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It is well known that a weak solution ¢ to the initial boundary value problem for the

uniformly parabolic equation 0y — div(AVe) +we = f in Qp = Q x (0,7T) satisfies
the uniform estimate

llelloo,0r S l@lloo,apar +cllfllgor, c=c(N, A q,Qr),
provided that ¢ > 1 + N/2, where Q is a bounded domain in RY with Lipschitz
boundary, T' > 0, 9p§2r is the parabolic boundary of Qr, w € LY (Q7) with w >0,
and A is the smallest eigenvalue of the coefficient matrix A. This estimate is sharp in

the sense that it generally fails if ¢ = 1 + N/2. In this paper, we show that the linear
growth of the upper bound in || f||4,q, can be improved. To be precise, we establish

lellos, 2 < lleolloo,a,0r0 +clfllitn/2,0p (I llg0n +1) +1).
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1. Introduction

Let Q be a bounded domain in R with Lipschitz boundary 9. For each T > 0
consider the initial boundary value problem

Orp — div(AVe) +we = f in Qpr =Qx (0,7), (1.1)
=0 on Xy =00 x(0,7T), (1.2)
o(x,0) = @o(z) on Q. (1.3)

We assume:
(H1) A= A(z,t)is an N x N matrix whose entries a;;(z,t) satisfy

aij(w,t) € L=®(Qr), MNP < (A(z,t)¢-€)  for € € RY and ae. (z,t) € Qr,
(1.4)

where A > 0;
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(H2) w € LY (Qr) with w > 0 a.e. on Qr, f € LI(Qr) for some ¢ > 1+ N/2, and
®o € L>(Q).

In the situation considered here, the classical theory for uniformly parabolic
equations l5] asserts that there is a unique weak solution ¢ in the space
L2(0,T; Wy () N L>®(Qr) and we have the estimate

[elloo,0r < llolloo,0 + €llfllgor, €= (N, A q,Qr). (1.5)

The result is sharp in the sense that if ¢ = 1 + N/2 then the above inequality fails
in general. Our objective here is to improve this upper bound for |¢|/s.q,. To be
precise, we will show:

THEOREM 1.1. Let (ngf(H2) be satisfied and ¢ be a weak solution to (1.1)—(1.3)
in the space L*(0,T; W, %(Q)).
Then there is a positive number ¢ = ¢(N, X\, q, Q1) such that

[Plloo,0r < llolloo,0 + el fllien/2.00 ([ fllg0r +1) +1). (1.6)

Similar results for functions in W*4(R”Y), sq > N, have been established in [1, 4].
This theorem can be viewed as the parabolic version of the result in [7]. As in [7], we
introduce a change of variable. The equation satisfied by the new unknown function
v has the expression

1
O — div(AVv) + —AVv - Vo +wvlnv = gv in Qp. (1.7)
v
To prove theorem 1.1, we need to have an estimate like

ess supq, [v] < ¢(lgllg.0r +1)%, ¢ >0, (1.8)

where ¢ is given as in (H2).

The approach in ([5], p.185) is to first show the boundedness of v for small ¢
and then extend the result to large ¢. Unfortunately, this method does not serve
our purpose because how ess supg, |v| is bounded by |gllq,o, becomes unclear.
By modifying Moser’s technique of iteration of L? norms (see [6]), we are able to
obtain (1.8), that is, ess supq,.|v| is bounded by a power function of ||g||4.0, + 1.
Even though our proof here is inspired by the work of [7] in the elliptic case, we
must overcome the complication caused by the time variable. This constitutes the
core of our analysis.

Observe that since the coefficient function ‘¢’ in equation (1.7) is of arbitrary
sign this equation, in essence, resembles the parabolic version of the Schrodinger
equation in [2]. In the elliptic case [2], one can assume that g belongs to the slightly
more general Kato class, instead of LP(§) with p > N/2. However, this results in
the loss of explicit dependence of ess sup|v| on g. That is, how ess sup|v| is bounded
by a certain norm of ¢ is hidden. This explains why an elliptic version of theorem
1.1 is established in [7] only under the assumption that g € LP(Q) with p > N/2.

We also would like to point out that the constant ¢ in (1.6) does not depend
on the upper bounds of our elliptic coefficients a;;(x,t). This opens the possibility
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that theorem 1.1 be applicable to certain types of the so-called singular parabolic
equations.

Our result can also be extended to more general equations by suitably modifying
our proof. The inequality (1.6) can also have different versions. For example, the
interested reader might want to try to establish the following

N
[olloc, 27 < ll€ollcce + ¢ sup [|flln/2,0 (ln( sup || fllg +1) + 1> ;4>
0<t<T 0<t<T

(1.9)
We refer the reader to [5] for more information on how to balance the integrability
of f in the time variable and that of the space variables.

The rest of the paper is dedicated to the proof of Theorem 1.1. In our proof, we
will assume that the space dimension N is bigger than 2 due to an application of
the Sobolev embedding theorem. Obviously, if N = 2, we must take the following
version of the Sobolev embedding theorem: for each s > 2 there is a positive number
¢, such that

((s—=2)/(2))
/ |p|2+((2(5*2))/(5))dxdt < C? < sup / |v|2dx> / IVo|2dzdt
QT Q QT

0<t<T
(1.10)
for each v € L°(0,T; L*(Q)) N L*(0,T; Wy *(€2)). Then all our arguments in the
proof of Theorem 1.1 remain valid, that is, theorem 1.1 still holds for N = 2.

2. Proof of Theorem 1.1

Proof of Theorem 1.1. We decompose ¢ into 1 + @2, where 1 and ¢o are the
respective solutions of the following two problems

Oppr — div(AVer) +wer = f in Qp, (2.1)
p1 =0 on X, (2.2)

©1(2,0) =0 on Q and (2.3)

Orpa — div(AVea) + wps =0 in Qp, (2.4)
w2 =0 on Xr, (2.5)

w2(z,0) = po(z) on L (2.6)

Let ¢s be the smallest positive number such that

Bl ceny (v—2)).0 < cs[IVPll2.0 (2.7)

for all ¢ € W12(Q) with ¢ = 0 on 9Q. It is well known that the Sobolev constant
¢s here depends only on N ([3], p. 138). We consider the functions

©1
- , 2.8
max (/e n/2or 1) (2:8)

/ (2.9)

— max{|[fllisn/z.00, 1}
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Obviously, they satisfy

Ou — div(AVu) +wu =g in Qrp, (2.10)
u=0 on X, (2.11)
u(z,0) =0 on Q. (2.12)

LEMMA 2.1. Let the assumptions of theorem 1.1 hold. Then to each « > 0 suffi-
ciently small there corresponds a positive number c = c¢(N, o, cs, A, Qr, || fll142/n8,07)
such that

/ e1+2/N)uqade < . (2.13)
Qr

Proof. First we would like to remark that a weak solution w to (2.10)—(2.12) is
unique [5] and can be constructed as the limit of a sequence of smooth approximate
solutions, which can be obtained by, for example, regularizing the given functions
in the problem. Thus without any loss of generality, we may assume that u is a
classical solution in our subsequent calculations. Let > 0 be given. Using e** — 1
a test function in (2.10), which means that we multiply through the equation by
the function and integrate the resulting equation over Qs = Q x (0,s), T' > s > 0,

we obtain
au 4)\ 2
/ <e - u) dz + —/ ‘Veo‘/zu dzdt +/ wu (e — 1) dedt
o\« @ Ja, Q.
au @
< g(e 1)dadt + —. (2.14)
Q. @
Note that
u(e™ —1) >0,
U1 = (e«au)/(z)) _ 1)2 19 (e«au)/(z)) _ 1) 7 (2.15)
lglli4n/2.0r < 1. (2.16)

Keeping these in mind, we estimate from the Sobolev embedding theorem (2.7) that

T 24+4/N
/ / (e«au)/(z))_l) duds
0 Q
T _ (N=2)/(N))
_ / ( / (e“a“) o) _1)<<2N>/<N 2) dw)
0 Q
2/N

([ (e ) a)
Q

2 2/N T
<c? | max / (e(("“)/@)) —1) dx / /|Ve((a“)/(2))\2dxdt
S\ o<t<T Jq o Ja
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2/N T
<2 ( max / eo‘“dx> / |Velew)/2)12qzdt
0stsT Jo o Ja
T
+c§|Q|2/N/ /|Ve((a“)/(2))|2dxdt
0o Ja
2 142/N Q\ LN
< ATl / g(e* — 1)dadt + max / udx + 1
4N Qr 0<t<T Jq o
2|0|2/N 0
+ Gl / g(e® — 1)dzdt + max / udx + 1o
4\ Qr 0<t<T Jq o

2 2q1+2/N |Q| 1+2/N
< =——+9 / |[g(e*® — 1)|dzdt + max / |u|de + —
4\ Qr 0<t<T J o

+¢(8), 6>0. (2.17)

With the aid of (2.16) and (2.15), we estimate

2
/ lg(e®™ — 1)|dzdt < / lg| (e((au)/(Z)) _ 1) dzdt
QT QT

+2/ |g|le @)/ 2D _1|dzdt
Qr

((2(N42))/(N)) ((N)/(N+2))
<lglswzay ([ (@@ 1) )
Qr
+ 29l c2(N+2)) /(N +a).r

(2(N+2))/(N) (/7 @N+2))
x ( / (el — 1) dxdt)
Qr

< Jlellew/@) 1||?(2(N+2))/(N))@T

+ Q‘QT|((N)/(2(N+2)))He((au)/@)) _ 1||((2(N+2))/(N))’QT

Plugging this into (2.17), we obtain
T 24+4/N
/ / (e((auv(z)) _ 1) dudt
0o Ja
ol +2/N
< QN ( / ) / / ((au)/<2>> )2“/ N dedt
Q
142/N
( max / |u|dx) +c. (2.19)
0<t<T
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Thus choosing «, ¢ suitably small, we can absorb the first term on the right-hand
side to the left-hand side to obtain

T 2+a/N 142/N
(e(("‘“)/@)) - 1) drdt < c¢| max [ |u|dx +ec. (2.20)
o Ja 0<t<T Jo

To estimate the right-hand side of the above inequality, we define, for £ > 0,

1 if s > e,
1
Ne(s) =4 —s if e <s<e¢,
€
-1 if s < —=.

Use n.(u) as a test function in (2.10) to obtain

a4 / / ne(s)dsd < / g (u)dz < / jgldz. (2.21)
dt Jo Jo Q Q

Integrate with respect to ¢ and then let ¢ — 0T to yield

sup / lu|de < / |gldzdt. (2.22)
0<t<T Ja Qr
Plugging this into (2.20) gives the desired result. O

To continue the proof of Theorem 1.1, we assume, without any loss of generality,
that

ess supq, U = ||t/ oo, - (2.23)

Indeed, if (2.23) is not true, we multiply through (2.10) by —1 and consider —u.
Let

v=-e". (2.24)
Then
u=Inwv,
1
AVu = — AV,
v

div(AVu) = fv%AVv -Vo + %diV(AV’U).

Substitute these into (2.10)—(2.12) to obtain (1.7) coupled with

v=1 on Xp, (2.25)
v(z,0) =1 on Q. (2.26)

Set
w = max{v, 1}. (2.27)
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For each 3 > 0, we use w” — 1 as a test function in (1.7) to obtain

d v
T /Q/O (s = 1) +1)% —1)dsdx
+/Qb’w671A(x)Vv~dem < /ng(wﬁ —1)dz < /Q lg|lwPTdz. (2.28)

With (2.27) in mind, we can deduce that

=—— (W 1) — (w-1). (2.29)
Using this in (2.28) yields

2
ﬁ/(wﬁﬂ - 1)dx+(54ﬁ)2/ ‘Vw((ﬂ“)/@)) dzdt
Q Q.

g/ |g|w5+1dxdt+/(w—1)dx. (2.30)
Q

r

Let 7. be given as before. We use 7. (v — 1) as a test function in (1.7). With the aid
of the proof of (2.22), we arrive at

/(w — ldz = / (v—1)tde < / |v —1]dz < / lg|dzdt < / lglwPHdzdt.
Q Q Q Qr Qr
(2.31)

The last step is due to the fact that w > 1 on Q. Plug this into (2.30) to yield

1 48\ 2
FrL S e i [, [
U T

< 2/ lg|lw’Hdadt. (2.32)
Qr

Note that

WA ] — (w((@+1>/<2>> g 1)2 3

<2 (w((6+1)/(2)) _ 1)2 ey
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Keeping this, (2.27), the Sobolev embedding theorem (2.7), and (2.32) in mind, we
calculate that

T
/ / wBFDA2/N) § s
0 Q

2/N T B+1 1+2/N 2/N 4 B+1
<2 (w — 1) dzdt + 2 w” T dadt
o Ja 0o Jo

2/N
< 2N ( sup /(wﬂﬂ - 1)dx>
Q

0<t<T

T (N=2)/(N))
X/ </ (w1 — 1)) dm) "
0

Q
T
+ 22/N /wﬁﬂdxdt

o Ja

2/N
<ce(B+1)N </ |gwﬁ+1dxdt)
Qr

T _ (N-2)/(N))
x/ (/ (w<<a+1)/<2>>_1>((2N)/(N 2”dx> gt
0 Q

2/N
+e(B+ 1)V (/ |gw6+1dxdt> + 22/N/ wfHdadt
QT QT

1)((2)/(N+2)) ((2)/(N+1))
< C(ﬁjL ) </ |g|wﬁ+1dxdt>
Qr

8

2/N
+e(B+1)2N (/ |gwﬁ+1dxdt> - 22/N/ w’ttdzdt. (2.33)
Qr Qr
We estimate from (2.27) that

((N)/(N+2))
</ wﬁdedt)
Qr

- ((g=1)/(a))
< (/ w(((5+1)‘1)/(q—1))dxdt) [erRA
Qr

]((N)/(NH))

((N)/(N+2))

i ((a=1)/(a))
= ( F w(((ﬂ+1)q)/(q_1))dxdt> Q7|
QT

N

Q. |/ (N2 ~((a=1) /(@) ( / w(BHDD /(1) g (2.34)
Q

T

)((ql)/(q))
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Recall that ¢ > 14 N/2 is given by assumption (H2). Raising both sides of (2.33)
to the ((N)/(N + 2))-th power, we derive that

(B 4 1)(CIN+D)/(N+2))
Il M vy /vy < B D) 9llg.007

" (/ ((B+D0)/ (=1 gyt
Qr

+c(ﬂ+1)((2)/(N+2))|Q |((2(q 1))/(a(N+2)))—((

((a-1)/(@)
" ( / w(((ﬁJrl)q)/(ql))dzdt)
Qr

. (-1)/(@)
L IN | (/N2 - ( / w(((6+1)Q)/(q—1))dxdt>
Qr

1
( 8+ 1) (2(N+1))/(N+2)) (,6’«NV(N+2)) + 1> lgllg.0r + c)

)((q—l)/(Q))

N+2))

< ™ (@) /@-1).00

1
(B + 1)((2(N+1))/(N+2)) <5((N)/(N+2)) + 2) (lgllg.0r +1)
W™ @)/ (g-1).00-

Thus we can write the above inequality in the form

lwll(((v+2)(8+1))/(v)) < C((l)/(ﬁ-i-l))(/g + 1) ((N+1))/((N+2)(B+1)))

(L) ((1)/(B+1))
(s +2) (Igllosn +1 ol oo 0
(2.35)
Now set
_ ey
q/(q—1)

Fix By > 0 and let
B4+1=1+0)x', i=0,1,2,....
Subsequently,

Il (1-460) (a)/ (a— )i+ 1,00 < [e(llgllg,0p + 1))/ (HAXD)

% [(1 4 Bo)] G+ (1+B)(N+2)x)

“Mwll(1480)((a)/ (a=1))x 07

https://doi.org/10.1017/prm.2018.122 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.122

1490 X. Xu
< elllgllg.or + 1)] (/450 /X +---41)
x (14 @O)((2(N+1))/((1+ﬁo)(N+2>))(1/x"+~-+1)

R COHED BN D4 [l 1+ (/a1 62

Taking ¢ — oo yields

[wlloo.0r < cllgllg.0r +1)* wllr0r,

where
ap =
(1+Bo)(x—1)
r= (1+ﬂo)qz T

In view of lemma 2.1, we can find an « € (0,r) small enough so that

/ wdzdt < / e“dzdt +c < c.
QT QT

It follows that

1/r
lwlsar = ( / wrawadx)
Qr

(r=)/(r)) ”wH((a)/(T))

OO,QT Oé,QT

< lwll :
This together with (2.36) gives

lwllooor < c(lgllaer + 1) Jull g2 w27

from whence follows
[w]los.0r < e(lglgor + 1% [wllaon-
Recall the definition of w and use (2.39) to obtain
a0 + D™ (Jollagr + [Qr])
o + D (gl +o)

g + 1)/

[0lloc.07 < llwlleo,0r < (llg

<c(llg

<c(llg

That is,
eltln e (gl + 1)

Take the logarithm and make a note of (2.8) to get

[ulloc.0r < c(n((lfllg.0r +1) +1).
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Finally, we derive

lelle < oo + 2 lc
< clliflhienyzor M fllg.or +1) +1) + llolloo-
This completes the proof. [
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