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SUMMARY

This paper presents the design of four controllers for a mobile
robot such that the system may follow a preestablished
trajectory. To reach this aim, the kinematic model of a
mobile robot is approximated using numerical methods.
Then, from such approximation, the control actions to get
a minimal tracking error are calculated. Both simulation and
experimental results on a PIONEER 2DX mobile robot are
presented, showing a good performance of the four proposed
mobile robot controllers. Also, an application of the proposed
controllers to a leader robot following problem is shown; in
it, the relative position between robots is obtained through a
laser.

KEYWORDS: Nonlinear control; Trajectory control;
Tracking; Mobile robots; Digital control; Numerical
methods.

1. Introduction

One of the main problems found in mobile robot control
is trajectory tracking. In general, the objective is that the
mobile robot reaches the Cartesian position (x, y) with a
preestablished orientation θ for each sampling period. These
combined actions result in tracking the desired trajectory of
the mobile robot. In order to achieve this objective, only two
control variables are available: the linear velocity (V ) and
the angular velocity (W ) of the robot (Fig. 1).

The use of path tracking in a navigation system is justified
in structured workspaces as well as in partially structured
workspaces where unexpected obstacles can be found during
the navigation. In the first case, the reference trajectory can
be set from a global trajectory planner. In the second case,
the algorithms used to avoid obstacles replan the trajectory
in order to avoid a collision; therefore, a new reference
trajectory, which must be followed by the robot, is generated.
Besides, there exist algorithms that express the reference
trajectory of the mobile robot as function of a descriptor
called r1 or s (called virtual time)2 whose derivative is
function of the tracking error and the timet . For example, if
the tracking error is large, the reference trajectory should wait
for the mobile robot; on the other hand, if the tracking error is
small, then the reference trajectory must tend to the original
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trajectory calculated by the global planner. Accordingly, the
module of trajectory tracking will use the original path or the
online recalculated path as reference to obtain the smallest
error when the mobile robot follows the path.3 Therefore,
the path tracking is always important independently from
whether the reference trajectory has been generated by a
trajectory global planner or a trajectory local planner.

Several control strategies have been proposed for tracking
trajectory, some of which are based on either the kinematic
or the dynamic models of the mobile robot,4,5 depending
on the operative speed and the precision of the dynamic
model. Different structures to control these systems have
been developed as well. In Tsuji et al.,6 the authors use a
time-varying feedback gain whose evolution can be modified
through the parameters that determine the convergence time
and the behavior of the system. In the work of Fierro and
Lewis,7 the controller proposed by Kanayama et al.8 is used.
It generates the inputs to a velocity controller, making the
position error asymptotically stable. Then, a controller to
make the mobile robot velocity follow the reference velocity
is designed. The work of Fukao et al.9 extends the design
proposed by Kanayama et al.8 and considers that the model
parameters are unknown. In the paper of Kim et al.,10 an
adaptive controller which takes into account the parametric
uncertainties and the robot external perturbations is proposed
to guarantee perfect velocity tracking. The reference for
velocity is obtained by using the controller proposed in 1990
by Kanayama et al.8 In Chwa,11 two controllers have been
designed. They are called position and heading controller.
The former ensures the position tracking and the latter is
activated when the tracking error is low enough and the
tracking reference does not change its position. This reduces
the error over the mobile robot orientation at the end of the
path. In Shim and Sung,12 the posture controller is designed
depending on the posture error and in this way the reference
velocities are generated based on a set of specifications such
as (i) if the distance to a reference posture is large enough,
then the movement is quick, and the speed is reduced as
the robot approaches to the target; (ii) the robot should take
less time to reach the desired posture. Later, the reference
velocities go into a PID controller that generates the torque
needed according to a desired speed.

In Sun and Cui,13 a controller for trajectory tracking is
designed using the kinematic model of the mobile robot
and a transformation matrix. Such matrix is singular if the
linear velocity of the mobile robot is zero; therefore, the
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Fig. 1. Geometric description of the mobile robot.

effectiveness of this controller is only assured if the velocity
is different from zero. Simulation results using linear velocity
different from zero as initial condition are shown in this
paper. In Sun,14 a controller based on the error model of
Kanayama et al.8 is proposed. This controller is formed by
two expressions, of which one or the other will be used
depending on whether the angular velocity of the mobile
robot is lower than a preestablished value ε or not.

In this work, the control scheme presented in Fierro and
Lewis,7 Fukao et al.,9 Kim et al.,10 Shim and Sung,12 and
Cruz et al.15 will be used; first, a kinematic controller which
generates the reference velocities to reach the desired goal
is designed and second, the velocities obtained are used as
input to the velocity controller. In our work a PID is used as
a velocity controller, on board the PIONEER 2DX mobile
robot, to maintain the robot’s translational and rotational
speeds at desired values, the same as in Shim and Sung12

and Cruz et al.15 Besides, in our work it is not necessary to
switch the controller as in Chwa11 in cases when the position
reference does not change and the tracking error is small. Our
purpose is that when this situation is detected, the desired
orientation changes, calculating the control signal by using
the same expression.

In this paper, the designed controller does not present the
disadvantage of the controller proposed by Sun and Cui,13

where a linear velocity different from zero is necessary.
Furthermore, our controller does not need to change the
control expression when the angular velocity is lower than a
preestablished value.15

We propose to use numerical methods not only to simulate
the evolution of the mobile robot, but also to find the control
actions that allow going from the mobile robot current state to
the next one. As a result, four controllers are obtained. Each
one of these proposals is used according to the available
information. Two of the obtained controllers make use of the
velocity used to generate the reference and the other two do
not need it. The main contribution of this work is that the four
controllers are obtained by the same design methodology,
and complex calculations to get the control signal are not
necessary.

In this work, the simulation and experimental results are
shown applied to a PIONEER 2DX mobile robot in which
the error between the real and the desired trajectory is very
small. The effectiveness and feasibility are then demonstrated
in a practical sense through a set of experiments where the
speed range is similar to the one reported in other papers
about trajectory tracking using laboratory equipment, as in
Normey-Rico et al.16

This paper is organized as follows: Section 2 presents
the methodology to solve differential equations using
numerical methods. Section 3 describes the kinematic
model of the mobile robot approximated through numerical
methods. In addition, the formulation of the proposed control
algorithm is obtained. Section 4 presents the simulations
and experimental results using the proposed controller on
a PIONEER 2DX mobile robot and the redesign of the
controller. In addition, the leader robot following problem in
which the relative position of both robots is obtained through
a laser sensor is considered. Finally, conclusions are detailed
in Section 5.

2. Statement of the Problem

Let us consider the following differential equation:

ẏ = f (y, u, t) ; y(0) = y0 (1)

where y represents the output of the system to be controlled,
u the control action, and t the time. The values of y(t)at
discrete time t = nT0, where T0 is the sampling period,
and n ∈ {0, 1, 2, 3, . . .} will be denoted as yn. Thus, when
computing yn+1 by knowing yn, Eq. (1) should be integrated
over the time interval nT0 ≤ t ≤ (n + 1)T0 as follows:

yn+1 = yn +
∫ (n+1)T0

nT0

f (y, u, t) dt . (2)

There are several numerical integration methods to calculate
yn+1. For instance, the Euler and trapezoidal method
approaches can be used [Eqs. (3) and (4), respectively].

yn+1
∼= yn + T0f (yn, un, tn) (3)

yn+1
∼= yn + T0

2
{f (yn, un, tn) + f (yn+1, un+1, tn+1)} (4)

where yn+1 on the right-hand side of Eq. (4) is not known and,
therefore, can be estimated by Eq. (3). The use of numerical
methods in the simulation of the system is based mainly on
the possibility to determine the state of the system at instant
n + 1 from the state, the control action, and other variables
at instant n. So, yn+1 can be substituted by the desired
trajectory and then the control action to make the output
system evolve from the current value (yn) to the desired one
can be calculated. To accomplish this, it is necessary to solve
a system of linear equations for each sampling period, as
shown in Section 3.

This work proposes applying this approximation to the
kinematic model of a mobile robot and thus obtaining the
control action that enables the robot to follow a preestablished
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trajectory during its navigation. The next section will analyze
the kinematic model of the mobile robot and the design of
the proposed controller.

3. Methodology for Controller Design and Problem

Definition

A nonlinear kinematic model for a mobile robot will be
used18 as shown in Fig. 1, represented by

⎧⎪⎨
⎪⎩

ẋ = V cos θ

ẏ = V sin θ

θ̇ = W

(5)

where V is the linear velocity of the mobile robot, W is the
angular velocity of the mobile robot, (x, y) is the Cartesian
position, and θ is the orientation of the mobile robot. Then,
the aim is to find the values of V and W so that the mobile
robot may follow a preestablished trajectory. We assume that
the mobile robot is moving on a horizontal plane without
slip. In order to classify and develop our work properly, we
made some considerations about the geometric conditions of
the trajectory followed by the mobile robot.

First Hypothesis: |θn+1− θn| <λ, λ being a sufficiently

small angle

Through the Euler’s approximation of the kinematic model
of the mobile robot [Eq. (5)], the following set of equations
is obtained: ⎧⎪⎨

⎪⎩
xn+1 ≈ xn + T0Vn cos θn

yn+1 ≈ yn + T0Vn sin θn

θn+1 ≈ θn + T0Wn

. (6)

This can be expressed in vectorial form as

⎡
⎣xn+1

yn+1

θn+1

⎤
⎦ =

⎡
⎣xn

yn

θn

⎤
⎦+ T0

⎡
⎣ cos θn 0

sin θn 0
0 1

⎤
⎦[ Vn

Wn

]
. (7)

If the desired trajectory [xdn+1ydn+1 θdn+1]T is known,
then [xn+1yn+1θn+1]T in Eq. (7) can be substituted by
[xdn+1ydn+1 θdn+1]T and thus it will be possible to calculate
the control actions Vn, Wn necessary to make the mobile
robot go from the current state [xnynθn]T to the desired one
[xdn+1ydn+1θdn+1]T . By defining

⎡
⎣�x

�y

�θ

⎤
⎦ =

⎡
⎣xdn+1 − xn

ydn+1 − yn

θdn+1 − θn

⎤
⎦ , B =

⎡
⎣ cos θn 0

sin θn 0
0 1

⎤
⎦ (8)

and then by replacing Eq. (8) into Eq. (7), the following
equation is obtained:

B

[
Vn

Wn

]
= 1

T0

⎡
⎣�x

�y

�θ

⎤
⎦ . (9)

Equation (9) is a system with three equations and two
unknown variables, the optimal solution of which from
mean squares is obtained from normal equation [Eq. (10)]
(see ref. [19]).

BT B

[
Vn

Wn

]
= 1

T0
BT

⎡
⎣�x

�y

�θ

⎤
⎦ ⇒ BT B =

[
1 0
0 1

]
;

BT

⎡
⎣�x

�y

�θ

⎤
⎦ =

[
�x cos θn + �y sin θn

�θ

]
(10)

⎡
⎣ Vn

Wn

⎤
⎦ =

[
�x
T0

cos θn + �y

T0
sin θn

�θ
T0

]
(11)

where Vn and Wn are the linear and angular velocities
necessary to make the mobile robot go from the current state
to the desired one.

To find a closed solution for the system of Eq. (9), it is
necessary that real constants a1 and a2 exist such that

a1

⎡
⎣ cos θn

sin θn

0

⎤
⎦+ a2

⎡
⎣0

0
1

⎤
⎦ =

⎡
⎣�x

�y

�θ

⎤
⎦ ; a1, a2 ∈ � (12)

where

a1

⎡
⎣ cos θn

sin θn

0

⎤
⎦ =

⎡
⎣�x

�y

0

⎤
⎦ ⇒ sin θn

cos θn

= �y

�x
. (13)

So, the desired orientation is defined by

θdn+1 = a tan
ydn+1 − yn

xdn+1 − xn

(14)

where θd represents the necessary orientation to make the
mobile robot tend to the reference trajectory. Then, the
controller we propose for the mobile robot is given by

[
Vn

Wn

]
=
[

kv
(

�x
T0

cos (θdn+1) + �y

T0
sin (θdn+1)

)
kw �θ

T0

]
. (15)

In Eq. (15), kv and kw are positive constants that allow us to
adjust the performance of the proposed control system. They
satisfy 0 < kv ≤ 1 and 0 < kw ≤ 1, allowing to reduce the
variations in state variables as can be seen in Eqs. (16)–(19)
and the explanation therein.

The next section will illustrate the simulation and
experimental results of the control law obtained, under the
assumption of the use of this controller over simple and
nonexigent trajectories (in reference to the first hypothesis
previously developed); then, the redesign of the controller,
by using the same methodology, will be exposed in cases
more complex than the first one and its performance on a
mobile robot will show the feasibility of the method.
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Fig. 2. PIONEER 2DX mobile robot and its environment.

4. Results, Discussion, and Controller Redesign

Simulation and experiments to test the proposed controller
performance were carried out using a PIONEER 2DX
mobile robot. The PIONEER 2DX mobile robot includes
an estimation system based on odometry, which adds
accumulative errors to the system. From this, updating the
data through external sensors is necessary. This problem is
separated from the strategy of trajectory tracking and it is
not considered in this paper.3,16 The PIONEER 2DX has a
PID velocity controller used to maintain the velocities of the
mobile robot at the desired value (cf., refs. [12, 15]). Figure 2
shows the PIONEER 2DX and the laboratory facilities where
the experiments were carried out. The simulation software
SAPHIRA of Active Media was also used.20

In order to test the performance of the proposed
controller on a trajectory that satisfies the first hypothesis,
a circumference of 600-mm radius was used as the desired
one, with center on the origin of the coordinate system.
The starting point for the robot was the center of the
circumference, with an initial orientation θ = 0 deg. From
this starting point, it evolves to the desired trajectory. The

reference trajectory starts at (600, 0) mm and it is generated
at constant linear and angular velocities, respectively known
as Vref and Wref . In the PIONEER 2DX mobile robot, the
value of the sample time T0 is 0.1 s.

4.1. First approach (simulation and
experimentation—index minimization)
A set of tests were developed in simulation and
experimentation. A simulation using the SAPHIRA
simulation software of Active Media20 for the mobile robot
was used, and the results are shown in Fig. 3(a) with kv =
kw = 1 in Eq. (15), when Vref is 100 mm/s. It can be noticed
that the mobile robot follows the desired trajectory but in an
oscillatory way. In order to correct this undesired behavior,
the control actions can be calculated by the minimization
of a quadratic index, in which not only the tracking error
but also the square of state variables derivative has been
considered, as seen in Eq. (16). Thus, the minimization of
tracking error as well as the minimization of the variation of
the state variables is considered

J = k2
1

[
(xdn+1 − xn+1)2 + (ydn+1 − yn+1)2]

+ k2
2

(
ẋ2

n + ẏ2
n

)︸ ︷︷ ︸
V 2

n

+ k2
3(θdn+1 − θn+1)2 + k2

4 θ̇n︸︷︷︸
W 2

n

(16)

We are looking for the derivative of the proposed index (16)
with respect to the control actions to make a minimization.
In (16), xn+1, yn+1, θn+1 are given by Eq. (7). Next, working
on Eq. (16) the following expressions can be reached:

∂J

∂Vn

= k2
1[−2T0 cos θn(xdn+1 − xn − T0Vn cos θn)

− 2T0 sin θn(ydn+1 − yn − T0Vn sin θn)]

+ k2
22Vn = 0 (17)

∂J

∂Wn

= −2T0k
2
3(θdn+1 − θn − T0Wn) + 2k2

4Wn = 0. (18)
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Fig. 3. (a) Simulation results: simulated and desired trajectory (Vref = 100 mm/s, kv = kw = 1). (b) Experimental results: real and
desired trajectory (Vref = 200 mm/s, Wref = 19.1 deg/s kv = 0.2, kw = 0.2).
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Fig. 4. Experimental results: (a) real angular velocity, controller Eq. (15). At Wref = 19.1 deg /s; (b) real angular velocity, controller
Eqs. (23) and (24). At Wref = 19.1 deg /s.

From Eqs. (17) and (18), the expressions for the control
actions Vn and Wn can be obtained:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Vn = k2
1

k2
1 + k2

2

T 2
0︸ ︷︷ ︸

kv

(
�x
T0

cos θn + �y

T0
sin θn

)

Wn = k2
3

k2
3 + k2

4

T 2
0︸ ︷︷ ︸

kw

�θ
T0

. (19)

If Eqs. (15) and (19) are compared, then it can be seen that to
minimize the state variables variations, the constant values
of kv and kw should be chosen to be less than 1; for that
reason, we propose to reduce the values kv and kw to values
kv = 0.2 and kw = 0.2. During the execution of the reference
trajectory, at a random instant of time, certain values of
(xd, yd) will be kept fixed. In this way, the proposed
controller performance is monitored when a trajectory is to
be followed by the mobile robot and then it is suddenly
stopped at a certain point. From Fig. 3(b), experimental
results on the mobile robot PIONEER 2DX can be analyzed,
with Vref = 200 mm/s and Wref = 19.1 deg /s. Figure 3(b)
shows the mobile robot following the reference trajectory
without undesirable oscillations. The speed range used for
testing the performance of the proposed controller is typical
in the trajectory tracking papers referenced by the current
bibliography.3 Figure 4(a) shows the time evolution of the
real angular velocity, denoted as Wreal, of the mobile robot.

It is important to remark that the absolute value of the
difference between the desired and the real trajectory, once
the mobile robot has reached the geometric predefined path,
will be called error. In this way, Fig. 3(b) shows that the
mobile robot follows the desired trajectory with a maximum
error of 20 mm, which is very small compared to the distance
between wheel axes (330 mm). However, linear and angular
velocities present a considerable variation with respect to the
reference value; it can be seen from Fig. 4(a) in reference
to the angular velocity. To improve this issue, we propose

considering in index J the error between the current and
desired state as well as the difference between the real and
reference linear and angular velocities; this is

J = cv12 {(xdn+1 − xn+1)2 + (ydn+1 − yn+1)2}
+ cw12 (θdn+1 − θn+1)2 + cv22(Vref − Vn)2

+ cw22(Wref − Wn)2 + cv32 (ẋ2
n + ẏ2

n

)+ cw32θ̇n

(20)

where cv1, cv2, cv3, cw1, cw2, and cw3 are constants
that allow adjusting the control system response. By
proceeding likewise,

∂J

∂Vn

= 0 ⇒ Vn = 1

cv12 + cv22

T 2
0

+ cv32

T 2
0

×
{
cv12

[
�x

T0
cos θn + �y

T0
sin θn

]
+ cv22

T 2
0

Vref

}
(21)

∂J

∂Wn

= 0 ⇒ Wn = 1

cw12 + cw22

T 2
0

+ cw32

T 2
0

×
{
cw12 �θ

T0
+ cw2

T 2
0

2

Wref

}
. (22)

This can be expressed as

Vn = kv2

kv12 + kv22

{
kv12

[
�x

T0
cos θn + �y

T0
sin θn

]

+kv22Vref

}
(23)

Wn = kw2

kw12 + kw22

{
kw12 �θ

T0
+ kw22Wref

}
(24)

https://doi.org/10.1017/S0263574708004669 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574708004669


274 Numerical methods based controller design for mobile robots

Table I. Summary of the errors in the trajectory and the angular velocity for the experimental test by the use of controllers defined by Eqs.
(19), (23), and (24).

Maximum error Maximum error Maximum angular speed Maximum angular speed
Vref controller by controller by difference for controller difference for controller by
(mm/s) Eq. 19 (mm) Eqs. 24 and 25 (mm) by Eq. 19 (deg/s) Eqs. 24 and 25 (deg/s)

100 12 5 4.5 1.2
200 21 10 8 2
300 28 14 9.5 2.3

where 0 < kv
2 ≤ 1, 0 < kw2 ≤ 1. Besides, it can be noticed

that the control actions depend on the linear and angular
reference velocities. To test the performance of the new
control law obtained, another experiment was carried
out using the values of kv12 = 1, kv22 = 3.5, kw12 = 1,
kw22 = 1.1, kw2 = 0.22, and kv2 = 0.24 and the values of
Vref = 200 mm / s and Wref = 19.1 deg/s. Figure 4(b) shows
the time evolution of the angular velocity when the controller
given by Eqs. (23) and (24) is used. The mobile robot follows
the desired trajectory with a maximum error of 10 mm, which
is very small considering the distance between the axes of the
mobile robot (330 mm). It proves the good performance of
the controller. In addition, if Figs. 4(a) and (b) are compared,
it can be seen that the variation of the real angular velocity has
been reduced considerably. A set of experiences was carried
out at different reference velocities and a summary of these
tests is presented in Table I; the most representative results
of the experimental tests is shown in Fig. 4.

Another typical benchmark trajectory of reference, like a
senoidal-type, was used to test the controller performance;
in this case Fig. 5 shows the trajectory followed by the
PIONEER 2DX mobile robot on the plane x–y, where the
initial position of the mobile robot was x = −4.0 m, y = 0 m.
It can be seen from Fig. 5 that the mobile robot tends to the
desired trajectory and then follows it in a precise way. Figure
6(a) and (b) show the time evolution of the linear and angular
velocities by using a PID controller to maintain the velocities
on the reference values; Fig. 6(a) shows that the mobile
robot goes at a high-linear-velocity compared with the speeds

0 10 20 30 40 50 60
-10

-8

-6

-4

-2

0

2

4

6

8

10

x  Coordinate [m] 

y
 C

o
o
rd

in
a
te

 [
m

]

Real
Trajectory

Desired Trajectory

Initial
Position

Fig. 5. Experimental results in lab facilities: real and desired
trajectory.

commonly used in mobile robotics. In Fig. 6(b), we observe
that the mobile robot is moving with a soft behavior without
strong oscillations through the desired trajectory.

If a comparison between our experimental results and
results recently published is made (for example Do and Pan,5

which presents an algorithm based on the dynamic model of
the mobile robot showing simulation results), we conclude
that the control system proposed in this paper presents a
similar performance working at the same range of speeds.
The maximum linear velocity was limited at 750 mm/s for
safety conditions.

4.2. Second approach (trapezoidal-type integration
method)
Second hypothesis: Value of |θn+1−θn| higher than the

one considered in the first hypothesis (It means the
presence of sudden changes in the heading of the mobile
robot along the desired trajectory).
Now, if Eq. (6) is not valid—a case occurring when the
desired trajectory suddenly changes its direction—it is
sensible to expect a momentarily increase of the error and
then a decrease. To visualize these effects, a box of 2200 mm
side is used as reference trajectory, which is generated
at a constant linear speed (Vref = 200 mm/s); the initial
position of the mobile robot was (−100, −100) mm. The
experimental results are shown in Fig. 7(a) which displays
the trajectory followed by the mobile robot PIONEER 2DX
on the x–y plane. It can also be noticed that when the
trajectory direction suddenly changes, the error increases, but
it decreases afterwards, with a maximum error of about 100
mm. Besides, the error is not too large when compared with
the size of the PIONEER 2DX, considering the demanding
desired trajectory chosen. This trajectory-type is used to test
the performance of the system, because it is a situation of
worst case, where the error is acceptable since it is smaller
than half the distance between the axes of the mobile robot. In
other trajectory-types that satisfy the first hypothesis made,
the performance will be better than in this case. However,
a modification of the control algorithm is stated in order to
reduce the peak in the trajectory shown in Fig. 7(a).

If in addition to knowing both the position and orientation
of the mobile robot, the linear and angular velocities in nT0

are also known, a trapezoidal-type integration approach can
be made [see Eq. (4)]. In this way, another controller for a
mobile robot is obtained and, consequently, it can be expected
that the system behavior be enhanced due to the use of a better
numerical approach of Eq. (5).
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Fig. 6. Experimental results: (a) Control action [Eq. (23)] and real linear velocity of the mobile robot; (b) Control action [Eq. (24)] and
real angular velocity of the mobile robot.

By the use of a trapezoidal-type integration method,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xn+1 = xn +
∫ (n+1)T0

nT0

V cos θdt ≈ xn

+T0

2
{Vn cos θn + Vn+1 cos θn+1}

yn+1 = yn +
∫ (n+1)T0

nT0

V sin θdt ≈ yn

+T0

2
{Vn sin θn + Vn+1 sin θn+1}

θn+1 = θn +
∫ (n+1)T0

nT0

Wdt ≈ θn

+T0

2
{Wn + Wn+1}

(25)

where xn, yn, θn, Vn, and Wn are the Cartesian position,
orientation, linear velocity, and angular velocity at nT0,
respectively. The aim is to find the values for θn+1, Vn+1,
and Wn+1 so that the mobile robot goes from its current

position (xn, yn) to (xdn+1, ydn+1). From Eq. (25),⎧⎪⎪⎨
⎪⎪⎩

Vn+1 cos θn+1 = 2

T0
(xdn+1 − xn) − Vn cos θn

Vn+1 sin θn+1 = 2

T0
(ydn+1 − yn) − Vn sin θn

(26)

sin θn+1

cos θn+1
= tan θn+1 =

2
T0

(ydn+1 − yn) − Vn sin θn

2
T0

(xdn+1 − xn) − Vn cos θn

. (27)

The value of θn+1 is thus defined. As shown in Eq. (25), this is
a three-equation system where linear and angular velocities
are unknown; from Eq. (25),

⎡
⎣ cos θn+1 0

sin θn+1 0
0 1

⎤
⎦[Vn+1

Wn+1

]
=

⎡
⎢⎢⎢⎢⎣

2

T0
(xdn+1 − xn) − Vn cos θn

2

T0
(ydn+1 − yn) − Vn sin θn

2
T0

�θ − Wn

⎤
⎥⎥⎥⎥⎦ .

(28)

-500 0 500 1000 1500 2000 2500
-500

0

500

1000

1500

2000

2500

x coordinate [mm]

y
 c

o
o
rd

in
a
te

 [
m

m
]

Desired
Trajectory

Real
Trajectory

Initial
Position

-500 0 500 1000 1500 2000 2500
-500

0

500

1000

1500

2000

2500

x coordinate [mm]

y
 c

o
o
rd

in
a
te

 [
m

m
] 

Desired
Trajectory

Real
Trajectory

(a) (b)

Fig. 7. Experimental results: (a) real and desired trajectory (Vref = 200 mm/s). By using controller Eqs. (23) and (24). (b) Trajectory
followed by the mobile robot on the x–y plane (Vref = 200 mm/s). By using controller Eqs. (31) and (32).
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And following the same steps in Eqs. (9) and (10), the
following expression can be reached:

Vn+1 = 2

T0
�x cos θn+1 + 2

T0
�y sin θn+1

− Vn cos (θn+1 − θn) (29)

Wn+1 = 2

T0
�θ − Wn. (30)

As in Eq. (15), the proposed controller will be defined by
Eqs. (29) and (30), weighted with two constants. The aim
of the modification to the original expression is to handle
the controller influence over the system and improve its
performance.⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Vn+1 = kv

[
2

T0
�x cos θn+1

+ 2

T o
�y sin θn+1 − Vn cos (θdn+1 − θn)

]
Wn+1 = kw

[
2

T0
�θ − Wn

] (31)

tan θdn+1 =
2
T0

(ydn+1 − yn) − Vn sin θn

2
T0

(xdn+1 − xn) − Vn cos θn

(32)

where 0 <kv ≤ 1 and 0 <kw ≤ 1 allow reducing the
oscillations in the state variables [see procedure in Eqs. (16)–
(19)]. From Eqs. (31) and (32), we can observe that the
control signals also depend on the current position, current
orientation, and the linear and angular velocity of the mobile
robot.

Figure 7(b) depicts an instance of the 2200-mm square-
shaped reference trajectory followed by the PIONEER 2DX,
generated with constant linear velocity of Vref = 200 mm/s
using the controller defined by Eqs. (31) and (32) from the
robot’s initial position of (−100, −100) mm. If Figs. 7(a) and
7(b) both are compared, it can be seen that the performance
of the controller improves. It means that the controller given

by Eq. (31) shows a better performance than that of the
controller of Eqs. (23) and (24).

Figure 8(a) illustrates the trajectory followed by the
PIONNER 2DX mobile robot on a plane x–y, when the
reference velocity is Vref = 750 mm/s using the controller
defined by Eqs. (31) and (32), the used trajectory corresponds
to the one defined by the first hypothesis. From this figure,
it can be concluded that the value of error continues being
small compared with the robot dimensions. This significant
improvement, shown in Figs. 7(b) and 8(a), comes from using
a better approximation of the system, which results in a
controller which uses—in addition to the desired position
and orientation—the real linear and angular velocities of the
mobile robot. The speed range used to test the controller
performance is typical in papers about trajectory tracking
using laboratory equipment.16,17

If the information about reference velocities is available,
the previous control law can be modified by following
the procedure indicated in Eqs. (20)–(24), thus, the linear
and angular reference velocities are incorporated into the
controller expressions as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Vn+1 = kv12

kv12 + kv22

[
kv12

(
2

T0
�x cos θn+1

+ 2

T0
�y sin θn+1 − Vn cos(θn+1 − θn)

)
+ kv22Vrefn+1

]
Wn+1 = kw12

kw12 + kw22

[
kw12

(
2

T0
�θ − Wn

)
+ kw22Wrefn+1

]
. (33)

The trajectory followed by the PIONEER 2DX mobile
robot on the plane x–y, when the controller is described by
Eq. (31) as well as Eq. (33), is shown in Fig. 8(a) and (b),
respectively. A circumference with radio 600 mm and linear
velocity of Vref = 750 mm/s was used as reference trajectory.

Figure 8(a) and (b) shows that the error is very small for
high velocities of the mobile robot. Nevertheless, comparing
both control proposals, the performance obtained with the
controller proposed by Eq. (33) is better than the one obtained
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Fig. 8. Experimental results: Trajectory followed by the mobile robot on the x–y plane (Vref = 750 mm/s): (a) Using controller defined by
Eqs. (31) and (32); (b) Using controller defined by Eq. (33).
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Fig. 9. Experimental results: (a) Trajectory followed by PIONEER 2DX in x–y plane; (b) time evolution of θ (t).

with the controller proposed by Eq. (31). This result is
obtained since the controller proposed by Eq. (33) takes into
account the reference velocities for the mobile robot, this is
more information than the one in Eq. (31). It makes that the
control action expressions use more information about the
variables that influence the behavior of the robot.

4.3. Application examples (positioning and leader robot
following)
Positioning: An important problem that has been previously
studied11 is the one in which the task is reaching a point in
the plane x–y and then, making an orientation procedure
with some desired angle of orientation established by a
trajectory planner. Figure 9(a) shows the path followed by the
mobile robot in plane x–y when the experiment considered
was the problem of positioning. In that case, the values for
the position and orientation were xd = 1.8 m, yd = 2.2 m,
and θd = 160 deg. In Fig. 9(b), the orientation of the
mobile robot depending on the time can be seen, where the
initial values for position and orientation were (x, y, θ) =
(0 m, 0 m, 0 deg), respectively.

In case the positioning error is big, the orientation θdn+1 is
calculated by using Eq. (32) and when the positioning error is
small enough, it is assumed that θdn+1 = 160 deg. It means

θdn+1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

a tan

(
2
T0

(ydn+1 − yn) − Vn sin θn

2
T0

(xdn+1 − xn) − Vn cos θn

)

if
√

�x2 + �y2 > ε

160 deg if
√

�x2 + �y2 ≤ ε

. (34)

ε being a significantly small value, for this case, was used
ε = 0.01 m. It can be seen from Fig. 9(a) and (b), how
the mobile robot defines an orientation to reach the point
(x, y) = (1.8, 2.2) m and when it is close enough to its new
desired orientation which is θdn+1 = 160 deg.

Leader robot following: Another example for the
application of the proposed methodology is presented. In it,

the control objective is to make a robot follow a leader robot,
keeping a predetermined distance. This tracking problem is
solved through the use of the control laws obtained in Eqs.
(31) and (32); since it is not necessary to use the linear and
angular reference velocities in this example. Moreover, it
can be clearly seen in this example that it does not exist
dependency between the control scheme proposed and the
odometry-based intern system. In leader robot following the
relative position between both robots is obtained through an
extern laser sensor.

In this section, the use of the developed controllers into
a leader robot following problem is described. To reach this
aim, a PIONEER 2DX mobile robot was used as a leader
robot. From Fig. 10(a) the trajectory followed by both the
leader robot and the follower robotin the plane x–y can be
seen.

At the beginning of the trajectory, the leader advance was
allowed until it reached a distance of 4 m from the follower;
in that time, the advance of the follower robot was enabled.
From Fig. 10(a) it can be observed that the follower robot
quickly approaches the leader and then follows it with a
distance of 0.28 m; the time evolution of the distance between
both robots can be seen in Fig. 10(b). The relative position
between both robots was obtained through a laser sensor.

An adequate and suitable performance of the proposed
control system against a common robotics benchmark, like
leader robot following, was shown in this example. Likewise,
it can be observed that the proposed control system is
dependent on the precision and accuracy of the sensor system,
but independent from the sensor method used. This relies
on the fact that not only intern sensors (odometry), but
also extern sensors (laser) can be used depending on the
application or the problem to solve.

5. Conclusions

In this work, four control laws have been proposed for
the trajectory tracking of mobile robots. Each one of these
controllers is used according to the available information.
The first proposal is used only if the desired position is

https://doi.org/10.1017/S0263574708004669 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574708004669


278 Numerical methods based controller design for mobile robots

(a)

0 5 10 15

-1

-0.5

0

0.5

1

x coordinate [m]

y
 c

o
o
rd

in
a
te

 [
m

]

(b)
0 50 100 150 200 250

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

D
is

ta
n

c
e

 t
o

L
e

a
d

e
r 

[m
]

Time [s]

Fig. 10. Experimental results: (a) trajectory followed by robots in plane x–y; (b) time evolution of the relative distance between both leader
and follower robots.

available [Eq. (15)], the second one is applied when the
desired position and desired velocity are available [Eqs. (23)
and (24)], the third one is used when the position, orientation,
linear velocity, and angular velocity are available [Eq. (31)],
and finally, the fourth one is applied when the information
used in the third one plus the linear and angular reference
velocities are available [Eq. (334)]. The above control
structures can be designed and implemented without great
difficulty, because standard algebraic-numerical techniques
are used.

Simulation and experimental results of the developed
controllers on a PIONEER 2DX mobile robot have also been
addressed. Through the analysis of these experiments, it can
be concluded that the trajectory error between the desired
and the real trajectories of the mobile robot is very small.

Also, the task of reaching a new reference point and then
making a new orientation was considered. In this case, it can
be seen that this goal was completely and efficiently reached
without difficult calculations. Same results were obtained for
the leader robot following problem exposed in this work.

From the experimental results, we conclude that the
proposed methodology is quite simple for selecting the
parameters of the controller in order to achieve a good
performance of the system during the navigation of the
mobile robot.

The proposed methodology for the controller design can be
applied to other types of systems. The required precision of
the proposed numerical method for the system approximation
is smaller than the one needed to simulate the behavior of
the system. This is because when the states for the feedback
are available, in each sampling time, any difference from

accumulative errors is corrected (e.g., rounding errors). Thus,
the approach is used to find the best way to go from one
state to the next one, according to the availability of the
system model. The controller design was also stated as a
minimization of a quadratic index, which is a simple problem,
and allows considering other trajectory properties, such as
Vref and Wref .
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