Euro. Jnl of Applied Mathematics (2004), vol. 15, pp. 533-543. © 2004 Cambridge University Press 533
DOI: 10.1017/S0956792504005649  Printed in the United Kingdom

A uniqueness result in an inverse hyperbolic
problem with analyticity

YU. E. ANIKONOV!, J. CHENG? and M. YAMAMOTO?

Sobolev Institute of Mathematics, Siberian Branch of Russian Academy of Sciences,
Acad. Koptyug prospekt 4, Novosibirsk 630090 Russia
email: anikon@math.nsc.ru
2Department of Mathematics, and Key Laboratory of Wave Scattering & Remote Sensing Information
(Ministry of Education), Fudan University, Shanghai 200433, China
email: jcheng@fudan.edu.cn
3Department of Mathematical Sciences, The University of Tokyo,
3-8-1 Komaba Meguro Tokyo 153 Japan
email: myama®ms .u-tokyo.ac. jp

(Received 10 October 2001 ; revised 7 May 2004)

We prove the uniqueness for the inverse problem of determining a coefficient g(x) in afu(x, t)=
Au(x,t) — g(x)u(x,t) for x € R" and ¢ > 0, from observations of u|ryor) and the normal
derivative %l rxor) Where I' is an arbitrary C*-hypersurface. Our main result asserts the
uniqueness of g over R" provided that T > 0 is sufficiently large and ¢ is analytic near I’
and outside a ball. The proof depends on Fritz John’s global Holmgren theorem and the
uniqueness by a Carleman estimate.

1 Introduction
We consider a Cauchy problem for a hyperbolic equation:

Gtzu(x, t) = Au(x,t) — q(x)u(x,t), x=(x1,...,x,) ER",0<t<T, (1.1)
u(x, T/2) = a(x), Owu(x,T/2)=0, x € R". (1.2)

Here and henceforth we set

Oou ) o%u

@[u = a, atu = W’
Ou ) o%u ",
it= = = X > 1 < < s A - P
Oiu o Oju o7 i<n ;6,

Throughout this paper, we fix a € C*(R") and we denote the solution u to (1.1) and (1.2)
by u(q) = u(q)(x,t), because it is unique if exists. For example, if ¢ € C*(R"), then we
know that there exists a unique solution u(q) € C*(R" x [0, T)) (e.g. Bers et al. [4]).

Our problem is an inverse problem of determining a coefficient ¢ = ¢g(x) from measure-
ments of u(x,t). The coefficient g(x) describes a physical property of the medium (e.g. the
elastic modulus in Hooke’s law) in (1.1), and our inverse problem is the determination of
such a property. We will formulate our inverse problem.
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Let I' < R" be a hypersurface of class C* and T > 0 be fixed. We consider uniqueness
in an inverse hyperbolic problem. Is the correspondence

ou
Ul (0,7 3 «—q
Vrx,1)
injective?

Here v = v(x) denotes the outward unit normal vector to I" at x and % =Vu-vonlTl,
and we observe u and g—t‘ on I x (0, T'). From the theoretical point of view, the uniqueness
is the first step in our inverse problem.

For a similar kind of inverse problems, we refer to Bukhgeim [5], Bukhgeim & Klibanov
[7], Imanuvilov & Yamamoto [8, 9], Isakov [10, 11], Khaidarov [12], Klibanov [13] and
Yamamoto [18], which are based on Carleman estimates. As for the determination of a
damping coefficient p in éfu = Au + p(x)0;u for t > 0, we refer to Bukhgeim et al. [6],
which relies on the Carleman estimate too. By their results, we can prove the uniqueness
in a convex domain D whose boundary contains I', provided that |a| > 0 on Dr. In
particular, if I' is flat and the principal term of the hyperbolic equation is constant,
then the existing results do not yield any uniqueness outside I'. For general g € C*(R"),
no uniqueness is known over R". In the flat case, under the condition that unknown
coefficients are constant outside a fixed bounded domain, Rakesh [14] and Romanov [16]
show the uniqueness in inverse problems with the formulations by Dirichlet to Neumann
map [14], where boundary measurements are repeated infinitely.

In this paper, we establish the uniqueness over R" under the assumption that g is
analytic outside Bg = {x;|x| < R} and I'<= R"\ Bg. Our assumption is satisfied if ¢ is a
constant function outside Bg, and such homogeneity of the medium far from 0 is physically
acceptable. This assumption generalizes the settings in Rakesh [14] and Romanov [16].
We notice that we do not assume any analyticity inside Bg.

As for the uniqueness within analyticity or piecewise analyticity, we refer to Anikonov
[1], Anikonov et al. [2] and Berezanskii [3]. In particular, in Anikonov et al. [2], we
consider a hyperbolic equation

O2u(x1, X2, X3, 1) = Au(x1, X2, X3, 1)

—q(x1, X2, X3)u(xX1, X2, X3, 1) + G(x1, X2, X3, 1),  (X1,%2) € R*, x3>0,¢>0

with the zero initial condition and the boundary condition
(Q3u)(x1,x2,0,0) =0, (x1,X2) € R, >0,

and discuss an inverse problem of determining g = q(x1, x2, x3) from boundary observation
u(x1,x2,0,t) where (x1,x,) varies over a suitable domain and T > 0 is sufficiently large,
provided that ¢ belongs to a set of piecewise analytic functions: {q € C?; there exist
O=no < m < -+ <1, < ns41=00 such that ¢ is analytic in{(x1,x2,x3);(x1,x2) €
R% nj—1 < x3 <nj, 1 <j</+1}. In Anikonov et al. [2], the uniqueness in determining ¢
is proved to be true in a neighbourhood of {x3; = 0} where the external force G is positive.
In Berezanskii [3], the uniqueness is proved in determining a potential in a Schrodinger
equation within a similar set of piecewise analytic functions from all the eigenvalues and
boundary values of the eigenfunctions. In many models, the mediums are assumed to
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be stratified, that is, coefficients under consideration are piecewise constant, or piecewise
analytic in a more general case. Therefore, as a set of unknown coefficients for inverse
problems, the class of piecewise analytic functions is reasonable.

The case of flat I' appears when we consider observations on a flat ground for inverse
problems in geophysical prospecting and such a case is important.

This paper is composed of four sections; the main result in §2, the proof in §3, and
concluding remarks in §4.

2 Main result

First we note that there exists a unique solution u(q) € C*(R" x [0, T)) to (1.1) and (1.2)
for a € C*(R") and q € C*(R") (e.g. Bers et al. [4]).
Let us set
B, ={x € R";|x| <r}
for r > 0. We fix R > 0 and set

92 ={q € C(R");q is analytic in R"\ Bg}. (2.1)
Let I' = R" be a hypersurface of class C* such that
I' = R"\ Bg. (2.2)
We set

d.(x,g) = the shortest length among all the continuous curves
in R"\ By connecting x and g (2.3)
for x,g € R"\ Br. We note that d.(x, g) = |x — g| if the segment connecting x and g is in
R" \ B_R

We are ready to state our main result.

Theorem 2.1 We assume that a € C*(R") satisfies

la] >0 on BruUT (2.4)
and
T> 2(R + sup inf d(,(x,g)). (2.5)
Xx€0BR gel’

If u(q1),u(q2) € C3(R" x [0, T)) satisfy

Ou(q1) _ Ou(qa)
ov ov

u(q1) = u(q2), on I'x(0,T) (2.6)

for q1,q2 € 2, then
g1 =q in R" (2.7)

Remark In the case I' = {x;|x| = R;} with Ry > R > 0, the condition (2.5) is reduced

to T > 2R; which can be interpreted from the viewpoint of travelling time and coincides
with the condition in earier work [6, 8, 9, 11, 13, 18].
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3 Proof

First step We prove the uniqueness of q; and ¢, outside Bg. By the argument in Bers
et al. [4], we can take a small open set ¢ with @ > I such that

0 R"\ Bg (3.1)

and
u(q1),u(q2) € C*(0 x [0, T)). (3.2)
Then we will show

Lemma 1 We consider
OZu(x, t) = Au(x, t) — q(x)u(x, t), x€0,0<t<T,

u(x, T/2) =a(x), Ou(x,T/2)=0, xed, (3.3)
u(x,t) = o(x,t), %(x, t) = p(x,1t), xel,0<t<T.

Here u, q, a, ¢ and v are of class C* in (x,t) € O x [0, T]. We assume that |a| > 0 on 0.
Then all the derivatives of q in x on I’ can be determined uniquely by a, ¢ and .

Proof of Lemma 1 We set uy(x) = (agu)(x, T /2). Then, by (3.3), we have
—uz(x) + Aa(x)

q(x) = ) , X€O (3.4)
and A
Au(x, 1) = 0%u(x, 1) + Wu()@ ), xe0,0<t<T. (3.5)

By u € C*(0 x [0, T]), we obtain

w(x) = (3})(x,T/2), x€T
and we see from (3.5) that 0;0;ux(x, T/2), x € I', 1 < i, j < n, are uniquely calculated by
means of ¢, v and a. Therefore

2
4(x) = —07(x, 7;(/3)) + Aa(x), xerl

and 0;0;ux(x,T/2), x € I', 1 < i,j < n, are uniquely determined. We can continue this
argument in view of u € C¥(€ x [0, T]). Thus the proof of the lemma is complete.

By (3.2), we apply Lemma 1 to u(q;) and u(qz), so that all the derivatives of q; and ¢
are equal each other on I' = R"\ Bg. Noting that ¢;,q> € 2, we obtain

q1(x) = g2(x),  x € R"\ Bg. (3.6)

Second step In this step, we prove that

Ou ou
) ) = @), Cad (= B gy
X€O0Bg, to <t < T —ty, (3.7)
where 1 satisfies
2R < T — 2ty. (3.8)
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This will be proved by a global version of the classical Holmgren theorem. Such gener-
alization is not trivial and we will give the proof for completeness. As for generalization
of the Holmgren theorem, we refer to Tataru [17]. In any case, for the proof of (3.7) with
(3.8), some work is required.

Here % denotes the normal derivative on dBg. Setting v = u(q;) — u(g>) in (R" \ Bg) x
(0, T), in view of (3.6), we have

o%v(x,t) = Av(x,t) — qi(x)v(x,t), x€R'"\Br, 0<t<T, (3.9)

and 5
v(x,t)=£(x,t)=0, xel,0<t<T. (3.10)
We show

Lemma 2 Let xo,& € R"\ By satisfy

U Gxslx =& + (1 =mxo)l < p} = R"\ Br. (3.11)

[US/AS

Let T >0, p>0, u=0 satisfy
T >2(p+ p) + 2|xo — &I (3.12)

We assume
v(x,t) =0, Ix—¢l<p, u<t<T—p (3.13)
Then

v(x,t) =0 if |x — xo| < p and

prutixg—¢l<t<T—p—p—|xg—El (3.14)

Proof of Lemma 2 Without loss of generality, we may assume that £ = 0. We can take a
domain D and a hyperplane © such that £ =0 € D and D is on m,

0
v=£:0 on D x (T — 1) (3.15)
and
Oxo L. (3.16)
Henceforth we set
X = (X1,X2,...,%) = (x1,X), Xxo= (x(l),x%,...,xg) = (x(l),xé)).

Since the Laplacian A is invariant with respect to a rotation and parallel displacement in
x, we may assume that © = {(0,x');x’ € R""!} and that

x4 >0, xo = (x,0,....,0), D ={(0,x);|x'| < p}. (3.17)
We take an open subset U < R" X (u, T — p):

T —2u
2

U= {(xl,X’, ;X1 <p, 0< x; <

T
z—i‘}. (3.18)
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. T
2 b
by regarding the x'-direction as the height.
For any p; € (0, p), we choose a function y = y(x') such that

In other words, U is a triangular prism with the base

T-—-2
{(xlvt);0<xl < Tﬂ —

7€ CP(R™"), suppy = {x;|xX| < p},
X(x/) = 19 |X/| < Pl,
Wx)=0, [xX|=p, 0<y<L

(3.19)

Moreover, we can take a family of C*-functions x; = F(4,t) with parameters 1 € [0, 1)

such that
F(0,0)=0, F(Lt)y=13%—|t—T|,
O<F(LH)<F(,t), pu<t<T—u0<i<l,
lim;1 F(4,t) = F(1,t) for fixed t € (u, T — p),
F(A,u)=F@,T—u =0, 0<i<,
(0. F)(4,1)] < 1, u<t<T—p0<i<l.
We set
G/, x1,x',t) = x1 — y(x")F(A, 1)
and

Zi = {(Xlax/, t)7 ‘x/| <p,pu< t<T — N, G(/’Lyxlzx/a [) = 0}

(3.20)

(3.21)

(3.22)

Then Xo={(0,x,0);|x| < p,u <t <T—u=Dx (uT —u) and for 0 < A < 1, the

hypersurface X, is noncharacteristic with respect to 6? — A. In fact,

8:GP* = 10,GI” = [P0, F> — 1 — (Z |a,x|2> F?

Jj=1 j=2

<[ FP—1- (Z |6;xl2> F? < —(Z |a_,x|2> F2<0

j=2 j=2

by the last conditions in (3.19) and (3.20). Hence the noncharacteristic hypersurfaces X
sweep out a domain starting Xo. In view of (3.15), Fritz John’s global Holmgren theorem

[4, 15] yields

o(x,t)=0, (xe |J Z.
0<i<l1
Hence, since p; > 0 in (3.19) is arbitrary, we obtain
v t)=0 if [¥|<pand 0<x < 5% —|r—T.
On the other hand, if
prutixol <t<T—p—pu—Ixol,

then
|xo| + p < min{T — p—t,t — u}.

https://doi.org/10.1017/50956792504005649 Published online by Cambridge University Press

(3.23)

(3.24)

(3.25)


https://doi.org/10.1017/S0956792504005649

A uniqueness result in an inverse hyperbolic problem with analyticity 539

Therefore, if |x — x| < p and (3.25) holds, then by xo = (x{,0,...,0), we see that [x'| < p
and that

0 < x1 < |x| < Ix —xo| + [x0| < |x0| +p < min{T —pu—t,t — p}
T | T
= > |-

2

Hence the conclusion (3.14) follows from (3.24). Thus the proof of the lemma is complete.
Now we will proceed to the proof of (3.7) with (3.8). We take 6 > 0, o9 > 0, ¢g > 0 and
e > 0 sufficiently small, so that

0<e<? (3.26)
and
T >2R+2 sup inlf d.(x,g) + 0 + oo + 4(e + €o) + 4ep. (3.27)

XE0BR+4, g
By (2.5) such € > 0, ¢ > 0, 69 > 0 and 6 > O exist.

Let y € 0Bgr4s, be arbitrary. Henceforth || denotes the length of the curve [. By
the definition (2.3) of d., for ¢ > 0, we can take E € I' and a continuous curve
1\ {y} = R"\ Bgrys, connecting £ and y such that |I] < infyer de(y,g) + e

By (3.9) and (3.10), we can apply Fritz John’s global Holmgren theorem (e.g. [15]), so
that for €y > 0, we have €; > 0 and ¢ € R"\ Bgrys, such that |¢ —¢| <€ and

o) =0, |x—¢ <e,eo<t<T —ep (3.28)

If €1 = €y, then we reset €; = ¢( In £3.28), so that we may assume that e; < €.
We denote the continuous curve [ U {x = (1 —n)¢ +yn&;0 <5 < 1} by [. Then

| < inf d.(y,g) + € + €o. (3.29)
gel’

By the definition of the length of a curve, there exist a natural number N > 2 and
x!,...,xN"t el = R"\ Bgys, such that

N
S =X <l +e,
j=1

where we set x* = ¢ and x" = y. Hence

N
> I/ =X < inf de(y, 8) + 2(e + €),
i gel’

and (3.27) implies

N
o T 540
Z|xf—xf*1| < ?—R— J; 0 _ 2. (3.30)
j=1
Moreover by (3.26), we have
U felx = + (1 —nx*) < e} cR"\ Bz, 0<k<N-—1 (3.31)

U/
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[l

First we apply Lemma 2 with xo = x!, u =€ and p = 5, so that

) — i —x! €
v(x,t) =0 if [x —x'| < § and

1 1
<60+§61> +x' =X << T — (60—1—561) —x! = x9.

By €1 < €9, we see that
— : 1 €
v(x,t) =0 if [x —x'[ < % and

(1+%>60+|x1—x0|<t<T—<1+%>eo—xl—xo. (3.32)
By (3.26) and (3.30),

2
T>2{(1+%> e+ (%) 61}+2(|x1—x0|+x2—x1|).

Consequently, setting ¢ = x!, xo = x%, u = (1+ 1) eo + |x! —x°| and
p= (%)2 €1, in view of (3.31), we can apply Lemma 2, so that by (3.26), we obtain

v, t)=0 if x —x?| < (%)261 and

1 /1)’
€0 (1—}-5—1—(5) >+|x1—x0+|x2—xl|<t

1 1\’
<T—{€o <1+§+(§) >+|x1—x0|+|x2—x1|}. (3.33)

Changing p = (%)k €1, k = 3,4,...,N and taking xo = x*, in view of (3.26), (3.30) and
(3.31), we apply Lemma 2 for k = 1,..., N to obtain

v(x,t) =0  if [x — x| < (%)kel and
1 1\ K k
14 = 4--- - J_ J—1
60<+2+ +(2)>+;|x X/

1 1\* koo
<t< T — Z4... - J _ 1
<t<T 60<1+2+ +<2)>+,§=1|x x ) (3.34)

In particular, we have

v(x,t) =0 if|x—xN| < (%)Nel and
| N N
14+ = 4--- Z J _ 1
60( +5+ +(2> >+j§=l|x x|

1 1 N N
< < — 1 — — J_ J—1
t< 1 €o<+2+ +(2)>+J§=l|x X
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Consequently we have

v(x,t)=0 if[x—y| < (%)Nel and

k<t<T-—x. (3.39)
Here by (3.30), we have
N T 540
= J _ 1 _ _R_ 0
K= jgl X/ — X/ 4+ 2¢¢ < 3 R 5 (3.36)
Setting
T 0
- _ _R-—Z .
fo= 3 > (3.37)

we see that 1o > 0 satisfies (3.8). Therefore, in view of (3.36), we have

0 o
b0 = Vo =0,y € Brag fo— 0 <1< T~ (m - 7‘)) BENEE )

Since 09 > 0 can be taken arbitrarily small, we obtain
v(x,t) = |[Vo(x,t)] =0, X€E€O0BR, tgo <t < T —1ty.
That is,
ov
v(x,t)za(x,t)zo, X EOBR, tg <t < T —ty.
Thus the proof of (3.7) with (3.8) is complete.

Third step In this step, we complete the proof of the theorem. In addition to (3.7), for
j=1,2, we have

atzu(qj)(x, 1) = Au(q;)(x,t) — qj(x)ul(g;)(x,t), x € Br,to <t <T —ty, (3.39)
u(gj)(x, T/2) = a(x), Oulq;)(x,T/2)=0, X € Bg. (3.40)
By (3.8), we have
T — 2ty
> > R.

Therefore by the uniqueness in the inverse problem for (3.7), (3.39) and (3.40) [8, 9, 10,
11, 13, 18], we see that g;(x) = ¢2(x), x € Bg. In view of (3.6), the proof of the theorem is
complete.

4 Concluding remarks

In this paper, we have proved the uniqueness in determining a coefficient g(x) in a
hyperbolic equation (1.1) by observation on any small hypersurface I along a sufficiently
long time interval (0, T'), provided that ¢q is analytic outside a ball containing I". Moreover,
for the uniqueness, our proof requires the strict positivity (2.4) of the initial value
u(-,0).
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Furthermore there is a stability problem in determining g from our observations of
u and g—? on I' x (0,T), and in principle, we can apply the method here with suitable
modifications but we will omit the details.

Finally we will list important open questions:

e [s the same uniqueness true without analyticity outside the ball containing I ?

e Can we relax the strict positivity of u(-,0)? For example, is the uniqueness true if u(-,0)
does not vanish identically? This question is very difficult even though we assume the
same condition on the analyticity of q.
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