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We study a generalized class of nonlocal evolution equations which includes those arising in
the modelling of electrified film flow down an inclined plane, with applications in enhanced
heat or mass transfer through interfacial turbulence. Global existence and uniqueness results
are proved and refined estimates of the radius of the absorbing ball in L? are obtained in
terms of the parameters of the equations (the length of the system and the dimensionless
electric field-measuring parameter multiplying the nonlocal term). The established estimates
are compared with numerical solutions of the equations which in turn suggest an optimal
upper bound for the radius of the absorbing ball. A scaling argument is used to explain this
and a general conjecture is made based on extensive computations.

1 Introduction

In this paper we study equations which arise in the problem of a perfectly conducting
thin film flow down an inclined plane in the presence of an electric field which is uniform
in its undisturbed state, and normal to the plate at infinity (see Gonzales & Castellanos
[9] and Tseluiko & Papageorgiou [34]). In the absence of an electric field, the flow is
linearly unstable/stable depending on whether the Reynolds number R is above/below
the critical value R. = (5cot f8)/4, where [ is the angle of inclination of the plate with
the horizontal. The presence of the electric field acts to destabilize the flow even when
this is viscously dominated and stable — this phenomenon opens the way for possible
control of wave formation and physical consequences such as enhanced heat and mass
transfer (see Tseluiko & Papageorgiou [34] for numerous references). A weakly nonlinear
analysis of the Navier—Stokes equations, the electrostatics equations and associated free
surface conditions, leads to a modified Kuramoto—Sivashinsky (MKS), or a modified
damped Kuramoto—Sivashinsky (DMKS) equation which have an additional nonlocal
term due to the effect of the electric field. This equation was first derived by Gonzales &
Castellanos [9] and recently by Tseluiko & Papageorgiou [34] using formal asymptotics.
When rescaled to 2n-periodic domains, the canonical equations take the form

Uy + Uty & Uyy + Vi + ﬂ%)[u]xxx =0, (11)
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where # is the Hilbert transform operator defined by

HIf(x) = %PV/_ | %dé, (1.2)

and the integral is understood in the sense of a Cauchy principal value. (For the properties
of the Hilbert transform see for example Abdelouhab et al. [1], and Appendix A.) A plus
sign in front of the u,, term corresponds to the linearly unstable hydrodynamic regime
(the MKS equation) and a minus sign to the stable one (the DMKS equation). In
addition, v = (n/L)?> and u = (n/L)y, where 2L is the length (period) of the system and
y =2W,.C//I2R — cot B|, with W, and C being the rescaled electric Weber and Capillary
numbers respectively (see Tseluiko & Papageorgiou [34]). When the electric field is absent,
ie. u =0, and R > R., we obtain the usual KS equation on 2rn-periodic domains:

U + Uty + Uy + VUxyex = 0. (13)

This equation arises in a variety of applications and describes the asymptotic behavior
of many physical systems. It occurs in free surface film flows (Benney [2], Hooper &
Grimshaw [13], Shlang & Sivashinsky [26], Sivashinsky & Michelson [29]), in two-phase
flows in cylindrical and plane geometries (Coward et al. [6], Papageorgiou et al. [23],
Tilley et al. [33]) flame-front instabilities and reaction diffusion combustion dynamics
(Sivashinsky [27], Sivashinsky [28]), chemical physics for propagation of concentration
waves (Kuramoto [19], Kuramoto & Tsuzuki [20], Kuramoto & Tsuzuki [21]), and
plasma physics (Cohen et al. [3]). Due to its practical applications, there have been many
computational (Frisch et al. [8], Greene & Kim [11], Hyman & Nicolaenko [14], Hyman
et al. [15], Kevrekidis et al. [18], Papageorgiou & Smyrlis [24], Smyrlis & Papageorgiou
[30], Sivashinsky & Michelson [29], Smyrlis & Papageorgiou [31]) as well as analytical
studies of this equation (Collet et al. [5], Collet et al. [4], Goodman [10], II'yashenko [16],
Jolly et al. [17], Nicolaenko et al. [22]). The results show that the KS equation is one of the
simplest one-dimensional evolution equations exhibiting chaotic behavior. This complex
behavior emerges from a balance between active and dissipative linear terms (a negative
diffusion and a fourth derivative damping term) and the Burgers-type nonlinearity.

It was also observed numerically, and established analytically, that the solutions of
the KS equation do not grow exponentially as linear theory would predict, but remain
bounded as time goes to infinity due to a nonlinear transfer of energy from low active
modes to high dissipative ones. The existence and uniqueness of the solutions and the first
analytical estimates for the L?>-norm for odd-parity solutions were obtained by Nicolaenko
et al. [22]. The approach of Nicolaenko et al. [22] was extended by several authors for the
case of general periodic solutions (Collet et al. [5], Goodman [10], [I’'yashenko [16], Jolly
et al. [17]). The best known upper bound for the L>-norm of the solutions (i.e. the radius
of the absorbing ball) was obtained by Jolly et al. [17], who reworked the analysis by
Collet et al. [5]. (The approach is based on the careful selection of an appropriate gauge
function, which is constructed in Fourier space.) The analyticity properties of the solutions
of the KS equation were studied by Collet et al. [4]. They show that the solutions are
analytic in a strip around the real axis, and give a bound for the width of this strip. They
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also provide several stronger conjectures regarding the analyticity of the solutions based
on a series of numerical experiments.

The electric field induces a linear growth which is worse than the negative diffusion
but is still dominated by the fourth order damping. The numerical study of the nonlocal
KS equation was performed by Tseluiko & Papageorgiou [34], where it is observed
numerically that the solutions remain bounded and exhibit a complex behavior including
chaotic oscillations as in the case of the usual KS equation. Analytical results of global
existence, uniqueness and uniform boundedness of solutions of the MKS equation were
obtained by Duan & Ervin [7], who also obtain a bound for the radius of the absorbing
ball in L.

In the present paper we consider the following generalization of equations (1.1):

U+ Uty & Uy + Vil — ﬂ(% © ax)p [u] = 07 (14)

on a 2m-periodic interval with v > 0, u = 0. Here p € [3,4) (for p = 3 equations
(1.1) and (1.4) are identical), and the operator (# o 0,)" is defined by its symbol in
Fourier space. In particular for our purposes the Fourier transform of the nonlocal term
in equation (1.4), gives 97[(% o ax)l’[u]](k) = |k|Pi(k), with fi(k) denoting the Fourier
transform of u — see property (A7) in Appendix A. Linear stability of (1.4) follows by
writing u = e exp [ikx + wt] (k € Z), linearizing with respect to ¢ and working in Fourier
space using the properties in Appendix A, to obtain

wy (k) = k> + plk|? — vk*, (1.5)
w_(k) = —k* + plk|? — vk*, (1.6)

where w, and w_ correspond to the MKS and DMKS equations, respectively. The
nonlocal term is always destabilizing and enhances the hydrodynamic instability (for
MKS) and can make a hydrodynamically stable flow unstable (for DMKS) if u is
sufficiently large (for fixed v). The extension of the nonlocal operator as defined above, to
the interval p € [3,4), enables a parametric study of the increasing instability and global
features such as the radius of the attracting set. We expressly exclude the case p = 4
because equation (1.4) becomes ill-posed when u > v (it becomes a fourth derivative
negative diffusion equation). In all the results presented in the sequel the dependence on
p € [3,4) is explicit and the physical problem results follow readily. In fact we derive
estimates for the L?>-norm of the solution as a function of y, v and p.

Throughout this paper we denote by Lf)er, H’ger, k = 1,2,..., the subspaces of the
Sobolev spaces L>(—m, nt), H*(—n, m) consisting of periodic functions with period 2m. We
also use L7, HY, to denote the subspaces of L2, H},, consisting of functions with zero
mean, and use L2y, Hfy, to denote the subspaces of L., Hy,, consisting of odd functions.

The paper is organized as follows. In §2 we compile some relevant general results
regarding existence and uniqueness of the solutions for Cauchy problems for nonlinear
evolutionary equations on Banach spaces. In §3 we use these results to prove global
existence and uniqueness of the solutions of the nonlocal Kuramoto—Sivashinsky equations
(1.4) in H;er. First, we prove local results following the approach of Duan & Ervin [7]
(see also Henry [12]) and then establish global results by proving uniform boundedness
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of the solutions in Hller on each time interval. To establish uniform boundedness of
the solutions in H,, we first prove uniform boundedness in L., which is done by a
modification of the method of Collet et al. [5]. After proving global existence this also
provides the existence of the absorbing ball in L%er as well as estimates for its radius. As
p increases from the value 3, we can determine how the nonlocal term affects the radius
2 of the absorbing ball. In particular, when we consider our bound for large values of
y = uv~—'/2 we obtain the estimate # = (O(y%v_zl/zo). The corresponding estimate for
y =01is # = 0(v=*'/?), in agreement with Collet et al. [5]. Both these estimates represent
improvements over those found by Duan & Ervin [7], who considered p = 3 and whose
values are 0(y%v=¥?) and ¢(v=/?) for y large and zero, respectively. In §4 we compare
the analytical estimate with values obtained from numerical computations for different
values of p and guided by the computations we give a heuristic argument for the best

bound of # for large values of u (or y). Conclusions are given in §5.

2 Existence and uniqueness theory for nonlinear Cauchy problems

In this section we review some basic results regarding existence and uniqueness theory of
the solutions of nonlinear partial differential equations which are relevant to our problem.
For more information see for example Henry [12] or Sell & You [25].

Consider the following Initial Value Problem for an abstract nonlinear evolutionary
equation:

Ou+ Au= F(u, t), for u(ty) =up € W and t =ty =0, (2.1)

on a Banach space W, where A4 is a sectorial operator. We also assume that F maps some
open subset U « W*xIR™ into W, for some « € [0, 1), and that F € Cyip.o(U, W), where
Crip;0(U, W) are those functions which are locally Lipschitz continuous in u and locally
Holder continuous in t on U, i.e. for each (uy, t;) € U there exists a neighborhood V < U
of (uy, t1) such that for any (vy, s1) € V, (v2, $2) € V,

|F(v1, 51) = F(02, 2)[| < L(l[or — w2l + Is1 — 2"), (22)

for some constants L > 0, 6 € (0, 1]. It is also assumed that for every bounded set B < U,
the image F(B) is bounded in W.
Let T > 0 and I = [tg, tp + 7) be an interval in IR™.

Definition 2.1 A4 pair (u, I) is said to be a solution of (2.1) in the space W* on I if
u: 1 — W is (strongly) continuous, u(ty) = ug, and on (tg, to + 7) we have (u(t), t) € U,
u(t) € D(A) (where D(A) is the domain of the operator A), the mapping t — F(u(t), t) is
locally Holder continuous, u is (strongly) differentiable, and u satisfies the equation

ou(t) + Au(t) = F(u(t), t) (2.3)

in W, at each t € (to, ty + 7).

The following local existence and uniqueness result holds:
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Theorem 2.2 Let A be a sectorial operator, o. € [0, 1), F € Crip;o(U, W), where U is an
open subset of W* x R*. Then for every (ug, ty) € U the initial value problem (2.1) has a
unique solution in W% on some interval I = [ty, to + 1), for some t > 0.

Let (u1, I1) and (uy, I,) be two solutions of (2.1), where I; = [tg, to + 7;), i = 1, 2, and
71 < 72. The uniqueness of solutions implies uy(t) = uy(t) for t € I;. Hence (uy, I7) is an
extension of (uy, I). If t; < 75 then (uy, I,) is said to be a proper extension of (uy, I1). A
solution (u, I) is said to be a maximally defined solution if it has no proper extensions.

Theorem 2.3 Let A and F be as in Theorem 2.2 above. Then for every (ug, to) € U the initial
value problem (2.1) has a unique maximally defined solution (u, I) of (2.1) in W*, where
I = [ty, T). Furthermore, either T = o0, or there exists a sequence t, > T, n=1,2,...,
such that (u(ty,), t,) — 0U as n — oo. (If U is unbounded, the point at infinity is included
in 0U, e.g. if OU has only the point at infinity, then lim,_, - ||u(t)|, = c0.)

3 Results for the MKS and DMKS equations

In this section we study the behavior of the solutions of equations (1.4) with periodic
boundary conditions. Note that the operator # o 0, is self adjoint, densely defined and
bounded below in Lfm. Hence it is sectorial, and the powers (# o 0, )P can be considered
which are linear operators.

We will consider the solutions having a vanishing spatial integral. This assumption
is correct due to the conservation of spatial integrals, which can be seen by integrating
equation (1.4):

dt ),
So, if initially the spatial integral is zero, it remains zero for all time.

First, we will show local existence and uniqueness of the solutions in Héer on some
time interval [0, T'(ug)) using the results above (Theorem 2.2) and then we will show that
if T'(uo) is finite then the solutions are uniformly bounded for all time in Hp1>er’ which by
Theorem 2.3 also implies global existence.

An estimate for the upper bound of the L?>-norm of the solutions in terms of the
parameters of the equation will also be obtained. This will be done using the method of
Collet et al. [5] by considering first the problem for antisymmetric (odd) solutions, and
then expanding the results for general (not necessarily odd) solutions.

u(x, t)dx = 0. (3.1)

3.1 Local existence and uniqueness

For equations (1.4) we fix the basic space to be the real Hilbert space L%er. We define the
operator A; : Z(A;) — L2, by

Aip =v3tp + 020 +ap, for ¢ € D(A)), (3.2)

where 2(A;) = H* , and we also define the operator A, : Z(A4,) — L2, by

per> per

Aryp = —p(H 03, )[p], for ¢ € D(As), (3.3)
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where 9(A;) = {¢ € Ly, : Y 0L_, [k[*Pof < co}. (Here gy, k = 0, £1, +2,..., are the
Fourier coefficients of ¢.) (Note that Z(4;) = Z(A4>).)

Let a be chosen such that the eigenvalues of A are all positive, i.c.
VK*FKk*P4+a>0, forallk=0,+1, 42, .... (3.4)

Then A; is a positive sectorial operator. By Theorem 1.4.2 in Henry [12] the operator
A;p/“ is a bounded linear operator. It is easy to see that the operator 4, o Afp/4 is also
bounded. Hence, Corollary 1.45 of Henry [12] implies that 4 = A; + A, is a sectorial
operator.

Equations (1.4) take the form

Ou+ Au = F(u), fort >0, (3.5)

where the nonlinear operator F : H}., — L3 is defined by

F(@) = —pox +ap, for ¢ € H,. (3.6)

It can be verified that F € Cpip(H),,, L2.,). Therefore, by Theorem 2.2, for every up € H},,
there exists a unique maximally defined solution in H;er on the interval [0, T'), where
0< T = T(up).

It remains to prove that the solution is uniformly bounded in Héer on every finite
time interval. Then, from the theory in the previous section (Theorem 2.3) it follows
that T(up) = oo. In order to accomplish the proof, we first need to establish uniform
boundedness of the solutions in Lfm. This is done next, for both odd-parity and non-
parity solutions.

3.2 Uniform boundedness of the solutions in L7,

In what follows we analyze the MKS equation (the plus sign is taken in (1.4)) and prove

uniform boundedness of the solutions in the L2, and H},, norms, along with estimates

for the radius of the absorbing ball. When the DMKS equation is considered, the results
are similar and are briefly discussed in the Conclusions section.
3.2.1 The antisymmetric case

First we consider the antisymmetric case, i.e., we consider the solutions in L2, It is
noticed that if a solution of 1.4) is initially in L2, then it remains in L2y, for all time.
Define the linear operator & = %, ,:

&z . f — _fxx - foxxx + ﬂ(% o ax)p [f]; (37)

then (1.4) can be written as
u; = Lu— uuy. (3.8)

If we express u as u(x, t) = v(x, t) + ¢(x), where ¢ € L2, is an appropriately chosen
gauge function found in the sequel, then the equation becomes:

v, =Lv+ Lo —vv,— 00 — Qvy — Q. (3.9)
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Multiplying the last equation by v and integrating over the interval [—mn, 7] gives

%%/ uzdxz/ v$vdx+/ v$qodx—/ vPvedx

Y ' T
— / v gldx — / VU pdx — / v dx. (3.10)
—T —T —T
Integrating by parts and using periodicity, yields,
1 d T T T 1 T T
—— | vidx= / v Podx +/ v L pdx — f/ v g'dx —/ v dx. (3.11)
2dt —n —n —n 2 —n —n

Next, define a bilinear form

T

(f’ g)a(p =V fxxgxxdx - fxgxdx

—T

i [ fal o0 tddxta [ feglax (3.12)
which also can be written as
(fs Qup = — | (L —0¢)gdx. (3.13)
Then (3.11) takes the form
oo ﬂv dx = —(v, U)%w — (v, @)p. (3.14)

The main idea now is to find an odd function ¢ such that the bilinear form (3.13)
becomes positive definite and for large enough L?>-norm of v the right-hand side of (3.14)
becomes negative.

We define the following auxiliary quadratic forms:

Rap(u) = (u, )y, (3.15)
v [T n@) [~
e (10
where y = v!=P/2y, and # is a function of y, which is defined as follows:
1, ify<t,
n(y) = {v“, ity > 1 (3.17)

Using (3.12) we can write

T

Ry(u) = v/ ul dx —/ uldx + /1/ Uee(H 0 0P [uldx + O!/ wo'dx.  (3.18)

—T —T —T —T

Proposition 3.1 There exists a function ¢ € Hgdd such that for p = 0 and v € (0, vo(p)),
and for all v € Hgdd and all o € [oy, 1]
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Here og is some fixed number in (0, 0.5) and C(y, v) is a function of y and v only, which
will be determined later.

Remark. The upper bound vy(u) is the unique positive solution of ko(u, v) = 1 where ky is
the unique positive solution of w, (ko) = 0. This follows from the dispersion relation (1.5)
and the fact that we are considering 2n-periodic solutions, meaning that k is a positive
integer. In general, (1.5) gives a band of unstable waves 0 < k < ko(u,v), which may or
may not include k = 1. Hence instability first enters when ko(u,v) = 1, which is in turn
solved to obtain the unique critical value of v = vy (for fixed p). If v > vo(u), it can
be proved, using Poincaré inequalities, that |u|, decays to zero uniformly as ¢ tends to
infinity. Note that for p = 3 we can solve for vy analytically to obtain vo(u) = 1 + .

Proof We work with the Fourier series of v and ¢’. Since v and ¢ are odd functions with
respect to x, we get

o(x) =i vee™, (3.21)
neZ
where v, are all real, and v =0, v, = —v_, forn=1, 2,..., and
P'(x) ==Y ™, (3.22)
nezZ

where v, € R foralln € Z, and vy =0, vy, =yp_, forn=1,2, ....
Next we will find the expressions for R,,(v) and Q(v) in terms of the coefficients v, and
y,. First, note that

1 ™
E/_nvzq)dx_ - Z /_nvkvlw pilktHm)x g
= Z VRO Yy = kavltp_k_l = ZUkUIW|k+1|~ (3.23)
k1 k.l

k+14+m=0

Using (3.18) we get

%RW(U) =V Z ntol — Z n*vy MZ v, + o kaUIW\k-H\

neZ neZ neZ

0
= =2 ooy + 0 > oW + Wik — Pt — Piokin)

n=1 k,1>0
0

=2 ooy + 20 Y vt (P — Pi)

n=1 k,1>0
= 22( @ (n) +owpn)oy + 20 > vt (P — i)

k, >0k

=2 (o () + oypa)vy + 200> vewi (Wt — )| (324)

n=1 k>1>0
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where wy(n) = —vn* + u|n|P + n?, as was defined above. Also,

(
—Q =3 Z( + 1 ) 02, (3.25)

To prove the first part of the proposition, we need

| —

o0
21> (= (n) + aypan)vn + 20D okt (Pies; — W)

n=1 k>1>0

Z(w‘ + '7(3))1;2 (3.26)

n=1

First, let N(y, v) be an integer, such that
—wy(n) = ; ( + 11(\)”) for n > N. (3.27)

The inequality we need to solve takes the form

X 4 P 2 ’7(7) >

1 —un” —n 2y = 0, (3.28)
or

1

Ex4 —x! — x? — L(zy) =0, (3.29)

where y = v!=?/25;, as was defined before, and also x = v!/?

In the general case 3 < p < 4, consideration of the large y behavior of equation
(3.29), yields N = O(v~"/% 1/ )). Note that as p — 47, N — oo and the analysis breaks
down as expected. When p = 3 it can be easily verified that inequality (3.29) holds for
x > 2.2(y + 1), which implies n > 2.2v=1/2(y 4 1). Therefore, when p = 3, we can take
N = [22v712(y + 1)].

Next, let B = B(y, v) be determined as follows:

B = min (;n4 — P —n? — '7(“/))

n.

0<n<N v
b i (L2 10
Ty KE%ZN (Zx emx T (3.30)

For simplicity, we denote § = 3(y) = — minge, 12y (x4 — px? — x> — 12,
Even though J cannot be obtained in closed form for general p, its large y behavior

can be calculated asymptotically, yielding
S=0(""") asy - o (3.31)

When p = 3, the exact expression § = 1 4 (7292 4+ 27p* + 9(9y? + 16)*/2)/64 follows,
which in turn implies that

s=0(*) asy— o (3.32)
‘We choose
1 0
Yo = ——B=— forn < N. (333)
oo ooV
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The remaining coefficients y; are chosen to be nonnegative and will be specified later.

Now
1
—w4(n) + oy, = 3 (vn“ + ’7?)) (3.34)
foralln=1, 2,..., and o € [0, 1]. We define
1 n(y)
N 4 4 )
T 5 (vn + " (3.35)
and set w, = 1,0, forn=1, 2, .... Then,

1

= 2 Wik+1] — Yik—| B
5 Rep(0) =2 [Z wa+ 200y kaI] = 2(w, (Id + 2o)w). (3.36)

n=1 k>1>0 R
Hence the first part of the proposition will be proved if we find appropriate coefficients

i, such that
(w, (Id + 2ocF)w) = %(w, w), foroa € [op, 1]. (3.37)

So, we need to get (w, w) = —4a(w, I'w). The sufficient condition for this is that the
Hilbert—Schmidt norm of 4al is less than 1, ie.,

2
Yik+1] — Plk—1|
TkT]

(4’| [fis = 160 )

k>1>0

<1 (3.38)

for all o € [0, 1]. So, it is enough to find coefficients yj such that

IMlEs= )

k>1>0

S|
<1 (3.39)

PYik+1) — Plk—1)|
TkTI

But on the other hand we need to find the coefficients yy such that (¢, ¢),, is minimized
(this is needed in the estimates that come later). We can satisfy (3.39) by choosing yy to
be constant. But then the corresponding Fourier series does not converge and the norm
of ¢ becomes infinite. Therefore, we choose y; to be a nonnegative and non-increasing
function of k, vanishing sufficiently fast as k goes to infinity. This can be done by taking

oy

0 if 1< |ml <M, (3.40)
1Pm 5 m . .
2 %f(%—l), if [m| > M,

where M is an integer which will be chosen later (of course we should take M > N
to be consistent with (3.33)), and f € C'[0, oo] is a nonnegative non-increasing function
satisfying the conditions f(0) = 1, f(0) =0, sup|f'| < 1, and

/w(1 + k) f2(k)dk < o (3.41)
0

A plot of the function ¢(x) is provided in Figure 1.
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FiGUre 1. The graph of the gauge function ¢(x) for v = 0.5, u = 1, in physical space, when the
function f(k) in equation (3.40) is chosen as f(k) = e,

For k > | we get |yx+; —yr—| =0 if k4+1 < 2M and also if k +1 and k — [ are both
odd numbers (i.e., if k and [ are of a different parity).
Next, if k and [ are of the same parity and k 4+ > 2M, we get:

o Ifk—I1<2M

O | [kt 1 k+1
— — —1 l|=—I|f( = —1 . 42
Vit — ict| = f(zM ) | - f(zM ) fol (342
Since sup |f’| < 1 then by the mean value theorem we get
| < KB k—i—l_1 _ 0 (k+1-2M
Yi+l — Yk~ M = P oM
o (k+1—(k—=1) o 1
<—|——— | =——. 3.43
ocov< 2M > ogy M (343)
e Similarly, if k — 1 > 2M
0 k+1 Ak —1
Wkt — Wk—1] = e f( M —1> _f<2M_1>|
0 k+1 k—1 o 1
ES—|l=———-1]—-|=——-1)]| =——. 3.44
oV <2M > (2M )] ooy M (3.44)
Hence, for all k > [ > 0, |1pk+l Y] =01f k4+1<2M or if k and [ are of a different
parity, and |y — Wr—y] < WM ifk+1>2M.
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So, we get

Py

Pik+l] — V=1 1\
TkT
I=M+1 k=I+1 Kt

IT s = ZZ

I=1 k=I+1
For the first term we get

Wikl — Wik=I|
TkT]

Wik+t] — Wikl (M Fany u - Plk+1] — Wlke—1) :
: 3pIRD D S EEE
I=1 k= Tt =1 k= I=1 k=2M—I+1 R
u WYje41) — Pik— 1| M - WYye41) — Wik—1) :
+I1| — +H| — Yk—
=0+ Z Z amr I DD DI e
=1 k=2M—I+1 =1 k=2M—I+1
Hence
i - WYie41) — Pik—I - - Pik+l] — Wik—1| z\
+1| — Yl— + —
IFls =" > f +Z > g
=1 k=2M—I+1 Kt I=M+1 k=I+1 L
M o0 5 o0
22
<D ) 22M27krl T+ D Z 2M2kfl
=1 k=2M—I+1 =M1 k=1 %
52 M o0
S ML S O
202 A 2 Z l Tk 2 v2M?2 ! k
VM I=1 k=2M—I+1 M =M+1 k=I+1
5 f v [T 5 Z v [T
< ——— lf/ o dk + It / 7, “dk.
=2 0 l 2 v2 M2 k
HV M5 it M S !
Now
. *© 2 2 [ 2
/ r;zdk = / 47dk < f/ k~*dk = Sv7 a3,
a o VK*+n()/v v Ja 3
Thus,

« 2 2
/ 2dk < SvieM =D < Sy,
M 3 3
(the last step is true for 1 <[ < M) and

*© 2
/ t2dk < v,
| 3
2 -5 2072 4 -2 1
HFHHS<323 Zl 323 Zl
I=M+1
252 /
M
3oc0
2 M 2
40 oM / 417d1
3oc0 o VI*+n(y)/v

+ 0 - /OO S dl
303v3 m VP A+ )/l

Therefore,
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Next we estimate the integrals in the last expression:

M l2 0
T a< / L /
/0 vt +n(y)/v 0 2l‘“rn(y Vv 2l4+n(y

= —dl widl
I e e e
< /0 (n() ™21+ / ?dl—a( n0) "+ @) (352)

Taking a = v—/2 (zfl(y))l/4 gives

M P —1/2 —1/4
/Omdl<2v (n(y) " (3.53)

Estimating the other integral, we get

® 1 © 1
I il = M 54
/M v15+(n(y>/v)1‘”</M =g (3:34)

So,
2 2
Il < 372 ) ™0 4 4
We choose M > N such that the right hand side of the last inequality becomes less
than 1/16. This can be done since the right hand side of (3.55) is a positive function
of M that decays to zero as M — oco. For “small” v (that is v € (0, 1]) if we take
M > %aaz/s52/511(1/)*1/20\)*7/10, the condition M > N is always satisfied. Hence, M =
[%062/552/5,7(V)—1/20V—7/101; for large y, therefore, it follows using (3.17) and (3.31), that

vAMS, (3.55)

M = O(ysemy=7/10), (3.56)

When p = 3 we obtain M = 0(y”/5v=7/1%) which is used later.
Next we estimate the value R,,(¢). Using (3.18) we first note that R,,(¢) = Ro(¢), since
the part which is dependent on « is equal to zero due to periodicity of ¢. Also, if

= pue™, (3.57)
neZ
then
s ﬂ inx
X)=iy_ e (3.58)
nez
Therefore,

Ryp() = —4TCZw+(n ( ) :_4ﬂzw+ (2%) (m)

=4m > (v(2k)* — p(2k)P 7 = 1)y3, < 41rz 4vkpd,
k=1 k=1
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M )
=4n Z4vk2w§k +4n Z 4vk2q;§k

k=1 k=M+1
M
= TZ 1611— Z szz( — >
%oV 4= VMt
2 0
< l6m— 0* M? 4 16n—— 0 / szz(k — 1>dk. (3.59)
0 0v M
Now, using the substitution t = ﬁ — 1 in the integral above, we get
5 3 52 * 242
Ryp(@) < 1671: M + 16m—— (t+ 1) f(t)dt
o 0
52
=l6n— M| 1 +/ (t+ 1% f*(t)de |. (3.60)
O(OV 0
So, R.y(¢) < C(y, v), where
52 0
C(y,v) = 16n—M’ 1+/ (t+ 1)2f*(0)de |. (3.61)
oV 0
For large y and small v the value of C(y, v) is estimated using (3.31) and (3.56) to be
Cly, v) = O(ynv110), (3.62)
Note that when p = 3, we get C(y, v) = O(y°1/3y=31/10), O

Now we are ready to prove uniform boundedness of the L?>-norm of the solutions of
the MKS equation.

Theorem 3.2 Let u be any positive number and v € (0, vo(u)). If u(x, t) is a solution of
equation (1.4) such that u(x, 0) = uo(x) € Hly,, then there is a constant K > 0 (independent
of , v, up), and a constant D > 0 (independent of u, ugy) such that

lull2 < (luoll2 + |p]l2) exp(—D1) + K ﬁcw,vmwnz, (3.63)

where ¢ is the function constructed in Proposition 3.1, and C(y, v) is given by (3.61).

Proof Let ¢ be the function defined in Proposition 3.1. Then the bilinear form (3.13) is
positive definite. Indeed, for any nonzero function w we get (w, w),y, = Ryp(W) = Q(w) > 0.
Then, applying first the Cauchy—Shwarz inequality and then Young’s inequality for the
second term in (3.14) we obtain

1d

1d " g _
T v-dx (v, V)1, — (U, @)y

1
2

; 1
+ =(v, U)(/z + Z(QD’ (p)(pa (3.64)
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where ¢ is a positive number which will be chosen later. So,
1d ™, T 1, e [T , 1
- < I _Z _ _
> ﬂv dx\/nv<$ zgo)vdx 2/,,10(3 q))vdx—l—zsR(/,(q))
¢ K 1—¢ 1
=(1—-= ! —R
( 2)/_nv( 2_8(p>vdx—|—2(S (@)
——(1-Z)r L g
=—{1=3 5¢(U)+£ o)
—(1-%) 0w + -Ry(0) (3.65)
3 v) + 5. Ro(). .
The last step is true When € [, 1], ore < ﬂf;(‘f. Inequality (3.65) implies
d 2 n(y) ¢ 2, 1
- < -2 I —C(y, v). .
Zlol < =TE(1=2 )0l + €0 v) (3.:66)
The Gronwall inequality (see Temam [32]) then implies:
n(y) 4C(y, v)
——(1-= — 3.67
015 < - ozexp[ x ( 2) } S e (3.67)
Therefore
Joll2 < levmoloxp| 1 (1 - 2 Co (6)
4y ./ 2—
Since o] = lu— @2 = |[ul2 — l¢l2| and [vi=ol2 = [uo — @ll2 < [[uoll2 + @2, we get
Jull < (ol + lpllyexp |~ (1 - £)¢
4y 2
[ + ol (3.69)
Je2—¢) n( ) . '
Thus,
v
lull> < (luoll2> + l[@ll2) exp(—=Dt) + K WC(V’ v) + el (3.70)
where D =12 (1 — %) and K = \/*(27) .
We can chose ¢ to minimize the constant K. Since
. 1 1 1—o
min = = —, (3.71)
0o 20 Je2—e)  Je2—e) I /1 — 20
T
we get a better estimate for K if ¢ = lliza"(f :
2(1 —
k== (3.72)

«/1 —20!()'
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The constant oy can be chosen to minimize the righthand side of inequality (3.70) to get
a better estimate. OJ

Remark. We also have the following estimate for [|¢]>:

5 0 " 2 0 ll)zk
— rn = P2k
H(PH2—47T§ '(n) 4nk=1 412

n=1

_ Z%k+ Z lek

k=M~+1
102 eh 1 w1, ( k
= > -+ > —f—= - 1)
adv? ; k2 oZv? k=zM:+1 k2 M
2né>  wmé? [P 1 [k
< 55— — —1)dk
adv? T2 ocov / sz ( >
B 2n52 2 f2(t)
N (xo 2M (t+1)?
B - P ;
< 52 dt ) = O(M—C(y, v)). 3.73
O%vz( + B ) (M7C. v) (373)
Using the large y and 0 < v < 1 result (3.56), we show that |¢|, < C(y, v). Thus

for the radius # of the absorbing ball in L2, we get the following estlmate

9‘9:(9( @, v)) O (y W y—21/20) (3.74)
n()

which gives, for p = 3,

% = (9( ﬁcw, v)) = 0(y*/10y=21/20) (3.75)

Note that in this case the equation we study is
U + Ut + Uxe + Vit + P [ul oo = 0, (3.76)
which is obtained from the following equation given on 2L-periodic interval
U =+ Ut + U + Uxore + 7 H Ul e = 0, (3.77)
by the following rescaling (dropping the bars):
T=vi, x=v"x, u=v1%, (3.78)

where v = (n/L)? and u = (n/L)y (see Introduction and Tseluiko & Papageorgiou [34]).

In unscaled variables the estimate for the radius of the absorbing ball takes the following
form:

:g;? — V1/4=@ — (9(,)}41/10‘)74/5) — @(,))41/10L8/5)’ (379)
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which significantly improves the estimate ¢(y°L>?) obtained by Duan & Ervin [7].

Remark If 4 = 0 then y = 0 and § = 1 which implies # = ¢(v=2/1%). This value
corresponds to the case of the usual Kuramoto—Sivashinsky equation:

U + Uy + Uy + Vi, =0 (3.80)

In unscaled variables the estimate for the radius of the absorbing ball in L2, is
O(yV/*y721/20) = ©(v=4/3) = O(L¥?). This is the estimate which was obtained by Collet
et al. [5] for the case of the usual Kuramoto—Sivashinsky equation.

Remark It can be seen from the estimate (3.74) that in the general p case (recall that
3 < p < 4), the estimated radius of the absorbing ball is an increasing function of p which
blows up as p — 4. This is expected due to the ill-posedness of the equation when p = 4.

3.2.2 The general case

For the general case, when solutions of (1.4) are not necessarily odd functions, the idea is
to consider a generalization of the gauge function ¢. We start by introducing the following
Liapunov function:

Flu] = dist*(u, ) = &g lu—1|3, (3.81)
where S is the following translation-invariant set of functions:
S ={p:da, st p(x)=e(x+a)}. (3.82)
This is equivalent to saying that
Flul = Ju(x, ) — pa(x)13, (3.83)
where ¢,(x) = ¢(x + a), and a = a(t) is a suitably chosen translation function:

lutx, ) = (x + a()ll3 = inf Ju(x, ) = ()3, (3.84)

for all t > 0. So, a = a(t) must satisfy the optimality condition dF /dal,—.: = 0, which
=0. (3.85)

can also be written as
T
/ ugpldx
—T a=a(t)

The function u is expressed as u(x, t) = v(x, t) + @q(x). Equation (1.4) becomes

v+ @Ld = Lo+ Log — vox — V@), — Palx — PaPly. (3.86)
Multiplying the last equation by v and integrating over the interval [—n, 7] gives

ld T ' ' ' '
37 vzdx—i—a’/ vcpgdx=/ v,fvdx—i—/ v,?goadx—/ v?oedx

—T —T —T —T

—/ Uz(/);dx—/ vvxq)adX—/ v@apLdx.  (3.87)

—T —T —T
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This implies

1d 1d (™,
E%F[u] EE/_TEU dx
=/ vfudx—i—/ vf(padx—%/ v? ol dx
—/ v(pa(p;dx—a’/ v dx. (3.88)

Noting that the last term is zero due to our choice of a and using bilinear form (3.13) we

can write this as
YL Py = 0. 0)y,, — 0 00) (3.89)
2dt > 2% P '
For a given t we can assume for simplicity that a(t) = 0 in (3.89) (since the right hand
side of this equality is invariant under translations a — a + constant).
Next we want to get a result similar to Proposition 3.1 for the general case. So, let w

be any function in Hﬁer. This function can be decomposed as follows:

W) = W(0) + 5 [w(x) () — 2w(0)] 4 3 [w(x) — ()] (3.90)

So,
w(x) = w(0) + wy(x) + wu(x), (3.91)

where w(x) = %[w(x) + w(—x) —2w(0)] is an even 2n-periodic function of x, and w,(x) =
%[w(x) — w(—x)] is an odd 2r-periodic function of x. Besides, wy(0) = 0.
Now, let us introduce the following operator:

f(x), if x € [0, =],

711 = {—f(x), if x € [—m, 0). (3.92)

For simplicity, let us reduce our consideration to half the interval, i.e. let us assume that
all the functions are m-periodic. (We can do this reduction without loss of generality, since it
is always possible to transfer from any L-periodic intervals to 2n-periodic domains and vice
versa, without changing the form of the equation, see for example transformation (3.78).
The only impact of such transforms on the equation is that the coefficients u and v are
rescaled.) Then 7 [w] is an odd 2n-periodic function. Also, since Ry, (Ws) = Ry, (T [Ws])
and Q(w;) = Q(J [ws]) we get that Proposition 3.1 holds not only for w, but for w; too:

Rip,(Wa) = Q(Wa), (3.93)
R, (Ws) = Q(wy), (3.94)

for all o € [, 1]. Next, it can be easily checked that

Rip, (W) = Rup,(Wa) + R, (Ws), (3.95)
Q(w) = Q(w) + Q(wy) — 5-w(0), (3.96)
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for all o € [ag, 1]. Hence, (3.93) and (3.94) imply
Ry, (W) = Q) + 3-w2(0) > O(w)  for & € [z, 1] (3.97)

This means that with our choice of a = a(t) Proposition 3.1 holds for the general case too.
After this point the proof of the nonlinear stability becomes the same as for the
antisymmetric case. Thus the following result holds:

Theorem 3.3 Let p be any positive number and v € (0, vo(w)). If u(x, t) is a solution of
equation (1.4) such that u(x, 0) = ug(x) € H per then there is a constant K > 0 (independent
of u, v, ug), and a constant D > 0 (independent of , ugy) such that

lull2 < (lluoll2 + llell2) exp(— Dt)+K\/r/(/) 0, v) + ol (3.98)

where ¢ is the function constructed in Proposition 3.1, and C(y, v) is given by (3.61).

(The constants D and K are the same as in Theorem 3.2.)

3.3 Uniform boundedness of the solutions in

To prove global existence of the solutions in Hper it is enough (according to Theorem
2.3) to prove uniform boundedness of the solutions in Hper This will be established by
showing uniform boundedness of the L?-norm of u,,, which by Poincaré inequality also
implies boundedness of the L?>-norm of u.

Multiplying (1.4) by uy and integrating over [—mn, 1] gives

1d
2dt
= _/ uxx“xxxxdx _/ u“xuxxxxdx +,u/ (% o ax)p[u]uxxxxdx~ (399)

—T —T —T

Huw”z + V”“xxxv“z

Using Young’s inequality, Agmon’ inequality, the Nirenberg—Gagliardo inequalities and
the interpolation inequalities (see Henry [12], Sell & You [25], Temam [32]), the integrals
on the right hand side of this expression can be estimated as follows:

b 71
_/ Uyl dX < [ty |2 [t [ 2 < 81””Ax>¢x“2+ 4 HuxxHZa (3.100)

—T

T
1/2 3/2
- / Uttt dx < [[ulloo [t 12 [t 2 < N2 0] e |32t 12

—T

vV
<\/2{|M0|2+2|§0|2+K Ty €O g 13 [t 2. (3.101)
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Denoting for simplicity [ug|2 + 2|2 + K, /ﬁC(y, v) by Cy gives

™
3/2
_/ Ul Uy dX < V 2C1H”x”2/ [t |2

—T
1/2 1/2\3/2
< V2C (Colluse 1Y 1ul Y)Y e 2
5/4 ~3/2 3/4
< V20 Jug Y uumxuz

5/4 ~3/2 3/2
<2040 (e ue 3 + 2 e ]3)
—1
5/4 ~3/2 3/2
< fc / C / (32|“xxxx|%+ 4 I xx” / )

&} 1
<fc5/“c3/2(82|uxxxx|2+ y [ |uxx|§+4]>. (3.102)

4
Denoting 4; = \2C,*C5%, 4y = $2651C)* 57 gives
™
_/ Ul Uy dX < €241 HuxxxxH% + 3A2H”xx“% + As. (3103)
—n
Next,
/ (A 08, Tulttecdx < ||(H 0 0. L1 It (3.104)
Also, o
o ot = o2l 0l
<|[|(# o0 )[(%06 pa][ly (o 0 0.7t
= [ 000wy 0 0.0 W5 "

= [Jsec |3 3)H weell5
73

( - 3)33 HuXXX\HZ + (4 p)83 HuxxxHZ

> 1/2 1/2
< (0= Meslltgens 2 + (4 — pey 77 (Calttee |5 Jttesen|2)
< ( - 3)83 HuxxxxH2 + 84Huxxxx‘|2
_2p-3) —1
+(4—p)Ciey 7 4 [t |12
\ [(p - 3)83 + 84] ”uxx.\‘x”Z
20— gyt
+@—p)Ciey ' el (3.105)

ey
Denoting A3 = (4 — p)*Cje; *' gives

T
(]/ o ax)p[u]uxxxxdx < [(p - 3)83 + 84] Huxxxx”% + A3”uxx‘|2”uxxxx”2
—n
71
< [( - 3)83 + 34] H“wocx”Z + A335”“‘<xxx”2 + A3 H“xx”z

71

= [(p — 3)e3 + &1 + Ases] [t |3 + A3 )

luwcl3- (3.106)
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We finally obtain:

1d

2 d H“‘c\ H2 +v Huxxw Hz [81 + &A1 + M((‘B(IJ - 3) + &4+ 851‘13)] Hu\‘CXXH%

—1 —1
+ 8—+3A2+MA3 e |3 + Ao (3.107)

4
Choosmg &1, €2, €3, 45 &5 to be sufficiently small and denoting for simplicity 44 =
434, + ,uA3 gives:

1d

2dt
Applying the uniform Gronwall inequality (see Temam [32]) implies that |u,,|| is bounded
on the time interval [0, T (ug)) if T(up) is finite. This also implies boundedness of | uy|>.
Theorem 2.3 then gives T (uy) = co. Therefore the following result holds:

e 13 < Ag 3 + Ao (3.108)

Theorem 3.4 For every uy € H\, there exists a unique globally defined solution of equation

(1.4).

per

Now, having global existence of the solutions of (1.4), Theorem 3.3 implies existence of
an absorbing ball in Lper and the following estimate for the radius of this absorbing ball:
Corollary 3.5 Let u be any positive number and v € (0, vo(u)). If u(x, t) is a solution of
(1.4) such that u(x, 0) = up(x) € H}l,er, then there is a constant K (independent of u, v, ug),
such that

. y
limsup ull; < K,/ ——C(p, v) + | ¢]>. (3.109)
t—0 n(y)

(Here K, C(y, v), ¢ are the same as in Theorem 3.2.)

4 Numerical evaluation of the analytical results

The MKS equation (1.4) was solved numerically with periodic boundary conditions using
a modification (when p # 3) of the methods used in Tseluiko & Papageorgiou [34]. Our
main objective is to compare the analytical bound (3.109) for the radius of the absorbing
ball in the space Lper, with the “exact” numerically computed value ||ul|;. A comparison
at large values of y (equivalently large u = v'/?y) for fixed v , is particularly amenable
due to the simple algebraic nature of the estimate in this limit (see (3.74)) — the large
y and large u behaviors are identical due to the fact that v is fixed. The computations
are carried out to values of time beyond which transient behavior dies out and we can
be confident that the computed trajectories lie close to the attractor. Given values of p,
v, and u, the quantity max(|ull2)(p, v; u) is found over a time interval beyond transients.
This is repeated for a fixed v = 0.5 and a range of increasing values of u = 22, 2°,..., 28,
The results are presented on logarithmic scales in Figures 2 and 3 for p =3 and p = 3.2,
respectively. As can be seen from the Figures, the behavior is linear and an estimate for

the slope, providing a numerical best bound for the Lper norm as a power of u (for large
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55— T T T T T T
€ Computational data e
50F Line of slope 3 e i
— — = Line of slope 4.1 (present theory) - <
45kl — Line of slope 6 (theory of Duan and Ervin) P ]

logy(max llull,)

5 1 1 1 1
2 3 4 5 6 7 8

log, (1)

FIGURE 2. Variation of max |ul|, with increasing u for fixed v = 0.5, p = 3. Diamonds — numerical
computation (solid line is of slope 3); dashed line — current theoretical estimate as given by equation
(3.74); dashdot line — estimate of Duan & Ervin [7].

55 T T T T T T
4 Computational data
50 F Line of slope 3/(4p) = 3.75 PRaE
_ _ _ Line of slope (23p28)/(10(4p)) = 5.7 _ 7
(present theory) -
45t 1
40t ;
=
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FIGURE 3. Variation of max |ul|, with increasing p for fixed v = 0.5, p = 3.2. Diamonds — numerical
computation (solid line is of slope 3/(4 — p) = 3.75); dashed line — current theoretical estimate as
given by equation (3.74).
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1), is determined. The numerical results give the behavior

max(|ul2)(p =3, v =0.5; p) = O (1), (4.1)

max(|lul2)(p = 3.2, v =0.5; p) = O(1*7) = O(u=n). (4.2)

Our corresponding analytical estimates (the values are 4.1 and 5.7, for p = 3, 3.2,
respectively) are also given in the Figures along with the estimate of Duan & Ervin [7]
when p = 3. The analytical results overestimate the numerically constructed bound, but
the present estimates are better than those found in the literature.

As indicated in (4.1)—(4.2), the numerically computed large u estimates are &(uﬁ)
This can be understood by the following order-of-magnitude argument valid for large u.
Considering the equation

U + Uy + Uxx + Vi — :u(’yf © a.\‘)p [u] =0, (43)

a balance must take place between the nonlinearity, the fourth order diffusion and the
nonlocal term (the unsteady term provides a time scale a posteriori). We have, then,
2
OISO T )
[l [x]  [x] [x]
which in turn provides the scalings
[~ 7, ¥~ e, [u] ~ e, (45)
These scalings suggest that as p increases typical amplitudes increase and at the same time
the spatial scale over which the solution varies, decreases; in addition, the solution varies
over typical time scales which are also decreasing asymptotically. This behavior places
severe restrictions on the numerical parameters. Taking the case p = 3, for example, we
observe that doubling the value of i requires a decrease of the time-step by a factor of 2*
and a doubling of the number of modes. In accordance with the scalings (4.5), in order
to resolve the solution for the largest value u = 256, we used a time-step of 1.16 x 10~!!
and 2'* Fourier modes. As p increases the situation worsens as evidenced by (4.5).
As shown in Figures 2 and 3, the values of |lu|, follow the scaling for u shown in
equation (4.5). This is consistent with the numerical solutions which exhibit pulses of
width @(ufﬁ) and height (O(uﬁ) whose net contribution over the interval [—r, ] gives

full, = @(,uﬁ). This pulse behavior is indicated in Figures 4 and 5 for p = 3 and
w = 16 and 32 respectively. There are approximately 28 pulses for u = 16 and 52 pulses
for u = 32, while the pulse heights are approximately equal to 2 x 10* and 1.5 x 10°;
these numerical observations are in agreement with the scaling laws (4.5) and have been
confirmed for all the computations presented here.

These findings enable us to formulate the following conjecture.

Conjecture 4.1 Let v € (0, vo(u)) and p € [3,4) be fixed. If u(x, t) is a solution of (1.4) such
that u(x, 0) = uo(x) € HL ., then for u sufficiently large

per’

limsup [lull, = O(u+). (4.6)
t—00

Note that the values of p need not be too large for (4.6) to hold. The numerical results
give values of approximately 2.
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FIGURE 4. The solution u(x, t) after 20000 time-steps; u = 2%, v = 0.5, p = 3.

x 10°

21 4

FIGURE 5. The solution u(x,t) after 20000 time-steps; u = 25, v = 0.5, p = 3.

5 Conclusions

We have studied a class of nonlocal Kuramoto—Sivashinsky (KS) equations arising in
interfacial electrohydrodynamics. Two modifications of the well-known KS equation are
afforded by the model: (i) the addition of a nonlocal Hilbert transform term that enhances
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the usual second derivative negative diffusion (equation (1.4) with the plus sign), and,
(ii) the case when the nonlocal term is the only term providing instability (equation (1.4)
with the minus sign), all other linear terms being diffusive. We have presented in detail
rigorous results for case (i). In particular we proved global existence and uniqueness of
the solutions in H;er by first proving local results and then establishing global results
by proving uniform boundedness of the solutions in Héer on each time interval. We
also established uniform boundedness of the solutions in H),, after proving uniform
boundedness in Lf)er, using a modification of the method of Collet et al. [5]. Along
with global existence, this proves the existence of an absorbing ball in Lf)er and provides
estimates for its radius. Our estimates improve those of Duan & Ervin [7], for p = 3, who
used a different gauge function. An evaluation of the rigorous estimates valid at large
values of the electrical parameter u, as compared to numerical solutions of the equations
is also carried out (see Figures 2, 3). The numerical work indicates that an optimal Lger
solution bound arises; this is explained by a simple scaling argument. A conjecture valid
for all p (and verified by extensive numerical simulations) is made regarding these findings.

In case (ii) results which parallel those above have been obtained when p is larger than
the threshold value po(v; p) above which linearly unstable modes enter — for example
when p = 3, we can take py = 2\ﬁ. (When u < po the value of |ul, decays to zero
as t — o0.) The main differences are technical and result in other expressions for the
quantities N, M, 6 and C(y, v) and in turn result in different estimates for the radius of
the absorbing ball. The large y (note that y = v!=?/2y) behavior of this radius is identical
to that given for case (i) — see estimate (3.74).
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Appendix A: Properties of the Hilbert Transform

Here we list some important properties of the Hilbert transform. The Hilbert transform
operator J# is defined by

Hfl(x) = %PV &dé, (A1)

e Xx—¢

where the integral is understood in the sense of Cauchy principal value.
The Hilbert transform # : L*(I) — L*(I) (or # : H*(I) — H*(I)) is a linear, invertible,
bounded operator from L? to L?> (and from the Sobolev space H* to H*).We note:

OxoH = H o0, (A2)

H =, (A3)

/u(x)%[v](x)dx = —/v(x)%[u](x)dx, (A4)
I I
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/u(x)%[u](x)dx =0, (A5)
I

[ [u]l| = [lull, (A6)
ﬁ[%[u]](k) = —isign (Rek)i(k). (A7)

Here & is the Fourier transform operator and I is either IR or a periodic interval.
For periodic functions on [—m, ©] we have

(7]

1

AU = 5PV | f(@eot(

x—¢

. )dé. (A8)
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