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Non-Gaussianity in turbulent relative dispersion
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We present an extension of Thomson’s (J. Fluid Mech., vol. 210, 1990, pp. 113-153)
two-particle Lagrangian stochastic model that is constructed to be consistent with the
4/5 law of turbulence. The rate of separation in the new model is reduced relative
to the original model with zero skewness in the Eulerian longitudinal relative velocity
distribution and is close to recent measurements from direct numerical simulations of
homogeneous isotropic turbulence. The rate of separation in the equivalent backwards
dispersion model is approximately a factor of 2.9 larger than the forwards dispersion
model, a result that is consistent with previous work.
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1. Introduction

The dispersion of pairs of particles remains an active field of research in the study
of turbulence. Not only does it continue to hold much theoretical interest, it has
important practical applications through the connection between relative dispersion
and both concentration fluctuations and mixing.

Simple models of relative dispersion play an important role in understanding the
physical processes involved. One such model is a Lagrangian stochastic model (LSM):
the central assumption of such models is that the position and velocity of a pair of
marked particles can be treated jointly as a continuous Markov process (Thomson
1987; Wilson & Sawford 1996). This is a reasonable assumption for the inertial
subrange of turbulence. Thomson (1990) developed an LSM for relative dispersion
assuming that the two-point velocity distribution is Gaussian; here we extend it to
the non-Gaussian case.

The celebrated Kolmogorov four-fifths law is arguably the simplest manifestation
of the non-Gaussian nature of turbulence. It is also one of the few exact results in
three-dimensional (3-D) isotropic turbulence and is strongly linked to the cascade of
energy from large to small scales. It should therefore be part of any model of turbulent
relative dispersion.

A non-zero third-order moment has been incorporated into quasi-one-dimensional
(Q1D) models of relative dispersion (Kurbanmuradov 1997; Borgas & Yeung 2004).
These models represent the longitudinal relative velocity, u;, of a pair of particles but
assume that the transverse velocity component plays no role in the evolution of
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and hence no role in the evolution of the distance between the two particles. Pagnini
(2008) has shown that the longitudinal and transverse velocity components are not
statistically independent, which would also be inconsistent with the Navier—Stokes
equations. This drawback of Q1D models is the reason these models predict much
larger rates of separation than are commonly found experimentally, from direct
numerical simulations (DNS) of homogeneous isotropic turbulence or indeed from a
Gaussian two-particle LSM such as that of Thomson (1990).

The limitations of Q1D models have been addressed by the development of quasi-
two-dimensional (Q2D) models of relative dispersion (Pagnini 2008; Sawford & Yeung
2010) which include the transverse component of the relative velocity as well as the
longitudinal one. These models have successfully shown that the rate of separation
is slower compared with Q1D models. However, unlike Q1D models, Q2D models
are not unique (even if, as here, we only consider models with position and velocity
evolving jointly as a diffusion process with specified random forcing).

In this study we restrict attention to relative dispersion in the inertial subrange
of 3-D isotropic turbulence. We also assume that the flow is incompressible and
quasi-stationary (with any non-stationarity being on a slow time scale compared to
the time scales of interest). In the next section we introduce the LSM and show
that, by transforming to spherical polar coordinates, the 3-D model reduces to a
Q2D model (if knowledge of the absolute separation is all that is required). We
propose an analytical form of the probability density function (p.d.f.) of the Eulerian
longitudinal velocity difference that satisfies Kolmogorov’s four-fifths law and use
this to derive an analytical form of the model. This model is formulated to have an
infinite inertial subrange. The solution of the LSM is investigated numerically for
both forwards and backwards dispersion. Finally, in §6, we consider the differences
that occur when the analytical non-Gaussian longitudinal relative velocity p.d.f. is
replaced with a numerical one (with a finite inertial subrange) taken from a DNS of
relative dispersion.

2. Lagrangian stochastic model

Since we are primarily interested in the relative dispersion statistics, we consider
only the relative velocity, u, and separation, x, of a pair of particles. The evolution
of (x,u) is assumed to be governed by

du; = a;(x, u, 1) dt + /2Coe dW,(1), i=1,..., 3}

2.1
dx,~=u,~dt, ( )

where dW is the increment of a vector-valued Wiener process, ¢ is the mean
dissipation rate and C, is the constant of proportionality in the second-order
Lagrangian velocity structure function. The well-mixed condition (Thomson 1987)
constrains the model to be consistent with the Eulerian velocity statistics and leads
to an appropriate form for the drift term a. In more than one dimension, however,
the well-mixed condition does not constrain the drift term uniquely.

For an ensemble of pairs with a given distribution of x and u at time #, the joint
p.d.f. of (x,u) at time ¢, p(u, x, ), satisfies the Fokker—Planck equation corresponding
to (2.1):
dp  dup  dap 3°p

at  ox; A, ou?’
By considering the ensemble of all pairs and noting that, for this ensemble, p(u, x, f)
is proportional to the Eulerian relative velocity p.d.f. pg(u, x, ), it follows that the

2.2)
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value of a in the model should be such that pg(u, x, r) satisfies (2.2). Following
Thomson (1987, 1990) and Sawford & Yeung (2010), we write a = a'¥ + a® and
partition (2.2) for p =pg so that

01
a = Cps P 2.3)
814,'
and a® satisfies o
dpr  owpr  dd!
Spe | SWpE | 9% PE _ 2.4)

ot Bx,- 81/!,‘

If we write a = (Du;/Dt|u, x, 1) where D/Dr is the material derivative, equation

(2.4) is the exact transport equation for pr (see e.g. Pope 2000, p. 704). (Despite
(2.4) not determining a® uniquely, it is correct to identify a® with the conditional
mean acceleration. This can be seen by noting that, in the (forwards) model and
the equivalent backwards model (see Thomson (1987), §3.4), a® is the average of
the mean accelerations in the forwards and backwards models for pairs at (x, u, ?),
that is, for a well-mixed distribution of pairs, a'® is the average of the model
mean accelerations at — and t+. However a® is not the model mean conditional
acceleration at r+4. This is an artefact of the non-differentiability of the velocity in
the model.) Specifying either pr or (Du;/Dt|u, x, t) constrains the form of a(x, u, ),
with a uniquely determined in the latter case but not in the former. Here, we will
specify the form of pg to constrain a.

2.1. LSM in spherical polar coordinates

From here on, it is more convenient to work in terms of spherical polar coordinates.
The transformation of (2.1) is given by Ito’s formula

of O°f = df ..
- i—— | dt + by dw, i,j=1,...,6 2.5
356,- )]8x[8xj> + i b ( )

1 -1
dfx) = (@ ~(bb v
@)= (L + 5 o

for any function f(X) where X = (x1, X2, X3, Uy, Uo, u3), @ = (uy, Uy, us, a,, az, az) and
b= ./2Cye diag(0, 0, 0, 1, 1, 1). Specifying the basis vectors as

e,=—, e;=cosfcosgi+coshsingj—sinbk, e,=—singi+cosgj, (2.6a—c)
r

where 6 = arccos(x3;/r) and ¢ = arctan(x,/x;) are the polar and azimuthal angles
respectively, we define the components of u in spherical polar coordinates as

uy=u-e, U =uU-€, U =U-€y, (2.7a—c)

where u is the longitudinal component and u, and u, are the transverse components.
Using (2.5), we can obtain a stochastic differential equation (SDE) for any function
of x. The SDEs for uj, u; and u are given by

dMH = aHdt + 2C08 dWH, (28)

dI/tL =a, dr + 2C08 dWL, (29)
and

dur = a- dt + +/2Cpe AW, (2.10)
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where
a-x u+u
aH=a-e,+u-é,=—+Q, (2.11)
r r
. M?_COSQ uuy
a, =a-e;‘+u-ey=a-ey;+ - — , (2.12)
rsinf r
and 0
uyu I U COS
a-=a-e,+u-éy=a-e; — = _ =2 , (2.13)

r rsin 6
with dW; =dW -e,, dW, =dW - e, and dW,. =dW . e,. We see that a, a, and a-
are equal to the component of a in the relevant direction plus a ‘metric’ term arising
from the curved coordinate system. The SDE for the absolute perpendicular velocity,

U, = \/m, is given by
du, = a, dt 4+ \/2Cpe dW,, (2.14)

where c
u—ux I3
a4 =a- wx/r 4 Goe iy (2.15)
u, u, r

and dW, =dW - (u — uyx/r)/u,. The SDEs for r, 0 and ¢ are simply dr = yu; dr,

d6 = (uy/r)dt and d¢ = (u-/r sin ) dt. Because of our assumption of isotropy, pg

depends only on u, u, and r and, to ensure a is consistent with our assumption of

isotropy, a; and a, must be chosen to depend only on u, u, and r. Thus, in isotropic

turbulence, equations (2.8), (2.14) and dr = u; dt are sufficient for determining the

relative dispersion statistics. In effect, the 3-D model has been reduced to a Q2D
model.

The Fokker—Planck equation corresponding to (2.8)—(2.10) and the equations for dr,

df and d¢ is

ap  Oowyp O /r)p O(u-/rsin@)p Odayp Oda,p da-p
ap ||p+(i/)p+(k/ )p+ P, dap  darp

=CoeV2p. (216
or ' ar 06 Py o, o, T o, CoEVule (210)

Here p is the density function of the distribution of all pairs in (r, 6, ¢, uy, u,, u-)-
space and equals r* sin O p(u, x, t), with r? sin  being the Jacobian of the
transformation between the two coordinate systems, while V2 denotes 92/ 8uﬁ +

8?/0u + 3*/du?. This can also be derived by transforming (2.2) to the new coordinate
system (Risken 1989, pp. 88-91). Note that, if we regard the (x|, xp, X3, Uy, U, u3)-
coordinate system as orthogonal, then the (r, 0, ¢, uy, u,, u)-coordinate system is non-
orthogonal. This is because if we consider a vector along a trajectory with either 6 or
¢ changing and with the remaining coordinates in the (r, 6, ¢, uy, u,, u;)-coordinate
system held constant (i.e. what one might call a vector in the 6 or ¢ direction), then
this vector has components in some of the (u, u,, us) directions as well as in the
(x1, x5, x3) directions (i.e. (uy, u, u3) changes along the trajectory). Hence we cannot
use results for orthogonal coordinate systems to make the transformation. As with
(2.2), the model should be such that (2.16) is satisfied by py = r* sin Opz. Because of
isotropy, pg has no dependence on 6 and ¢ (for fixed r, u, u; and u. ) and so, for
stationary turbulence, we obtain

oupg  urppcos®  dapg  0aipg L da, Dk

= CoeV,pp. 2.17
or rsiné ouy ouy ouy 0¢ VuPs @17
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It is convenient, in our new coordinate system, to follow the split a = a'V + a®
introduced above and to split g, a, and g into (i) terms proportional to C, which
balance the right-hand side of (2.17), (ii) metric terms arising from e,, €, and e,
and (iii) terms related to the conditional mean accelerations (the metric terms have
no equivalent in the Cartesian coordinate system used above), giving

a1 2 2
a; = Coe £ + U+ U +aj, (2.18)
au” r
9 In 2 cos 6
ay = Cop Pl L IEERT ML (2.19)
U rsin6 r
and
ol 0
a. = Cpe 0PE Milte ML EOST (2.20)

ouy r rsin@

Conceptually, in Cartesian coordinates, a is both the conditional mean acceleration
vector in the immediate future and the deterministic term in the SDE, with a®
corresponding to the conditional mean acceleration at the current time and a'" being
the difference between that and the conditional mean acceleration in the immediate
future. In the non-Cartesian coordinates, the conditional mean acceleration vector in
the immediate future and the deterministic term in the SDE are no longer equal, with
the metric terms reflecting this difference, and with the C, terms and (a]l, a,, a)
being the vectors a'V and a® re-expressed in terms of e,, e, and e.

Because of isotropy, pr and a must depend only on u, u, and r (as noted above).
Isotropy also implies that (d, a.) = (uy, u-).A" for some A" (since (uy, u-) defines
the only possible direction for (@', a)) with A" depending only on u, u, and r. We
note that A'=a,/u, where a, is the non-C, and non-metric part of a,. It follows that
a; and A’ should satisfy

Mﬁ—i a/—i—u—; ru —I—iu <A/—ﬂ>r2u =0 (2.21)
ar duy oy PPE u, r r PPE= '

(here r2uppE is the density function of the well-mixed distribution in (r, u, u,)-space).

Our approach to designing the model is to choose a form for p; and then select |
and A’ to be consistent with (2.21). We can choose either A’ or a]l and then calculate
the other quantity by integrating (2.21). We assume that pr is well behaved in the
sense of tending to zero sufficiently rapidly as u; or u, — oo and remaining bounded
as u, — 0. We also assume that the chosen value of a; (or of A’) gives zero fluxes
at infinite velocity (and, for A, across the boundary at u, = 0). However this also
needs to be true for the calculated quantities, that is, if @ is calculated, we require
that a)pg tends to zero at both uy = —o00 and u; = oo while, if A’ is calculated, we
require that uf,A/pE tends to zero at both u, =0 and u, = 0o. One of these limits can
be satisfied by adjusting the constant of integration, but satisfying both limits imposes
a restriction on the initial choice of A’ (or ay). A’ needs to satisfy

I 9 00 "
ar /oo uurzupPE duy + 8714[, /OO u, <A _ 7) r2uppE duy =0, (2.22)
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while a needs to satisfy

a [ [, w
3 /0 wyr*uppe du, + 871” /0 <a” + :) r*u,pe du, = 0. (2.23)

We note that the second of these constraints amounts to saying that the model must
satisfy the well-mixed condition for a Q1D model when averaged over u,.

2.2. The Eulerian p.d.f. pg and the model functions a; and A’

There is considerable freedom in designing the model, both in the choice of pp and
the choice of @ and A'. Although these choices could be based on experimental data,
as investigated by Sawford & Yeung (2010), our main aim here is to investigate the
usefulness of relatively simple idealised model formulations. We discuss a range of
idealisations, including cases where py is separable, either in terms of u; and u, or
in terms of uj, u; and u.; cases with Gaussian velocity distributions, either just for
u, and u or for uy, u; and wu-; cases where @, and g are quadratic functions of
velocity; and cases where the model reduces to a QID model. We then describe a
particular set of choices to be used for the model simulations presented below.
A natural simplification is to assume that pg is separable in u; and u, and can be
written as
pu” (MH)Pup (up)
2nu,

PE(MH, Wi, u) = (2.24)
A consequence of this assumption is that any dependence of the transverse and
longitudinal velocity components on each other that may exist in reality cannot be
taken into account. This cannot be an exact assumption because it implies that the
fixed-point moment (u“u;) is zero, while, in the inertial subrange, Kolmogorov’s

four-fifths law (uﬁ) = —(4/5)er combined with incompressibility implies otherwise
(Pagnini 2008, p. 365). In addition, evidence from DNS indicates that the p.d.f.
of u, conditional on u; depends strongly on u; (Sawford & Yeung 2010). These
results imply that pg(u) is not separable. However, we assume (2.24) in order
to make the model tractable; it will be of interest to see how well the model
performs despite this limitation. A consequence of this assumption is that because
(u - Du/Dt) = 3((u}) + (uyu;))/(2r) in the inertial subrange of turbulence (for both
reality and LSMs of the type considered here), our model cannot satisfy both the
four-fifths law and the result that in the inertial subrange (u - Du/Dt) = —2¢ (Mann,
Ott & Andersen 1999).

A further possible assumption is that the p.d.f. of (u,, u-) is separable with u; and
u- being independent:

Pu, (up) = 2nupptu (uj_)puk (”)—)- (225)

Because of isotropy and the circular symmetry of u;, and u-, a consequence of the
assumption that u;, and u- are independent is that p, and p, are Gaussian (e.g.
Papoulis 1991, p. 134). It is, of course, equivalent to assume directly that p, and
p.. are Gaussian. We denote the common variance of u; and u, by o?.

Even once py is specified, there is still a lot of freedom in choosing a; and A’. We
consider choices where the transverse terms @, and g are quadratic in the velocity
components. This implies A" is equal to u times a function of r i.e.

(@ ,a )=y, u)A =y, u)up(r) (2.26)
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(although, as for the Gaussian case, this still does not imply a unique model, with
¢ still to be determined). This choice is often made in models where pr is assumed
to be Gaussian (Thomson 1987; Borgas & Sawford 1994). It includes a broad class
of QID models (see discussion below), and is, when combined with the (i, u,)-
separability assumption, a convenient way of ensuring that (2.22) is satisfied. When
(2.26) is combined with the (u, u,)-separability assumption, equation (2.21) implies

/ u127 1 0 lnﬁup 0 1 0 111]3“/’ h / / /
aj=———— + = +20() +u, | ¢(r) — = / Uy Py () duy,
r Py ar or r oy, —o0
(2.27)

74
where p,, =p,,/2nu, and we have used the condition that the flux a;p, must tend to
zero as u; — —oo. Note that, if we had chosen a/| or g to contain a term which is
linear in the velocity components, then 4" would have a term which is a function of
r only, which would give rise to a term in g that increases rapidly as u; — oo with
the flux a;p,, not tending to zero in this limit. Also, because (', a) = (uy, u) A, it
is impossible to include a constant term in a’| or a_. We remark that, with the choice
(2.26) and with ajp,, — 0 as u; — —oo, the flux also tends to zero as u; — oco. If we
had chosen to assume a|p, — 0 as u; — oo, then the integral on the right-hand side

of (2.27) would be replaced by — fuT This is equivalent because p,, has mean zero.

In the case of Gaussian transverse velocity components, or equivalently with the
assumption of (u, u,, uy)-separability, equation (2.27) becomes

w1 AV ARA NN
a”:—7—p—u” 5+@+ ¢(7’—E§ 2—0? /m”pu(”u)d”u'

(2.28)
If we further assume that p, is Gaussian with variance CTHZ, equation (2.28) becomes

w2 [ o? — o2 do, (67 + uz) 1 do? u?

/ P L I I I I 1 2 4
=—— | +—— 4PN ———7= )0 |2——5]. (229
l r ( ai > dr o < ") 20i dr ) I oi ( )

In this case, the model of Thomson (1990) corresponds to

Gf—UHz_i_ 1 dof 1 doy N 1 do? (230)
20fr 20 dr 20y dr 207 dr’ '

P(r) =~

where the last equality is a consequence of incompressibility. This form of ¢(r) also
ensures that /| and g agree with Thomson (1990) regardless of whether the model
is Gaussian or not. We note that the form of ¢(r) that corresponds to the model of
Borgas (Sawford & Guest 1988; Borgas & Sawford 1994, equation (4.2a)) is given
by

oy L0l 1dy

ojr o) dr

For the (uy, u,, u-)-separable case, and also for the (u, u,)-separable case with the
restriction that the shape of p,, is independent of r, we note that, with the quadratic
assumption (2.26) and the choice

(2.31)

G(r) = —5 —= + -, (2.32)
o
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u? 1 a 2 “
ap=——"——(—+- / w0y () dy (2.33)
ro py \0r r oo

(from (2.28) or (2.27)). In the case where p,, is Gaussian, we then have

we have

a oy dn it 200 (234
I rdr o r '
(from (2.29)). It follows that, for these cases, a; does not depend on u,. In effect,
the separation process has become one-dimensional. Indeed, in this case the model
reduces to the Q1D model of Kurbanmuradov (1997, equations (3.1), (4.7) and (4.8)).
It can be shown that, provided pg is separable in u; and u,, then, for Q1D models, the
quadratic assumption (2.26) holds if and only if the shape of p,, (u,) is independent of
r, and in such cases (2.32) is satisfied. The Q1D model is known to overestimate the
growth rate of an ensemble of particle pairs in the inertial subrange of homogeneous
isotropic turbulence (Kurbanmuradov 1997; Sawford & Yeung 2010; Devenish &
Thomson 2011) and, along with the limitations of QID models discussed in §1,
suggests (2.32) is not an appropriate choice for formulating quantitatively realistic
LSMs.
We note that, for models based on (2.25) and (2.26) in the classical self-similar

inertial subrange, we have ¢(r) = ¢ /r for some constant ¢ Together with p,, and C,

the value of ¢ characterises the model and is equal to —1/3, 1/6 and 4/3 for the
Borgas, Thomson and Q1D models respectively.

2.3. Model formulation

We now describe the model configuration chosen for our numerical simulations. We
assume (uy, uy, w-)-separability of pr with the quadratic assumption (2.26) and we
choose ¢(r) to take the form given in (2.30) so that the non-Gaussian model reduces
to that of Thomson (1990) in the case that p, is Gaussian. This avoids the Q1D
assumption and allows us to include the important skewness in the longitudinal
velocity distribution, while providing a modelling framework without too many
remaining degrees of freedom (p,, remains to be specified). The (u, u,)-separability
of pg is probably the weakest assumption here as this is known not to be exact.

The approach we follow in constructing an analytical form for p,, is that developed
for modelling single-particle dispersion in the convective atmospheric boundary layer.
For the convective atmospheric boundary layer the p.d.f. is positively skewed, i.e.
there is a relatively low probability of strong updraughts versus a high probability
of weak downdraughts, while for our application p,, is negatively skewed. Following
Baerentsen & Berkowicz (1984), Luhar & Britter (1989) and Hudson & Thomson
(1994) we superimpose two Gaussian distributions

(uy — ;)
u - 5 235
Py Z ,/znauu, exp < 202, > (2.35)

where A;, 0,,; and u; are as yet unspecified functions of r. In order to determine these
unknowns and to construct a p.d.f. that gives the correct first three moments, p,, must
satisfy

/ duy pu, (u)) =1, (2.36)

[e.¢]
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/ duyuy pu, () =0, (2.37)

/ duya; pu, () = o (2.38)
and N

/ dM” uﬁpuu (M”) = m39 (239)

where mj is the third moment of ;. This method is simply a way of fixing the first
three moments and is not expected to be accurate for higher-order moments.
With p,, (u)) given by (2.35), (2.28) becomes

a/\\puu = T Dy
w1 d4A, w 1 do,; wy Ao,
14 i I uji I i/ ©Cuyi
_r o4 ) = i
" Z { [Gﬁr " A; dr " Tt " oy dr " Oyi dr
u —ﬁi
O—uuiAig ()
O—uHi
u,2,+1dAi+1dﬁ”,-+ 50) 1 do? 5 )
[ O T _ — L __P
rot A, dr  wy dr 207 dr o?

X TijA D <H>} (2.40)
li4 % o El .
qu

where G is the p.d.f. of the normal distribution with unit variance and @ (x) = (1 +
erf(x/~/2))/2 is the corresponding cumulative distribution function. Note that the term
of the form 1 + erf on the right-hand side of (2.40) would become —1 + erf if the
integral on the right-hand side of (2.28) were replaced by — fuT This is equivalent

because of (2.37). The term can also of course be written simply as erf. The use of
these different expressions in combination with asymptotic expansions of 1 + erf and
—1 +erf can be useful to get good numerical behaviour as u; — £00. As a check we
note this reduces to the Gaussian result (2.29) when we make p,, Gaussian by putting
ﬁ”i =0 and Oyl = Oyy2-

As is appropriate for the inertial subrange of 3-D (incompressible) turbulence we
take o = C(er)*? and o} = (4/3)0 (e.g. Pope 2000, p. 193) with C, the Kolmogorov
constant, equal to 2 (e.g. Ishihara, Gotoh & Kaneda 2009). The third-order moment
follows Kolmogorov’s four-fifths law m; = —(4/5)er (e.g. Pope 2000, p. 204). It is
also assumed, following Baerentsen & Berkowicz (1984) and Luhar & Britter (1989),
that %, = o,,, and % = —0,;. Analytical forms of A; and o,; can then be found by
substituting (2.35) into (2.36)—(2.39) and solving for A; and o,,;. This gives

Oy 2 Oyl y 1 )/2 Y
A zi‘ls A :7”, Oyt =0y2+—, Oyp2=3 7+4ﬁ_7 ,
! Oy + Oyy2 : Oy =+ Oup2 i 12 ,3 12 ) 182 IB

2.41a—d)

where
ﬁ — %C(E}’)Zﬁ, y = —ésr. (2.42a,b)
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3. Forwards dispersion model

The equations to be solved are

2
dInp,
duy = al dr+ = di + Coe de dt 4+ \/2Coe AW, 3.1)

where a| is given by (2.40), with ¢(r) given by (2.30), and

1
du, = ¢(ryuyu, dr — M dt + Coe ( — > dt + \/2Coe dW,,. (3.2)
u, o}
DNS results suggest 5 < Cy <7 (e.g. Yeung 2002; Sawford & Yeung 2011). An Euler—

Maruyama method is used to integrate the equations numerically. The time step is
chosen adaptively according to

. Cr2/3 203 r r C1/2p13g1/3 /RCT3r13¢1/3
At=min |C, , G , C3—, C4—, Cs , Cs /
C081/3 C1/281/3 |MH| l/tp |aH| |a,,|

(3.3)
The choice of time step comes from the following considerations (Ax here indicates
the change in a quantity x over At with Ar meaning distance travelled, not necessarily
in the radial direction). For large Cy, the eddy decorrelation time scale, t(r), can be
defined precisely and is of order o}}/Cos ~ Cr**/Coe'? (Thomson 1987; Sawford
2006). For the change in u;, due to the C, terms to be adequately resolved, i.e.
Auy, < oy, we require At << T and hence At << Cr*?/Cye'/?. We also require Ar/r~
oyAt/r ~ C?e'3At/r** « 1. The third and fourth terms on the right-hand side of
(3.3) come from similar considerations but using the actual velocity rather than the
velocity scale, with Ar~ |uy|At or Ar~u,At. We also require Auy < oy. Thus, since
the change in u; due to g is Au; ~ a;At, we obtain the fifth term on the right-hand

side of (3.3). Similarly, we require Au, < V20, which gives rise to the final term
on the right-hand side of (3.3). We find that C; = C, = C3 = C4 = Cs = Cs = 1072
produces adequate results including higher-order statistics such as the skewness and
kurtosis of r. The initial value of u; is chosen from the distribution (2.35) and the
initial value of u, is chosen to be the square root of the sum of the squares of
two independent Gaussian random variables with zero mean and variance o,. Model
statistics are computed with 10° pairs.

The mean conditional longitudinal acceleration, (du/dt|uy, u,; r) = aj + uf,/r, is
shown in figure 1 for both the non-Gaussian form of p,, (1)), given by (2.35), and the
Gaussian form of p, (u). Note that, as in Sawford & Yeung (2010), we do not include
the first term (proportional to Cy) on the right-hand side of (2.18) in the calculation
of (duy/dt|uy, u,; r) but we do include the metric term. Figure 1(b) clearly shows the
impact of superposing two Gaussian distributions to allow for non-zero skewness (see
(2.35)-(2.39)).

Once the initial separation, ry, is forgotten, the mean-square separation, (r?), is
expected to grow like (r*) = get® where g is a constant. The value of g is much
sought after: both DNS and experimental values are subject to considerable uncertainty
due largely to the lack of a sufficiently long inertial subrange. To date, g~ 0.5 is often
taken to be the best available estimate (e.g. Salazar & Collins 2009, and references
therein). Figure 2 shows results from the Gaussian and non-Gaussian versions of
the model for Cy = 6. We see that the effect of non-zero skewness in the Eulerian
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FIGURE 1. The mean longitudinal acceleration conditional on u; and u,,
t()du”(éd;[sb;”, Up; r)/(a”z/r): (@) Gaussian p, (u)); (b) non-Gaussian p, (1)) as given
y (2.35).
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107! 10° 10! 10? 10° 10*
UGS

FIGURE 2. The evolution of the mean-square separation, (r?), compensated by &f* for
Cy = 6: non-Gaussian forwards model (red solid line); non-Gaussian backwards model
(blue dashed line); Gaussian model (green dotted line). The horizontal black lines are the
values of g for each model: 0.425, 1.25 and 1.075 respectively.

velocity distribution is to reduce the value of g by approximately a factor of two.
(Figure 2 also shows results of the backwards dispersion model which are discussed
below.)

The skewness of r, Sk, = ((r — 7)3)/((r — 7)*)** where 7 is the mean separation,

and the normalised third-order moment of r, (r3) = (*)/(r*)¥/?, are shown in figure 3.
Since r can never decrease below zero, in both the Gaussian and non-Gaussian
cases the p.d.f. of r becomes positively skewed. In addition, in the non-Gaussian
case there is an increased probability of particles moving towards each other
with large velocities (compared with the Gaussian case). Hence, the skewness is
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FIGURE 3. As figure 2 but for the fe\\iolution of (a) the skewness of r, Sk., and (b)

the normalised third-order moment, (r3). The horizontal black lines in (a) are Sk, =
+(4/5)/C3? ~ +0.28.
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FIGURE 4. As figure 2 but for the evolution of (a) the klir\t_qsis of r, Ku,, and (b) the
normalised fourth-order moment, (r*).

reduced in the non-Gaussian case. Figure 4 shows the evolution of the kurtosis
of r, Ku, = ((r — »H/{(r — 7)? ) , and the normahsed fourth-order moment of r,

() = () /())2. As with Sk, and (%), Ku, and (r*) are reduced for the non-Gaussian
model relative to the Gaussian case.

4. Backwards dispersion model

Turbulent mixing occurs when material from two different locations, with different
scalar concentrations, comes together by means of turbulent fluctuations. The
coalescence of their trajectories can be regarded, with time reversed, as the dispersion
at earlier times of a pair of particles whose position is known at some later time.
This is known as backwards dispersion and has been extensively studied (Thomson
1987, 1990; Sawford, Yeung & Borgas 2005; Berg et al. 2006; Sawford & Yeung
2010; Buaria, Sawford & Yeung 2015; Bragg, Ireland & Collins 2016).

Corresponding to the forwards model, equation (2.1), is an equivalent backwards
dispersion model. Backwards dispersion is most easily considered in terms of 7= —¢
and # = —u so that 7 increases as we go back in time. By considering a well-mixed
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ensemble of trajectories, the forwards dispersion model, as well as having a forward
transition density, gives rise to a certain backward transition density. For the two
models to be equivalent, Thomson (1987) showed that the forward transition density
of the backwards model, with 7 increasing, must equal the backward transition density
of the forwards model. It can then be shown (Thomson 1987) that the drift term in
the backwards model takes the form

g Ta ta (4.1)

for i=1,2,3 or i =||, L, . The terms on the right-hand side are all evaluated at
(x, —it, —1). The coefficient of the Wiener process remains unchanged. The equation
for u, can be determined by considering the expressions for a, and a, and then
deriving the equation for u, afresh. For our model the equation for u, is unchanged
in form from (3.2) but with u; and ¢ replaced by i, and 7. Note this is not correct in
general, for example it is not true unless A’ is an odd function of u.

As in § 3 we confine our initial presentation and discussion of the model to results
with Cy = 6. Figure 2 shows the compensated mean-square separation for both the
backwards and forwards models with Cy =6. We see that, as expected, the value of
Richardson’s constant calculated from the backwards model, indicated by the subscript
b, is larger than that calculated from the forwards model, indicated by a subscript f.
The ratio of the two constants, g,/gr ~ 2.9, is consistent with previous experimental
and numerical results (Berg et al. 2006; Sawford & Yeung 2010; Buaria et al. 2015;
Bragg et al. 2016).

In the forwards dispersion model, the negative skewness of p, () means that
there is a greater chance of particles moving towards each other with large velocities
compared with the backwards model in which the skewness of p, (1) is positive.
Similarly there is a higher probability of particles separating with large velocities in
the backwards model compared with the forwards model. It seems intuitively likely
that this will lead to the rate of separation being larger in the backwards model
compared with the forwards model, as is observed.

Figures 3 and 4 show Sk,, Ku,, (r*) and (r*). The kurtosis of the backwards model

is/vvery similar to that of the forwards model for all times. However, Sk,, {r?) and

(r*) are larger for the backwards model than for the forwards model. This is perhaps
expected because of the larger mean-square separation in the backwards model. The
value of the 3-D separation p.d.f., p,.(r) = p,(r)/4mr?, at r =0 must, for initially close
particles, be the same for the forwards and backwards models (Egbert & Baker 1984)
and so the larger mean-square separation in the backwards model implies the p.d.f.
must be more peaked at the origin (relative to 1/(r*)*/?). While there is no exact

connection between the ‘peakiness’ at the origin and the quantities Sk,, Ku,, (r3) and
(r*), it is likely that an increase in the ‘peakiness’ at the origin will be reflected in

an increase in the latter quantities (especially for (r3) and (r*)). Of course one can
also present this argument in reverse as a reason why g, is larger than g;. Because
the skewness is likely to be higher for the backwards model (this is certainly true for

Sk, at small times and this probably influences later values of Sk, and (r3)), then,
to maintain the same value for the p.d.f. at the origin, g, is likely to be larger than
gr. The equality of the forwards and backwards p.d.f.s at the origin in the model is
demonstrated in figure 5.
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FIGURE 5. The p.d.f., p,(r), for Cy =06 for both the forwards (dashed) and backwards
(solid) models at r=340r;" /&' where r* =g"/%/2,

Another explanation for the differences between g, and g, was provided by Berg
et al. (2006) who considered the eigenvalues of the strain-rate tensor and argued that
the difference between g, and g, arose because the magnitude of the mean most
negative eigenvalue (Aj) is larger than that of the mean most positive eigenvalue (A;).
They also commented that the behaviour of the eigenvalues is similar for the coarse-
grained strain-rate tensor which is what two separated particles would ‘see’. They
argued that g,/g; could be estimated as ({Az)/(A 1))? and, from their experimental
results, they estimated the latter quantity to be 1.75. However, Berg et al. (2006)
caution against using this ratio as an accurate value of the ratio g,/g; since it is well
known that the material line elements are not aligned with the largest eigenvalue and
also that the stretching of material lines is not exactly self-similar.

5. Variation with Cj

In this section we investigate the variation of the model properties with C,. We start
by considering some theoretical results for large and small C, before discussing the
numerical results. For large C;, we expect that the model should reduce to a diffusion
equation while for small Cy the particle motions should be more ballistic.

5.1. Analytical results for large C

Following the empirical studies of Richardson (1926), Obukhov (1941) proposed that
the relative dispersion of a pair of particles be governed by an eddy diffusivity, K, of
the form K(r) = koe'/*r*3. We expect this to be valid for large Cy. When the initial
separation is small, i.e. it can effectively be taken as zero, then it can be shown (e.g.
Monin & Yaglom 1975, p. 574) that the p.d.f. of the separation distance, r, is given
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where arz =)= (1144/81)k38t3. The values of the skewness and kurtosis are Sk, =

1.70 and Ku,=7.81 respectively. The values of the normalised third and fourth-order
moments are (r3) =1.70 and (r*) =3.77 respectively. Note that the values of Sk, and

(r3) are not identical but differ by less than 0.003.
When the initial separation is finite, the p.d.f. takes the form

9(rry)'/?
I , 5.2
72 <2k081/3t (5.2)

by

352 o(y2/3 2/3

— - ¢X
2mtkoe!3t(rry)’/0 4koe! 3t

where I,(x) is the modified Bessel function of order v. This problem takes the same
mathematical form as the 2-D steady diffusion problem for an elevated point source
with a horizontal mean wind and vertical eddy diffusivity which are both power law
functions of height (e.g. Thomson & Devenish 2003; Monin & Yaglom 1971, p. 661).
Although this expression is derived using a scalar K, it can be shown that the diffusion
equation for a tensor K; reduces to the diffusion equation with scalar K in the case
of spherically symmetric solutions, provided that the scalar K is interpreted as the
longitudinal diffusivity. The second moment of the p.d.f. given by (5.2) takes the form

ras/p2) /(4. \° 9r? 159 97
2y L L8/ 7)o S Ny S (PP N 53
") ="Tw02) (9 ") P T ke | T 27 2 dhge 5-3)

where I'(x) is the gamma function and |F,(a; b; x) is the confluent hypergeometric
function (or Kummer) function. At small times, it can be shown that the second
moment becomes
4/3
(r?) = rg = Lkoe'Pry’t = LK (o). (5.4)

If 9K;j(r)/dr;=0 (which is needed to ensure (r) =ry) then (26/3)K can be interpreted
as 2K,‘,‘.

A quantitative expression for the diffusivity can be derived from the LSM in the
limit of large Cy. Following (Thomson 1987, p. 541), we have that

Kij=— / u;p,,&i du;, Ki;éj =0, (5.5a,b)
where g; is a solution of
0 0
COS P8 = Uipy,- (56)
81/[,‘ 8ui

Here pr is assumed separable as in (2.24) and (2.25), there is no implied summation
over i, and i €{||, L, F}. Integration by parts of (5.5a) leads to

1 © g’
Ki=— — du;, (5.7)
COS —00 pui
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uj

where ¢; = f_oo u;p,,(u;) du; follows from (5.6). In the longitudinal direction with
Gaussian p,, we get K;;, = (C*/Co)e'/*r*?. For the non-Gaussian form of p,, given
by (2.35) it can be shown that

2 . . 2
o0 Z Uy — uy; — up — uy;
1 { [_Aiamg < Ol ) T ARE < Ol ﬂ }

_ i=1
C()E

2 —
Ai uy — Uu);
. § : G < l l )
UM“i O—Hl

As with (2.40) above, @(x) can be written as erf(x/ «/i) /2 as a result of cancellation.
Numerical integration of the integral on the right-hand side gives K;; = (4.20/Cy)e!/?
r*3 with C=2, a 5% increase over the Gaussian case.

LL

5.2. Analytical results for Co =0

We now consider the opposite extreme, namely the ballistic limit C, = 0. We
emphasise that we do not expect this limit to be physically realistic and, indeed,
we will identify some unphysical aspects below. However understanding this limit
is useful for understanding how the behaviour of the model varies with C;. When
Co=0 and p,, («)) is Gaussian, the model given by (3.1) and (3.2) becomes

d wo Tu> du, 5
(I;t” =37” 81 s c’l/tt[ =—6—u||up (Sgaab)
r r r

Since uy =dr/dt it follows from (5.9b) that u, ocr~>/®. On substituting this into (5.9a),
and noting that duj/dt = uydu/dr, it is straightforward to show that

3 P\ 3 r\ 2
2 2 2 2
U= <”o + 4up0> (,,()) 2t (i’o) ) (5.10)

where a subscript ‘0’ indicates the initial value. This is like motion in a potential:
r may decrease initially but will eventually increase with u; returning to its initial
value but with opposite sign when r returns to ry. Once r > ry, the second term on
the right-hand side can be neglected and it can be shown that

12 3/2
——1 72 2 —i—f3 2 (t+o0¢) (5.11)
= u u c , .
A7\ 3 107 2 ¥p0

where ¢ is a constant of integration reflecting the particle behaviour before r>> ry. At
large times ¢ will be unimportant and we have

3/4
I By 2\ 32
W( norz/gt 50 (3[) , (5.12)
0

although some particles will take much longer than others to reach this regime. The
moments and p.d.f. of r at large times can be derived from (5.12) using the fact that
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(uﬁ0 +@3 /4)u1270) / r(z)/ ? is the sum of the squares of three independent Gaussian random
variables with mean zero and variance Cs??. We then get

8 3n/4
"y = <9C82/3t2> ﬁr(s/z +3n/4) (5.13)
and i3
Imr 9r*’> /4
0= G = (2t 1D

although we only expect p, to be valid for r > ry. We note that (5.14) implies that
pr(r)/r* — oo as r— 0 which seems somewhat unsatisfactory. The values of Sk, and

Ku, are respectively 1.05 and 4.44; the values of (r3) and (r4) are respectively 1.48
and 2.58.

It is possible to repeat parts of the above analysis for other models which differ
only in the value of q@ in order to investigate their behaviour as Cy, — 0. For the
Borgas model (2.31) with Gaussian p,,, each trajectory remains bounded for Co =0,
suggesting that g — 0 as Cy — 0, consistent with Borgas & Sawford (1994, figure
9). In contrast, for the QID model (2.32) with Gaussian p, , the trajectories have a
logarithmic correction factor with (5.12) replaced by

3/4
HO 14 2/3 2 i
re 2/3 + — 3 —Cs¢ log gt , (5.15)

suggesting g — oo as Cy — 0, consistent with Kurbanmuradov (1997, figure 1). These
differing behaviours as Cy — 0 exemplify contrasting intuitive views of the role of
Cy in relative dispersion, namely the view that larger velocity correlation times tend
to increase the diffusivity and hence the separation rate (a fairly standard diffusivity
scaling argument), and the view that velocities have to change in order for particles
to separate rapidly (as used for example in the argument of Novikov which is given
by Monin & Yaglom (1975, p. 547)).

Although completing a similar analysis for our non-Gaussian model seems
intractable, it is possible to obtain a result analogous to (5.10). This can be expressed
as conservation of .

by, ) u;;’p;“ () duy’ (5.16)

along trajectories, with * indicating scaled quantities (i.e. uj = u/oy, u, = u,/o,,
Pl up) = oypu (wy), P () = 0ipy, W) = 0tp,,(u,)/2nu, = exp(~u;?/2)/2n) and
u; = u;’;o(r/ro)’7/6. As r increases, u; decreases and u) needs to increase to maintain
conservation. Equation (5.10) can be derived from this result for the special case of
Gaussian p,, by taking the log of the conserved quantity. Again similar results are
obtainable for the Borgas and Q1D models, with similar conclusions to those for the
Gaussian case above.

It is interesting to note that the relative velocity of separating particles at separation
r tends to be larger than a typical velocity selected from the Eulerian distribution of
u at that r. This is clearest if we consider Q1D models: here we have deterministic
paths in (r, u))-space (because we are considering Cy =0) and a sketch of the possible
trajectories, consistent with the well-mixed condition, shows that the pairs with small
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FIGURE 6. The variation of g for different values of C, for the non-Gaussian forwards
model (red +), the non-Gaussian backwards model (blue %) and the Gaussian model
(green x). The solid black line is g = 1144k;/81 where ko takes the value 4.20/C,
appropriate to our non-Gaussian model. The dashed black line is g =2C,.

initial separation must end up in the extreme positive tail of the distribution and have
uy > oy. This is less clear for our 3-D model where the separating velocities are not
much larger than 0. However because of the effect of u, in (5.10) and (5.16), the
distribution of velocities will still be skewed towards the positive tail of p, . The effect
is reversed in the Borgas model, with u; becoming zero and then negative, associated
with the boundedness of the trajectories.

5.3. Variation of Richardson’s constant with C,

Figure 6 shows the values of g calculated from the non-Gaussian forwards and
backwards models and from the Gaussian model for different values of C,. Also
shown in figure 6 is the diffusion-equation result g = 1144k;/81 (Monin & Yaglom
1975, p. 574) where ky = 4.20/C, as derived above. It can be seen that, for all
three LSMs, g decreases with increasing C, with g reaching its diffusive value
for sufficiently large C, (see also Kurbanmuradov 1997). The value of g from the
non-Gaussian backwards model is consistently larger than that for the non-Gaussian
forwards model though they both approach the same asymptote for large C,. For
Co =0 we believe this is explained by the tendency, identified above, for the particle
velocities to be skewed towards the positive tail of p, , with this tail being longer for
the backwards model. This process remains active for non-zero Cy unless C; is very
large, when the short velocity memory time scale causes the forwards and backwards
values to become equal in agreement with the analysis of §5.1.

If one assumes that the two-particle acceleration covariance is negligible in the
inertial subrange, then it can be shown that g = 2C, (Monin & Yaglom 1975, p.
547). This is unlikely to be the case for real turbulence. Nevertheless it serves as
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FIGURE 7. The evolution of (r* —r2) for different values of Cy (top to bottom): Co =0
(black dotted); Cy =1 (green dot-dashed); Cy =6 (red solid); Cy =20 (cyan long-dashed);
Co =50 (magenta short-dashed); Cy =100 (blue solid). The straight lines are proportional
to ¢, > and £ as shown in the figure.

an upper bound on the value of g (Thomson 1990, appendix B). The mean-square
distance between a particle and the position it would have if it followed a straight line
trajectory is Coet’ while the mean-square distance between a particle and the centroid
of the set of particles released close to the particle is (g/2)et>. The former is equal
to the latter plus the mean-square displacement of the centroid from the straight line
trajectory and so g < 2C, with equality being implausible.

Figure 6 shows that, at C; = 0, our model has a value of g which is greater
than zero. This exceeds the limit 2C, and so implies that the model is behaving
unphysically. For the Gaussian case, the value of g from the simulations agrees well
with the theoretical value (8C/9)*?4/m!'/? (~ 5.35 for C = 2) derived from (5.13).
We note that, as may be expected from the discussion in §5.2, g calculated from
the Borgas model lies within the bound (see Borgas & Sawford 1994, figure 9) but
g calculated from the QID model does not (see Kurbanmuradov 1997, figure 1).
However it is not clear that it is advantageous for a model to respect the condition
g < 2C, for all Cy when small values of C, are themselves unphysical.

5.4. Variation of moments of r with C,

Figure 7 shows the evolution of (r?) calculated from the non-Gaussian forwards model
for different values of Cy: once the particles are no longer in the ballistic regime, the
linear behaviour predicted by (5.4) can be observed for sufficiently large C,. Similar
results can be obtained from the non-Gaussian backwards and Gaussian models.
Figure 8 shows the variation with Cy of Sk,, Ku,, (r*) and (r*) calculated from the
non-Gaussian forwards and backwards models along with the Gaussian model. It can
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FIGURE 8. The variation with C, of the skewness, kurtosis and normalised third- and
fourth-order moments. In each panel the non-Gaussian forwards model is indicated by
a red solid line (+), the backwards model by a dashed blue line (x) and the Gaussian
model by a dotted green line (x). Simulations with Cy > 100 were performed with a
larger time step i.e. C;=C,=C3=Cy=Cs=Cs=10"" in (3.3). The horizontal lines are
the appropriate values of the skewness, kurtosis and normalised third- and fourth-order

moments derived from (5.1): Sk, = 1.70, (r3) = 1.70, Ku, = 7.81 and (r*) =3.77. The
equivalent values from a distribution with shape r* exp(—r?) are Sk, =0.49, (r3) =1.23,

Ku, =3.11 and (r*) = 1.67. The crosses on the vertical axes represent the appropriate
value of the statistics for Co =0 as derived from (5.13).

be seen that for Cy =0 the Gaussian model agrees well with the values derived from
(5.13). It can also be seen that all three models tend towards the diffusive limit as
Cy increases: the Gaussian model tends to the appropriate values faster than the non-
Gaussian forwards model while the non-Gaussian backwards model overshoots before
it approaches the large-C, asymptote. The slower convergence of the non-Gaussian
model in the limit of large C, was also noted by Sawford er al. (2005) for Q1D
models. For Cy > 100 we employed a larger time step to reduce the computational
cost. It is most likely that the slight discrepancy between the analytical and numerical
values for the Gaussian model for Cy > 100 is due to the larger time step; tests for
Co = 200 with a smaller time step confirm this. For very large C, there is some
indication that the non-Gaussian forwards model may oscillate as it approaches the
asymptote (but computational costs prevent us from exploring this behaviour for still
larger values of Cy). It is not clear why the variation with Cy is non-monotonic for the
non-Gaussian model. We note that Sk, and Ku,, for both the forwards and backwards

models, and (/r’v) and (r*), for the forwards model only, reach minima close to values
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of Cy typically found in homogeneous isotropic turbulence. Moreover, these values are
closer to the values expected for a distribution with shape r*exp(—r?*), which describes
the p.d.f. of r once the particles have decorrelated, than either the equivalent values
for the Gaussian model or the values derived from (5.1).

5.5. Variation of the p.d.f. of r with C

The p.d.f. of the pair separation is shown in figure 9 for the non-Gaussian and
Gaussian models. For realistic values of C,, the p.d.f. of all three models is less
peaked than the diffusive p.d.f. given by (5.1), with the Gaussian model closer to
(5.1) than the non-Gaussian models, which is consistent with figure 8. Only once
Cy becomes sufficiently large do the models agree well with (5.1): figure 9 clearly
shows that as C; increases the Gaussian model tends more rapidly to the form given
by (5.1) than the non-Gaussian forwards model which is consistent with the results in
figure 8. It is also evident that the non-Gaussian backwards model approaches (5.1)
more rapidly than the forwards model.

The form of p, in (5.14) is confirmed in figure 10, including the somewhat
unsatisfactory blow up of p,(r)/r* as r — 0 (at least for r > ry). Similar behaviour
of p, is observed in the non-Gaussian model for Cy =0. The singularity is however
absent for C, > 0.

6. Numerical form of p, (u))

While the non-Gaussian p.d.f. of u; constructed in §2.2 has the correct third-order
moment, it does not exhibit the long tails typically found for p, (u;) from a DNS of
homogeneous isotropic turbulence (e.g. Sawford & Yeung 2010). The question remains
then as to what effect a more realistic form of p, (u;) would have on the value of
Richardson’s constant and the relative dispersion process in general.

One possibility for generating a more realistic p.d.f. is to extend the approach
of §2.2 to include information on moments higher than order three. For example,
the assumption that % = +o0,,; could be relaxed. With u; = o,0,,, the values of a;
and «, could be determined from the extra information provided by higher-order
moments. More specifically, we could let oy = —a, = «, say, and specify the
fourth-order moment of p,, («). However, it transpires that simple analytical forms of
A, 0, (i=1,2) and o are not possible and these unknowns have to be determined
numerically with multiple solutions possible. Alternative analytic forms such as the
tri-Gaussian formulation of Kurbanmuradov (1997) are also possible and may be
more tractable.

Another approach is to specify the whole p.d.f. rather than a finite number of
moments. Although no analytical form of p, () is available that matches the typical
DNS form of p, (u;), it is available numerically. In this section then we consider the
same model as that presented above but with the analytical form of p, () replaced
with a numerical form extracted from the DNS data of Sawford & Yeung (2010).
Since we now have a finite inertial subrange, rather than making a self-similarity
assumption, p,, (u) is specified as a function of both u; and r with values interpolated
as appropriate. This model differs from the model presented by Sawford & Yeung
(2010) in that we continue to assume the decomposition (2.24) and (2.25) and that
pu, (uy) and p, (u-) are Gaussian, and we derive the conditional mean accelerations
using (2.26) and (2.28); the Q2D model of Sawford & Yeung (2010) uses numerical
forms for the joint p.d.f. of u; and u, and for the conditional mean accelerations. As
with the analytical model of §§ 3 and 4, we choose ¢(r) as given by (2.30) so that the
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FIGURE 9. The p.d.f., p,/,,(r/o,), for (a) the non-Gaussian forwards model, (b) the non-
Gaussian backwards model and (c) the Gaussian model for different values of C, at t =
3501 /e'/3: Cy =0 (orange A); Co =1 (red +); Co =6 (green x); Co = 10 (blue *);
Co =50 (magenta 0); Co =100 (cyan m). Equation (5.1) is indicated by a black line.

model reduces to that of (Thomson 1990) in the Gaussian limit. With p,, () specified
numerically, the integral and derivative in (2.28) are also determined numerically. The
other terms in the SDE for u; remain as in (3.1); the equation for u, is given by
(3.2). Numerical forms of o and o, taken from the DNS data of Sawford & Yeung
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FIGURE 10. The p.d.f., p,(r), for Co=0 at t=350r;"/¢'* where r* =¢'/%*/: the non-
Gaussian forwards model (red +), the non-Gaussian backwards model (blue *) and the
Gaussian model (green x). The solid black line is (5.14).

(2010) are also used (with values interpolated in r as appropriate). Because the DNS
form of p, () is affected by separations in the viscous dissipation range, in the

numerical integration of the SDEs we replace Cye by Coe[l — exp(—ur/(n+/Co))]*
as was done by Sawford & Yeung (2010). In this expression 7 is the Kolmogorov
length scale and p is a tuneable parameter whose value is taken to be 4 (Sawford
& Yeung 2010). As stated by Sawford & Yeung (2010), this correction to Cye has
no effect on the motion of particles in the inertial subrange but prevents spurious
effects for small r/n. Throughout this section we use Cy=6. We consider four values
of the initial separation and use a smaller time step than in §§3 and 4: time-step
sensitivity tests suggested C; = C, = C3 = C; = Cs = Cs =107 in (3.3) for ry/n =28
and 70/77 =16 and C[ = C2 = C3 = C4 = C5 = C6 = 10_6 for 7'0/7] =2 and ro/n =4.
Computational expense limited the number of pairs to 10*. The Taylor-scale Reynolds
number associated with the DNS data of Sawford & Yeung (2010) that we use here
is R; =390.

Figure 11 shows the mean conditional longitudinal acceleration (defined and
calculated in the same way as in §3 but with p, («)), o} and o, defined as described
above). Compared with figure 1(b), it has a more peaked profile at u /o, = 0. It
is also more peaked when compared with the purely DNS generated values of
(duy/dt|uy, u,; r) shown in figure 4 of Sawford & Yeung (2010). Since we are using
the same data to determine the p.d.f. of u;, the differences must arise from the
relationship that we assume here between (duw/df|uy, u,; r) and p, , namely (2.28)
with (2.30). It is notable that the values of (du/dt|uy, u,; r)/(crHZ/r) shown in figure 11
are significantly larger than those shown in figure 4 of Sawford & Yeung (2010); the
reasons for this are not clear.

Figure 12 shows the mean-square separation for the four different values of ry. It
is disappointing that the curves do not collapse into a single curve but the limited
inertial subrange of the DNS is the most likely explanation for this behaviour; indeed,
Sawford & Yeung (2010) present a similar plot to figure 12(b) (for their Q1D model
rather than their Q2D model) in which the curves also do not collapse. The curve with
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FIGURE 11. The mean longitudinal acceleration conditional on u; and
(duy /dtluy, uy; r)/(o /r), for r/n = 64 calculated from (2.28) with (2.30) using the
DNS p.d.f. of yu.

ro/n =4 appears to be beginning to follow a 7 scaling giving g, ~0.8; the curve with
ro/n =2 also shows scaling close to #* but with g, ~0.38. For comparison, Sawford &
Yeung (2010) obtain a value of g, = 0.4 with their Q2D model for the same value of
R,. At small 7 there is a period when the growth of (r? —r?) is slower than quadratic
in t. This could be a sign of an incipient regime proportional to ¢ as in figure 7.

The results for the equivalent backwards dispersion model are presented in figure 13.
Compared with figure 12, (r?) increases more rapidly in the nascent #* regime (where
the growth is actually more rapid than £3); similar differences were observed for DNS
by Buaria et al. (2015, see figure 2) and Sawford et al. (2005, see figure 4). As in
figure 12, the curves with ry/n =4 and ry/n =2 show some indication of a nascent
inertial subrange with #* scaling (though again disappointingly not at the same value of
r*/et® as each other). The values of g, for these two curves are respectively 2.85 and
1; For reference, Sawford & Yeung (2010) obtain a value of g, =2 with their Q2D
model for the same value of R,. Compared with the forwards model (see figure 12b),
there is less indication of a period of slower than quadratic growth at small ¢ in the
backwards case.

The ratio g,/g; is shown in figure 14 and shows that, for ro/n=4 and ry/n =2, it
is approximately 3. This is consistent with the analytical model presented above and
with previous results (Berg et al. 2006; Sawford & Yeung 2010; Buaria et al. 2015;
Bragg et al. 2016). The variation of this ratio with 7y is similar to that found by Bragg
et al. (2016, see figure 1).
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FIGURE 12. The mean-square separation (a) and its compensated form (b) using the form
of p, (u;) extracted from the DNS data of Sawford & Yeung (2010): ry/n =2 (solid);
ro/n =4 (dashed); ro/n =38 (dotted); ro/n =16 (dot-dashed). The Kolmogorov time scale
is indicated by t,.

7. Conclusions

A non-Gaussian two-particle LSM has been developed that includes the effect
of non-zero skewness in the longitudinal relative velocity distribution. This has
been achieved by requiring the Eulerian p.d.f. of the longitudinal relative velocity
component to be consistent with the four-fifths law of turbulence. As may be expected,
the effect of a negative skewness in the Eulerian relative velocity p.d.f. is to reduce
the mean rate of separation of the pairs and to reduce the skewness of the separation.
Compared with the equivalent Gaussian model, the value of Richardson’s constant is
closer to that observed experimentally and in DNS. The value in the corresponding
non-Gaussian backwards dispersion model is approximately a factor of 2.9 larger
than the forwards model which is consistent with results obtained from DNS and
experimentally.

The model was formulated in spherical polar coordinates. We showed that in
isotropic turbulence, any 3-D model for the relative separation reduces to a Q2D
model regardless of the choice of the velocity distribution pr or the particular
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FIGURE 13. As figure 12 but for the backwards dispersion model using the DNS-based
form of p,, (u;).

modelling choices. In designing the model, we assumed for simplicity that pg can be
separated into the product of the p.d.f.s of the longitudinal and transverse velocities.
Although this separation is not well justified, it is difficult to do more than speculate
about the precise effects of this assumption. That the ratio g,/g; is consistent with
previous results is encouraging and suggests the model is behaving correctly. To test
this would require the development of a model which satisfies the incompressibility
constraints on pg. We also restricted attention to models in which the transverse
conditional mean accelerations are quadratic in velocity. The resulting model is
still non-unique but can be determined by choosing the longitudinal and transverse
velocity probability distributions and making a choice for the model parameter ¢(r)
(described in §2.2). For a particular choice of ¢(r) we showed that the model reduces
to the Q1D model of Kurbanmuradov (1997) provided only that the shape of the
transverse velocity p.d.f. p,, is independent of separation. To fix our model we used
Gaussian transverse velocity distributions, a particular choice of longitudinal velocity
distribution satisfying the four-fifths law, and chose ¢(r) to match the model of
Thomson (1990).

The variation with Cy of our non-Gaussian model and the corresponding Gaussian
model was considered. We showed that, as expected, for large C, the Gaussian
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FIGURE 14. The ratio of the DNS backwards (indicated by subscript b) to forwards (f)
mean-square separation. The initial separations are the same as those in figure 12.

and non-Gaussian models tend to the analytical result from the associated diffusion
equation (although the rate of convergence is slower for the non-Gaussian model than
for the Gaussian model). Analytic results for Cy =0 were also obtained and, although
this value of C, is not physically appropriate, the results for Cy = 0, together with
the diffusive large C, results, help to explain the behaviour for intermediate values
of C().

An equivalent model using a numerical form of the longitudinal relative velocity
p.d.f. obtained from DNS data was presented in § 6. The lack of a substantial inertial
subrange in the DNS data militates against a reliable estimate of Richardson’s constant.
Nonetheless the values of gr and g, that were found in § 6, though different from both
the analytical model and the results of Sawford & Yeung (2010), were still of the
same order of magnitude. In particular, the ratio g,/g; was similar to that obtained
with the analytical model and previous results. The differences with the analytical
model are likely to be due to the nature of the DNS data, principally the limited
inertial subrange and the shape of p,, while the differences with the Q2D model
of Sawford & Yeung (2010) are most likely due to the relationship that we assume
between the conditional mean acceleration and p,, (as discussed in §6).

Acknowledgement

The authors would like to thank B. Sawford for providing the DNS data used in
§6.

REFERENCES

BAERENTSEN, J. H. & BERKOWICZ, R. 1984 Monte Carlo simulation of plume dispersion in the
convective boundary layer. Atmos. Environ. 18, 701-712.


https://doi.org/10.1017/jfm.2019.114

https://doi.org/10.1017/jfm.2019.114 Published online by Cambridge University Press

904 B. J. Devenish and D. J. Thomson

BERG, J., LUTHI, B., MANN, J. & OTT, S. 2006 Backwards and forwards relative dispersion in
turbulent flow: an experimental investigation. Phys. Rev. E 74, 016304.

BORGAS, M. S. & SAWFORD, B. L. 1994 A family of stochastic models for two-particle dispersion
in isotropic homogeneous stationary turbulence. J. Fluid Mech. 279, 69-99.

BoORGAS, M. S. & YEUNG, P. K. 2004 Relative dispersion in isotropic turbulence. Part 2. A new
stochastic model with Reynolds-number dependence. J. Fluid Mech. 503, 125-160.

BRAGG, A. D.,IRELAND, P. J. & COLLINS, L. R. 2016 Forward and backward in time dispersion
of fluid and inertial particles in isotropic turbulence. Phys. Fluids 28, 013305.

BUARIA, D., SAWFORD, B. L. & YEUNG, P. K. 2015 Characteristics of backward and forward
two-particle relative dispersion in turbulence at different Reynolds numbers. Phys. Fluids 27,
105101.

DEVENISH, B. J. & THOMSON, D. J. 2011 Pair reversal in homogeneous isotropic turbulence.
J. Phys.: Conf. Ser. 318, 042021.

EGBERT, G. D. & BAKER, M. B. 1984 Comments on paper ‘The effect of Gaussian particle—pair
distribution functions in the statistical theory of concentration fluctuations in homogeneous
turbulence’ by B. L. Sawford (Q.J. April 1983, 109, 339-353). Q. J. R. Meteorol. Soc. 110,
1195-1199.

HuUDSON, B. & THOMSON, D. J. 1994 Dispersion in convective and neutral boundary-layers using a
random walk model. Turbulence and Diffusion Note 210. Met Office.

ISHIHARA, T., GOTOH, T. & KANEDA, Y. 2009 Study of high-Reynolds number isotropic turbulence
by direct numerical simulation. Annu. Rev. Fluid Mech. 41, 165-180.

KURBANMURADOV, O. A. 1997 Stochastic Lagrangian models for two-particle relative dispersion in
high-Reynolds number turbulence. Monte Carlo Meth. Applic. 3, 37-52.

LUHAR, A. K. & BRITTER, R. E. 1989 A random walk model for dispersion in inhomogeneous
turbulence in a convective boundary layer. Atmos. Environ. 23, 1911-1924.

MANN, J., OTT, S. & ANDERSEN, J. S. 1999 Experimental study of relative turbulent diffusion.
Risg-R-1036(EN). Risg National Laboratory.

MONIN, A. S. & YAGLOM, A. M. 1971 Statistical Fluid Mechanics, vol. 1. MIT Press.

MONIN, A. S. & YAGLOM, A. M. 1975 Statistical Fluid Mechanics, vol. II. MIT Press.

OBUKHOV, A. 1941 Spectral energy distribution in a turbulent flow. Izv. Akad. Nauk SSSR, Ser
Geogr. Geofiz. 5, 453-466.

PAGNINI, G. 2008 Lagrangian stochastic models for turbulent relative dispersion based on particle
pair rotation. J. Fluid Mech. 616, 357-395.

PAPOULIS, A. 1991 Probability, Random Variables and Stochastic Processes, 3rd edn. McGraw-Hill.

PoPE, S. B. 2000 Turbulent Flows. Cambridge University Press.

RICHARDSON, L. F. 1926 Atmospheric diffusion shown on a distance-neighbour graph. Proc. R. Soc.
Lond. A 110, 709-737.

RISKEN, H. 1989 The Fokker—Planck Equation, 2nd edn. Springer.

SALAZAR, J. P. L. C. & COLLINS, L. R.2009 Two-particle dispersion in isotropic turbulent flows.
Annu. Rev. Fluid Mech. 41, 405-432.

SAWFORD, B. L.2006 A study of the connection between exit-time statistics and relative dispersion
using a simple Lagrangian stochastic model. J. Turbul. 7, N13.

SAWFORD, B. L. & GUEST, F. M. 1988 Uniqueness and universality of Lagrangian stochastic models
of turbulent dispersion. In Proc. 8th Symp. Turb. Diff, San Diego, pp. 96-99. American
Mathematical Society.

SAWFORD, B. L. & YEUNG, P. K. 2010 Conditional relative acceleration statistics and relative
dispersion modelling. Flow Turbul. Combust. 85, 345-362.

SAWFORD, B. L. & YEUNG, P. K. 2011 Kolmogorov similarity scaling for one-particle Lagrangian
statistics. Phys. Fluids 23, 091704.

SAWFORD, B. L., YEUNG, P. K. & BORGAS, M. S.2005 Comparison of backwards and forwards
relative dispersion in turbulence. Phys. Fluids 17, 095109.

THOMSON, D. J. 1987 Criteria for the selection of stochastic models of particle trajectories in
turbulent flows. J. Fluid Mech. 180, 529-556.


https://doi.org/10.1017/jfm.2019.114

https://doi.org/10.1017/jfm.2019.114 Published online by Cambridge University Press

Non-Gaussianity in turbulent relative dispersion 905

THOMSON, D. J. 1990 A stochastic model for the motion of particle pairs in isotropic high-Reynolds-
number turbulence, and its application to the problem of concentration variance. J. Fluid Mech.
210, 113-153.

THOMSON, D. J. & DEVENISH, B. J. 2003 Particle pair separation in kinematic simulations.
Turbulence and Diffusion Note 289, Met Office.

WILSON, J. D. & SAWFORD, B. L. 1996 Review of Lagrangian stochastic models for trajectories in
the turbulent atmosphere. Boundary-Layer Meteorol. 78, 191-210.

YEUNG, P. K. 2002 Lagrangian investigations of turbulence. Annu. Rev. Fluid Mech. 34, 114-142.


https://doi.org/10.1017/jfm.2019.114

	Non-Gaussianity in turbulent relative dispersion
	Introduction
	Lagrangian stochastic model
	LSM in spherical polar coordinates
	The Eulerian p.d.f. pE and the model functions a' and A'
	Model formulation

	Forwards dispersion model
	Backwards dispersion model
	Variation with C 0
	Analytical results for large C0
	Analytical results for C0=0
	Variation of Richardson's constant with C0
	Variation of moments of r with C0
	Variation of the p.d.f. of r with C0

	Numerical form of p u (u )
	Conclusions
	Acknowledgement
	References


