¢ = —1 for call
options and ¢ = 1 for put options. The other parameters are the risk-free interest rate
r = 0.05 and speed of reversion « = 0.05.

3.1.1. Monte Carlo (MC) simulations. Our MC simulations for computing (3.1)
employ the simple Euler—Maruyama discretization based on a simple simulation of
the mean-reverting process following (1.1), namely,

S, =S, +k(u(ti-) —InS, )S,  At+0S, VAtZ,

where Z; is a standard normal random variable. We generate sample paths of S; on
[0, T'], using the time-step At = 0.01 with 100 000 sample paths.

3.1.2. Black—Scholes-type (BS-type) formula. Suppose that at the initial time ¢, the
initial asset price S; = S. To compute the option value (1.2), one can directly use the
definition of expectation with the PDF of the asset log-price at time 7, X7 = In S7.
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From (1.3), X7 can be represented by

2 T T
X7 =(In S)e™ T 4 ;-—(e_K(T_” 1)+ ke T f u(u)e™ du + oe™T f e dw,,
K ! !

which is normally distributed with mean

2 T
mn;mmﬂ“ﬂ%@““hm+mﬂfu@wm, (3.2)
K '
variance
T o2
gn:#ﬂ”femw:—ﬂ—ﬂwﬂ, (3.3)
p 2k
and PDF
1 x —m(T))?
= e DR o
\2nrg(T) 2¢(T)
Using (3.4), the option value (1.2) can be computed by
VS, 1¢) =" f (@K — ¢e")" fx(x) dx. (3.5

Note that, to use the formula (3.5) directly, one needs to evaluate the improper integral.

For further simplification, the improper integral (3.5) is derived to get a closed-form
formula similar to the Black—Scholes formula for stocks by using the PDF of the asset
log-price and the property of normal distribution. The Black—Scholes-type formula is
stated as follows.

THEOREM 3.1. The value of the European option (1.2) can be represented by
V(S 1;¢) = pKe " TIN[gdy ] — pe T DTEDEN g, ], (3.6)
where m(T), g(T) are defined as in (3.2)—(3.3) respectively, and

CWnK-mD)
dy = —W . dry=d; — +g(D).

PROOF. From (3.5), note that

In K
WS, ) = T g lim f (6K — & )fx(x) dx
n—=o0 J,

n

In K In K

fx(x)dx — lir_n f

= e”(r”)(l( lim
n——oo on

Jﬁ@dﬂ 3.7)
¢n

Since X7 is normally distributed with mean m(7T) and variance g(7T'), we have that
Z = (X7 —m(T))/(Vg(T) is the standard normal random variable. Also, since fx(x) is
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the PDF of X7,

In K

lim fx(x)dx = ¢ QX1 < ¢InK)
n=-0 Jun
InK — m(T))

Ve(T)
InkK — m(T))

=9Q(z <9
ve(T)
= ¢Nlgd1], (3.8)
where the third equality is obtained from the normal distribution property

QZ =z x) =QZ £ —x).

=9Q(¢z <0

Let

1 { _e=m(T) - g(T))2}
\27g(T) 2g(T)

be the PDF of a normal random variable with mean m(T) + g(T) and variance g(T).
By using (3.4), we obtain

fr(x) =

In K In K 1
lim e fy(x) dx = e"D+8MD2 1im e*[(xfm(T)*g(T))z]ﬂg(T) dx
n——oo ®

n n—=-0 Jon 1/27rg(T)

In K
= "D Jim fr(x) dx
n——oo on

= ¢e" D D2 N[ ds), (3.9

where the last equality is obtained by an argument similar to (3.8). Substituting
(3.8)—(3.9) into (3.7), the result is obtained. O

3.1.3. Notation and comparison results. Let
C(S) =v(S,0;-1),  P(S) =v(S,0;1)

denote call and put option prices computed from our analytical formula (2.5),
respectively, and

Cnc(S), Pumc(S) and Cgs(S), Prs(S)

denote call and put option prices obtained by MC simulations and BS-type formula
(3.6), respectively.

In our numerical tests, we compute the values of C(S), P(S), Cmc(S), Pmc(S),
Cgs(S), Pgs(S), by using various underlying asset spot prices S € Dg = {30,32,...,48}.
The option prices obtained from our analytical formula, MC simulations, and
BS-type formula are compared based on the five cases of long-run mean functions to
illustrate the accuracy of the formula (2.5). The displays of the five comparison results
are shown in Figure 2.
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FIGURE 2. Five comparison results of call and put option prices obtained from our formula, MC
simulations and the BS-type formula, corresponding to the five cases of long-run mean functions.

3.1.4. Accuracy. According to the comparison results shown in Figure 2, the level
of accuracy of the results from formula (2.5) under the five cases of long-run mean
functions is demonstrated by the average absolute differences with BS-type and the

average percentage errors with MC simulations.
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TABLE 1. Average absolute differences (dps) and average percentage errors (&yc) when comparing the
results obtained from our formula with those from the BS-type formula and MC simulations, respectively,
and the average computation times for each approach.

Average computation
time (s)
Call Put Call Put  Ours BS-type MC

0.28 0.37 0.02 0.0008 218
0.60 0.36 0.02 0.0008 227
0.79 0.25 0.02 0.0008 228
0.44 0.58 0.50 0.0008 292
0.65 048 0.60 0.0008 282

Long-run mean function dps (x107%) évc (%)

(a) constant 3
(b) linear 3
(c) smooth periodic 2
(d) piecewise differentiable 7
(e) piecewise continuous 7
periodic

~N 0D W W

Define the average absolute difference and the average percentage error by

dys =( . d®)IDsl and e =( Y e®))/1Dsl,

SeDg SeDg

respectively, where

d(S) =la(S) —x(S)| and €(S) =

a(S) — y(S)
W‘ % 100%,

with a(S) representing call/put option value from our formula and x(S), y(S) rep-
resenting call/put option values from BS-type formula and from MC simulations,
respectively.

The average absolute differences, the average percentage errors, and the average
computation times for each approach corresponding to each long-run mean function
are demonstrated in Table 1.

Table 1 shows that the results of call and put option values from our formula
(2.5) are accurate as compared to the BS-type formula (3.6) with average absolute
differences less than 1077, and to MC simulations with average percentage errors less
than 0.8% for all five cases of long-run mean functions. This fact verifies the validity
of the formula (2.5).

Based on the average computation times, Table 1 confirms that the analytical
formula (2.5) and the BS-type formula are much more efficient than MC simulations
as expected, where the BS-type formula is clearly faster than our formula.

In the next subsection we describe the behaviours of option values as functions of
underlying asset price S and initial time ¢ corresponding to various different long-run
mean functions.

3.2. Option price behaviour examples and discussion In this subsection we
demonstrate the results of European option values based on the computation of our
analytical formula (2.5).
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FIGURE 3. Option values for constant u() = 4.

The following examples illustrate behaviours of both European put and call option
values v(S,#;¢) on a mean-reverting asset spot price S € [0,60] at time ¢ € [0, 7]
corresponding to the five long-run mean functions with parameters r = 0.1 and k = 0.5.

EXAMPLE 3.2. We consider the constant long-run mean function shown in
Figure 1(a). In this case, the underlying asset spot prices do not exhibit seasonality,
and follow the one-factor Schwartz model [21] used to represent oil and copper prices
in commodity markets. The values of put and call options obtained from the analytical
formula (2.5) are shown in Figures 3(a) and 3(b), respectively.

Both figures show that as time ¢ gets closer to the expiration date 7, the option value
gets closer to the terminal condition v(S, T; ¢) = (pK — ¢S)™ as expected with continu-
ous smooth curves in both directions except on the expiration date. Furthermore, when
the time 7 changes and the asset spot price S is fixed, we see that most option values
change linearly.

Figures 3(c) and 3(d) illustrate the combination of the option prices v(S, t; ¢), the
initial payoff (K — ¢S)*, and the integral term u(S, T — t; ¢) functions for put and call
options in Theorem 2.2, respectively. The decomposition of the graph of option price
into the others is clearly seen for both options.

EXAMPLE 3.3. We consider the case of the linear long-run mean function shown in
Figure 1(b), where the spot prices of the underlying asset normally have linear trend
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S
60 0.0

(a) Put option (b) Call option

FIGURE 4. Option values for linear u(t) = 1 + 6t¢.

(a) Put option (b) Call option

FIGURE 5. Option values for smooth periodic p(f) = 4 + 3 sin(rr/2 + 1071).

without seasonality. The option values obtained from the analytical formula are shown
in Figure 4.

Similarly to Example 3.2, as time ¢ gets closer to the expiration date 7, the
option value gets closer to the terminal condition v(S, T'; ¢) = (¢K — ¢S)* as expected.
However, the figures show quadratic trends when the time 7 changes and the asset spot
price S is fixed. Surprisingly, the call option has the highest value not at the expiration
date but around the midpoint of the lifetime of option.

EXAMPLE 3.4. We consider the smooth periodic long-run mean function shown in
Figure 1(c) for the spot price of a seasonal underlying asset. This behaviour of
assets is usually seen on most of the agricultural commodities, livestock, energy, and
manufactured metal. The option values corresponding to this case are demonstrated in
Figure 5.

The figures show that the terminal condition v(S, T; @) = (¢K — ¢S)* holds as in
the previous examples. In addition, there are many smooth oscillations on both option
values as the time changes with fixed spot price, but the call has stronger oscillations
than the put.
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(a) Put option (b) Call option

1+ 181, 1€ [0,1/3],
FIGURE 6. Option values for piecewise differentiable u(f) =<7 — 18(t = 1/3), t€(1/3,2/3],
1+18(—-2/3), te(2/3,1].

(a) Put option (b) Call option

1+ 18¢, t€0,1/3],
FIGURE 7. Option values for piecewise continuous periodic u(r) = {1 + 18(z — 1/3), ¢ € (1/3,2/3],
1+18(r—2/3), te€(2/3,1].

EXAMPLE 3.5. In this example we consider the asset with long-run mean described by
the piecewise differentiable function shown in Figure 1(d). The option values obtained
from the analytical formula are shown in Figure 6.

Both options show that the terminal condition v(S, T; ¢) = (¢K — ¢S)* holds as in
the previous examples, with smooth curves even though its long-run mean function is
not. The behaviour of the values is similar to those in Example 3.4; there are a few
smooth oscillations as the time changes with fixed spot price, and the call has stronger
oscillations.

EXAMPLE 3.6. In this case, we consider the model for assets with seasonality
described by a piecewise continuous periodic long-run mean function shown in Figure
1(e), where the spot price changes rapidly when it reaches the high peak. The option
values corresponding to this case are demonstrated in Figure 7.
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Similarly to all previous examples, the results satisfy the terminal condition
v(S,T;¢) = (pK — ¢S)™ as expected. Both option values are still continuous and
smooth even though their long-run mean function is piecewise continuous. In addition,
there are some large smooth waves when the time changes, which are shallower for the
put option. There are also some lines between the waves that are changing level rapidly
corresponding to the behaviour of jumps on the long-run mean function.

In this subsection Examples 3.2-3.6 demonstrate that both European put and call
option values obtained from the analytical formula (2.5) satisfy the terminal condition
(1.5) as expected with continuous smooth curves, even though the corresponding
long-run mean functions are not continuous or smooth in the domain. In addition, the
long-run mean functions provided show strong effects in both options such as linear,
quadratic, and oscillation behaviours as the time changes with fixed spot price, in the
sense that when the type of the long-run mean function has changed, but the calls
are more strongly impacted than the puts. This suggests that the analytical formula
can be applied for any kind of mean-reverting assets with integrable long-run mean
functions describing both seasonal and nonseasonal behaviours. In addition, Example
3.2 illustrates the decompositions of option prices between the initial payoff term and
the integral term from formula (2.5).

4. Conclusion

In this paper, we derive an integral representation formula for pricing the European
options on the underlying asset such as commodities whose spot prices follow
a mean-reverting model with time-dependent long-run mean. Based on the PDE
approach with Fourier transform, the analytical formula together with the put—call
parity are presented differently from the traditional Black—Scholes formula. The
obtained formula is composed of two terms, the payoff at the initial time and the
time-integral over the lifetime driven by the long-run mean function which is only
required to be integrable. This implies that the formula can be applied for assets with
seasonality described by not only continuous but also discontinuous long-run mean
functions. The accuracy of the formula has been verified by comparing with Monte
Carlo simulations and a Black—Scholes-type formula under various kinds of long-run
mean functions. Moreover, some examples of the European option prices based on
our formula are illustrated in order to analyse the behaviours of the option prices
corresponding to these long-run mean functions.

Acknowledgements

The first and the second authors gratefully acknowledge financial support from
the 90th Anniversary of Chulalongkorn University Scholarship, and the third author
gratefully acknowledges financial support from Walailak University under grant
no. WU63250. The authors thank an anonymous referee for the suggestion of the
Black—Scholes-type formula (3.6). The constructive suggestions from the anonymous

https://doi.org/10.1017/51446181121000262 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181121000262

[24]

Option pricing on mean-reverting asset 201

referees have substantially improved the readability and representation of the paper.
Any remaining errors are our own responsibility.

(7]

(8]

[10]

(11]

[12]
[13]
[14]
[15]
[16]
[17]

[18]

[19]

[20]

References

F. Black, “The pricing of commodity contracts”, J. Financ. Econ. 3 (1976) 167-179;
doi:10.1016/0304-405X(76)90024-6.

F. Black and P. Karasinski, “Bond and option pricing when short rates are lognormal”, Financial
Anal. J. 47 (1991) 52-59; doi:10.2469/faj.v47.n4.52.

F. Black and M. Scholes, “The pricing of options and corporate liabilities”, J. Pol. Econ. 81 (1973)
637-654; doi:10.1086/260062.

D. Brigo and F. Mercurio, Interest rate models theory and practice, 1st edn (Springer,
Berlin—Heidelberg, 2001); doi:10.1007/978-3-662-04553-4.

P. Carr, R. Jarrow and R. Mynen, “Alternative characterizations of American put options”, Math.
Finance 2 (1992) 87-106; doi: 10.1111/j.1467-9965.1992.tb00040.x.

M. C. Chiu, Y. W. Lo and H. Y. Wong, “Asymptotic expansion for pricing options for a
mean-reverting asset with multiscale stochastic volatility”, Oper. Res. Lett. 39 (2011) 289-295;
doi:10.1016/j.0r1.2011.06.002.

C. Chunhawiksit and S. Rujivan, “Pricing discretely-sampled variance swaps on commodities”,
Thai J. Math. 14 (2016) 711-724, available at
http://thaijmath.in.cmu.ac.th/index.php/thaijmath/article/view/1638.

L. Clewlow and C. Strickland, “Valuing energy options in a one factor model fitted to forward
prices”, SSRN 160608 (1999); doi: 10.2139/ssrn.160608.

G. B. Folland, Real analysis: modern techniques and their applications, 2nd edn (John Wiley &
Sons, New York, 1999), available at https://www.wiley.com/en-us/Real+Analysis%3A+Modern+
Techniques+and+Their+Applications%2C+2nd+Edition-p-9781118626399.

J. Hull and A. White, “Pricing interest-rate-derivative securities”, Rev. Financ. Stud. 3 (1990)
573-592; doi:10.1093/rfs/3.4.573.

J. C. Hull, Options, futures, and other derivatives, 8th edn (Prentice Hall, Boston, MA, 2012),
available at www.pearson.com/us/higher-education/product/Hull-Options-Futures-and-Other-
Derivatives-8th-Edition/9780132164948.html.

S. D. Jacka, “Optimal stopping and the American put”, Math. Finance 1 (1991) 1-14;
doi:10.1111/5.1467-9965.1991.tb00007.x.

1. J. Kim, “The analytic valuation of American options”, Rev. Financ. Stud. 3 (1990) 547-572;
doi:10.1093/rfs/3.4.547.

R. C. Merton, “Theory of rational option pricing”, Bell J. Econ. Manag. Sci. 4 (1973) 141-183;
doi:10.2307/3003143.

B. Oksendal, Stochastic differential equations: an introduction with applications, 6th edn
(Springer, Berlin, 2003), available at www.springer.com/gp/book/9783540047582.

S. Rujivan, “A novel analytical approach for pricing discretely sampled gamma swaps in the Heston
model”, ANZIAM J. 57 (2016) 244-268; doi:10.1017/S1446181115000309.

S. Rujivan, “Analytically pricing variance swaps in commodity derivative markets under stochastic
convenience yields”, Commun. Math. Sci. 19 (2021) 111-146; doi:10.4310/CMS.2021.v19.n1.a5.
S. Rujivan and U. Rakwongwan, “Analytically pricing volatility swaps and volatility options with
discrete sampling: nonlinear payoff volatility derivatives”, Commun. Nonlinear Sci. Numer. Simul.
100 (2021) 1-29; doi:10.1016/j.cnsns.2021.105849.

S. Rujivan and S.-P. Zhu, “A simplified analytical approach for pricing discretely-sampled variance
swaps with stochastic volatility”, Appl. Math. Lett. 25 (2012) 1644-1650;
doi:10.1016/j.am1.2012.01.029.

S. Rujivan and S.-P. Zhu, “A simple closed-form formula for pricing discretely-sampled variance
swaps under the Heston model”, ANZIAM J. 56 (2014) 1-27; doi:10.1017/S1446181114000236.

https://doi.org/10.1017/51446181121000262 Published online by Cambridge University Press


http://dx.doi.org/10.1016/0304-405X(76)90024-6
http://dx.doi.org/10.2469/faj.v47.n4.52
http://dx.doi.org/10.1086/260062
http://dx.doi.org/10.1007/978-3-662-04553-4
http://dx.doi.org/10.1111/j.1467-9965.1992.tb00040.x
http://dx.doi.org/10.1016/j.orl.2011.06.002
http://thaijmath.in.cmu.ac.th/index.php/thaijmath/article/view/1638
http://dx.doi.org/10.2139/ssrn.160608
https://www.wiley.com/en-us/Real+Analysis%3A+Modern+Techniques+and+Their+Applications%2C+2nd+Edition-p-9781118626399
http://dx.doi.org/10.1093/rfs/3.4.573
http://www.pearson.com/us/higher-education/product/Hull-Options-Futures-and-Other-Derivatives-8th-Edition/9780132164948.html
http://www.pearson.com/us/higher-education/product/Hull-Options-Futures-and-Other-Derivatives-8th-Edition/9780132164948.html
http://dx.doi.org/10.1111/j.1467-9965.1991.tb00007.x
http://dx.doi.org/10.1093/rfs/3.4.547
http://dx.doi.org/10.2307/3003143
http://www.springer.com/gp/book/9783540047582
http://dx.doi.org/10.1017/S1446181115000309
http://dx.doi.org/10.4310/CMS.2021.v19.n1.a5
http://dx.doi.org/10.1016/j.cnsns.2021.105849
http://dx.doi.org/10.1016/j.aml.2012.01.029
http://dx.doi.org/10.1017/S1446181114000236
https://doi.org/10.1017/S1446181121000262

202

[21]

(22]

[23]

[24]

(25]

P. Nonsoong, K. Mekchay and S. Rujivan [25]

E. S. Schwartz, “The stochastic behavior of commodity prices: implications for valuation and
hedging”, J. Finance 52 (1997) 923-973; doi:10.1111/j.1540-6261.1997.tb02721 x.

A. V. Swishchuk, “Explicit option pricing formula for a mean-reverting asset in energy market”,
J. Numer. Appl. Math. 1 (2008) 216-233; https://ssrn.com/abstract=1492843.

R. Underwood and J. Wang, “An integral representation and computation for the solution of
American options”, Nonlinear Anal. Real World Appl. 3 (2002) 259-274;
doi:10.1016/S1468-1218(01)00028-1.

A. Weraprasertsakun and S. Rujivan, “A closed-form formula for pricing variance swaps on
commodities”, Vietnam J. Math. 45 (2017) 255-264; doi:10.1007/s10013-016-0224-9.

H. Y. Wong and Y. W. Lo, “Option pricing with mean reversion and stochastic volatility”, European
J. Oper. Res. 197 (2009) 179-187; doi: 10.1016/j.ejor.2008.05.014.

https://doi.org/10.1017/51446181121000262 Published online by Cambridge University Press


http://dx.doi.org/10.1111/j.1540-6261.1997.tb02721.x
https://ssrn.com/abstract=1492843
http://dx.doi.org/10.1016/S1468-1218(01)00028-1
http://dx.doi.org/10.1007/s10013-016-0224-9
http://dx.doi.org/10.1016/j.ejor.2008.05.014
https://doi.org/10.1017/S1446181121000262

	1 Introduction
	2 An integral representation for European options
	3 Numerical results and discussions
	3.1 Comparisons with Monte Carlo simulations and Black–Scholes-type formula
	3.1.1 Monte Carlo (MC) simulations
	3.1.2 Black–Scholes-type (BS-type) formula
	3.1.3 Notation and comparison results
	3.1.4 Accuracy

	3.2 Option price behaviour examples and discussion

	4 Conclusion

