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Abstract

We show that every graded ideal of a Leavitt path algebra is graded isomorphic to a Leavitt path algebra.
It is known that a graded ideal / of a Leavitt path algebra is isomorphic to the Leavitt path algebra of
a graph, known as the generalised hedgehog graph, which is defined based on certain sets of vertices
uniquely determined by /. However, this isomorphism may not be graded. We show that replacing the
short ‘spines’ of the generalised hedgehog graph with possibly fewer, but then necessarily longer spines,
we obtain a graph (which we call the porcupine graph) whose Leavitt path algebra is graded isomorphic
to 1. Our proof can be adapted to show that, for every closed gauge-invariant ideal J of a graph C*-algebra,
there is a gauge-invariant *-isomorphism mapping the graph C*-algebra of the porcupine graph of J onto J.

2020 Mathematics subject classification: primary 16S88; secondary 16D25, 16D70, 16 WS50.
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1. Introduction

If Eis a graph and Lk (F) is its Leavitt path algebra, it is known that every graded ideal /
of Lx(E) is uniquely determined by a pair (H, S) of certain subsets of vertices, known as
an admissible pair (we review the definition in Section 2.2). For every such admissible
pair, one can define a graph, referred to as the generalised hedgehog graph in [1], such
that 7 is isomorphic to the Leavitt path algebra of this graph. The name ‘hedgehog’
comes from the construction in which one attaches new edges (the ‘spines’) to H U S
(the ‘body’). We modify this construction by replacing the added edges with possibly
fewer paths which are then necessarily of length larger than one. Because of the longer
spines, we call the resulting graph the porcupine graph of (H,S). In the main result
of the paper, Theorem 3.3, we construct a graded =-isomorphism of I and the Leavitt
path algebra of the porcupine graph of the admissible pair corresponding to /.

We adapt our result to graph C*-algebras also. In Corollary 3.4, we show that, for
every closed gauge-invariant ideal J of a graph C*-algebra, there is a gauge-invariant
(and graded in the C*-algebra sense) *-isomorphism which maps the graph C*-algebra
of the porcupine graph of J onto J. Just as in the algebraic case, it is known that such
an ideal J is *-isomorphic to a graph C*-algebra, but it was not clear whether there is a
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gauge-invariant *-isomorphism between J and a graph C*-algebra. We show that such
an isomorphism indeed exists.

2. Prerequisites

2.1. Graded rings and #-rings. A ring R (not necessarily unital) is graded by a
group T if R = (P, R, for additive subgroups R, and R,Rs C Rys for all y,6 € T.
The elements of the set |, R, are said to be homogeneous and vy is the degree of any
nonzero element of R,. The grading is trivial if R, = 0 for every y € I" which is not
the group identity. We adopt the standard definitions of graded ring homomorphisms,
graded algebras and graded ideals as defined in [4].

A ring R is an involutive ring, or a %-ring, if there is an antiautomorphism * : R — R
of order two. If R is also a K-algebra for some commutative, involutive ring K, then
R is a =-algebra if (kx)* = k*x* for all k € K and x € R. If R and S are #-rings, a ring
homomorphism ¢ : R — § is a *-homomorphism if ¢(x*) = ¢(x)* for every x € R.

2.2. Leavitt path algebras. Let E be a directed graph. Let E° denote the set of
vertices, let E! denote the set of edges and let s and r be the source and range maps of
E, respectively. A sink of E is a vertex which emits no edges, and an infinite emitter is
a vertex which emits infinitely many edges. A vertex of E is regular if it is neither a
sink nor an infinite emitter. A path is a single vertex or a sequence of edges eje; ... ¢,
for some positive integer n such that r(e;) = s(e;y1) fori=1,...,n— 1.

Extend a graph E to the graph which has the same vertices and whose edges are
E' U{e* | e € E'}, where the range and source functions are the same as in E for
e € E' and s(e*) = r(e) and r(e*) = s(e) for the added edges. If K is any field, the
Leavitt path algebra Lg(E) of E over K is a free K-algebra generated by the set
E°UE'" U{e* | e € E'} such that, for all vertices v, w and edges e, f:

V) vw=0ifv # wand v = v;

(E1l) s(e)e = er(e) = e;

(E2) r(e)e’ = e*s(e) = e,

(CK1) e'f=0ife# fand e*e = r(e); and
(CK2) v =3 ,e51(y) €€” for each regular vertex v.

By the first four axioms, every element of Lg(E) can be represented as a sum of the
form }'_, k;piq; for some n, paths p; and g; and elements k; € K, fori = 1,...,n, where
v =vforveE®and p* = e,...e) for a path p = e, ...e,. Using this representation,
one can make Lg(E) into an involutive ring by defining (31, kipiq?)* = X, k'qip},
where k; — k7 is any involution on K. For more details on these basic properties,
see [1].

If we consider K to be trivially graded by Z, Lx(E) is naturally graded by Z so that
the n-component Lg(E), is the K-linear span of the elements pg* for paths p, g with
|pl — |gl = n, where |p| denotes the length of a path p. Although one can grade a Leavitt
path algebra by any group (see [4, Section 1.6.1]), we consider only the natural grading
by Z.
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If a K-algebra R contains elements a,, b, and c.- which satisfy the axioms (V), (E1),
(E2), (CK1) and (CK2), where v € E and e € E' for some graph E, the Universal
Property of Lg(F) ensures that the map ¢ : v — a,,e — b.,e* — c,» has a unique
K-algebra homomorphism extension ¢ : Lx(E) — R (see [1, Remark 1.2.5]). If R is
Z-graded and the elements ¢(v), #(e) and ¢(e*) have degrees 0, 1 and —1, respectively,
then such an extension is graded and the Graded Uniqueness Theorem [1, Theorem
2.2.15] states that ¢ is injective if and only if ¢(v) # 0 for every v € E°. If R is
involutive and if a* = a, for every v € E° and (b,)* = ¢, for every e € E', then ¢ is
a *-homomorphism (see [7, Lemma 4.7]).

2.3. Graded ideals of a Leavitt path algebra. A subset H of E° is said to be
hereditary if r(p) € H for any path p such that s(p) € H. The set H is saturated if
v € H for any regular vertex v such that r(s~!(v)) € H. We recall a construction from
[6]. If H is hereditary and saturated, let

By = {v € E’ — H|v an infinite emitter and

stvynr! (EO — H) is nonempty and finite},

Vi=v— Z ee* forallv e By.
ees™! (v)Nr-! (EO—H)

An admissible pair is an ordered pair (H,S), where H C EV is hereditary and
saturated and S C By. For such a pair, let /(H, S) denote the graded ideal generated
by homogeneous elements H U {/ |v € S}. The ideal I(H,S) is the K-linear span of
the elements pg* for paths p, ¢ with r(p) = r(g) € H and the elements pv*g* for paths
p,q with r(p) =r(g) =v €S (see [6, Lemma 5.6]). The converse holds as well: for
every graded ideal I, the vertices in / form a hereditary and saturated set H and the set
of infinite emitters such that v/ € I is a subset of By (see [6, Theorem 5.7] and also
[1, Theorem 2.5.8]). For an admissible pair (H, S), let E(z sy be the graph defined by

F\(H,S) = {ey ...e, is a path of E | r(e,) € H,s(e,) ¢ HU S},
Fy(H,S) ={pisapathof E|r(p) €S, |p| > 0},
Fi(H,S)is a copy of Fi(H, S) fori = 1,2,
Elysy=HUSUF(H,S)UF,H,S),
Elys ={e € E'|s(e) € HYUfe € E'|s(e) € S, r(e) € H} U Fy(H,S) U F(H. ),

with s and r the same as on E! for e € E' N E(IH,S) and s(p) = p,r(p) =r(p) for p €

F\(H,S) U Fy(H,S). By [5, Theorem 6.1] (also [1, Theorem 2.5.22]), the ideal I(H, S)
is isomorphic to Lx(Ex.s)).

In [1], the graph E( ¢g) is referred to as the hedgehog graph and the graph E s) is
referred to as the generalised hedgehog graph. The term ‘hedgehog’ is chosen since
the added edges ending at H U S resemble spines of the hedgehog body H U S. The
isomorphism Lg(Ey5)) — I(H,S) is defined so that the edges of E# sy are mapped to
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certain homogeneous elements of I(H, S) of positive degree, not necessarily degree
one. Thus, the degrees are not necessarily preserved under this map and so this
isomorphism may not be graded.

In [2], the authors consider a version of Es), which they denote yEs (see [5]
for details on differences in definitions); [2, Proposition 3.7] states that I(H, S) and
Lk (yEs) are graded isomorphic. However, the map Lx(yEs) — I(H,S) in the proof is
defined analogously to the map Lx(Ey 5)) — I(H, S) and, as we noted above, this map
is not necessarily a graded map. The last section of [5] contains some further details
on a problem with the definition of yEs and [2, Proposition 3.7].

3. The main result

We modify the construction of the generalised hedgehog graph of an admissible
pair (H, S) by making the spines added to the body H U S possibly fewer in number
but then necessarily longer in length. Because of the longer spines, we call the resulting
graph the porcupine graph and denote it by Py ). The modified construction enables
us to create a degree-preserving isomorphism Lg(P#.5)) — 1(H, S).

DEFINITION 3.1. For an admissible pair (H, S), we keep the definitions of F;(H, S) and
F»(H,S). For each e € (F|(H,S) U F»(H,S)) N E', let w® be a new vertex and let f¢ be
a new edge such that s(f¢) = w® and r(f*°) = r(e). Continue this process inductively as
follows. For each path p = eq, where g € F|(H,S) U F>(H,S) and |g| > 1, add a new
vertex w” and a new edge f” such that s(f”) = w” and r(f?) = we.

We define the porcupine graph P sy as follows. The set of vertices of Py s) is

HUSU{w" | peFi(H,S) UFH,S)).
The set of edges of Py s) is
{ec E'"|s(e) e HYU{e € E'|s(e) € S,r(e) e HYU{f? | p € Fi(H,S) U F»(H, S)}.

The s and r maps of P sy are the same as in E for the common edges and they are
defined as above for the new edges.

Before formulating and proving the main result, we present some examples that
compare and contrast the generalised hedgehog and the porcupine graphs of an
admissible pair.

EXAMPLE 3.2. Let E be the Toeplitz graph e{ o" —% s o and let H = {v}. The
hedgehog graph of (H,0) is shown first and the porcupine graph is second.

eg. .eg o
(24 N
e2g
g l// W fﬂzg wes I we  SE v
S0 — > @, <0 > @ o . R
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The graded isomorphism of Theorem 3.3 is such that the path ¢"~!'g of length n
corresponds to the path £¢'¢ f¢¢ ... £2, which is also of length n.
We consider another example with an infinite emitter. Let E be the graph
-

e gl

and consider H = {v}, S = {w}. In this case, F|(H, S) = {e3, exe3, e1e2e3} and F>(H, S) =
{e1}. The generalised hedgehog graph of (H, S) is shown first and the porcupine graph

is second.
o3
&
e er £~§ exes
ol ° ° 0©2¢3
—
ejees
o 16263
N e 8 ene
wel fel w TN v f‘3 we3 flze3 we2e3 felnzl3 Wwe1ees
° ° ° ° ° °

R

THEOREM 3.3. For an admissible pair (H, S) of a graph E, I(H,S) and Lx(P#.s)) are
graded x-isomorphic. Thus, every graded ideal of a Leavitt path algebra is graded
s-isomorphic to a Leavitt path algebra.

PROOF. We define a function ¢ which maps the vertices and edges of P s) to elements
of I(H, S), as follows. For a vertex v of Py s, we let

% ifveH,
v ifves,
pv) =1 . e b
pp ifv=wPfand p € F|(H,YS),

pr(p)p* ifv=wPand p € F»(H,S).

For an edge g of Py s), we let

e ifg=eecE'orif g = f for some e € F{(H,S) NE",
(0) = er(e)! if g = f¢ forsomee e F,(H,S)NE",
$8) = epp” if g = f¢ forsomee € E' and p € Fi(H, S),

epr(p)ip* if g = f¢P for some e € E' and p € F»(H,S).

Extend ¢ to g* for g € P(IH’S) by ¢(g*) = ¢(g)* and use the definitions to check that
(V), (E1), (E2) and (CK1) hold for ¢(v), ¢(g), #(g*),v € P?H,S), g€ P(IH’S). We present
more details for checking that (CK2) holds. If v is a regular vertex of P ), then v

https://doi.org/10.1017/5S0004972721000642 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972721000642

[6] Graded ideals of Leavitt path algebras 253

cannot be in S, sov € H or v = w? for some p € F(H,S) U F>(H, S). In the first case,
the edges v emits are in E since H is hereditary and the relation v = 3’ c¢-1(,) ee” holds
in Lx(P#,5)) since it holds in Lg(E). In the second case, consider the four possible
cases: p=e€ F{(H,SYNE',p=ec F,(H,SYNE',p=eq for ec E',q € F|(H,5),
and p = eq for e € E', g € F5(H,S). Note that, in each case, v emits only one edge
fP so it is sufficient to check that ¢(f?)d((fP)*) = ¢(v) in each case.

(i) Ifp=eecFi(H,S)NE' then ¢(f)((f*)") = ee* = p(v).
(i) If p=ee F,(H,S)NE', then ¢(f)p((f)*) = er(e)r(e)e* = er(e)fle* = ¢p(v).
(iii) If p=eqgforecE',q € Fi(H,S), then
d(fP)((f")") = eqq’qq"e” = eqq"e” = pp* = $(v).
(iv) If p=egforeeE' qe F,(H,S), then
(7)) = eqr(p)q*qr(p)q’e" = eqr(p)q’e” = pr(p)p* = ¢(v).

This shows that (CK2) holds.
By the Universal Property, ¢ has a unique extension to a K-algebra homomorphism

Lg(Ps) — I(H,S). Since ¢ preserves degrees of v € P?H’S) and of g and g* for

g€ P(IH’S), this extension, which we denote also by ¢, is a graded homomorphism. As
()" = ¢(v) for ve PY, . and ¢(g*) = ¢(g)* for g € P!, .., ¢ is a *-homomorphism.
(H.5) (H.9)

The map ¢ is nonzero on every vertex of Pys), so ¢ is injective by the Graded
Uniqueness Theorem.

Since ¢ is a *-homomorphism, to show surjectivity of ¢, it is sufficient to show (1)
and (2), where (1) denotes the condition that p is in the image of ¢ for every path such
that r(p) € H, and (2) denotes the condition that pr(p)” is in the image of ¢ for every
path p such that r(p) € S. Both claims hold for paths of zero length since ¢(v) = v if
v € Hand ¢(v) = v if v € S. Thus, consider a path p = e, ... e, for a positive integer n.

To show (1), assume that r(p) € H. If s(p) € H, then ¢(p) = p so the claim holds.
If s(p) ¢ H, let i € {1,2,...,n} be the largest such that s(e;) ¢ H. We consider three
cases: (i) s(e;) ¢ S, (i1) s(¢;) € Sand i = 1 and (iii) s(¢;) € Sand i > 1.

In case (i), ej...e; € Fi(H,S) forallj=1,...iand

B L= e e
=ej...efer...e)(ex...e)(e3...€)" ... ei_jeieie; €y ...ey
=€]...€6;€j41...€=¢€1...€,=DpD

if i < n, and the analogous argument applies to the case i = n.
In case (ii), ¢(ej) = ¢; forevery j = 1,...,n and ¢(p) = p.
In case (iii), ¢; ... €1 € F2(H,S) forevery j=1,...i— 1 and r(e;—1)"e; = e;, s0

G- frent L fler . ey)
H H H
=ep... e,-_lr(ei_l) (62 ce ei_l)*€2 ce ei_lr(ei_l) . e;"_lel-_lr(ei_l) €i€iy1...6y
H
=éen.. .e,-,]r(ei,l) €i€iy] ...y =€1]...€;_1€/€j4]...€y5 = PD.

This shows that (1) holds.
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To show (2), assume that r(p) € S. Thene;...e, isin Fp(H,S) foreveryi=1,...,n
and

p(fer-enfer-en  foy=e; .. ex(p)les...e)) (er...e)r(p)les...e,)" ...
eper(p)lere,r(p)? = ei...ex(p) = pr(p).

This shows that ¢ is surjective.
The second sentence of the theorem is a direct corollary of the first sentence and
[6, Theorem 5.7] (also [1, Theorem 2.5.8]). |

3.1. Graph C*-algebras. Theorem 3.3 has its graph C*-algebra version. If E is
a graph, then the graph C*-algebra of E is the universal C*-algebra generated by
mutually orthogonal projections {p, | v € E°} and partial isometries with mutually
orthogonal ranges {s. | e € E'} satisfying the analogues of the (CK1) and (CK2)
axioms and the axiom (CK3) stating that s.s; < pg,) for every e € E ' The term
‘universal’ in the definition means that the C*-algebra version of the algebraic
Universal Property, mentioned before, holds (see [I, Definition 5.2.5]). By letting
Sey.c, DE Se, ... 8, and s, = p, for ey,...,e, € E' and v € E°, 5, is defined for every
path p.

The set {p,,s. | v € E°,e € E'} is referred to as a Cuntz—Krieger E-family. For such
an E-family and an element z of the unit sphere T, one defines a map y£ by y£(p,) = p,
and yf (se) = z8. and then uniquely extends this map to a #-automorphism of C*(E) (we
assume a homomorphism of a C*-algebra to be bounded). The gauge action y* on T is
given by y%(z) = y£. Note that yf(sps;) = z""""'sps;; for z € T and paths p and g. The
presence of the degree |p| — |g| of pg* in the previous formula explains the connection
between this action and the Z-grading of Lc(E). If the integral of a continuous function
f:T — C over T is defined by ﬁr f(@dz = fol f(e¥") dt, then the gauge action on
C*(E) determines a Z-grading of C*(E) (see [1, Proposition 5.2.11]) so that

f 7"yE() dz = x} (%)
T

is the completion of Lc(E), and C*(E) is the completion of EBn <z C*(E),. We note
that this grading is not a grading in the algebraic sense, but in the C*-algebra sense
(see the paragraph following [1, Theorem 5.2.9.]).

A closed ideal J of a graph C*-algebra C*(E) is gauge-invariant if yZE(J) =J for
every z € T. By [3, Theorem 3.6], every such ideal J is the completion of the linear
span of the elements s,s, for paths p, g with r(p) = r(¢) € H and the elements s, pH Sq

C'(E), = {x € C*(E)

for paths p, g with r(p) = r(q) = v € S, where p! = p, — 3 .cs1()r-1 (g0 SeS; for v €
By, and where (H,S) is the admissible pair uniquely determined by J and defined
analogously as for an ideal of Lg(E). Also as before, an admissible pair (H, S) uniquely
determines a closed gauge-invariant ideal J(H, S) which is graded in the C*-algebra
sense.

If R is a C*-algebra with an action 8:T — Aut(R), then we say that a
*-homomorphism ¢ : C*(E) — R is gauge-invariant if B, o ¢ = ¢ o y£ forevery z € T.

https://doi.org/10.1017/5S0004972721000642 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972721000642

[8] Graded ideals of Leavitt path algebras 255

Thus, if J is a closed gauge-invariant ideal of C*(E), F is a graph and ¢ : C*(F) — J
is a *-homomorphism, then ¢ is gauge-invariant if yf jop=¢o yf for every z € T.
It is direct to see that every such gauge-invariant map ¢ is graded. Indeed, using the
formula (*) and the fact that ¢ is bounded, one directly checks that ¢(C*(F),) C J,,.

COROLLARY 3.4. For an admissible pair (H,S) of a graph E, there is a
gauge-invariant (thus graded) %-isomorphism

¢ C*(Pus) = J(H,S).

Thus, for every closed gauge-invariant ideal J of a graph C*-algebra, there is a
gauge-invariant (and thus graded) *-isomorphism mapping the graph C*-algebra of
the porcupine graph corresponding to J onto J.

PROOF. One defines a map ¢ on {p,,s, | v € P, .8 € Pl ) analogously as in

Theorem 3.3. We claim that the image of this map constitutes a Cuntz—Krieger
Py .s)-family. Indeed, {¢(p,) | v € P?H,S)} is a set of orthogonal projections in J(H, S)
and {¢(s,) | g € P(IH’S)} is a set of partial isometries in /(H, S) with mutually orthogonal
ranges. One checks that (CK1) and (CK2) hold in the same way as in the proof
of Theorem 3.3. If g € P(IH’S) and s(g) is regular, then the requirement ¢(s,)p(s,)"* <
d(ps(g)) follows from (CK2). If g € P(IH’S) and s(g) is an infinite emitter, then the
s(g) € HU S and g is an edge in E'. Thus, (CK3) holds for sg in C*(Py.s)) since it
holds for s, in C*(E).

The map ¢ has a unique extension to a *-homomorphism ¢ : C*(P,s) — J(H,S)
by the Universal Property. To show that ¢ is gauge-invariant, it is sufficient to check
that the condition y£|; 0 ¢ = ¢ o y7®5 holds on {p,, Sg | v e Py 8 € P
done directly using the definitions.

The map ¢ is nonzero on every element p, for v € P?H,S), S0 ¢ is injective by the
Gauge-Invariant Uniqueness Theorem (see [1, Theorem 5.2.12]). The surjectivity of ¢
holds by arguments analogous to those in the proof of Theorem 3.3. ]

}, which is
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