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Abstract. For arbitrary closed countable subsets Z of the unit circle examples of
topologically mixing operators on Hilbert spaces are given which have a densely spanning
set of eigenvectors with unimodular eigenvalues restricted to Z. In particular, these
operators cannot be ergodic in the Gaussian sense.
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1. Introduction and main result

The dynamical behaviour of linear operators acting on Fréchet spaces X has been
investigated intensively in the last years. Recommended introductions are the textbooks [3]
and [8], and also the recent article [11]. It turns out that the richness of eigenvectors cor-
responding to unimodular eigenvalues strongly influences the metric dynamical properties
of linear operators. In particular, a linear operator on a Hilbert space admits a Gaussian
invariant measure of full support if and only if it has spanning unimodular eigenvectors
and is ergodic in the Gaussian sense (that is, ergodic with respect to a Gaussian
measure of full support) if and only if it has perfectly spanning unimodular eigenvectors.
For these and corresponding results we refer in particular to [1, 2, 4, 9] and again
to [11].

Due to recent deep results of Menet [13] and Grivaux, Matheron and Menet [11], in the
situation of Hilbert spaces X the picture has become quite complete for the case of chaotic
operators, that is, for hypercyclic operators having eigenvectors corresponding to roots of
unity (that is, periodic vectors) which span a dense subspace of X. Less is known, however,
in the case of absence of periodic or almost periodic vectors (cf. [11, §1.3]). In [10,
Question 3] (see also [11, Question 7.7]) it is asked whether a hypercyclic operator with a
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densely spanning set of eigenvectors corresponding to rationally independent eigenvalues
is already ergodic.

In this paper, we give examples of topologically mixing operators on Hilbert spaces
which have a densely spanning set of eigenvectors with unimodular eigenvalues restricted
to an arbitrary prescribed closed, countable subset Z of the unit circle T. In particular, such
operators cannot be ergodic in the Gaussian sense. Choosing Z as a rationally independent
set, Question 3 from [10] can be answered in the negative, at least in the weak form
that ergodicity in the Gaussian sense does not always follow from the existence of a
spanning set of eigenvectors corresponding to a rationally independent set of unimodular
eigenvalues.

For an open set €2 in the extended plane C,, we denote by H (£2) the Fréchet space
of functions holomorphic in €2 and vanishing at co endowed with the topology of locally
uniform convergence, where, as usual, via stereographic projection we identify Co, and
the sphere S” endowed with the spherical metric. We consider Bergman spaces on
general open sets Q2 C Coo. For 0 < p < o0, let AP(R2) be the space of all functions f
holomorphic in €2 that satisfy

1/p
1l = 1 ey = (/Q L dm2> <,

where my denotes the spherical measure on Co.. Then AO(Q) = H(2) and for p > 1 the
spaces (A”(2), |-l ,) are Banach spaces. In the case p = 2, the norm is induced by the
inner product (f, g) = [ fg dmo.

In what follows we always consider open sets €2 with 0 € €2, in which case we define
T =Tarq : AP(2) = AP(Q) by

Tf(z):=(f(2) — f0)/z (z#0),Tf(©O) := f'(0).
If f(z) =Y oo avz’, then

Tf@) =) a2’
v=0

for |z| sufficiently small. We call T the Taylor (backward) shift on A”(€2). Writing
Sy f(z) =Y 1_oavz’ for the nth partial sum of the Taylor expansion Y - a,z” of f
about 0, by induction it is easily seen that, for n € Np,

T" M () = (f = Suf@)/2"T" (2 #0) and T" ! £(0) = ay41. (1)

In [5] it is shown that for open sets 2 with 0 € 2 the Taylor shift 7" is topologically
mixing on H(2) if and only if each connected component of Cy, \ 2 meets T. Results
concerning topological and metric dynamics of the Taylor shift on Bergman spaces are
proved in [6] and [16].

We write M* := (Coo \ M)~! for M C Cs. Then * is a compact plane set (note that
0 € ) and the spectrum of T is contained in ©*. In the case 1 < p < 2 it is easily seen
that f € AP(Q) is an eigenfunction for 7T if and only if, for some o € Q*, the function f
is a scalar multiple of y,, where y, is defined by

Ya(2) = 1/(1 —az)
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for z € 2 (with 0-00 :=0). In this case, « is the corresponding eigenvalue and the
spectrum as well as the point spectrum both equal Q*. If p > 2, then the functions y,, still
belong to A7(L2) for all « in the interior of %, but in general not for « belonging to the
boundary of ©*. If 2 has small spherical measure near a boundary point 1/« of 2, it may,
however, happen that y,, is again an eigenfunction of T (that is, y,, belongs to A?(£2)). For
example, y; € A%(R2) in the case of the crescent-shaped region Q =D\ {z: |z — 1/2| <
1/2} where D denotes the open unit disc in C. This opens up the possibility of placing
eigenvalues at certain points of the boundary of Q*. A corresponding construction leads
to our main result. We write £(T') for the set of unimodular eigenvalues of 7', which for
T = Tp2(q) equals the set of A € T such that y, € AX(Q).

THEOREM 1.1. Let Z C T be an infinite closed set. Then there is a open set Q@ C D so that
the Taylor shift T = T2 q is topologically mixing, E(T) C Z and {y, : 1 € E(T)} spans
a dense subspace of A*().

Remark 1.2. Since Hilbert spaces are of cotype 2, the main theorem from [4] implies that,
in the situation of Theorem 1.1, for countable Z the Taylor shift T is not ergodic in the
Gaussian sense. So, as already mentioned above, Question 3 from [10] can be answered in
the negative in so far as the existence of a spanning set of eigenvectors corresponding to a
rationally independent set of unimodular eigenvalues does not always imply ergodicity in
the Gaussian sense. We are left with the open question whether T is ergodic with respect
to some measure of full support or (upper) frequently hypercyclic.

If in the situation of Theorem 1.1 the set Z consists of roots of unity, then the Taylor
shift is chaotic with unimodular eigenvalues only in Z and not ergodic in the Gaussian
sense. So we have an alternative construction for a chaotic operator on a Hilbert space that
is not ergodic in the Gaussian sense. The first construction of such an operator on £, (N)
given by Menet [13] even leads to an operator which is not (upper) frequently hypercyclic.
The approach via Taylor shift is, however, quite different and gives more flexibility in
prescribing unimodular eigenvectors.

2. Proof of Theorem 1.1

As our main tool for the proof of Theorem 1.1 we seek results on rational approximation
in the mean. In what follows we restrict to open sets €2 which are bounded in C or contain
the point co.

Remark 2.1. Let Q be an open and bounded set in C and suppose that each point on the
boundary of Q* belongs to the boundary of some component of the interior (2*)° of Q*.
Then [12, Theorem 4] implies that the span of {y, : « € (2*)°} is dense in Az(Q). IfQis
open in the extended plane with co € €2, the same also holds (see [16, Remark 2.6]).

As indicated in the introduction, the function y, belongs to A%() if « belongs to the
boundary of 2* and €2 has small spherical measure near 1 /«. Fork € Ny, z € Qanda € C
we write

Yar(2) i= 25 /(1 — az)k T = ZFyktl(z).
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We show that in the case of sufficiently small measure near 1/« all functions y, x belong
to A%(R) and that under appropriate conditions they span a dense subspace of A%(S2).
The approach is strongly influenced by the proof of a result on the completeness of
polynomials in AZ(Q) (see [14, Theorem 12.1]; cf. also [7, Ch. I, §3]).

Let§ > 0 and let the ‘cup’ Cs be defined as the interior of the convex hull of {¢r + is(¢) :
—8§ <t < 4§}, where

s(1) := exp(—exp(l/|]))
(with s (0) = 0). With that, we say that two components A, B of anopensetU C S :=R +
i(—m/2, /2) are directly bridged at w € S, if w € T and § > 0 exist with w + wCs C
Aand w — wCs C B.If ¢ : § — S? is the standard parametrization of S% \ {£(0, 0, 1)},
that is,

@(t +is) = (cos(s) cos(t), cos(s) sin(z), sin(s))

forr € Rand —r/2 < 5 < /2, we say that two components C, D of an openset V C Cq
with 0, oo & 9V are directly bridged, if the corresponding inverse images under ¢ in S are
bridged at some w. In this case ¢ = ¢(w) is said to be a bridge point for (C, D). We say
that C, D are bridged if finitely many components Cy, Cy, . . ., Cp, exist with Cop = C,
Cn = D andsothat C, C;_ are directly bridged. If C denotes the set of components of V/,
then bridging induces an equivalence relation ~ on C. If a system D C C is a complete
system of representatives for ~, we briefly say that the system is complete for V.

THEOREM 2.2. Let Q2 be an open set in Co, which is bounded in C or contains oo, and
suppose that each point on the boundary of Q* belongs to the boundary of some component
of the interior (2%)° of Q*. Moreover, suppose D to be complete for (2*)°, and for D € D
let ap be either in D or a bridge point of (C, D) for some C € C. Then both {yy : o €
UDeD D} and {yopx : D € D, k € No} have dense span in AZ(Q).

Proof. 1. Let g € A*(Q2) = A%(Q2)'. Then the Cauchy transform Vg : (2*)° — C of g,
defined by

(Vo) (@) = fg Ve (DB() dma(2)

for @ € (£2%)°, is holomorphic with

(V)P (a) = k! /Q Yar (2)8(2) dma(z)

for all @ € (2*)° and k € Ny. According to the Hahn—Banach theorem and Remark 2.1,
it suffices to show that Vg|c = 0 for all C € C under each of the two conditions stated in
the theorem.

The crucial point is that V g extends at bridge points ¢ to a function which belongs to a
quasi-analytic subclass of C°°(I) for some line I with I \ {¢} C (2*)°. Let ¢ be a bridge
point for (C, D). In order to reduce notational complexity we assume that { = 1 and that
C lies in D and D outside . Considering the fact that 1 is a bridge point, we may fix 0 <
r < 1 in such a way that the corresponding ‘cup’ sets +C, satisfy ¢~ (Q) N +C, = @.
Let

I =(i[-r/2,r/2])
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(note that / is a compact interval in R with 1 in its interior). To show that V g| (1} extends
at 1 to a C*-function on / and that the extension (again denoted by Vg) belongs to a
quasi-analytic subclass of C°°(I), we estimate the derivatives of Vg on I \ {1}. By the
Cauchy—Schwarz inequality we have

1/2
(Ve ® ()] < k! fQ yes@l dma < k! gl ( fQ |yx,k|2dmz> @)

fork € Ngand 1 # x € I. So it suffices to estimate the latter integrals. We define

|z|%*dm(2)

W k}.x = zfiin = -
a(k, x) /AIJ/x,kI Sl TR

for k € Ny, x € I and measurable A C . With Q := [—r, r] + i[—r, r], we have
sup Warp(o) (k, x) = O(g)
xel

for some positive g1. To estimate Wy(g)nq, we observe that the shape of 2 in ¢(Q)
allows that with some constant ¢ > 0 we have |1 — xz| > ¢|1 — z| for all x € I and all
7€ QN @(Q). Thus, for x € I we obtain (by substituting u = ¢!/ in the last step)

5(1) cos §

Wango)(k, X) < g5 Wang0)(k, 1) < ¢ f f ds dt
9(Q) 2 Wane(0) 2 s I+ ise2

k s(1) _ —1 1.2k
S4q2/0 Py dt =4q /el/r log™ (1) du,

with a positive constant g». For k sufficiently large and u > k> we have logzk (u) < /2.
Hence, by splitting the integral at k<, one can see that

o0
/ e "u" log®* (u) du = OK> log®* (k%)) = O(5* log (k).
ellr

Putting everything together, we find that

sup Wa(k, x) = O(q3 log™ (k) 3)
xel
for some positive constant g3. Since |yx k(2)| < |y1x(z)| forz € ¢(Q) and x € I, and since
there is a constant c; with |y, x(2)| < ¢k for z € ¢(Q) and x € I, the m,-integrability of
gon Q and of |y xg| on ¢(Q) N Q implies, by differentiation of parameter integrals, that
V g extends to a function in C*°(I) (which we again denote by V g). Moreover, combining
(2) and (3), we obtain

sup| (V)P (x)| = Ok! /g5" logk (k)).

xel
Hence, the Denjoy—Carleman theorem shows that V g belongs to a quasi-analytic subclass
of C*(I).
2. Suppose that g L y, for all « € |Jpep D, that is, (Vg)|p =0 for all D € D. If
D=CthenVg =0.1f C € C\ D then C, D are bridged for some D € D. We can assume
that C, D are directly bridged with bridge point ¢ = 1 as in part 1 above. From the
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assumption (Vg)|p = 0 we have (Vg)® (1) = 0 for all k, and then also (Vg)|c =0 by
quasi-analyticity an the identity theorem for holomorphic functions.

3. Suppose that g L {ye,x : D € D, k € Ny}, that is, fQ Yap k8 dmy =0 forall D e
D and k € Ny, and let C € C. If C € D then a¢ € C or ac is a bridge point of C, E for
some E € C. In both cases, according to part 1 of the proof (with ¢¢c = 1 without loss of
generality) we have (Vg)|c = 0. If C ¢ D, then there is D € D so that C, D are bridged.
Again, we can assume that C, D are directly bridged with bridge point { = 1 as above. If
ap € D, then (Vg)|p = 0. Hence (Vg)® (1) = 0 for all k and then (Vg)|c = 0. If ap is
a bridge point of (D, E) for some E € C, then by the same argument as above we can now
conclude (Vg)|p = 0. As in the first case, (Vg)|c = 0. O]

Remark 2.3. If, for some component D € C, the single set system {D} is complete for
(2*)° and if « is a point in D or a bridge point of (C, D) for some component C, then
the span of {yu x : kK € Np} is dense in A2%(). In particular, if & = 0 we conclude that the
polynomials form a dense set in A%($2) (cf. [14, Theorem 12.1], where actually a weaker
condition on the sharpness of €2 near 1/« is proved to be sufficient).

From the Godefroy—Shapiro criterion (see, for example, [8, Theorem 3.1]) and
Theorem 2.2 we obtain the following corollary.

COROLLARY 2.4. Let Q2 be an open set in Co, which is bounded in C or contains oo, and
suppose that each point in the boundary of Q* belongs to the boundary of some component
of (2%)°. If complete systems D and D’ for (2*)° exist with D C D for all D € D and
D' C Coo \D forall D' € D', then T y2(q) is topologically mixing.

Example 2.5. Let @ =Cq \(UUG) = ((1/U)U (1/G))*, where G,1/U C D are
domains with 0 ¢ G and so that U, G (or, equivalently, 1/G, 1/U) are bridged. In this
case, D= {1/U} and D' = {1/G} are complete systems for (2*)°. By Corollary 2.4,
the Taylor shift 742 g, is mixing. If 0 € 1/U (for example, for 1/U = D, in which case
Q= ]D)\E), the polynomials are dense in A%(Q) and the Taylor shift on AZ(D) is a
quasi-factor of the Taylor shift on A2(S2).

THEOREM 2.6. For each infinite closed set Z C T, a domain G C D bridged to Coo \ D
exists with G N'T C Z and so that the span of{ye 1 ¢ € G N'TY is dense in A>(D\ G).

Proof. Let
U-:={zeC:lz—1] <r}ND.

In our construction we will cut out sets from D, essentially of the form ¢¢(Cs), that
are ‘flat’ at points ¢ € T in such a way that these ¢ become bridge points to C \ D.
We have to control the integrals of y; over the remaining areas next to such a bridge
point. To this end, throughout the proof we fix a § > 0 and a corresponding r¢ > O that is
sufficiently small such that forall ¢ € T N U_,0 the set Uy, \ £@(Cs) consists of the (one or
two) component(s) bounded only by {¢ (¢t +is(t)) : t € [-4, §]} and U_r0 N T, that is, for
every z in this set we find ¢’ € [, 8]\ {0} and ¢’ € U_r0 N T such that (¢’ + is(¢)) and
¢’ define a line through the origin and the line segment between those points contains z
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and does not intersect with ¢(Cs). The definition of Cj is extended to Cs , with p > 0,
defined as the interior of

convi{t+ids(t): =86 <t<é,p<d=<1},

with conv denoting the convex hull. Together, for ¢ € T N U_ro, this allows us to decrease
the area of U, \ {¢(Cs,,) arbitrarily close to zero by decreasing p.

We may suppose that Z has an accumulation at 1. In the initial step of our construction
we set Zp:= & and Go = ¢(Cs,1). This implies y;x € A2(D \ Go) for all k. For a
subsequent n € N, the iterative procedure goes as follows. We choose 0 < r,, < r,—1 such
that

/ Iy, 1% dmay < 1/n 4)
Urn\Gn—I

for j =1, ..., n.By a variant of Runge’s theorem on approximation by rational functions
with first-order poles, as can be found in [15], we find a finite set

n—1
Zy CUp, 2N (Z\(U Z; U{l}))
j=0
and an R; = R, ; € span{y; : { € Z,} such that
max |y1,j(z) — Rj(2)| < 1/n ()
ZED\UVH
for j =1,...,n. Then we set

Gn = te(Csp,)

{€Zy

where p, > 0is chosen in a way that the area of U,, \G_n is sufficiently small to yield

/ IR;|* dmy < 1/n. (6)
Up\Gn

This implies y; € A2(D \ G,) forall ¢ € Z,, and inequalities (4)—(6) give

/ _IRj@ = n,j@I dma(z) < 3/n
D\G,

forj=1,...,n.For G :=J,cy G» we finally have y; € A’2(D\ G) forallz e TNG,
and for every non-negative integer k the function y; x belongs to the closure of the span of
{ve:¢ € G NT}. According to Example 2.5 with 1/U =D, the latter implies the
denseness of span{y; : ¢ € GNT}in A2(D\ G). O]

Proof of Theorem 1.1. LetQ =D\ G where G is as in Theorem 2.6. Then G N T € &£(T).
According to Example 2.5 and Theorem 2.6, T is topologically mixing. Since each point
in T \ G is an interior point of D, no point in T \ G belongs to the point spectrum, that is,
E(T) CZ. O
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Remark 2.7.

(1) By deleting sufficiently small parts from G it is possible to modify G to an open set
W in such a way that @ = D\ W is connected and the Taylor shift Ty2(q) satisfies
the same conditions as in Theorem 1.1.

(2) The statement (and proof) of Theorem 2.6 can be modified in such a way that Q* N
T C Z, that is, the spectrum intersects T only in Z (cf. [10, Question 3]).
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