J. Inst. Math. Jussieu (2018) 17(2), 397-417 397
doi:10.1017/51474748016000025 © Cambridge University Press 2016

JOSEPH IDEALS AND LISSE MINIMAL W-ALGEBRAS

TOMOYUKI ARAKAWA! AND ANNE MOREAU?

L Research Institute for Mathematical Sciences, Kyoto University,
Kyoto 606-8502, Japan (arakawa@kurims.kyoto-u.ac.jp)
2 Laboratoire de Mathématiques et Applications, Téléport 2 - BP 30179,
Boulevard Marie et Pierre Curie, 86962 Futuroscope Chasseneuil Cedex, France
(anne.moreau@math.univ-poitiers.fr)

(Received 18 July 2015; revised 9 February 2016; accepted 9 February 2016;
first published online 7 March 2016)

Abstract We consider a lifting of Joseph ideals for the minimal nilpotent orbit closure to the setting of
affine Kac—Moody algebras and find new examples of affine vertex algebras whose associated varieties
are minimal nilpotent orbit closures. As an application we obtain a new family of lisse (Cp-cofinite)
W-algebras that are not coming from admissible representations of affine Kac—Moody algebras.
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1. Introduction

Let g be a finite-dimensional simple Lie algebra over C, ( | ) be a normalized invariant
inner product, i.e., 2,1% x Killing form.

Let g = g[t, 1 ~'1® CK @ CD be the Kac-Moody Lie algebra associated with g and ( | ),
with the commutation relations

[x(m), y(m)] =[x, yl(m +n) +m(x | ¥)8m+n,0K,
[D, x(m)] = mx(m), [K,§]1=0,

where x(m) = x ® t™. For k € C, set

V¥(9) = U(®)®u(ginack o cp)Cr.

where Cy is the one-dimensional representation of g[t]® CK & CD on which g[t]® D
acts trivially and K acts as multiplication by k. The space V*(g) is naturally a vertex
algebra, and it is called the universal affine vertex algebra associated with g at level k.
By the PBW theorem, V¥(g) = U(g[r~!]r~") as C-vector spaces.

Let Vi(g) be the unique simple graded quotient of Vk(g). As a g-module, Vi(g) is
isomorphic to the irreducible highest weight representation of g with highest weight kA,
where Ag is the dual element of K.
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Let Xy be the associated variety [5] of a vertex algebra V, which is the maximum
spectrum of Zhu’s Cy-algebra,

Ry 1= V/Cay(V).

In the case V is a quotient of VX(g), V/Co(V) = V/g[t~'1t~2V and we have a surjective
Poisson algebra homomorphism

Clg*l = S(g) — V/glt "1t 2V, x> x(=D+glt 1172V,

where x(—1) denotes the image of x(—1) in the quotient V. Then Xy is just the zero
locus of the kernel of the above map in g*. It is G-invariant and conic, where G is the
adjoint group of g. Note that on the contrary to the associated variety of a primitive
ideal of U(g), the variety Xy, (g) is not necessarily contained in the nilpotent cone N of
g. In fact, Xy, () = g* for a generic k since Vi(g) = V*(g) in this case.

A conjecture of Feigin and Frenkel, proved in [7], states that Xy, (g C N if Vi(g) is
admissible [31]. In fact, it is also believed that the converse is true, that is, Xy, (g C
N only if Vi(g) is admissible, so that the condition Xy, g C N gives a geometric
characterization of admissible affine vertex algebras. One of the aims of this paper is
to provide a counterexample to this fact, that is, there exist non-admissible affine vertex
algebras Vi(g) such that Xy, g C N.

Let (eg, hg, fo) be an slp-triple associated with the highest positive root 6 of g. Let
Omin = G - fp be the unique minimal non-trivial nilpotent orbit of g which is of dimension
2hY —2 [41], where h" is the dual Coxeter number of g.

Consider the Deligne exceptional series

Al CACGyCDyCFsCEeCE7CEg
discussed in [17, 18].

Theorem 1.1. (1) Assume that g belongs to the Deligne exceptional series and that

k=—— 1.
6

Then Xv,(g) = Omin.
(2) Assume that g is of type Da, Es, E7, Eg and that k is an integer such that
h\/

—— 1<k -1
6

Then Xy (g = Omin -
(3) Assume that g is of type Dy, | > 5. Then Xy, (g) = Ouin for k = -2, —1.

Note that for g of type Ay, A2, G2, Fy4, the rational number —hY /6 — 1 is admissible.
However, for types D4, Eg, E7, Eg, the number —hY /6 — 1 is a negative integer which is
certainly non-admissible [33, Proposition 1.2].
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A consequence of the fact Xy, (g C AN is that Vi(g) has only finitely many simple
modules in the category O (cf. Corollary 5.3), as in case Vi (g) is admissible [1-3, 9, 11, 36,
37]. If g belongs to the Deligne exceptional series outside the type A and k = —hY /6 — 1,
it is possible to derive the classification of simple Vi(g)-modules that belong to O from
Joseph’s result [28] in the following manner.

If g is not of type A, it is known [24, 27] that there exists a unique completely prime
ideal Jp in U(g), called the Joseph ideal, whose associated variety is Oy, that is, Oy
is the zero locus in g* of gr Jp. As a by-product, we obtain a lifting to the Joseph ideal in
the following sense. For a Zx>(-graded vertex algebra V, let A(V) be its Zhu’s algebra [42].
Such a vertex algebra V is called a chiralization of an algebra A if A(V) = A. We claim
that if g belongs to the Deligne exceptional series outside the type A and if k = —h" /6 —1,
then Vi (g) is a chiralization of C® U(g)/Jp. Namely,

AVi(@) =U(g)/Iw =Cx Ul(g)/ Jo,

for some ideal Jyy (cf. Proposition 2.2 and Theorem 3.1). Hence the classification of
simple highest weight U (g)/Jo-modules obtained in [28] gives the classification of simple
highest weight Vj(g)-modules thanks to Zhu’s theorem [42], which for types G2, D4, Fa
reproves the earlier results obtained in [11, 37, 38].

Another consequence of the fact Xy, (g C N is that the D-module on the moduli stack
of G-bundles on a curve obtained from Vi (g) by the Harish-Chandra localization [14, 22]
has its micro-local support inside the global nilpotent cone. It would be very interesting
to consider the associated modular functor (cf. [21]), or the corresponding conformal field
theory (cf. [15, 16]). We hope to come back to this point in our future work.

In physics literature, the affine vertex algebras in Theorem 1.1(1) have been studied
in the work [13] of Beem et al. in connection with four-dimensional superconformal field
theory. The associated varieties of these vertex algebras seem to describe the Higgs branch
of the corresponding four-dimensional theory. We also hope to come back to this point
in our future work.

Theorem 1.1, or its proof, has the following important application:

Let W(g, fs) be the W-algebra associated with (g, fo) at level k [29], which is a
conformal vertex algebra with central charge

_ kdimg
~ k+hY
provided that k # —h". Note that if g belongs to the Deligne exceptional series,
6(k+hY/6+1)((hY/6+ Dk —(hY —4)hY/6)
(k+hV)(hV/6+1)

c(k) —6k+h" —4

c(k) =

)

so that c(k) =0 for k = —hV/6—1.
Denote by W(g, fs) the unique simple quotient of WX(g, fg). Since Xwk(g, fz) 18
naturally isomorphic to the Slodowy slice Spin at fy [7, 19], with

Spin = fo+9%, 9 ={xegllx,eg] =0},

the variety X, (g, 5,) is a C*-invariant, Poisson subvariety of Sp;y.
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It is known [19] that the (Ramond-twisted) Zhu’s algebra of W(g, fy) is naturally
isomorphic to the finite W-algebra U(g, fy) associated with (g, fy) introduced by
Premet [39].

Premet [40] has shown that the Joseph ideal is closely connected with one-dimensional
representations of U(g, fg). The chiralization of U(g)/Jw explained above is closely
related with one-dimensional representations of WX(g, fy) as well. The significant
difference in the affine setting is that WX(g, fy) does not necessarily admit
one-dimensional representations. In fact, W*(g, fy), g # sl, admits one-dimensional
representations if and only if Wi(g, fo) = C, and this happens if and only if g belongs
to the Deligne exceptional series and k = —hY/6—1, or g is of type C; and k = —1/2
(cf. Theorem 7.2).

Note that the trivial vertex algebra C is certainly a lisse vertex algebra. Here, recall
that a vertex algebra V is called lisse, or Cs-cofinite, if dim Xy = 0. Lisse vertex
algebras may be regarded as an analogue of finite-dimensional algebras. One of the
remarkable properties of a lisse vertex algebra V is the modular invariance of characters
of modules [35, 42]. Further, if it is non-trivial and also rational, it is known [26] that
under some mild assumptions the category of V-modules forms a modular tensor category,
which for instance yields an invariant of 3-manifolds, see [12].

In [7], in order to approach the Kac-Wakimoto conjecture [33] on the rationality of
exceptional W-algebras, the first author showed that each admissible affine vertex algebra
produces exactly one lisse simple W-algebra. More precisely, the associated variety of an
admissible affine vertex algebra Vi (g) is isomorphic to O for some nilpotent orbit O of g,
and if we take the nilpotent element f from this orbit O, then Wy (g, f) is lisse. Until very
recently it has been widely believed that these W-algebras are all the lisse W-algebras,
cf. [33]. However, it turned out that there are a lot more.

Theorem 1.2. (1) Let g be of type D4, E¢, E7, Eg. For any integer k that is equal to or
greater than —h" /6 — 1, the simple W -algebra Wy (g, fo) is lisse.

(2) Let g be of type Dy with | > 5. For any integer k that is equal to or greater than
—2, the simple W-algebra Wy (g, fp) is lisse.

In the case that k = —h" /6, the first statement of Theorem 1.2 is a recent result of
Kawasetsu [34]. Kawasetsu actually proved that W_jv 6(g, fp) is rational and C-cofinite
if g belongs to the Deligne exceptional series, providing a first (surprising) example of
rational and Cp-cofinite W-algebras that are not coming from admissible representations
of g. Our present work is motivated by his result. It would be very interesting to know
whether the lisse W-algebras appearing in Theorem 1.2 are rational or not. We hope to
come back to this point in future work.

2. Minimal nilpotent orbit closures and Joseph ideals

Let Jy be the prime ideal of S(g) corresponding to the minimal nilpotent orbit closure
@min in g*.
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Suppose that g is not of type A. According to Kostant, Jy is generated by a g-submodule
Ly(0)®W in S2(g) such that

S2(g) = Lg(20) ® Lg(0) & W,

where Lg(2) is the irreducible representation of g with highest weight A and 6 is the
highest root of g.

Note that the above decomposition of $2(g) still holds in type A, [25, Ch. IV,
Proposition 2]. Also, note that Lg(0) = CQ where Q is the Casimir element in S(g).

Lemma 2.1. Suppose that g is not of type A. The ideal Jw in S(g) generated by W contains
Q2, and hence, /Ty = Jo.

Proof. By the proof of [24, Theorem 3.1] Jy contains g- 2, and the assertion follows. [
The structure of W was determined by Garfinkle [25]. Set

9(j) ={x €g|lhg, x] =2jx}.
Then

g=g(-D@g(—-1/2) B g(0) @ g(1/2)  g(1),
g(—1)=Cfy, g(1)=Ces, ¢(0)=Chy@g*, ¢°={x e g0)] (hglx) =0}

The subalgebra g” is a reductive subalgebra of g whose simple roots are the simple roots
of g perpendicular to 6. Write
0. 1 = P

i>1

as a direct sum of simple summands, and let 6; be the highest root of g;.
If g is neither of type A; nor Cy,

W=D Ly +0).

i>1

If g is of type C;, then g7 is simple of type C;_1, so that there is a unique 6y, and we
have

W=Lo@+0)® Lo (30+00)).

If g is not of type A, it is known [24, 27] that there exists a unique completely prime
ideal Jo in U(g), called the Joseph ideal, whose associated variety is Q. It is known
that Jp is maximal and primitive. By [24, 25], Jo is generated by W and Q — ¢g, where
W is identified with a g-submodule of U(g) by the g-module isomorphism S(g) = U (g)
and ¢y is the eigenvalue of Q for the infinitesimal character that Joseph obtained in [27,
Table p.15]. We have

grJo=Jo=+Jw

and this shows that Jj is indeed completely prime.
Let Jw be the two-sided ideal of U(g) generated by W.
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Proposition 2.2. We have an algebra isomorphism

U@)/Iw =CxU(@)/To.

Proof. By the proof of [24, Theorem 3.1], Jw contains (2 —cp)g. Hence it contains
(2 — c)2. Since cg # 0, we have an isomorphism of algebras

Ug)/Iw = U@/{Tw, @) x U(@/{Tw. 2 — co).

As we have explained above, (Jw, Q2 —co) = Jp. Also, since Jw contains (2 —cg)g,
(Jw, Q) contains g. Therefore U(g)/{Jw, 2) = C as required. O

3. A lifting of Joseph ideals
For a Zxo-graded vertex algebra V = @, V4, let A(V) be Zhu’s algebra of V:
A(V)=V/VoV,

where V oV is the C-span of the vectors

A
aob := Z (l,)cl(,'_z)b

i=0

fora e Va, A € Zxp,b € V,and V — (End V)[lz, 7 ,a~ Y ez a(n)z_"_l, denotes the
state-field correspondence. The space A(V) is a unital associative algebra with respect
to the multiplication defined by

A
axb:= Z(i>a(,-1)b

i>0

for a € Vo, A € Zx0, b € V. More generally, for a V-module M, a bimodule A(M) over
A(V) is defined similarly [23].

Zhu’s algebra A(V) naturally acts on the top degree component My, of a Zxo-graded
V-module M, and M +— M,,, gives [42] a one-to-one correspondence between simple
graded V-modules and simple A(V)-modules.

The vertex algebra V is called a chiralization of an algebra A if A(V) = A.

For instance, consider the universal affine vertex algebra V£ (9)- A Vk(g)—module is the
same as a smooth g-module of level k, where § = [§, 3] = glt, 1~ '1® CK. Zhu’s algebra
A(V*(g)) is naturally isomorphic to U(g) ([23], see also [9, Lemma 2.3]), and hence, V¥ (g)
is a chiralization of U(g). The top degree component of the irreducible highest weight
representation L(A) of g with highest weight A is L g()_»), where A is the restriction of A to
the Cartan subalgebra of g.

Let jk be the unique maximal ideal of V¥(g), so that

Vi(g) = V¥ @)/ Tk

We have the exact sequence A(j;) — U(g) > A(Vk(g)) = O since the functor A(?) is
right exact and thus A(Vi(g)) is the quotient of U(g) by the image Zy of A(Jx) in U (g):

A(Vi(9)) = U(9)/ L.
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hv

3 —1 ) Wo
G, -3 o+ 1 {1, 52}
Dy -2 o+ w3+ oy {1, s1, 83, 84}
F, —% %w1+%w2+ar3+w4 {1, s1, 82}
Es -3 o + @y + w3 + o5 + W {1, 52, 83, 5153, S5, S655}
E; —4 w| + Wy + W3 + W5 + W + @y {1, 52, 53, 5153, S5, S655, 575655}
Eqg —6 )| + @, + w3 + D5 + w6 + @y + Wy {1, 52, 83, 5153, S5, S6S5, 575655, 58575655 }

TABLE 1. —hY /6 —1, Ay and Wj.

One may ask whether Z; coincides with the Joseph ideal [Jp for some k € C, so that
Vi (g) is a chiralization of U (g)/Jp. But this can never happen. Indeed, U (g)/Jy does not
admit finite-dimensional representations while C is always an A(Vi(g))-module as Vi (g)
is a module over itself and Vi (g)p, = C. However, by Proposition 2.2, it makes sense to
ask the same question for the ideal Jyw.

Theorem 3.1. Assume that g belongs to the Deligne exceptional series outside the type A
and that k = —hY /6 — 1. Then Vi(g) is a chiralization of U(g)/Jyy, that is,

A(Vi(9) = U(g)/Iw = Cx U(9)/Jo.

In particular, since Jy is maximal, the irreducible highest weight representation L(A) of
g is a Vi(g)-module if and only if

A=0 or Annyg Lg(k) = D.
According to [28, 4.3], the weights u such that Anny ) Lg(n) = Jo are
wo(ho—p) :i=wo) —p, we W,

where the weight A9 and the subset Wy of the Weyl group W of g are described in Table 1.
Here we adopt the standard Bourbaki numbering for the simple roots {«, ..., a1} of g,
and we denote by @y, ..., @y the corresponding fundamental weights.

Note that the last statement of Theorem 3.1 reproves the earlier results [11,
Proposition 3.6(1)] for type G2, [38, Theorem 4.3] for type D4 and [37, Theorem 6.4]
for type Fjy.

For types G, and Fy, the level k = —hY /6 — 1 is admissible, that is, kA is an admissible
weight [31] for g. Using [9, Proposition 3.3] one finds that

{kAo, wo (Ao —p) +kAo | w e W)

is exactly the set of admissible weights of level k whose integral Weyl group is isomorphic
to that of kAo, which agrees with [9, Main theorem].
Theorem 3.1 will be proved at the end of §4.
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4. Singular vectors of affine vertex algebra of degree 2

By the PBW theorem, we have V¥(g) = U(g[r~'1#~') as C-vector spaces. Below we often
identify V¥(g) with U(g[r~'1t~").
The vertex algebra V¥(g) is naturally graded:

Vi@ = @ Vi@a Vi@ ={ve Vg | Dv=—dv}.

dGZ;O

Note that each homogeneous component V¥(g)y is a finite-dimensional g-submodule of
VE(g).

Lemma 4.1. We have a g-module embedding
1
o4 SUg) = Vi@, x1...xq— o > Xey(=D) . xo@ (= D).
ToeBy

Let v be a singular vector in §¢ (g). Then o;(v) is a singular vector of Vk(g) if and only
if fog(og(v) =0. For d = 2, we simply denote by o the embedding oy.

Let W = @; W; be the decomposition of W into irreducible submodules, and let w; be
a highest weight vector of W;.

Theorem 4.2. (1) Assume that g belongs to the Deligne exceptional series outside the
type A.
(a) For any i, o(w;) is a singular vector of VX(g) if and only if

k=—h"/6—1.

(b) Assume that g is not of type Ga. For each n € Zxo and each i, ow)" ! is a
singular vector of V¥(g) if and only if

k=n—h"/6—1.

(2) Let g be of type By, 1 >3, so that W =W, @® W, where Wi = Lg(0+6)) =
LyQw1) and Wo = Lg(0+62) = Lg(wy) if | =5 (and Wy = Lg(0 +6») = Lg(2wy)
ifl=3,4).

(a) [36] For each n € Zxo, o(w)" ! is a singular vector of V¥(g) if and only if

k=n—1+43/2.
(b) For each n € Zxy, o (w2)" ! is a singular vector of V¥(g) if and only if
k=n-2.

(3) [1] Let g be of type Ci, 1 =2, so that W = W; @ Wy where Wi = Lg(0+6;) =
LyQRwy) and WQELQ(%Q—i—Gl):Lg(wz). For each n € Zxo, oc(w)" is a
singular vector of V¥(g) if and only if

k=n—1/2.
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Type Dy Es E7 Eg
h/6+1 2 3 4 6

0 (1211) (122321) (2234321) (23465432)

0, (1000) (101111) (0112221) (22343210)
(B;.5)), (0100), (0111)  (010000), (011210)  (1000000), (1122100) (00000001), (01122221)

B;+8; =6—6, | (0101), (0110) (010100), (011110) (1010000), (1112100) (00000011), (01122211)
(010110), (010100) (1011000), (1111100) (00000111, (01122111)
(1011100), (1111000) (00001111), (O1121111)

(00011111), (O1111111)

(01011111), (00111111)

TABLE 2. Data for Dy, Eg, E7, Eg.

(4) Let g be of type Dy, 1 =5, so that W = W1 @ Wa where Wi = Lg(0 +-01) = Lg(2w1)
and Wy = Lg(0+62) = Lg(wa) if L >6 (and Wr = Lg(0 +62) = Ly(ws+ws) if
1=5).

(a) [38] For each n € Zxy, o (w)"t! is a singular vector of V¥(g) if and only if

k=n—1+2.
(b) For each n € Zo, o (w2)"*! is a singular vector of VK(g) if and only if
k=n-2.

Note that (1) for D4 is also a particular case of [38], that (1)(a) for G2 was proved
n [11], and that (1) for F4 was proved in [37].

Proof. (1) Assume that g is of type D4, Eg, E7, Eg. Then it is enough to prove (b).

For E¢, E7, Eg, W = Wy. For Dqy, W = W| & W, & W3. Using the Dynkin automorphism,
we can assume that i = 1, and that W) = L Q2wy).

For types Eg and E7, g is of depth one, [25, Ch. IV, Definition 1], and (6 — 6;)/2 is not
a root.

Then we apply [25, Ch. IV, Proposition 11] to construct a singular vector w; for Wj.
Table 2 describes the pairs of positives roots (8;, 8;) such that

Bj+d;=0-—0.
The number of such pairs turns out to be equal to AY /6 + 1. In this table, a positive root
y is represented by (ki,..., k) if y = ZIJ-Z] kjoj.

Choose a Chevalley basis {h;}; U{ey, fula 0of g so that the conditions of [25, Ch. IV,
Definition 6] are fulfilled, that is

Vi, les;,lep;,eo ]l =eo, lep; 0]l =ep;+0,, les;,eo]=es;+0- (1)
Then set
L
6
W= eges, — ) €p16,€5;40,
k=1
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so that

1
o(wy) = E(ee(—l)eel(—l) +eg, (—Deg(—1)

Y
T+l

- Z (eﬂj+91 (_1)65j+01 (_1) + 65j+91 (—1)€ﬁj+91 (_1)))
k=1

We observe using the relations (1) that for each j,

(Lfo, ep;+0.1s e5;+0,1 = [[fo. €540, 1, ep;+6,] = —ep;. (2)

By (2), we get:

hV
fo())-o(wy) = <[f9, e9](0) +k + i 1) eg (—1)

AN

- Z (e,Bj-i-@] (_1)[f97 eaj+91](0) + €5j+01 (_1)[f97 eﬁj-‘r@[](o))-
k=1

Observe that
[fo, €91(0) - o (w1) = —20 (wy)
since (0 +61,0V) = (0,0Y) =2, and that
[fo,es;46,1(0) -0 (w1) = [fo, ep;+6,1(0) -0 (w1) =0

since —0 +6; +6;, —0 + B; + 6, are perpendicular to 6 46, the weight of o(w;), for
each j. In addition, since B; + 261, §; +26; are not roots, [eg, (1), o(w1)] = 0. So, for
any n € Zxo we get,

fo(1) o (wp)" !

h\/
o(wp)" <k+ ? + ]) eg, (—1)

n . nv .
+ Z <0(w1)"_’ ([fa, ep](0) + k + 3 + 1) o (wy)’ ey, (—1))

j=1
n h\/
= Z (—2]‘ +k+ -+ 1) o(wy)"eq (—1)
j=0

\%

=((n+1) (—n +k+ % + 1) o (w)"ep (—1).

Hence o (w)"*! is a singular vector of V¥(g) for k =n—h"/6—1.

Assume that g has type Eg. Then g is not of depth one and we follow the construction
of [25, Ch. IV, §4]. According to [25, Ch. IV, §4], there is a positive root « such that the
algebra g generated by eqy, €2, ..., €8, fu, f2, ..., f3 has type Dg, where ¢;, fi,i =1,...,8
are the generators of a Chevalley basis of g corresponding to the simple roots a7, . .., ag in
the Bourbaki numbering. Moreover, we have that o = 8;. Then we apply the construction
of [25, Ch. IV, §1] to the algebra g which is of depth one. One can choose our Chevalley

https://doi.org/10.1017/51474748016000025 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748016000025

Joseph ideals and lisse minimal W-algebras 407

basis {h;}; U{eq, fula Of g so that the conditions of [25, Ch. IV, Definition 6] are fulfilled
for g. Note that the highest root of g is 0, that is, the same as for g.

Then we apply as in cases Eg, E7 the construction of [25, Ch. IV, Proposition 11].
Table 2 describes the pairs of positives roots (8;, 8;) such that

Bi+8;=6—6r.

The number of such pairs is #Y/6+ 1 too.
Then we set
LS}
w1 = eégep; — Z Eﬂj+91€3j+91.
k=1
We verify as for the types Eg, E7 that o(wi)"*! is a singular vector of Vk(g) for
k=n—h"/6—1.
(2)(b) and (4)(b) Assume that g is of type By, [ > 3, or of type Dy, I > 5. Then in both

cases, 0, is the highest root of the root system generated by a3, ..., o7, (8 —6;)/2 is not a
root and there are precisely two pairs (8}, ;) such that B; +3; = 6 —6,. Namely, these
pairs are:

(B1,01) = (a2, a1 +az+a3) and (B2, 82) = (a2 + a3, ay +a2).

According to [25, Ch. IV, Proposition 11],

2

W2 = €gep, — Z eﬁj-l—@zeﬁj-i-@z
k=1

is a singular vector for g. Moreover, all bracket relations (1) and (2) hold as in case (1)1,
with 6 in place of 6;. Hence we get,

fo() -0 (w2)"™ ™ = (—n+k+2)0 (w2)"eq, (—1).

The statement follows. O

Remark 4.3. If g is of type C;, [ >3, we can construct a singular vector for V¥(g) of
weight 3 (6 +6) with k = —(I +2)/2 as follows.
Set
Oo:=0+0)/2=014+2(2+ - +a—_1)+o.

For j € {2,...,1}, set
Bj=ar+ax+---+aj_1, §ji=ar+---toj g +2ai+Faog) .
For j e {3,...,1}, set

Bii=art-taj1, 8 i=arde e+ 20+ - o

LFor B3, a factor 2 appears in some brackets but this does not affect the final result.
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Then
VieB.....l}, Bi+8;=B;+8=60=250+6) and pr+8 = 6.

We can choose a Chevalley basis of g such that the vector

1
vy = ee(—l)e—al(—l)—Ehl(—l)eeo(—1)+eeo(—2)

1 l
—epp(=Desy(=1) = 3 (e, (= Des, (=1) = e (= Dey (1)
=3

is singular for V¥(g) with k = —(I +2)/2. The verifications are left to the reader. This
remark will be not used in the sequel.

Proof of Theorem 3.1. Let g, k be as in Theorem. Then o (w;) is a singular vector of
V¥(g) for all i by Theorem 4.2. Let N be the submodule of V¥(g) generated by o (w;)
for all i, and set Vk(g) = V*(g)/N. By construction, the image of N in A(V*(g)) = U(g)
is Jw. Hence,

A(Vi(9) = U(g)/Tw-

It remains to show that Vk(g) = Vi(g), that is, Vk(g) is simple. (In the case that k is
admissible, that is, if g is of type G2, Fu, this follows from [30]. Also, this has been
proved in [38] in the case that g is of type Da.)

Suppose that Vj (g) is not simple, or equivalently, Vi (g) is reducible as a g-module. Then
there is at least one non-zero weight singular vector, say, v. Let u be the weight of v, and
let M be a submodule of V (g9) generated by v. Since My, = Ly(f1), Lg(i1) is a module
over A(Vk(g)) =U(g)/Jw = Cx U(g)/Jo. On the other hand, Lg(j1) is finite-dimensional
since it is a submodule of Vk(g)d for some d. This implies that Lg(it) cannot be a
U (g)/Jo-module. Therefore, i = 0. This implies that v coincides with the highest weight
vector of Vi(g) up to non-zero multiplication, which is a contradiction. O

5. Proof of Theorem 1.1

Let g be of type Dy, | > 4, E¢, E7, or Eg.
For n € Z>o, set

n—hY/6—1 if gis of type Dy, Eg, E7, Eg,
kn = (3)
n—2 if g is of type Dy, [ > 5.

Let N be the submodule of V*(g) generated by o (w;)"*! for all i for type D4, Eg, E7,
Eg, and by o (w1)"73 and o (wp)"*! for type Dy, [ > 5, and let

Vi, (9) := V¥ (g)/N.

Conjecture 1. an (9) = Vi, (9), that is, an (g) is simple, if k, < 0.
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We have proven Conjecture 1 in the case that n = 0 in type D4, Eg, E7, Eg in the proof
of Theorem 3.1.

Remark 5.1. If &k, > 0, an (g) is obviously not simple as the maximal submodule of Vkn (9)
is generated by eg(—1)k+1,

Proposition 5.2. For each n > 0, we have X‘;k @ = Omin -

Proof. Set k = k,. The exact sequence 0 — N — Vk(g) — Vk(g) — 0 induces an exact
sequence

N/glt™ "1t 2N — VE(@)/alr 12 VE(g) — Vi(g) /ol 1172 Vi(g) — 0.

Under the isomorphism Vk(g)/g[t_l]t_sz(g) = S(g), the image of N/g[t_l]t_zN in
Vk(g)/g[t_l]t_sz(g) is identified with the ideal J of S(g) generated by some powers
of w; for all i. Hence J C Jw C ~/J. Therefore,

VI =VIw = Jo
by Lemma 2.1 as required. O

Proof of Theorem 1.1. For g of type Ay, Ay, G2, F4, the number —h" /6 — 1 is admissible,
and the statement (1) of the theorem is a special case of [7, Theorem 5.14]. So let us
assume that g is of type Dy, [ > 4, E¢, E7, or Eg as above. Since Vi, (g) is a quotient of
an (g), Proposition 5.2 implies that

Xan (9) C ©min = @min U {O}

Therefore, Xy, (g) is either {0} or Q. The assertion follows since Xy, (g = {0} if and
only if k € Z>q by [7, Proposition 4.25] (see also Theorem 6.1(2) and (3)(a)). O

The following assertion was proved in [38] in the case that g is of type D4 and k = —2.

Corollary 5.3. Let g, k be as in Theorem 1.1. Then Vi(g) has only finitely many simple
modules in the category O.

Proof. By [19, Proposition 2.17(c)], [10, Proposition 3.3] there is a surjection

Ry, (g) — gr A(Vi(9))

of Poisson algebras,where gr A(Vi(g)) is the associated graded algebra of A(Vi(g))
with respect to Zhu’s filtration [42], which coincides with the one induced from
the PBW filtration of U(g) under the identification A(Vi(g)) = U(g)/Z;. Hence
Specm(gr A(Vi(9))) C Xv,(g) C N. It follows that the action of the argumentation ideal
(C[g*]ﬁ of C[g*] is nilpotent on gr A(Vi(g)) = C[g*]/ grZx. Let Z(g) be the center of U(g).
The PBW filtration induces a filtration on Z(g)/(Z(g) NZy). Since the associated graded
algebra gr(Z(g)/(Z(g) NZx)) = Clg*1¢ /(Clg*1® N grZ;) is a subalgebra of C[g*]/ gr Zx, the
nilpotentcy of generators implies that gr(Z(g)/(Z(g) NZy)) is finite-dimensional. Hence so
is Z(g)/(Z(g) NZyx). We conclude that Z(g) acts finitely on A(Vi(g)) andtherefore there
are only finitely many possible central characters for the simple modules of A(Vi(g)). O
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Remark 5.4. Let g, f be as in Theorem 1.1. As in [8, Theorem 9.5], one finds that
Xv,(g) = Specm(gr A(Vi(g))), which gives another evidence for [8, Conjecture 1].

Conjecture 2. We have
XVi(@) = Omin
if and only if
(1) g is of type Ay, and k is a rational admissible number that is not an integer, or
k=-2.
(2) gis of type Az, C; (I > 2), F4, and k is admissible with denominator 2.
(3) g is of type G2, and k is admissible with denominator 3, or k = —1.
(4) g is of type D4, E¢, E7, Eg and k is an integer such that

—— 1<k -1
6

(5) gis of type Dy with [ > 5, and k = =2, —1.

One can easily verify Conjecture 2 for type Aj. Note that the ‘if” part of Conjecture 2
follows from Theorem 1.1 and [7, Theorem 5.14].

6. Proof of Theorem 1.2

Let H g +.(M) denote the BRST cohomology associated with the quantized Drinfeld—
Sokolov reduction corresponding to fp [29], so that

WG, fo) = HE " (VE ).

The correspondence M +— H JZ +0(M ) gives a functor Oy — Wk (g, fo) -Mod, where O is
the category O of § of level k and WX (g, fp) -Mod is the category of W (g, fs)-modules.
Recall that Wy (g, fg) is the unique simple quotient of W¥(g, f5).

Theorem 6.1. (1) [4, Main theorem] The functor Oy — W(g, fy)-Mod, M >
HngO(M), s exact.

(2) [4, Main theorem] We have HE+O(L(X)) =0 if May) € Zxo, where af =K —06.

Otherwise HE—FO(L(X)) is an irreducible highest weight representation of W (g, fs).

In particular,
240 | Wi(g, fo) ifk & Zxo,
Hfz (Vi(9) =
if k € Zxp.
(3) [7, Theorem 4.21] For any quotient V of V¥(g) we have

X F+0 = Xy NSpin.
Hf() )
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Hence .
(a) [7, Proposition 4.22] ng(V) # 0 if and only if Qpip C Xy

(b) [7, Theorem 4.23] HJEJFO(V) is a lisse vertex algebra if Xy = Opp,.

Remark 6.2. By [32, Theorem 6.3], the image HfZ+O(M()»)) of the Verma module M (1)
of § with highest weight A is isomorphic to a Verma module of WX(g, f3). Moreover, all
the Verma modules of W¥(g, fy) appear in this way. By Theorem 6.1(1), (2), H.EM(L()\))

x40
is the unique simple quotient of H 2 (M (X)) provided )»(ag ) & Z>¢. From this, one sees

that all the irreducible highest Welght representations of WX(g, fy) appear as H T (L(A))
for some A (see [4] for the details).
Let k be mnon-critical, that is, k+hY # 0. By [32, Theorem 6.3], one finds that

Hg+0(M()\)) EHE+O(M(M)) if and only if uw=sgoA, where so is the reflection

F+0

corresponding to «g. It follows that H fz +O(L(A)) nd H (L(w)) are non-zero and

isomorphic if and only if A(ety), (o) & Zzo and p = so oA

Proof of Theorem 1.2. Let k =k, withn > 0 asin § 5. We have shown that XV @ = = Opin

in Proposition 5.2. Hence, the vertex algebra H T+ (Vk(g)) is non-zero and lisse by
Theorem 6. 1(3) Note that both Wi (g, fo) and H 7+ (Vk(g)) are quotients of Wk(g, f).

Indeed, H; T (Vk (9)) is a quotient of WX(g, fy) = Hp Tt (Vk(g)) by Theorem 6.1(1) since
Vk(g) is a quotlent of Vk (g) Becaube it is the umque simple quotient of W*(g, fp),

Wy (g, fo) is a quotient of H T+ (Vk(g)), which is lisse as we have just proved. Therefore,
Wy (g, fo) is lisse as well. O

Conjecture 3. Let g and k be as in Theorem 1.2. Then H T+ (Vk (9)) = Wi(g, fo), where
Vi(g) is defined above.

Remark 6.3. Let g and & be as in Theorem 1.2. Then Wi(g, fo) Z H}%J’_O(L()\.)) for
any irreducible admissible representation L(A) of §. Indeed, if k < —1 (respectively if
k> —1), L(kAg) = Vk(g) (respectively L(sookAg)) is the unique irreducible highest

weight representation of g such that Wi(g, fo) = H z +0(L(k)) (see Remark 6.2). But
kAo (respectively sookAg) is not an admissible Welght since it is not regular dominant.

7. Classification of lisse minimal W-algebras
Theorem 7.1. (1) Wi(spy, fo), 1 =2, is lisse if and only if k is admissible with
denominator 2, that is, k = p/2 and p is an odd number equal to or greater than —1.

(2) Wk(so7, fo) is lisse if and only if k is admissible with denominator 2, that is,
k= p/2 and p is an odd integer equal to or greater than —3.

(3) Wi(soa1+1, fo), | = 4, is never lisse.
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(4) Wi(soa, fo), 1 = 2, is lisse if and only if k is an integer equal to or greater than —2.

(5) Wk (Fy, fo) is lisse if and only if k is admissible with denominator 2, that is, k = p/2
and p is an odd number equal to or greater than —5.

(6) Wk(Eq, fo) is lisse if and only if k is an integer equal to or greater than —3.
(7) Wk(E7, fo) is lisse if and only if k is an integer equal to or greater than —4.

(8) Wi (Es, fo) is lisse if and only if k is an integer equal to or greater than —6.

If Wi(g, fo) = C, then it is obviously lisse. Hence, it is natural to ask when
Wr (g, fo) = C. It turns out that not every W-algebra admits one-dimensional represen-
tations.

Theorem 7.2. Suppose g is not of type Ay. The following are equivalent:

(1) WX(g, fo) admits a (non-twisted or Ramond-twisted) one-dimensional represen-
tation,

(2) Wi(g, fo) =C,
(3) (a) g belongs to the Deligne exceptional series and k = —hY /6 —1, or
(b) g =spy, [ =2, and k = —1)2.

Remark 7.3. If g = sb, then fy = frey is regular, Wi (g, fo) = Wi (s, freg) is the simple
Virasoro vertex algebra provided that k # —2, and the results are well known?. Namely,

— Wi(sh, freg) is lisse if and only if either k+2 = p/q, with p,q € Z>o, (p,q) =1
and p,g > 2,or k+2 =0 (cf. [5]),
— Wi (slz, freg) = C if and only if either k+2=2/3, or k+2=3/2, or k+2=0.

The rest of this section is devoted to the proof of Theorems 7.1 and 7.2.
Let go be the center of the reductive Lie algebra g, so that

o' = @ 9i-
i=0
Define an invariant bilinear form on g;, i > 0, by
\

h 1
(x]y);] 1= (k + 7) (x[y) = 7 (trg() (ad x ad y)).

where ( | ) is the normalized inner product of g as before. Then there exists a polynomial
klu of k of degree 1 such that

()i =k,
where (| ); is the normalized inner product of g;, that is, (6;|6;) = 2.
By [32, Theorem 5.1], we have an embedding

b
Q) Vi (a) — Wr. fo)
i=0

of vertex algebras.

2Note that W,_,(sl. freg) = W1/r_2(shy, freg) for any r € C*.
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sl3 slj41,123 spoy, 1 22 507 508 50, n 29
3
o | oo, g Do g, 0@, Do 090,
i=1
go=C $0=C g1 sl g1 Zspy, g1=Zgp=Esh g = sy, g1 = sly, go = 50,4
6| . 3 b [+1 j i b 3 b b n
K\ kG=kt3 k=k+t—— K=kt K=k+3 k=k+2, K=k+3-2,
K=k+1 K =2k+4 ie{l,273) K =k+2

TABLE 3. g = @i}O g; and kl.t for the classical types.

G, Fy Eg Eq Eg
o sh sPe sle 5012 E7
K 3k+5 k+3 k+3 k+4 k+6

TABLE 4. g% = @;>¢8; and k? for the exceptional types.

Lemma 7.4. (1) Suppose that W (g, fg) is lisse. Then the value ofkl-u foralli > 1 must
be a non-negative integer.

(2) Suppose that WX (g, fa) admits a (non-twisted or Ramond-twisted) one-dimensional
representation. Then the value of klp for alli > 0 must be zero.

Proof. (1) By [20], if a lisse vertex algebra V contains a quotient of an affine vertex
algebra as a vertex subalgebra, this quotient must be integrable. With V = Wi (g, fo),
we deduce that the simple quotient V,:(g;) must be integrable for any i > 1, that is, klu

is a non-negative integer for any i > 1.
(2) If WH(g, fo) admits a (non-twisted or Ramond-twisted) one-dimensional

b
representation, by restriction we obtain that yki (gi), for i > 0, admits a one-dimensional
representation. Hence, klu =0foralli>0. O

Lemma 7.5. The reductive Lie algebras g° = @i>0 gi and the polynomials kf are described
in Tables 3 and 4.

Proof. The verifications are easy and left to the reader. U
Proof of Theorem 7.1. The ‘if’ part of Theorem 7.1 has been already proven in
Theorem 1.2 and [7, Theorem 5.18], and the ‘only if’ part follows from Lemmas 7.4
and 7.5. ]
Remark 7.6. For g = spy; it is possible to show the following.

A(V_12@) 22U/ Jw, = Cx (Lg(w)* @c Lg(w1)) x U(g)/ T,
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where Jw, is the ideal generated by W; := L4(6 +6;) C W. This implies that Jy is
generated by Jw, and Q — co.

Conjecture 4. (1) We(sl3, fy) is lisse if and only if k is admissible with denominator 2,
that is, k = p/2 and p is an odd integer equal or greater than —3.
(2) Wi(sl,, fo), n > 4, is never lisse.
(3) Wi(Ga, fp) is lisse if and only if k is admissible with denominator 3, or an integer
equal to or greater than —1.

The ‘if’ part of Conjecture 4 follows from [7, Theorem 5.18].

Proof of Theorem 7.2. Clearly (2) implies (1). The direction (1) = (3) follows from
Lemmas 7.4 and 7.5.

Let us show (3) implies (2).

The A case follows from [6].

Assume that g is of type Dy, Eg, E7, or Eg. Note that k = ko in (3). Let N be the
submodule of Vk(g) generated by v; = o (w;), for all i, and set Vi (g) = Vk(g)/N as in §5.
By Theorem 6.1(1) we have an exact sequence

0— HZ W) — HE P vr@) — HE (@) — 0

of Wk(g, fy)-modules. The image ¥; of v; € N in Hg+0(vk(g)) = Wk(g, f») is non-zero,

since its image in Rw, (g, f;) = ClSmin] is non-zero and coincides with es under the
identification C[Spin] = S(g/), where ep, is a highest root vector of g;. By weight
consideration one finds that v; coincides with ey, (—1) € kaj(gi) CWk(g, fo) up to
non-zero constant multiplication.

Since WK(g, fo)1 = g° = EB;‘>1 gi, the whole weight one space WX(g, fg)1 is included in

240

the image of H 2+ (N). Then from the commutation relations of WX(g, fg) described in
[32, Theorem 5. 1] it follows that all the generators G”, v € g1)2, deﬁned in [32], and the
conformal vector are also in the image of Hp T+ (N ). Therefore H T+ (Vk(g)) must be

trivial, and hence, so is its simple quotient Wk (g, fo)-

Assume that g is of type C;, Gy or F4, so that g? is simple and k is admissible,
and hence the maximal submodule Ny of V¥(g) is generated by a singular vector v.
By Theorem 6.1(1), (2) we have the exact sequence

240
0— B (N) > Whg, f2) > Wala, fo) = 0.

Also, by [32, Theorem 6.3.1] H, z 0(N) is generated by the image v of v. Since the image
of Hf; (N) in Wk(g, fy) is non-zero as Wy (g, f») is lisse [7], the image of ¥ in W¥(g, fy)

is non-zero. Hence, as above, by weight consideration it follows that W!(g, fp); is included
in the image of HE-H)(N), which gives that Wi (g, fy) = C as required. O
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