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ABSTRACT

We show that the additive higher Chow groups of regular schemes over a field induce
a Zariski sheaf of pro-differential graded algebras, the Milnor range of which is isomor-
phic to the Zariski sheaf of big de Rham—Witt complexes. This provides an explicit
cycle-theoretic description of the big de Rham—Witt sheaves. Several applications are

derived.
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1. Introduction

1.1 Motivation

For a presheaf F on the category of smooth schemes essentially of finite type over a field with
values in abelian groups, it is often desirable to describe the values of F in terms of algebraic
cycles because the cycles are usually relatively explicit by nature.

For instance, by the results of Bloch [Blo86], Bloch and Lichtenbaum [BL95], Friedlander
and Suslin [FS02] and Levine [Lev08], one knows that the higher algebraic K-groups of smooth
schemes over a field can be described in terms of the higher Chow groups of Bloch through a
spectral sequence. A property of K-theory of smooth schemes that helps achieve this is its Al-
invariance. However, there are several presheaves on smooth schemes which do not satisfy the
Al-invariance property and for which one often has to seek a description in terms of algebraic
cycles.

Examples of non-Al-invariant presheaves we have in mind are the differential forms and
the K-theory of non-reduced infinitesimal extensions of smooth schemes. These are some of the
most useful presheaves on the category of smooth schemes over a field, as they carry significant
information about the underlying schemes. Perhaps in order to study this question for these two
presheaves, Bloch and Esnault [BEO3a, BE03b| invented the additive higher Chow groups of
fields. This is related to earlier works of Bloch (e.g. [Blo73]) on the study of the tangent space to
the space of cycles and K-theory. The additive higher Chow groups were subsequently defined
and studied for more general schemes in the works of Krishna and Levine [KLO08], Park [Par09]
and Riilling [Riil07a].
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The results of [BE03a] and [BE03b] suggest that additive higher Chow groups could be useful
in describing the above two non-A!-invariant presheaves in terms of algebraic cycles. Soon after,
Riilling [Riil07a] proved a more general result that when the underlying scheme is the spectrum
of a field, the big de Rham-Witt complex of Hesselholt and Madsen [HMO1] is isomorphic to a
complex consisting of additive higher Chow groups of the field.

1.2 The main result

The purpose of this paper is to show that the sheaf of big de Rham—Witt complexes on the big
Zariski site of all regular schemes essentially of finite type over any field coincides with the sheaf
of complexes of the (Milnor range of) additive higher Chow groups. Among several consequences,
this provides a new description of the crystalline cohomology of smooth quasi-projective schemes
over a perfect field purely in terms of algebraic cycles. This is the cycle-theoretic avatar of Bloch’s
description of the crystalline cohomology via algebraic K-theory [Blo77]. The main result from
which we derive the above is as follows.

THEOREM 1.1. Let k be an arbitrary field and let R be a regular semi-local k-algebra essentially
of finite type. Then, for all m,n > 1, there are isomorphisms between the big de Rham—Witt
forms and the additive higher Chow groups

s W, QS TCH™(R,n;m), (1.1)

n,m:

which are natural in R. In particular, the additive higher Chow groups of Spec(R) in the Milnor
range form the universal restricted Witt complex over R.

Theorem 1.1 is a direct extension of Riilling’s theorem [Riil07a] proven originally for fields
to the case of regular semi-local algebras over fields. This can also be considered as a non-A'l-
invariant analogue of the results of Elbaz-Vincent and Miiller-Stach [EMO02] and Kerz [Ker09,
Ker10], which together imply that the Milnor K-theory of such rings are isomorphic to their
higher Chow groups. The corresponding result for fields was shown by Totaro [Tot92].

1.3 Applications

The first interesting consequence of Theorem 1.1 is that it provides new geometric perspectives
to the Witt vectors and the de Rham-Witt forms. Take n = 1, for instance. Then the map Tfm
is a ring isomorphism. The underlying abelian group of the ring W,,(R) is not so difficult to
understand. However, its product structure is notoriously complicated. The ring isomorphism
Tf?m then shows that the addition of W,,(R) corresponds simply to the summation of alge-
braic cycles in TCH! (R, 1;m), while the complicated multiplication of W,,(R) corresponds to a
simple Pontryagin-intersection product of algebraic cycles, thus giving a conceptual and simple
description of the ring structure of Witt vectors.

For general n > 1, the differential operator, the wedge product, and Frobenius and Ver-
schiebung operators on W,,,(}, are nontrivial objects to describe. However, their counterparts
for additive higher Chow groups are simply the Pontryagin intersection, flat pull-back and finite
push-forward of algebraic cycles.

Apart from the above, we derive several further applications of Theorem 1.1. We show that
the additive higher Chow groups have p-typical decomposition in characteristic p > 0. Using this
and Theorem 1.1, we show that the crystalline cohomology of smooth quasi-projective schemes
over a perfect field is motivic in a broad sense. We also show using Theorem 1.1 and the results of
[Hes05] that the algebraic K-theory of the truncated polynomial algebras over regular semi-local
rings over a field admit descriptions through cycles.
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We show that in characteristic p > 0, the mod-p motivic cohomology and mod-p Milnor as
well as Quillen K-theory Zariski sheaves on regular schemes over a field coincide with the sheaf of
p-typical additive higher Chow groups. We also deduce a Gersten resolution for additive higher
Chow groups in the sense that the Cousin complex of the Zariski sheaf of additive higher Chow
groups on a regular scheme essentially of finite type over a field is exact. These results show that
the p-typical additive higher Chow groups provide cycle-theoretic descriptions of existing mod-p
cohomology theories of regular schemes.

In another application, we use Theorem 1.1 and the existence of push-forward maps for addi-
tive higher Chow groups to give new and direct construction of the theory of trace maps on big
de Rham—Witt complexes of regular algebras essentially of finite type over a field. Such a theory
is abstractly known to exist (in the p-typical case) by the duality theory for de Rham—Witt com-
plex by Ekedahl [Eke84]. However, Ekedahl’s theory of trace is obtained using the complicated
machinery of Grothendieck duality in the derived category of quasi-coherent sheaves over the
sheaves of p-typical Witt vectors. This makes it very hard to work with his trace. The construc-
tion of trace was also previously known for the de Rham—Witt complex of fields (see [Riil07al).
It follows a posteriori that Ekedahl’s trace and the push-forward of cycles are compatible, and
the traces now have more explicit descriptions. See Theorems 7.8 and 7.9.

In our final application, we use the Galois descent property of the de Rham—-Witt complex to
prove a similar descent for the additive higher chow groups of regular semi-local algebras over a
field. The precise versions of these applications are given in § 7. In addition to these, Theorem 1.1
also plays a crucial role in the proofs of the main results of [GK19] and [GK20].

1.4 Outline of proofs

The proof of Theorem 1.1 relies on several results of previous papers of the authors. Among
these, the works of Krishna and Park [KP15, KP16, KP20] play major roles. The first step
in the proof of Theorem 1.1 is to construct the ‘de Rham—Witt—Chow homomorphism’ T,fm
from the big de Rham-Witt complex Wmﬁﬁ_l of a regular semi-local ring R to its additive
higher Chow groups TCH"(R,n;m). This itself is non-trivial and requires us to show that
the additive higher Chow groups of R form a restricted Witt-complex over R in the sense of
[Ril07a, Definition 1.14]. Modulo a new limit argument in the case of imperfect base fields dis-
cussed in the present article, the proof of this step was the main purpose of the papers [KP15]
and [KP16].

The next step is to show that de Rham—Witt—Chow homomorphism Trfm is injective. This

is not hard. We use a reduction step and a Gersten-type result for the de Rham—Witt complex
to reduce to the case where R is a field. The latter case is due to Riilling [Riil07a] (and see the
appendix for the characteristic 2 case).
The surjectivity of Tﬁm is a difficult part of the proof of Theorem 1.1. In order to achieve
this, we follow several reduction steps. We first prove this in the case when k is infinite and
perfect. To deal with this case, we rely on the ‘sfs-moving lemma’ of [KP20] (see Theorem 3.6).
When the base field is finite, we use a pro-¢ extension trick to reduce it to the case of infinite
perfect base fields. The remaining case when k is imperfect is reduced to when k is perfect using
a limit argument.

For the infinite perfect base field case, using the sfs-moving lemma, we prove that for a
given cycle a € TCH"(R,n;m), we can find a finite extension of regular semi-local k-algebras
f: R— R, and a cycle o' € TCH"(R',n;m) such that: (1) f.(¢/) = @ and (2) &/ is ‘symbolic’,
i.e. lies in the image of Tfj;n. The problem we face now is that we do not know how to conclude
from this that « is symbolic using the existing theory of trace maps for de Rham-Witt forms due
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to Ekedahl [Eke84] (see §7.6). To circumvent this problem, we devise a technique of traceability
of de Rham—-Witt forms via cycles.

The traceability of a form ' € Wmﬂ’é,_l yields a trace element of &’ in WmQ’}z_l up to
images in the additive higher Chow groups. This luckily suffices for our purpose. We show,
by factoring the extension R — R’ into a composition of simple extensions, that every form
in WmQ?{l is traceable to R (i.e. has a trace element in Wmﬁgfl), see Proposition 5.9. The
proof of this requires us to work with WmQ?{l for all m > 1 and n > 1 simultaneously rather
than working with these groups individually. This uses the full strength of the Witt complex
structures on de Rham—Witt forms and additive higher Chow groups, and also the fact that T,fm
is a morphism of Witt complexes. The traceability allows us to find a pre-image of « in WmQ%_l.

We recall the definitions of Milnor K-theory and de Rham—-Witt complex, and then prove
some of their properties in §2. We recall the definitions of additive higher Chow groups and
some basic results on them in § 3. The main result of §4 is to prove the restricted Witt-complex
structure on the additive higher Chow groups of regular semi-local algebras over arbitrary fields.
The de Rham—Witt—Chow homomorphism Tfm is constructed in §5. We prove the key result
on traceability in this section. We finish the proof of Theorem 1.1 in §6 and its applications are
derived in §7.

The last section is an appendix by Kay Riilling, which proves the characteristic 2 case of his
result from [Riil07a] for fields. We thank him for this contribution.

2. Milnor K-theory and de Rham—Witt complex

We fix an arbitrary field k. We let p > 1 denote the exponential characteristic of k. Any further
restriction on the nature of k£ will be stated explicitly. In this section, we fix our conventions on
notation. We then recall the definitions of Milnor K-groups, rings of big Witt vectors, and the
big de Rham—Witt complexes of Hesselholt and Madsen [HMO1]. We discuss some properties of
these objects that are used throughout this paper.

2.1 Conventions
In this paper, a k-scheme is a separated scheme of finite type over k, unless we say otherwise.
A k-variety is a reduced k-scheme. The product X x Y means usually X x; Y, unless we specify
otherwise. We let Schy be the category of k-schemes, Smj of smooth k-schemes, and SmAff
of smooth affine k-schemes. By a scheme essentially of finite type over k, we mean a Noetherian
k-scheme which is the projective limit of a cofiltered collection of open subschemes of a finite
type k-scheme. We let Schi™® be the category of such schemes. An affine scheme is an object of
Sch$™® if and only if it is the spectrum of a ring obtained by localizing a finite-type k-algebra
at a multiplicatively closed subset. By a semi-local scheme, we shall mean an affine k-scheme
essentially of finite type with only finitely many closed points.

A ring R in this paper will always mean a commutative Noetherian k-algebra. We say that
R is regular if all its local rings are regular local rings. Equivalently, Ry, is a regular local ring
for every maximal ideal m C R. We let N denote the set of all positive integers.

2.2 Milnor K-groups
Recall that the Milnor K-ring KM (R) of R is the quotient T3 (R*)/I of the tensor algebra of
R* by the two-sided ideal I generated by {a ® (1 —a) | a € R*,1 —a € R*}. Its degree-n part
is KM(R) and {ay,...,a,} is the image of a; ® - -- ® a,, in KM (R), where a; € R*.

When F is finite, it is known that the Milnor K-groups KM (A) are not most ideally defined.
For instance, the Gersten conjecture fails even if R is a regular semi-local ring. To remedy this,
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Gabber (unpublished) and Kerz [Ker10] defined an ‘improved Milnor K-theory’ KM (R). These
groups are equipped with a natural map of graded rings vz: KM(R) — KM (R) satisfying the
following properties:

(i) g is an isomorphism if either k is infinite or R is a (finite or infinite) field;
(ii) g is surjective if R is local;
(iii) the Gersten conjecture holds for KM (R) if R is regular semi-local essentially of finite type
over k.

In this paper, the Milnor K-theory KM (R) will always mean the improved Milnor K-theory
of Gabber and Kerz.

2.3 The ring of Witt vectors

Let R be a ring. We recall the definition of the ring of big Witt vectors of R, e.g. from [Riil07a,
Appendix A]. A truncation set S C N is a nonempty subset such that if s € S and t|s, then
t € S. As a set, let Wg(R) := R and define the map w: Wg(R) — R%, a = (as)ses — w(a) =
(w(a)s)ses, where w(a)s := 3y, taf/t (called the ‘ghost map’). When R® on the target of w
is given the component-wise ring structure, it is known that there is a unique functorial ring
structure on Wg(R) such that w is a ring homomorphism. See [Hes15, Proposition 1.2]. The
ghost map is an isomorphism if R contains Q.

For two truncation sets S C S’ there is a restriction R: Wg/(R) — Wg(R). When S =
{1,....m}, we write Wp,(R) := Wg(R). We let W(R) := Wy(R), which is lim Wy, (R). For
a fixed prime p and S; = {1,p,...,p" "}, we write W;(R) = Wg,(R) and W(R) :==W, , > (R),
which is mZM(R) They are the p-typical rings of Witt vectors.

There is another description of the rings Wg(R). There is a natural bijection W(R) ~ (1 +
TR[[T]])*, where T is an indeterminate and the addition of the ring W(R) corresponds to
the multiplication of the formal power series. For a truncation set S, we have Wg(R) = (1 +
TR[[T]])*/1Is for a suitable subgroup Ig. See [Riil07a, A.7] for details. In case S = {1,...,m},
we have an isomorphism

m
v i Win(R) = (1+ TRITI)* /(L + T RTINS (ai)1zizm = [ [(1 = aiT). (2.1)

i=1
The Teichmiiller lift [—]s : R — Wg(R) is given by a — 1 — aT, which is a multiplicative
map. If S={1,...,m}, we write [—],, for [-]s. When the truncation set is understood, we
shall write [—]g also as [—]. For each i > 1, we have the ith Verschiebung map V; given by
Vi([a] jmyi)) = (1 — aT") under the identification (2.1), where for a non-negative real number c,
we denote by |c| the greatest integer not bigger than c. By [Riil07a, Properties A.4(i)], for

z = (z;) € Wy, (R), we have

T = Z Vill@i] (myi))- (2.2)

2.4 The de Rham—Witt complex

Let R be a k algebra. Recall from [HMO1, Definition 1.1.1] that a restricted Witt complex over
R is a pro-system of differential graded Z-algebras ((Ep,)men, % : E}, 1 — E},) together with
families of homomorphisms of graded rings (F; : E},, ., — Ep )mren called Frobenius maps,
and homomorphisms of graded groups (V; : E}, — E* Jm,ren called Verschiebung maps,

rm4r—1
satisfying the following relations for all n,r, s € N:

(1) mFr:Frmra mr‘/r:‘/rm, F1=V1=Id, FrFs:FTSa V;"V:?:V;"s;
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(ii) F.V, =r; when (r,s) =1, then F,V, = V,F. on E} _ _i;
(iii) Vi(Fr(x)y) =aVe(y) forallz € B, ., and y € Ep, (projection formula);

(iv) F,dV, = d (where d is the differential operator of the differential graded algebras (DGAs)).

Furthermore, there is a homomorphism of pro-rings (A : W,,(R) — E9),,en compatible with F;.
and V., such that

(v) Frd\([a]) = M[a]"~1)dA([a]) for all a € R and 7 € N,

where [a] € W, (R) is the Teichmiiller lift of a € R.

By [Hes15], the category of restricted Witt-complexes over R has an initial object, called
the de Rham-Witt complex (W,,Q%)men of R. For fixed m € N, the complex W,,Q2}, has an
explicit description as a quotient of the DGA Q%./Vm(R) /z (the absolute de Rham complex of
W (R)) by a differential graded ideal N3, (R), which is defined by an explicit set of generators
(see [Hes15, §4] or [Riil07a, Proposition 1.2]). One property of W,,€%, is that the canonical maps
A W, (R) — W, Q% (for all m) and W1Q% — Q% (as a map of DGAs) are isomorphisms.

More generally, for any finite truncation set S C N, we have the de Rham—-Witt complex
WsQy, = Q%./Vs( R)/Z /N¢g, where N¢ is a differential graded ideal given by some generators. When
a prime p is fixed, taking S = S; = {1,p,...,p" "1}, we get Wg,Q%, which we shall denote by
W;Q%. This is the classical p-typical de Rham-Witt complex of R defined by Bloch, Deligne and
Mlusie (see [Blo77] and [I1179]).

Remark 2.1. We remark that our definition of a Witt complex over R from [HMO1] is a bit
different from the version in [Hes15, Definition 4.1], but when 2 is invertible or zero in R, both
of them coincide. We only consider the case when R contains a field so that 2 is always either
invertible or zero in R. We stick to the definition from [HMO01], as it is simpler.

In general, for rings that do not necessarily contain a field, [Hes15] makes substantial usages
of an element dlog[—1] = [~1]d][—1] for the Teichmiiller lift [-1] € Wg(R) to make corrections
for 2-torsions. We will not need these so that we will not recall them, but one aspect of them
motivates Lemma 2.7 even when R contains a field. We use it later in Proposition 5.9.

2.5 The p-typicalization of de Rham—Witt complex

Let R be a k-algebra as above. Then one knows that the ring of Witt vectors W,,(R) has
a finite set of idempotents which decompose it as a finite product of p-typical rings of Witt
vectors. Furthermore, this decomposition is functorial in R and compatible with respect to the
restriction maps R: W,,,(R) — W,,,_1(R) for all m € N. As with any W,,,(R) module, we get a
functorial decomposition (see [Riil07a, Theorem 1.11])

nelp
where m = {1,...,m}, P = {1,p,p?,...}, the set I, consists of all natural numbers prime to p,

and (m/n) = {a € Nlan € m}.

2.6 Néron—Popescu approximation

To prove the main result of this paper over an imperfect base field, we need an approxima-
tion method based on the Néron—Popescu desingularization [Pop86] of regular rings, which
we recall in the following. Details of the proof of this result can also be found in [Swa98,
Theorem 1.1].
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THEOREM 2.2. Let R be a regular semi-local k-algebra. Let k' C k be the prime field. Then R
can be written as a filtering inductive limit h—H>1)\€I Ry such that each R) is a semi-local ring
which is essentially of finite type and smooth over k'.

When R is essentially of finite type in addition, we can say a bit more (see e.g. [Qui73, Proof
of Theorem 5.11}).

LEMMA 2.3. Suppose that p > 1 and R is a regular semi-local k-algebra essentially of finite type.
Then we can find a direct system of smooth and essentially of finite-type semi-local IF,,-algebras
{Ri}icr such that the transition maps \;j: R; — R; for i < j are injective and faithfully flat.
Moreover, R = hi%l, R; and each inclusion R; — R is faithfully flat.

Proof. As R is regular, it is a finite direct product of regular semi-local k-algebras essentially
of finite type, each of which is an integral domain. We can therefore assume without loss of
generality that R is an integral domain.

As R is essentially of finite type over k& and semi-local, we can find an integral domain R,
which is a k-algebra of finite type, and a finite set ¥ of primes in R such that R = Ry, the
localization at X. As R is regular and the regular locus of Spec(R) is open, we can assume that
R is regular.

We can now find a subfield k¥’ C k which is finitely generated over F, a k’-algebra A of finite
type such that R = A ®j k. As the prime ideals lying in the finite set ¥ are finitely generated,
we can assume (after replacing k' by a bigger finitely generated subfield of k) that there is a
finite set ¥/ of primes in A such that ¥ = {pR | p € X'}. By replacing the elements of ¥’ by the
contractions of the elements in ¥, we can also assume that ¥/ = {p N Alp € X}.

As R is a regular F p-algebra and IF), is perfect, we see that R is geometrically regular over
F,. As the inclusion A < R of Noetherian Fp-algebras is faithfully flat, the ring A is also
geometrically regular over F,, (see e.g. [Stacks, Lemma 07NH]). In particular, it is regular.

Setting R’ = Ayy and R = R ®y k, we have the canonical injection R} < Ry = R which
is a localization map. Writing k£ as a direct limit of its finitely generated subfields, we can
find a direct system of finitely generated subfields {k;}icr such that &' C k; C k; C k for i < j,
and k = (J;c/ki. In particular, R} = lim R}, where R := R' @ ki. As R} = R' @y kj = (R' @y
ki) @k, kj = R ®y, k; for i < j, it follows that each transition map \;;: R} — R} is an injective
faithfully flat map of Noetherian F-algebras such that 12} = lim  R}. Furthermore, R} = R; ®x, k
and, hence, the inclusion R — R) is also faithfully flat. In particular, each R} is a regular integral
domain.

As R’ is essentially of finite type over k&’ and k' is finitely generated over Fp, it follows that
R’ is an F)-algebra essentially of finite type. As each k; is finitely generated over F, the same
argument implies that each R/ is an regular F-algebra essentially of finite type. As F), is perfect,
it follows that each R, is smooth over F),. We let ¥; = {p N R}|p € X} under the inclusion R — R.
It is clear that for each pair of elements ¢ < j in I, the transition map \;; : R, — R; induces an
inclusion Ajj: (R))s, < (R))s; such that 3; = {p N (R])x,[p € X;}. We let R; = (R})y, fori € I.

As each );; is flat and every closed point of Spec(R;) is in the image of the map
Ajj+ Spec(R;) — Spec(R;), it follows that \;; is faithfully flat (see e.g. [Stacks, Lemma 00HQ)]
or [Mat86, Theorem 7.2, p. 47]). The same reasoning implies that each inclusion R; — R is
faithfully flat.

Finally, we note that every element of R which becomes invertible in R lies in the image of
R — R for some i € I. Such an element must become invertible in R;. It follows that R = h_r)nZ R;.
This finishes the proof.
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Remark 2.4. If R is a regular k-algebra essentially of finite type, that is not necessarily semi-local,
the proof of Lemma 2.3 shows that a weaker version is still valid. Namely, we can find a direct
system of smooth [F,-algebras {R;}icr essentially of finite type, such that the transition maps
Aij: R; — Rj for i < j are injective and flat. Moreover, R = h_mZ R; and each inclusion R; — R
is flat. However, we may not be able to ensure that either R; — R; or R; — R is faithfully flat.

LEMMA 2.5. Suppose that p > 1 and f: R — S is a morphism between two regular semi-local
k-algebras essentially of finite type. Then we can find direct systems {R;};cr and {S;}icr as in
Lemma 2.3 together with maps of IF-algebras f;: R; — S;, compatible with the transition maps
of the direct systems such that R = h_H)lZ R;, S = h_II)lZ Si, and f = h_n)ll fi-

Proof. Let R be the regular finite type k-algebra and ¥ a finite subset of Spec(R) as in the proof
of Lemma 2.3 such that R = Ry. We can similarly find a regular finite type k-algebra S and a
finite subset ® C Spec(S) such that S = Sg. As R is a finite type k-algebra, we can extend the
map f: R — S to a k-algebra morphism f: R — S (after possibly replacing S by a localization
which is still finite type over k).

Next, we saw in the proof of Lemma 2.3 that we can find a subfield ¥’ C k which is finitely
generated over F,, a finite-type k’-algebra A (respectively, B), and a finite subset ¥’ C Spec(A)
(respectively, ® C Spec(B)) such that R = A @ k (respectively, S = B ® k) and X (respec-
tively, @) is the extension of ¥’ (respectively, ®'). Furthermore, R = R’ ®j k, where R’ = Ayy.
Similarly, S = S’ ® k, where S’ = Bg.

As A is a finite-type k’-algebra, we can find a field k” such that it is finitely generated
over F, with k' C k" C k and a k"-algebra morphism f: A ®p k" — B @ k” which extends
f:R=A®wyk— B®yk=>S.In other words, we can choose our finitely generated subfield
k' C k over F, such that f: R — S is induced by a morphism of finite type k’-algebras f: A — B.

As, after base change to k, the map f: A — B induces the map R = Asy ®j k — By
k = S}, it follows that f must induce a map of localizations f: R’ = Asy — Bg = S’. We have
therefore shown that there is a finitely generated subfield k' C k over F,, a morphism between
essentially of finite-type regular semi-local k’-algebras f: R’ — S’ which induces our original
map f: R = (R)s — (Sp)a = 5.

We now choose a direct system of finitely generated subfields {k;};c; such that k¥ C k; C
kj C k for every i < j, and k = | J;c; ki. We let

R;:R@)k/ k;, SZ{:S, R ki, Ei:EﬁRg, (I)Z':(PQSZ{, Ri:(Rg)z and S; = (Sz,)<1>

i) i

The rings R and S are semi-local with the sets of maximal ideals ¥ and ®, respectively. It is
easy to check using this that the map f;: R, — S induced by f: R’ — S’ descends to a map
between the localizations f;: (R})y, — (S)s,. Equivalently, a map f;: R; — S;. The rest of the
proof now is a repetition of the proof of Lemma 2.3. g

2.7 Some properties of de Rham—Witt complexes
We collect some results about de Rham—-Witt complexes needed in this paper.

LEMMA 2.6. Let {Ry}xe;r be a filtering system of k-algebras with R = lil>n>\el Ry. Let

(Ep,(XN))mener be a filtering system of differential graded Z-algebras such that (Ep,(\))men

is a restricted Witt complex over Ry for each A € I. We let E5, =lim, __E» (\) form € N. Then
—Ael

(E?,)men is a restricted Witt complex over R.

Proof. Tt follows, e.g., from [Riil07a, Proposition 1.16 and Lemma 1.17]. O
LEMMA 2.7. Let R be a k-algebra. Then d[a] A dla] = 0 in W,,Q% for any m € N and a € R.
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Proof. By [Hesl5, Definitions 3.1, 3.6 and p. 186], we have d[a] A d[a] = dlog[—1] A Fx(d]a]) for
each a € R. If char(k) = 2, then —1 = 1 in k so that dlog[—1] = dlog[1] = 0. Hence, d[a] A d[a] =
dlog[—1] A Fy(d[a]) = 0. If char(k) # 2, then, by the anti-commutativity, we have d[a] A d[a]
= —d[a] Nd[a] so that 2d[a]Ad[a]=0. As 2€k* so that 2e€ W, (k)*, we deduce
d[a] A d[a] = 0. O

PROPOSITION 2.8. Let R be a regular semi-local k-algebra and let K be the total ring of
quotients for R. Then, for all m > 1 and n > 0, the natural map W, Q% — W, Q% is injective.

Proof. Let K denote the total ring of quotients of R. This is a product of fields because R
is regular and, hence, reduced. Using Néron—-Popescu (Theorem 2.2 in §2.6), we can write R =
li_n)l c IRA such that each R} is a semi-local ring which is essentially of finite type and smooth over
the prime field of R. As taking the total rings of quotients commutes with a filtering inductive
limit of rings, it follows that K = li_n)l)\e IK », where K is the total ring of quotients of R).

We now have a commutative diagram of canonical maps

lim, Wi SQp — W, Qf

|

i ¢, WS, — Wi

in which the horizontal arrows are isomorphisms by [Riil07a, Proposition 1.16]. It suffices there-
fore to prove the proposition when k is perfect and R is a semi-local ring which is essentially of
finite type and smooth over k. In this case, R is a finite product of integral domains. We can
therefore assume further that R is an integral domain.

We prove this case in two steps.

Step 1. Let m = 1. We show that Q?z/z — Q?(/Z is injective.

CrLAIM. We claim that Q% /z is a free R-module, possibly of infinite rank.

This is obvious for ¢ = 0. Suppose ¢ > 1. Consider the Jacobi—Zariski exact sequence of the
maps Z — k — R from [Lod98, 3.5.5.1] (which generalizes [Har77, Proposition 8.3A]):
-+ — Di(R[k) = Qpyz Ok R — Qpy — Qe — 0,

where Di(R|k) is the first André—Quillen homology of André [And74] and Quillen [Qui70] (see
[Lod98, 3.5.4]). As R is smooth over k, we have Dy (R|k) = 0 by [Lod98, Theorem 3.5.6]. On the
other hand, because R is a smooth semi-local k-algebra, Q}% Ik is a free R-module. Thus, we have

an isomorphism Q}%/Z o~ Q}%/k @ (Q}C/Z ®k R). As Q,lg/z is a free k-module (a k-vector space), the
space Q}C 1z Ok R is a free R-module. Hence, Q}% 1z is a free R-module. Taking wedge products,
we deduce that 2, Iz is a free R-module for all ¢ > 1, proving the claim.

Going back to the proof of step 1, we apply the functor — ®pg Q%/Z to the inclusion R — K.
By claim, the module 2%, /2 is free so that we obtain an injection {2, 1z K @r Q% 17 where
the latter group is isomorphic to 2. Iz by [Har77, Proposition 8.2A]. Hence, step 1 is done.
Step 2. Now suppose m > 1. When char(k) = 0, by [Riil07a, Remark 1.12], W,,Q% — W,,,Q}
decompose into a direct product of maps Q7 Y Q% 12 each of which is injective by step 1.
Hence, the direct product is also injective.

When char(k) = p > 0, the map W,,,Q% — W,,,Q}. decomposes into a direct product of some
copies of maps of p-typical de Rham-Witt forms W,Q} — W Q% (for various finite values
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of s) by (2.3). Hence, it suffices to prove the injectivity for the p-typical de Rham—Witt complex.
However, it was proven, for instance by Gros [Gro85, Proposition 5.1.2, p. 57], that for any
smooth k-scheme X, the Cousin complex of W) is a resolution of W Q% . In particular, each
W — W% is injective. This completes the proof of the proposition. O

3. The additive higher Chow groups

In this section, we recall the definitions of higher Chow groups and additive higher Chow groups.
We prove some basic properties of additive Chow groups which are used in the main proofs. We
fix an arbitrary base field k.

3.1 Higher Chow groups

We recall (see [Blo86, Tot92]) the definition of higher Chow groups. Let X € Sch$* be equidimen-
sional. Let P+ = Proj k[Yy, Y1) and O" = (P} \ {1})™. Let (y1,...,¥n) € O" be the coordinates.
A face of 0" is a closed subscheme defined by a set of equations of the form y;, = e€1,...,y;, = €s,
where €; € {0,00}. For 1 <i <n and € = 0,00, we let (£ : (0" < 0" be the closed immersion
given by (y1,..-,Yn—1) — (Y1, Yi—1,€ Yi,--.,Yn—1). Its image gives a codimension 1 face.

Let g,n > 0. Note that when X is obtained by localizing at a non-closed point, the notion
of dimensions for closed subschemes of X x 0" could be ambiguous but the codimensions are
well-defined. We keep this in mind and in what follows, we use codimensions only unless some
ambiguity appears.

Let 29(X,n) be the free abelian group on the set of integral closed subschemes of X x 0"
of codimension ¢, that intersect properly with X x F' for each face F' of [J". We define the
boundary map 05(Z) := [(Idx x ¢§)*(Z)]. This collection of data gives a cubical abelian group
(n+— 29(X,n)) in the sense of [KLO8, §1.1], and the groups z¢(X,n) := 29(X,n)/29(X,n)degn
(in the notation of [KL08, § 1.1]) give a complex of abelian groups, whose boundary map at level
n is given by 9:= Y1 | (=1)4(9%° — 8Y). The homology CHY(X,n) := H,(29(X, e), ) is called

—

the higher Chow group of X.

3.2 Additive higher Chow groups
We recall the definition of additive higher Chow groups from [KP15, §2]. Let X € Schy™®
be equidimensional. Let Al = Speck[t], G,, = Speck[t,t71], and O=PL. For n>1, let
B,=A'x0O"!, B,=A'xT"" and B,=P'xT"'> B, where O=0)\{1}. Let
(t,y1,...,Yn—1) € By, be the coordinates.

On B,,, define the Cartier divisors Fﬁ’i ={yi=1}for1 <i<n-—1, F,o:={t =0}, and let
Fl .= Z?;ll Fél A face of B, is a closed subscheme defined by a set of equations of the form

Yi, = €1,...,Yi, = €5 where ¢ € {0,00}. For 1 <i<n—1 and €= 0,00, let lpit Bno1 = Bp
be the inclusion (¢,y1,...,Yn—2) — (Y1, Yi—1,€ Yiy - - -, Yn—2). Its image is a codimension 1
face.

The additive higher Chow complex is defined similarly using the schemes B,, instead of (1",
but together with proper intersections with all faces, we impose additional conditions called the
modulus conditions, that control how the cycles should behave at ‘infinity’.

Let X € Sch$™®, and let V be an integral closed subscheme of X x B,. Let V denote the
Zariski closure of V in X x B,, and let v: VN — V C X x B,, be the normalization of V. Let
m >0 and n > 1 be integers. As in [KP15, Definition 2.1], we say that V satisfies the modulus
m condition on X x By, if we have (m + 1)[v*(F,0)] < [v*(F})] in the free abelian group of
Weil divisors on V. (Note that when n = 1, we have F} =), so it means v*(F} ) =0, or
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{t=0}NV =0.)If Vis a cycle on X x B,,, we say that V satisfies the modulus m condition
if each of its irreducible components satisfies the modulus m condition. When m is understood,
often we just say that V satisfies the modulus condition. As F,, o = {t = 0} C By, replacing B,
by B, in the definition does not change the nature of the modulus condition on V.

Recall from [KP15, Definitions 2.5 and 2.6] the following. Let X € Schi*® be equidimensional.
Let m >0 and n,q > 1 be integers. We let Tz?(X, 1;m) be the free abelian group on integral
closed subschemes Z of X x A! of codimension ¢, satisfying the modulus condition.

For n > 1, let Tz9(X,n;m) be the free abelian group on integral closed subschemes Z of
X X B, of codimension ¢ such that (1) each face F' of B,, Z intersects X x F' properly on
X X B, and (2) Z satisfies the modulus m condition on X x B,,.

Foreach1 <i<n—1ande=0,00,let 05(2) := [(Idx x ¢,;)*(Z)]. The proper intersection
with faces ensures that 0 (Z) are well-defined. ’

The cycles in Tz?(X,n;m) are called the admissible cycles (or, often the additive higher
Chow cycles, or additive cycles). This gives the cubical abelian group (n — Tz?(X,n + 1;m))
in the sense of [KLO08, §1.1]. Using the containment lemma [KP12a, Proposition 2.4], that each
face 05 (Z) lies in Tz?(X,n — 1;m) is implied from (1) and (2).

The additive higher Chow complex, or just the additive cycle complex, TzI(X, e;m) of
X in codimension g with modulus m is the non-degenerate complex associated to the cubi-
cal abelian group (n+— Tz9(X,n+ 1;m)), ie. Tz4(X,n;m) is the quotient Tz?(X,n;m)/
ﬂq (X7 n; m)degn‘

The boundary map of this complex at level n is given by 0 := Z?:_ll(—l)i(ﬁfo — 99, and
it satisfies 9> = 0. The homology TCH?(X,n;m) := H,(Tz%(X,e;m)) for n > 1 is the addi-
tive higher Chow group of X with modulus m. When X = Spec(A) is affine, we usually write
TCH?(X,n;m) as TCHY(A,n;m). In this paper, we study only the Milnor range additive chow
groups {TCH" (X, ni m) bmso.n51.

3.3 Some properties

Like Bloch’s higher Chow groups, the additive higher Chow groups are also equipped with pull-
back map associated to flat morphisms and push-forward map associated to proper morphisms
between schemes. Another less-obvious property we need in this paper is the following.

ProproSITION 3.1. Let R be a smooth k-algebra essentially of finite type. Then there is a natural
cap product map

Ng: TCHY(R,n;m) ®z CHP(R,n') — TCHPTY(R,n + n';m).

This commutes with the pull-back and push-forward whenever they exist. This is given by
aNpb= A%(a x b), where A}, is the pull-back via the diagonal map Ag: Spec(R) — Spec(R) x
Spec(R).

Proof. This is an immediate consequence of [KP17a, Theorem 3.12]. O

3.4 Subcomplexes associated to some algebraic subsets
Let X € Schi® be equidimensional. Here are some subgroups of Tz!(X,n;m) with a finer
intersection property with a given finite set W of locally closed algebraic subsets of X.

DEFINITION 3.2 (Cf. [KP12a, Definition 4.2]). Define Tzj,(X,n;m) to be the subgroup of
Tz9(X,n;m) generated by integral closed subschemes Z C X x B, that additionally satisfy

codimyy wp(Z N (W X F)) > g for all W € W and all faces F' C B,,. (3.1)
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The groups Tz},,(X,n + 1;m) for n > 0 form a cubical subgroup of (n — Tz?(X,n + 1;m)) and
they give the subcomplex TZ;Z/V(X7 o;m) C TzI(X, e;m) by modding out by the degenerate cycles.
The homology groups are denoted by TCHY,,(X, n;m).

3.5 Atlas for semi-local k-schemes

Recall that a semi-local k-algebra R essentially of finite type is of the form R = Ox s, where X
is a quasi-projective k-scheme and ¥ C X is a finite set of points (not necessarily closed). The
pair (X,Y) will be called an atlas for V = Spec(R). An affine open subatlas (Y,X) of (X,X)
for V' is an atlas for V' such that ¥ C X is an affine open subset. A smooth atlas (X, ) is an
atlas given by a smooth X. Note that because X is finite and X is quasi-projective, we can
always choose an affine atlas for V. If R is smooth over k, then we can find a smooth affine
atlas.

3.6 The fs- and sfs-cycles
We recall the following notions of fs morphisms, fs-cycles and sfs-cycles from [KP20, §2]. We
also recall some properties of these cycles.

DEFINITION 3.3 ([KP20, Definition 2.6]). Let X,Y € Sch$*®. When Y is irreducible, we say that
a morphism Y — X of k-schemes is fs over X (or simply fs when X is clear), if it is finite and
the map Y — X; is surjective, where X; C X is an irreducible component in which the image of
the entire Y lies.

When Y is not necessarily irreducible, we say Y — X is fs over X if for each irreducible
component Y; C Y, the induced map Y; — X is fs over X.

We generalize it a bit further: let f:Y — X be a morphism in Schi® and let U — X be a
flat morphism. We say that Y — X is fs over U, if the fiber product f': Y xx U — U is fs.

These notions behave well under base change and finite push-forwards. See [KP20,
Lemmas 2.7 and 2.8].

Let X € Schj® be equidimensional. Let m >0 and n > 1 be integers. For 1 < j <n, let
mj: By, — Bj be the projection given by (t,y1,...,Yn—1) — (¢, 91,...,yj—1). For an irreducible
closed subscheme Z C X x B, let ZU) = (Idx x m;)(Z). This ZU) is, in general, not a closed
subscheme of X x B;. However, if Z is finite over X, then the morphisms in the sequence
Z=2zn — zr-1) ... 7 _, X are all finite, so each Z\) is closed in X x B;. If Zis a
cycle on X x B, we extend it Z-linearly. Recall now the following from [KP20, Definitions 2.11
and 2.14].

DEFINITION 3.4. Let X = Spec(A) be an essentially of finite type smooth affine k-scheme and
let ¥ C X be a finite set of points. Let V' = Spec(Ox x).

(i) A cycle o € Tz%(V,n;m) is said to be an fs-cycle if each irreducible component of « is fs
over V. The subgroup of fs-cycles is denoted by Tzg (V,n;m).

(ii) A cycle a € Tzg(V,n;m) is said to be an sfs-cycle if it is an fs-cycle, and each irreducible
component of ') is smooth over k for all 1 < j < n. The subgroup of sfs-cycles is denoted
by Tzl (V,n;m).

We have the following characterization of sfs-cycles over the semi-local schemes.

PROPOSITION 3.5. Let V = Spec(R) be a semi-local scheme which is essentially of finite type and
smooth over k. Let 3 be the set of closed points of V. Then an irreducible cycle Z € Tz%(V,n;m)
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is an sfs-cycle if and only if there is a smooth afline atlas (X = Spec(A),X) for V and an
irreducible cycle Z € Tz3,(X,n;m) for which the following hold:

(i) Z:ZV:ZXXV,'

(ii) Z is closed in X x B, contained in X x Al x (AHY"=1 and does not intersect any proper
face F C O"!; in particular, Z is fs over X ;

(iii) for each 1 < j <n, each ZU) = (Idx x 7;)(Z) C X x B is an irreducible closed subscheme,
where 7; is given by (t,y1,...,Yn-1) — (t,y1,...,yj— 1) for the coordinate rings k[Z)] =
Alt,y, ... ,yj_l]/I(Z(j)), for a =1, b; = g; for 1 < j <n—1, we have a sequence of finite
extensions of integral domains, A C Ala] C Ala,b1] C --- C Ala,b1,...,by_1], such that each
ring in the sequence is smooth over k;

(iv) there are irreducible monic polynomials P(t) € A[t] and Q;(y;) € Ala, b1, ..., bj_1][y;] in y;
for 1 < j <n —1 such that

Ala] = A[tl/(P(t)) and  Ala, by, ..., bj] = Ala, bi, ..., bj1][y;1/(Q;(;))-

Proof. For the (<) direction, one sees that the existence of a smooth atlas (X, ¥) for V and a
cycle Z € Tz%(X,n;m) satisfying properties (i)—(iv) imply that Z € Tz%(V,n;m) is an sfs-cycle
over V. Thus, we need to prove the converse (=).

Suppose that Z € Tzg(V,n;m) is an irreducible sfs-cycle. As it is an fs-cycle by definition,
applying [KP20, Lemma 2.9, Proposition 2.13, Lemma 2.21], we see that there is a smooth affine
atlas (X, X) for V such that the closure Z of Z in X x B, is an irreducible admissible cycle in
Tzs,(X,n;m) which satisfies properties (i) and (ii).

As Z — X is fs over X, there is a sequence of finite maps Z = 2" — ... - Z() . X =
Spec(A) such that each ZU ) is fs over X. Furthermore, each Z‘(,) is smooth over k because Z is
an sfs-cycle.

We now want to show that there is a smooth affine open subatlas (U, %) of (X,¥) for V
such that the restrictions Z )
k[Z(J)] As each Z(J) is smooth over k and finite over V, we see that Q!
such that QSglAj/k

corresponding to the finite set of closed points Y. Hence, there is an affine open neighborhood
U of ¥ in X such that each Qilj/k’U is a free k[U]-module. Replacing the given atlas (X,X) by

to U 1 <j <n—1 are all smooth over k. To prove it, set A7 =

AT Jk is a finite A-module

is a free R-module, where R = SzlA for the multiplicative subset Sy, C A

the new (U,Y), we may thus assume that each Z () is smooth over k. Hence, we have proven
property (iii).

To prove property (iv), we observe that if we replace A by its semi-local ring R via localiza-
tion, then we obtain a sequence of finite extensions of smooth semi-local rings. Note that such
rings are unique factorization domains (UFDs) by Auslander-Buchsbaum and Ra] = RJt]/]1
for the prime ideal I; = I(ZM). As dim(R) = dim(R]a]) = dim(R[t]) — 1, we have ht(I;) = 1.
However, R[t] is a UFD so that I; must be principal by [Mat86, Theorem 20.1, p. 161]. Thus, if
P(t) € R[t] is a monic irreducible polynomial of a, then we have I} = (P(t)). Similarly, we have
Rla,b1] = Rla][y1]/I> for the prime ideal Iy = I(Z®), and because R[a] is a UFD, so is R[a][y1].
Hence, we obtain Is = (Q1(y1)) in the same way.

Continuing as above, we get the irreducible monic polynomials P(t) € R[t] and Q;(y;) €
Rla,b1,...,bj_1][y;] for which property (iv) holds over R. Choose lifts of these polynomials over
A, and then there is a localization A’ = A[f~!] for some f € A with the inclusions A — A’ — R
such that the property (iv) holds over A’. Replacing (X, X) by (Spec(A’),X), we obtain a new
atlas for V' for which all of properties (i)—(iv) hold. O
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3.7 Additive higher Chow groups of fs- and sfs-cycles
Let m > 0 and n > 1 be two integers. Recall from [KP20, §2.6] that for a smooth and essentially
of finite type semi-local k-scheme V' with the set of closed points X, the additive higher Chow
groups of fs- and sfs-cycles are defined as follows. We let

ker(0 : Tz (V,n;m) — Tz"(V,n — 1;m))
im (9 : T2"(V,n + 1;m) — Tz"(V,n;m)) N Tzg,(V,n;m)’

ker(0 : Tz (V,n;m) — T2"(V,n — 1;m))

im(9 : Tz"(V,n + 1;m) — Tz"(V,n;m)) N Tz% (V,n;m)’

sfs

TCHE(V,n;m) =

TCH;LfS(Va n; m) =

We have a sequence of homomorphisms
TCHZ (V,n;m) — TCHE(V,n;m) — TCHY(V,n;m) — TCH"(V, n;m). (3.2)

The last arrow in (3.2) is an isomorphism by [KP16, Theorem 4.10]. The main result of
[KP20] is the following. This will be another key ingredient in the proof of our main theorem.

THEOREM 3.6 [KP20, Theorem 1.1]. Let k be an infinite perfect field. Let V = Spec(R) be a
smooth semi-local k-scheme essentially of finite type with the set of closed points 3. Let m > 0
and n > 1 be any two integers. Then all maps in (3.2) are isomorphisms.

4. Witt-complex structure on additive higher Chow groups

Let k be an arbitrary field. Let R be a regular (not necessarily semi-local) k-algebra essentially of

finite type. Our goal here is to define the structure of a restricted Witt complex on the additive

higher Chow groups of Spec(R) over R. We need the results of [KP15] and [KP16]. We write

V = Spec(R) and TCH®*(R; m) = € TCH"(R,n;m) for any m > 0. Then (TCH®*(R;m))men is
n>1

a projective system of graded abelian groups.

Before we describe the restricted Witt-complex structure on the additive higher Chow
groups, we recall the following baby case from [KP16, Proposition 7.6]. For any polynomial
f(t) € R[t] with f(0) € R*, the closed subscheme V(f(t)) C V x Al defines an additive cycle
in TCH'(R,1;m) for any m > 0. We denote this cycle by L(r@))- As part of the restricted
Witt-complex structure over R on the additive higher Chow groups, the map

Ar: W,,(R) — TCHY(R, 1;m) (4.1)
is determined by Ar([a]) = ['(1_at) for a € R. This uniquely defines Ag because every element in
W, (R) has a unique expression w = (a;) = Y ;" Vi([a]|m /i) (see (2.1)). In particular, Ap(w) =
> it1 T(1-g,#)- This map is an isomorphism by [KP16, Theorem 7.12] if R is a UFD (e.g. R is
regular semi-local).

4.1 Witt-complex structure for smooth algebras
We now describe the remaining part of the Witt-complex structure on the additive higher Chow
groups.

LEMMA 4.1. Assume that R is a smooth k-algebra. Then (TCH®(R;m))men is a restricted Witt
complex over R.

Proof. We assume first that k is perfect. Let V = Spec(R). If p # 2, then the lemma is [KP16,
Theorem 1.2]. Thus, we assume that p = 2. In this case, if one closely follows the arguments
of [KP15] and [KP16], then one will notice that there is exactly one place where we used the
assumption p # 2, namely, to show that 62 = 0 for the cycle-theoretic differential operator &
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on TCH*(R;m) = TCH®*(V;m) (see [KP16, Definition 6.2]). However, it turns out that this
vanishing actually follows from the other properties of TCH®(V; m) proven in [KP15] and [KP16]
without using any assumption on p. We explain this in the following.

Let R: TCH*(V;m +1) — TCH®*(V;m) denote the obvious restriction map. Let
F.: TCH*(V;rm +r — 1) — TCH®*(V;m) denote the Frobenius map given by the push-forward
via the map ¢.: Al — Al where ¢.(t) =t" (see [KP16, §7.1]). Let V,: TCH*(V;m) —
TCH®*(V;rm + r — 1) be the Verschiebung map given by the flat pull-back via ¢,.. It was shown
in the proofs of [KP15, Theorem 5.13] and [KP16, Theorem 7.1] that F,,V, and ¢ satisfy the
identity

FoV, =6 Yr>1 (4.2)

on the additive higher Chow groups of V.
As part of the proof of this identity, it was also shown (as the first claim) in the proof of
[KP15, Theorem 5.13, Part 2, p. 45] that F,. and § satisfy the identity

rk.0 =0F, Vr>1 (4.3)

on the additive higher Chow groups of V. Furthermore, the proofs of the above two identities do
not use any condition on k. (Recall from [Hes15, Lemma 4.3] that (4.3) is one of the properties
of a restricted Witt complex.) We now show that these two identities are enough to conclude
that 62 = 0.

Suppose, in general, that m > 0 is an integer and let o € TCH?(V,n;m) be a cycle class.
Then the normalization theorem [KP16, Theorem 3.2] says that « is represented by a cycle (also
denoted by «) such that 0f (o) =0forall 1 <i<n—1ande € {0,00}. It follows therefore from
[KP16, Lemma 6.5] that 20%(a) = 0. Combining this with (4.3), we get §Fh0(a) = 2F26%(a) =
F»(26%(a)) = 0. As o and m > 0 were arbitrary, we conclude that §F»d = 0 on TCH®*(V;m) for
all m > 0. In particular, § F56V5 = 0 on TCH®*(V;m) for all m > 0.

We now use (4.2) to conclude 6% = §(Fp8Va) = §F20Vz = 0. This finishes the proof of the
lemma when k is perfect.

To prove the lemma when k is imperfect, the only thing we need to recall for the reader is that
in the construction of the Witt-complex structure on additive higher Chow groups in [KP15] and
[KP16], the perfectness of the ground field was required exactly at one place, namely, to construct
the product structure on the additive Chow groups of smooth schemes. More specifically, this
was needed only in the proof of [KP15, Lemma 2.11]. However, as pointed out by the referee,
the proof of the latter result actually goes through without the perfectness assumption. The
improved version is Lemma 4.2 below. The rest of the proof of the Witt-complex structure is
identical to the perfect base field case. O

We let By, = A2 x 0" 2 and Bg,n = A? x (P')"2 for n > 2. Recall the notion on modulus
(m1, ma) condition from [KP15, Definition 2.9].

LEMMA 4.2. Let X andY be smooth k-schemes, and let V; and Vs be irreducible cycles satisfying
the modulus my and my conditions on X x By, andY X B,,, respectively. Then, Vi x V; satisfies
the modulus (my,mg) condition on X XY X By, 4n,-

Proof. Let W C Vi x Vs be an irreducible component. It is enough to show that W satisfies the
modulus (m1,ms) condition. Let V; C X x B,, and Vo C Y x B,, be the Zariski closures of V;
and Vs, respectively. Then W C X x Y x Bg,nﬁng is an irreducible component of V; x Va. Let
V= (VlN X ‘_/2N)red-
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We now note that Vi x Vo may be neither reduced nor irreducible. Nonetheless, it is
equidimensional and the projection W — Vj is dominant for each i. It follows that V" is equidi-
mensional with W¥ one of its irreducible components and the projection W — X_/Z-N is dominant
for each 4. This gives rise to a commutative diagram

wh — VIV XY x By,

v J x l“ (4.4)

— — L2 —
X X By, x V&V = X XY X Bapyin,

where 11 = (v, x Id) and 1o = (Id X vy,). Let (t1,t2,y1,--.,yn—1) € A% x (P1)"! be the coor-
dinates. Then, for D := "y, = 1} — (mq + 1){t; = 0}, D? := Z?:_nll{yi =1}—(me+1)
{ta =0}, and n—1=(n; — 1) + (ny — 1), we have

(DY >0 and 5(D?) >0. (4.5)

We should note here that V¥ x Y x B, and X x By, x V¥ are normal (this is ensured by the
smoothness of X and Y').

As W — VAV is dominant, we see that v} o (f(3°1 ] {y; = 1}) and v o %((my + 1){t; = 0})
are effective Cartier divisors on W¥. It follows from (4.5) that v} o ¢¥(D') > 0. Similarly, we have
vy 013(D?) > 0. Combining the two, we get V;%/(Dl + D?) > 0, which is the modulus (m1,m2)
condition for W. O

Recall from [KP16, Theorem 4.5] that for any map f: X’ — X of k-schemes, where X
is smooth and affine (or projective) over k, there is a pull-back map f*: TCHP(X,q;m) —
TCHP(X', ¢;m). This is compatible with respect to composition of two morphisms. Moreover,
the existence of f* assumes no condition on k. This respects the Witt structures too.

LEMMA 4.3. Let k be a field and let f : Spec(R') — Spec(R) be a morphism between smooth
affine k-schemes essentially of finite type. Then f*: (TCH(R;m))men — (TCH(R';m))men Is a
morphism of restricted Witt complexes over R.

Proof. The lemma is equivalent to proving the following:

(1) f* commutes with products;

(2) f* commutes with differentials;

(3) f* commutes with R, F., and V;; and
(4) f* commutes with Agp.

Part (3) is shown in [KP16, Theorem 7.1] while part (4) is evident from (4.1). We prove parts
(1) and (2).

Let V' = Spec(R) and V' = Spec(R’). To prove part (1), it suffices to prove it for irreducible
cycles. By [KP12a, Proof of Theorem 7.1], there exists a finite set W of locally closed subsets
of V such that the map f*: Tz}, (V, e;m) — Tz¢(V', e;m) given by f*(Z) = [f~(Z)], is well-
defined. Here, the group on the left is defined as in Definition 3.2. Choose an irreducible cycle
Z € Tz, (V,e;m). We claim that there is a finite set C of locally closed subsets of V' such that
the following hold.

(i) f*: TzL(V,e;m) — Tz9(V’, &;m) is defined;
(i) ZRZ' € Tzl \(V x V,e;m) for all Z’ € TzL(V, e;m);
{Av} c

(iii) *(2)X f*(Z') e TZ?AX/}(V’ x V', e;m) for all Z' € Tz} (V, e;m).
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Let Z; be the (finite) collection {Z; N (V' x Al x F)}, where Z; is an irreducible component
of f*(Z) and F c 0" ! is a face. Under the moving lemma [KP16, Theorem 4.10], by the
argument of [KP17a, Lemmas 3.5 and 3.10], there exists a finite collection W of locally closed
subsets of {V x A' x 0"} such that for Tz],,(V,e;m) in the sense of [KP12b, Definition 5.3],
we have:

(i) f*: Tz, (V,esm) — Tquf(V’, o;m) is well-defined;
(i) ZRZ' € TZ({]AX}(V x V,e;m) for all Z' € Tz}, (V, &;m);
(iii) Z; W f*(Z') e TZ?AV,}(V, x V', e;m) for all Z' € Tzj,,(V,e;m) and all irreducible compo-

nents Z; of f*(Z).

Furthermore, it follows also by the moving lemma [KP16, Theorem 4.10] and the argument
of [KP17a, Lemma 3.4] that there exists a finite collection C’ of locally closed subsets of V' such
that Tzj,, (V, e;m) = Tzl,(V, e;m). Setting C = W UC', we get the proof of the claim.

We now consider the commutative diagram

m Aysr
V’><A1<;V’><A1><A1*V>V’><V’><A1><A1

fl “ fJ N lef (4.6)

VxAl «—— Vx Al x Al —— V' x V x Al x Al

where j: Al x Al — Alis (t1,t2) — tita.

If we choose any irreducible cycle Z' € Tz} (V, e;m), then it follows from the above claim that
AV(ZRZ") and A, o (f x f)*(Z X Z') are admissible cycles. Moreover, by the commutativity
of the right square in (4.6), we have A}, o (f x f)*(ZRZ') = f*(A},(ZX Z')). In particular,
f*o AV (Z X Z') is an admissible cycle.

Now by [KP16, Corollary 5.11], the cycles p.o0Ay, o(fx f)*(ZKZ') and
ps 0 A o (f x f)*(ZR Z') are admissible. As the left square in (4.6) is transverse, we obtain
F(Z-2) = F oo AL(ZRZ') = pao Ay o (f x ) (ZRZ) = f*(2) - (7).

Finally, the inclusions Tz} (V,e;m) — Tz?(V,e;m) and Tz}, (V,e;m) — Tz!(V,e;m) are
quasi-isomorphisms by [KP16, Theorem 4.10], and this shows part (1).

To prove part (2), recall from [KP16, Definition 6.2] that the differential
§ =6y: Tz4(V,n;m) — Tz (V,n +1;m) is defined as the push-forward with respect
to the map

vV xG, xO P SVx Al x O
Szt yt, .oy Yno1) = (2,6t Ly, yn1) for t #0,1.

Here, dy4«(Z) is an irreducible admissible cycle if Z is so, by [KP16, Lemma 6.3, Proposition 6.4].
As the square

(4.7)

Sy
V’xGme”*#V’xAlxD”

fl lf
Sy
VXGyxO!l —— Vx Al xO"
is transverse, it follows that &y, o f*(Z) = f*ody.«(Z) for every irreducible cycle Z €

Tz (V, o;m). We conclude again that f* o d = ¢ o f* from the quasi-isomorphism Tz (V, e;m) —
Tz9(V, e;m). The proof of the lemma is now complete. O
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4.2 Witt-complex structure for regular algebras
Our next goal is to generalize Lemmas 4.1 and 4.3 to regular semi-local (not necessarily smooth)
schemes over a field. We shall do this using the continuity property of the additive higher Chow
groups. We need some intermediate results.

The following lemma is [KP12a, Lemma 2.2].

LEMMA 4.4. Let f : Y — X be a surjective map of normal integral Noetherian schemes. Let D
be a Cartier divisor on X such that f*(D) >0 onY. Then D >0 on X.

LEMMA 4.5. Let k — K be an extension of fields. Let \ : R — R’ be a faithfully flat morphism
of Noetherian k-algebras such that K — R'. Let X = Spec(R) and X' = Spec(R'). Then the

induced map of schemes X' x g AL x i?(_l — X xp Al xy EZ_I is also faithfully flat.

Proof. As the statement of the lemma is local on X Xy A,lg Xk EZ_I, we can replace EZ_I ~
IP’Z_1 by AZ‘I. The problem then reduces to showing that the map R[t,y1,...,Yn—1] —
R'[t,y1,...,Yn—1] is faithfully flat. This is obvious because R — R’ is faithfully flat. O

The next result says that the additive higher Chow functor on the category of affine k-schemes
with flat morphisms is a continuous contravariant functor.

LEMMA 4.6. Let k — K be a field extension, not necessarily finitely generated. Let R be a
K-algebra essentially of finite type. Let {R;}ic; be a direct system of k-algebras essentially
of finite type, such that the transition map \;;: R; — R; is faithfully flat, and h_r)nZ R, = R.
Then the flat pull-backs of (additive) higher Chow groups induce isomorphisms
lim CH?(R;,n) = CHY(R,n) and lim TCHY(R;,n;m) — TCHY(R,n;m) for all m >0,n,
q—>>11' —

Proof. The proofs for the higher Chow groups and additive higher Chow groups are identical.
Thus, we prove the latter case only. As the homology functor commutes with the direct limit, it
suffices to show that the lemma holds on the level of cycle complexes. We set V; = Spec(R;) and
V = Spec(R). Let X, : R; — R be the natural map. This is also faithfully flat; this follows from
the fact that a direct limit of flat modules is flat, and an R;-module M is faithfully flat if and
only if it is flat and mM # 0 for every nonzero maximal ideal m C R; (see [Mat86, Theorem 7.2,
p. 47)).

The projections Spec(K) — Spec(k) and V — V; — V; between k-schemes induce the pro-
jection maps V xgx Ak xf ﬁ?(_l — Vi xi AL Xy, iz_l. This morphism is faithfully flat. It

induces the pull-back maps between the cycle groups Tz?(V;, n;m) )\i> Tz9(Vj, n;m) 2L, Tyt
(Vinsm).

The injectivity of the map h_r)niTzq(Vi, o;m) — Tz9(V,e;m) is obvious. To show its surjec-
tivity, let Z € Tz%(V,n;m) be an irreducible admissible cycle and let Z C V xx AL xx ﬁ%_l
be its Zariski closure and vy : ZV — V xx A}( X ﬁ?{l the normalization map. As each of f; :=
Spec(X;) : Vig1 — Vi and f] := Spec(X]) : V' — V; is faithfully flat, by Lemma 4.5, the product
maps }; : Vi—f—l XkAllﬂ inz—l — V; XkAi inz—l and };/ VvV XKA}(v XKETIL(_I — Vz ></1€A,1c Xk
EZ_I are faithfully flat maps of Noetherian k-schemes.

AsV = lim V;, it follows from the above faithfully flatness that there exists ¢ > 0 and an
irreducible cycle Z; — V; xj Al x4, iz_l such that (fl’)*(Z,) =7 and Z; == Z; N (V; X A} Xp,
0P € 29(V; xp Ab,n —1).
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As the right square in the following commutative diagram

/ VZ\)
~ 7~ =n—1 1 n—1
ZN —— 7 —— Vxg AL xx O~V xx Ay x O

T e

zy Zi = Vi xg Ay X Oy Vixg Ap x, O

—

is Cartesian, we must have Z = (f/)*(Z;).

As f/ is faithfully flat, it follows that Z = (f/)*(Z;) — Z; is also faithfully flat. In particular,
it is surjective. We conclude that the induced map ZV — ZZ-N on the normalizations is also
surjective. As Z satisfies the modulus condition, we can now apply Lemma 4.4 to conclude
that Z; also satisfies the modulus condition and, hence, it is in Tz?(V;, n;m). This finishes the
proof. O

We can now prove the following improvement of Lemma 4.1:

THEOREM 4.7. Let k be any field and let R be a regular semi-local k-algebra essentially of finite
type. Then (TCH®*(R;m))men Is a restricted Witt complex over R.

If f: R — R’ is a morphism of regular semi-local k-algebras essentially of finite type, then
there exists a pull-back map f*: (TCH®*(R; m))men — (TCH®*(R'; m))men, which is a morphism
of restricted Witt complexes over R.

Proof. If k is finite, the theorem follows from Lemmas 4.1 and 4.3. Thus, we may now assume
that k is infinite and p > 1.

Let {R;}ier be the direct system of subrings in R as in Lemma 2.3. As each transition map
Aij+ Ri — Rj is flat, we have the pull-back maps of projective systems A7; : (TCH®*(Ri;m))men —
(TCH®(Ry;m))men.

As each R; is a smooth [F)-algebra essentially of finite type, it follows from Lemma 4.1 that
(TCH®*(R;;m))men is a restricted Witt complex over R;. Furthermore, it follows from Lemma 4.3
that each )\fj is a morphism of restricted Witt complexes over R;. Thus, we conclude from
Lemma 2.6 that (lim, TCH®*(R;; m))men forms a restricted Witt complex over R. The first part of
the theorem now follows Lemma 4.6. The second part follows directly by combining Lemmas 2.5,
4.3, and 4.6. O

As the higher Chow groups of smooth schemes over a field have a ring structure, an identical
proof also shows the following result.

THEOREM 4.8. Let k be any field and let R be a regular semi-local k-algebra essentially of finite
type. Then (CH®*(R,n)),>0 is a graded commutative ring.

If f: R — R’ is a morphism of essentially of finite type regular semi-local k-algebras, then
there exists a pull-back ring homomorphism f*: (CH*(R,n)),>0 — (CH*(R',n))n>0-

Using Theorems 4.7 and 4.8, we get a direct extension of Proposition 3.1 to regular algebras
over arbitrary fields.

COROLLARY 4.9. Let k be any field and let R be a regular k-algebra essentially of finite type.
Then there is a natural cap product map

Ng : TCHY(R,n;m) ®z CHP(R,n') — TCHPTY(R,n + n';m).
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This commutes with the pull-back and push-forward whenever they exist. This is given by
aNpb= A%x(a x b), where A}, is the pull-back via the diagonal map Ag: Spec(R) — Spec(R) X
Spec(R).

PROPOSITION 4.10. Let f: R — R’ be a finite and injective morphism of regular semi-local
k-algebras essentially of finite type. Let m > 0 and n,r > 1 be integers. Then the push-forward
maps f,: TCH"(R',n;m) — TCH"(R, n;m) satisfy

Furthermore, one has f.(yf*(z)) = f«(y)x for x € TCH"(R,n;m) and y € TCH"(R',n;m).

Proof. Note that f must be flat in our case (see [Har77, Exercise 111-10.9, p. 276] or [EGAIV,
Proposition (6.1.5), p. 136]). The first part is [KP16, Proposition 7.3] and the second part is
[KP15, Theorem 3.10] (whose proof does not require projectivity of the underlying schemes if
the morphisms between them is finite and flat). O

5. The de Rham—Witt—Chow homomorphism

In this section, we construct one of the main objects of our study: the de Rham—Witt—Chow
homomorphism. This is a map from the de Rham—-Witt forms of a regular semi-local k-algebra
(essentially) of finite type to its additive higher Chow groups. The main goal of this paper is to
show that this map is an isomorphism. This section also includes the key lemma to prove the
surjectivity of this map. We fix an arbitrary field k.

5.1 The homomorphism TTI:m

Let R be a regular semi-local k-algebra essentially of finite type. As {W,,Q%}men is the initial
object in the category of restricted Witt complexes over R, it follows from Theorem 4.7 that

there is a unique homomorphism of groups

Wkt — TCH™(R,n;m). (5.1)

n,m "

The homomorphisms {75, }n>1 form a morphism of restricted Witt complexes over R such
that Tfm is given by (4.1). We shall often denote the collection {77, }mn>1 by 78
An easy consequence of Theorem 4.7 is the following functoriality of T,,fm.

PROPOSITION 5.1. Let f: R — R’ be a morphism between regular semi-local k-algebras essen-
tially of finite type. Then the diagram
TR

n,m

W, Q! —————— TCH"(R,n;m)

P l ) J i (5.2)

T

WmQTIf{l SN TCH"(R/,n;m)

commutes for all integers m,n > 1.

Proof. The left vertical arrow is a morphism of restricted Witt complexes over R by Theorem 4.7.
The maps 72 and T.R/ are morphisms of restricted Witt complexes over R. It follows that f* o 71
and 7/¥ o f* are both morphisms of restricted Witt complexes over R. Using (4.1), the diagram
(5.2) is easily seen to commute when n = 1. As W,,,Q2%, is the universal restricted Witt complex

/
over R, we must have f* o 72 =78 o f* on W, Q%. ]
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When R is a smooth k-algebra, then Lemma 4.1 says that (TCH®(R;m))men is a restricted
Witt complex over R even if it not necessarily semi-local. We thus obtain the following result.

THEOREM 5.2. Let k be any field and let R be a smooth k-algebra essentially of finite type.
Then there is a unique homomorphism of groups

i W, Qe — TCH™(R, n;m) (5.3)

n,m:-
such that 7%, is functorial in R. The homomorphisms {7}, }mn>1 form a morphism of restricted

Witt complexes over R such that Tfm is given by (4.1).

The following is also a direct consequence of the Witt-complex structure on the additive
higher Chow groups of R.

COROLLARY 5.3. As the maps in (5.1) give a morphism of restricted Witt complexes over R,
we deduce the following identities:

R R R R R R
7_n,md - 5Tn—l,m; Tn,rm—i—r—l‘/?” = VvTTn,m; 7_rz,rrLF1T = FTTn,rm—H"—l' (54)
The second identity of (5.4) implies the following variation, up to applying R:

As an easy consequence of Proposition 2.8, we now have the following easier part of
Theorem 1.1:

LEMMA 5.4. Let R be a regular semi-local k-algebra essentially of finite type. Then T,Ijm is a
monomorphism for all m,n > 1.

Proof. We take R’ to be the total ring of quotients of R and apply Propositions 2.8 and 5.1.
As R’ is a product of fields, by the commutative diagram (5.2) we are reduced to proving the
lemma when R is a field. However, this case follows from [Riil07a, Theorem 1| (when p # 2) and
Theorem A.1 of the appendix (when p = 2). ([l

5.2 Traceability

To prove that the de Rham-Witt—Chow homomorphism is surjective, we want to have the
push-forward map on the additive higher Chow groups and the compatible trace map on the
de Rham—Witt complexes, associated to a finite and dominant morphism of regular semi-local
k-schemes essentially of finite type. The existence of the push-forward map on the additive higher
Chow groups is known. Using his duality theory, Ekedahl [Eke84] showed the existence of a theory
of trace for the p-typical de Rham-Witt complex W;,{1%,. Using the p-typical decomposition, one
can then construct a theory of trace maps for the big de Rham—Witt complex.

Using the sfs-moving lemma (see Theorem 3.6) and Ekedahl’s trace, one may construct a map
Hﬁ,mi TCH"(R,n;m) — WmQTé_l. In order to either show directly that an sfs-cycle lies in the
image of T,I;:m or to show that Tffm o /ffim is identity, we need to verify that Tﬁm commutes with
Ekedahl’s trace on WmQ?{l and the push-forward map on TCH"(R,n;m). As this is difficult
to check, we use an indirect device to complete our program.

We define the notion of ‘traceability’ of de Rham—-Witt forms using the de Rham—Witt—Chow
maps and the push-forwards on the cycle groups. Towards the surjectivity of the
de Rham—Witt—Chow homomorphism, we show that all de Rham—Witt forms of a regular
semi-local k-algebra essentially of finite type are traceable.

We start with the known trace map when n = 1. We then use a double induction on m,n > 1
and various properties of Witt complexes to show the traceability for all m,n > 1. This is the
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main goal of §5.2. Thanks to the sfs-moving lemma (Theorem 3.6), we only need to do this for
simple finite extensions of rings.
We now define traceability.

DEFINITION 5.5. Let f: R — S be a finite and injective morphism between regular semi-local
k-algebras essentially of finite type. Let m,n > 1 be two integers. Given this, we obtain the
following diagram.

Tam
W, Qe —— TCH"(S, n;m)
J . (5.6)
Tom
W, Q% —— TCH"(R,n;m)

We say that a de Rham-Witt form w € W,,,Q% ! is traceable to R (via cycles) if f, o T;i m(w) €
Im(7 ).

n,m

DEFINITION 5.6. A ring extension R — S is said to be a simple extension if it is flat and there
exists a monic polynomial p(t) € R[t] such that S ~ R[t]/(p(t)).

Suppose that R is semi-local and let e = deg(p(t)). Let a :=t mod (p(t)) in S. Then S is a
finite free R-module with an R-basis {1,a,a?,...,a® '}. We need the following basic fact about
the ring of Witt vectors.

LEMMA 5.7. Let S be an R-algebra which is free as an R-module with basis {x1,...,x.}. Let
T be a finite truncation set. Then every w € Wp(S) is uniquely written as

w = Z Z Vn([cn,i]T/n : [xi]T/n)v

neTl =1

for some cp; € R, where T//n is the truncation set {a € N|an € T}, [~]r/, denotes the
Teichmiiller lift in W /n(R), and V,, is the nth Verschiebung operator.

Proof. Its proof is similar to that of [Riil07a, Lemma 2.20], for instance. Let w = (wp)ner €
Wr(S). Suppose w # 0, as otherwise there is nothing to prove. Define an operator ¢ as
follows: first choose sg = min{s € T' | ws; # 0}. This minimum exists because w # 0. Here, ws, € S
so that there exists a unique expression wg, = Zle Cspi - @i in S for some cy,; € R. Define
(w) == w = Vso (3051 [Cs0,il /50 * [TilT/s0)- We have either ¢(w) = 0 or ¢(w) # 0. In the former
case, the argument stops, whereas in the latter case, there exists s; := min{s € T'| p(w)s # 0}.
By construction, we have s; > sop. We repeat this procedure. As |T'| < oo, there exists N > 1
such that eventually ¢V (w) = 0. O

When S is a simple extension of R, and T'= {1,...,m}, we immediately deduce that
w= 0 520 Villeiglimpi) - [l yay)-

Recall from [Riil07a, Proposition A.9] that for a finite free extension of rings R < S, and
m > 1, there is a trace map Trg/p: Wy, (S) — W,,(R) which commutes with the Frobenius
and the Verschiebung operators, and satisfies other usual properties of the trace maps. This
Trg/p is given as follows: for the finite free extension R[[t]] — S[[t]], we have the norm map
Ng/r: (S[[t])* — (R[[t]])* given by the determinant of the left multiplication maps. This induces
a map Ng/p: (L+tS[[t]]))* /(1 +t™FS[[t]])* — (1+tR[[]])* /(1 + ™1 R[[t])*. This Ng/p is
the definition of Trg g via the identification (2.1).
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LEMMA 5.8. Let R — S be a simple extension of regular semi-local k-algebras essentially of
finite type and let m > 1 be an integer. Then the diagram

s

Won(S) —— TCH(S, 1;m)

nw{ lf* (5.7)

Won(R) —— TCH(R, 1;m)

Tlm

commutes, where f : Spec(S) — Spec(R) is the induced map.

Proof. Using Proposition 4.10 and Lemma 5.7, it remains to check that Tﬁm(TrS/R([x])) =
fe([Ca—ap]) for all x € S, where I'(j_) is the cycle in TCH!(S,1;m) corresponding to the
ideal (1 —at) C S[t]. As [x] € W,,,(S) corresponds to 1 —at € (1+tS[[#]])*/(1 + t™FLS[[])*,
by the definition of Trg/r, we have Trg/gr([7]) = Ng/r(1 — xt). On the other hand, for a poly-
nomial representative g(t) € (1+ tR[[t]])*/(1 + ™ R[[t]])*, we have 7% (g(t)) = [Ty, by
definition. Hence, Tfm(TrS/R([:c])) = Tfm(NR/S(l —at)) = [[ (g p(1-at))]-

By [Ful98, Proposition 1.4(2)], we have fi(div(l —xt)) = [div(Ng/r(1 —2t))]. As 1 —xt
and Ng/p(1 — xt) are regular functions, we have div(l — xt) = I'(;_4) and div(Ng/g(1 — at)) =
I'(Ngr(1—at))- This yields the equality of cycles [F(NS/R 1=at))] = f«([C(1—zp)])- Hence, we have

bem(TrS/R([x])) [T Ng r-atn] = [e([La—ap)]), as desired. 0

The main result of this section is the following.

PROPOSITION 5.9. Assume that k is a perfect field. Let R — S be a simple extension of regular

semi-local k-algebras essentially of finite type and let m,n > 1 be integers. Then every w €
Wng_l is traceable to R.

Proof. Let p(t) € R[t] be a monic polynomial of degree e such that S ~ R[t]/(p(t)). Let a =t
mod p(t) so that {1,a,...,a® 1} is an R-basis of S. For m,n > 1, let P,,, be the statement:
every member of Wngfl is traceable to R.

We prove the proposition by a double induction argument on the variables (n,m) € N x N.
Note that the statement P ;,, holds for all m > 1 by Lemma 5.8. In particular, P ; is also true.

Case 1. We show first that P, 1 holds for all n > 1.
Subcase 1-1. To show P, 1, note that every element of Wlﬁg ~ Qé/z is a finite sum of 1-

forms of the type ca'd(c'a’) = ca’*idc' + jec'a™*~1da for some ¢, ¢ € R. Thus, we are reduced
to showing that 1-forms of the types ca’dc’ and ca'da are traceable for all ¢,¢/ € R and i > 0.
For ca'dc’, we have

feo Tﬁs:l(caidcl) =t f*(Tlsl(ai) : 759,1(Cd0/)) = f*(Tig,l(ai) : Tﬁ%(f*(CdC/)))

)

=t fu(ria(a’) - (i (edd) =" fu(r5y (a)) - 7 (cdc)

=2 7{1(Trg/p(a’)) - 3 (cde') =" 737 (Trg p(a’) - (edc')). (5.8)

Here, the equalities =' hold because TR and 75 are morphisms of DGAs. The equality =*

holds by Proposition 5.1, =' by the pI‘O_]eCtIOIl formula for the additive higher Chow groups (see
e.g. [KP15, Theorem 3. 19] the proof of which does not require the projectivity of the underlying
schemes), and =2 holds by Lemma 5.8. We conclude that 1-forms of the type ca’dc’ are traceable
to R.
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Next, for ca’da, note that by the part of the definition of a restricted Witt complex in § 2.4(v),
we can write ca'da = cF;1i1d]al, using the Frobenius operator. Hence,

feo s (ca'da) = fu o7y (cFiadla)) = fuo 15, (f*(¢)Fisrdla))
=0 L1 (F(0) - 5 (Figada))) =1 fu(r01(F7(0)) - Fi167:41([al))
= Lo (5 (11(0)) - Fisr8m9i51 ([a]) =" 711 (€) - fuFi167i9,41([a])
=2 1{1(¢) - Firad furigip ([a]) = i () - Fipa o701 (Trg r([a))
=T 1% (¢) - Fisamip (d(Trg r([a))) =1 7y (c) - 735 Fiad(Trs r([a]))

=075 (¢ Fi1d(Trg p(a))), (5.9)

kand 77 m

hold by (5.4), the equality =% holds by Proposmon 5.1, =! holds by the projection formula for
f« and f*, =2 holds by Proposition 4.10, and =3 holds by Lemma 5.8. We conclude that 1-forms
of the type ca’da are traceable to R. Hence, P51 is true.

Subcase 1-2. Suppose now that n > 2 and that the statements P;; are true for all 1 <
i < n. It suffices to show that the forms of the type w = cpa®®d(cia®) A -+ A d(c,—1a'n=1) are
traceable to R, where cg,...,c,—1 € R and ig,...,7,_1 > 0 are integers. Each d(cjaij) is equal
to a¥ dcj + z'jcjaij_lda by the Leibniz rule, so that expanding the terms of w, we reduce to show
that every element of the form

where the equalities =" hold because 7! are morphisms of DGAs, the equalities =1

wo = coaldey A -+~ ANdes Ada A -+ Ada
—_———
n—s—1
is traceable to R, where 0 < s <n—1 and ¢g,...,cs € R.
e If n — s — 1 =0, then the traceability of w follows by repeating the steps in (5.8) verbatim.
elfn—s—1=1,let w):= a'da so that wg = codeg A -+ - A deg A wh. As Py is true, we can

write f,75)(wf) =* 74 (w() for some wf € Q}Z/Z. Set 1 := codey A -+ Ades € Q7. Then, we
have
S _ S AN S * /
feor(wo)=feor 1 (MAwy) = fuor1(f () Awp)
:Tf*(T;?—llf*(n)/\TQl( 0) =" ful Tl 1,1(n )/\721( 0))
=! 75—1,1( ) A f*Tz L (wp) =* 7?—1,1(77) A 72,1(W6/) =t Tn71(77 Awg), (5.10)

nom and 72 are morphisms of DGAs, =% holds by
Proposition 5.1, and =! holds by the projection formula for f, and f*. We conclude that wy
is traceable to R.

e If n—1—s5>1, then wg =0 because da A da = 0 by Lemma 2.7. Thus, wy is traceable
to R.

We have thus shown so far that P, ; and P ,, are true for all n,m > 1.

where the equalities =' hold because 7

Case 2. We now show that P, ,, is true in general by using double induction on (n,m). Fix
m,n > 2 and suppose that we know P;jholdsforalll <i<mn,1<j<m,except (i,5) = (n,m).

Through the surjection QW s) ™ Wng_l and Lemma 5.7, we know that every element in
W,,, Q%" is a sum of de Rham-Witt forms of the type w = V;,([co][a]®) - dV;, ([e1][a]™) A -+ A
dVy, . ([en—1]a]"-1), where co,...,cn1 € R, T0,...,7n—1 € {1,...,m}, and 0 <ig,...,ip1 <
e— 1.
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~Subcase 2-1. First, consider the case ro > 1. Let wp := AV, ([ea][a]t) A -+ - AN dV;, , ([en—1]
[a]'"=1). In this case, we can write

w = Vg ([eol[a]) - wo = Vig([co]la]"® - Frq (wo))

by the projection formula for V, and F;. (see § 2.4(iii)). As wg := [co][a]" - Fry(wo) € W s r) Qe
it is traceable to R by the induction hypothesis P, |,/ |- In particular, there exists n €
W m/ro) Q?{l such that f*T;f

)

mro] (wh) =* T?ftm/roJ (n). This, in turn, yields

f*T;?,m(w) = f*Ts,mV;”O (wé)) =t f*‘/;‘OTrf,l_m/mJ (w/O)

=t Vt’"of*TriLm/roj (wé)) =+ WOTT?Lm/T()J (77) =t T?f,m(‘/mn)a

)

where the equalities 1 hold by (5.5), and { holds by Proposition 4.10. This shows that w is
traceable to R.

Subcase 2-2. Suppose now that ro = 1, but for some j > 0, we have r; > 1. We may assume
that 71 > 1 without loss of generality. We let wg := dV,, ([ca][a]®2) A -+ A dV;.,_ ([ca_1][a]™1).
By the Leibniz rule, we have

Vio([collal®) - Vi, ([er][a]*) = [co][a]™ - dV;, ([ea][a]™)
= d([co][a] - Vi ([ea][a])) = Vi, ([ea][a]™) - d([co][a]’®).

Hence, w = wy — wy, where wy := d([co][a]® - Vi, ([c1][a]™)) A wo and wa = V;., ([e1][a]®) - d([co][a])
A wp. Let wy = [co][a)® - Vi, ([c1][a]’t) so that wy = dw] A wy = d(w] - wp).

Aswi-wp € Wng_2, it follows by the induction hypothesis P,,_1 ;, that there is an element
n € W, Q%% such that fur |, (W) -wo) =Y 78| (n). Thus,

n—1,m n—1,m

FeTmm(@1) = fum (d(w] - w0)) =1 £o0(7 1 (W - wo))

=1 5f*7_7§—1,m(w/1 ’ wO) =" 57—711%—1,771(77) =t Tﬁm(dn%

where the equalities = hold by (5.4) because T,fm and Trﬁm are morphism of DGAs, and =*
holds by Proposition 4.10. Hence, w1 is traceable to R. As ws is of the form considered in subcase
2-1, it is also traceable to R. Thus, w = w; — ws is traceable to R.

Subcase 2-3. Now, the remaining case is when all ro=7r1=---=r,_1 =1, ie. w=
[co][a]™d([c1][a]™) A - -+ A d([cn—1][a]in—1). Tts proof is almost identical to that of subcase 1-2,
which we argue now. Each d([c;][a]’) is equal to [a]%d[c;] + i;[c;][a]~1d[a] by the Leibniz rule,
so that expanding the terms of w, we are reduced to showing that elements of the form

wo = [col[al’dlei] A -+ Ad[es) Adla] A -+ A da) (5.11)
—_——
n—s—1
are traceable, where 0 < s <n—1and ¢y,...,cs € R.

e If n — s —1 =0, then we can use Proposition 5.1, Lemma 5.8, and repeat the steps of (5.8)
verbatim to conclude that wyg is traceable to R.

eIf n—s—1=1, let v, := [a]'d[a] so that wy = [co]d[c1] A -+ A d[cn—2] Aw). By the part
of definition of a restricted Witt complex in §2.4(v), we can write wj, = [a]’d[a] = F;11d[a]. Set
n = [eoldler] A -+ Adlen—s] € W52, s0 that wy = 1 A Fy41d[a). (Remember, here n > 2.) This
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yields
FiTmm(@0) = fuTimm (N A Figadla)) = furiy o (f*(0) A Fz‘+1d[a])
=1 (g m(F*(m)) A Tfmmd[ab =t (Tt m () A T Fipadla])
_0 R

Tn— 2m(77) /\f*(TQm Z+1d[ ]) — Tn— 2m/\f*( i+1T9 ('L+1)m+zd[ ])
1

= Tn 2,m(77)/\f*( 1+1(5T1 (z—i—l)m—i—z([ ])) 2 7];2 Qm( )/\E+15f*7-1,(i+1)m+i([a])

=3 Taf 2,m(77) A Fi+167-1,(i+1)m+z’(TrS/R([a]))

_1 R N d(T _1 R ATE F 1d(T
o0 A For 71y msid(Tegym((al) =" 7 (n) A 4 Figd(Trg ([a])

=t 78 (0 A Fiy1d(Trsr(lal)),

where the equalities =! hold because T,,Ifm and Tnm are morphisms of DGAs, the equality =*
holds by Proposition 5.1, the equality =" is the projection formula for f, and f*, the equalities
=! hold by (5.4), the equality =2 holds by Proposition 4.10, and =2 follows from Lemma 5.8.
This shows that wy is traceable to R.

eIf n—s—1>1, weset wj=d[a] A---Ad[a]. By Lemma 2.7, we have d[a] A d[a] =0 in

—_——

n—s—1
WmQ% In particular, wj, =0 in Wngfsfl so that wg = 0, which is traceable to R. We have
thus shown that P, ,, holds. The proof of the proposition is now complete. ]

6. The proof of the main result

In this section, we complete the proof of our main result, Theorem 1.1. We do this first under
the assumption that the base field is infinite and perfect, where we apply the sfs-moving lemma
(Theorem 3.6). We then use a pro-f extension argument to prove the result over any perfect
field. Finally, the case of imperfect base field is done using the limit arguments of §4.

6.1 Symbolicity of sfs-cycles

For a while in §6.1, we suppose that k is an infinite perfect field. We begin with the following
description of the de Rham-Witt—Chow homomorphism Tfj’m on special kinds of de Rham-Witt
forms.

LEMMA 6.1. Let k be an infinite perfect field. Let R be a regular semi-local k-algebra essentially
of finite type. Let m,n > 1 be two integers. Let a € R and b; € R* for 1 <i <mn — 1. Then

TRm([a]dlog[bl] A ANdloglbp—1]) = Zap,

where

R[t, Yiy--- ,yn_l]
Za,b Spec<(1 —at,y1 —b1,...,Yn—1 —bn_1)>.

Proof. This is an easy consequence of the fact that /% is a morphism of restricted Witt complexes
over R (see (5.1)) and it follows exactly by the method used in the computations in [KP16, (7.5)].
Indeed, by recursively applying the fact that 72 is a morphism of DGAs, it suffices to show the
lemma when n = 2.

In this case, we have 7, m([ |dlog[b]) =" 7t ¢ (lab~1]d[b]) = 7 m([ab MA@Go Tfm([b])), where
=1 holds because the Teichmiiller lift map is multiplicative. Using the definition of the differential
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d on additive higher Chow groups (see (4.7)), we have

Rm([ab1])A(5075m<[bl>>:{sl’ec< b 7 )] [( ((1R—[tl])t))>]
— [svec( g )| A e (o )]

A (R®kR , Y]
AR(( (@b T bty - <1®b>>>

and the last term is equal to Z,; because Ag : Spec(R) — Spec(R) x Spec(R) ~ Spec(R @4, R)
is induced by the product map R ®; R — R. O

PROPOSITION 6.2. Let k be an infinite perfect field. Let R be a regular semi-local k-algebra
essentially of finite type Let m,n > 1 be two integers. Then every cycle class in TCHL (R, n;m)
is in the image of 7L,

Proof. Let Z € Tz

sfs
closed subscheme of Spec(R) x A}l x EZ_I, which is, in fact, contained in Spec(R) x A} x AP~
Moreover, 0Z = 0 and the ideal I(Z) of Z inside R[t,y1,...,yn—1] is given by the equations of
the form:

(R,n;m) be an irreducible sfs-cycle. By Proposition 3.5, we know that Z is a

P(t) :07 Ql(tayl):07'"7Qn71(t7y17"'ayn71) :0, (61)

such that if we let Ry = R, Ry = R[t]/(P(t)) and R; = R;_1[t;]/(Qi—1) for 2 <i <mn, then the
rings {R;}1<i<n are all smooth semi-local k-algebras such that each extension R;—; C R; is
simple.

Let f;: Spec(R;) — Spec(R;_1) be the induced finite surjective map of smooth semi-local
schemes for 1 <i <n. They are all flat by [Har77, Exercise III-10.9, p. 276] (or [EGAIV,
Proposition (6.1.5), p. 136]). Let f = fio---o f,.

Let ¢7! :=t mod I(Z) and b; := y; mod I(Z) for 1 <i < n — 1. Note that a consequence of
the sfs-property of Z is that ¢71,b; € RX forall 1 <i <n — 1. Let

Rn[tvyl" "7yn71] >
Z, = Spec
P <(1_Ctayl_bla"'ayn1_bn 1)
and let 7, := [c]dlog[bi] A --- Adlog[b,—1]. It follows that Z, € Tz"(R,,n;m) such that
Z= f*(Zn>

By Lemma 6.1, we have Z,, = TR” n (nn). As fy, is a simple extension, Proposition 5.9 implies

that we have fn.7l% () = Tfm (17n—1) for some n,—1 € Wy, Q- L' As f=fio---of, and
each f; is a simple extension, by successive applications of fi, and Proposition 5.9, we obtain
Z = fi(Zn) = 7}, (m0) for some ng € Wt O

COROLLARY 6.3. Theorem 1.1 holds over all infinite perfect base fields.

Proof. A combination of Theorem 3.6 and Proposition 6.2 implies that T,Ifm is surjective, while
Lemma 5.4 implies that Tf,m is injective. 0

6.2 The finite field case
In §6.2, we prove Theorem 1.1 when the base field is finite. In particular, together with
Corollary 6.3, this shows that Theorem 1.1 holds for all perfect fields. We achieve this using
a pro-{ extension argument.
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For a moment, we let k£ be any field with the exponential characteristic p > 1, and let R be
a regular semi-local k-algebra essentially of finite type. Let m,n > 1 be two integers. We use the
following general result.

LEMMA 6.4. Let k — k' be a finite separable extension of fields with d := [k’ : k] such that
(p,d) =1. Let f: R — Ry be the base change homomorphism. Then f*: TCH"(R,n;m) —
TCH"(Ry,n; m) is injective.

Proof. We write R’ = Rys. As f is a finite étale morphism of degree d, we have f.f* =d- (Id)
on TCH"(R,n;m). On the other hand, TCH"(R,n;m) is an W,,(k)-module (see [KP16,
Theorem 6.13]), while d € W,,,(k)*. This is clear if p = 1. Otherwise, this follows from the fact
that W,,(k) is a W,,,(IF,)-algebra and the latter is a finite product of rings of the form Z/p".
Thus, (1/d)f«o f* =1d on TCH"(R, n;m). In particular, f* is injective. O

COROLLARY 6.5. Assume k is a finite field and let k' be a pro-{ algebraic extension of k for a
prime ¢ # p. Let f: R — Ry be the base change homomorphism. Then f*: TCH"(R,n;m) —
TCH"(Rys,n;m) is injective.

Proof. We can express k' = ﬁ_H)liE s k; for fields k; indexed by a directed set I, where each k;
is a finite extension of k such that [k; : k] = ¢Vi for some N; € N. In particular, (p, [k;, k]) = 1.
We then have Ry =lim Ry, and TCH" (R, n;m) =lim. _ TCH"(Ry,,n;m) by Lemma 4.6.

—iel v —iel ¢

The assertion of the corollary therefore follows from Lemma 6.4. ([l

LEMMA 6.6. Assume k is a perfect field and let k' be a finite extension of k of degree d such
that (d,p) = 1. Let f: R — Ry be the base change homomorphism. Let « € TCH"(R,n;m) be

an element such that f*(a) € Im(rﬁ%). Then o € Im(nfm).

Proof. We write R’ = R;,. Note that R < R’ is a finite étale extension. In particular, R is a
regular semi-local k-algebra essentially of finite type. Recall also that a consequence of Witt-
complex structures is that W,,,Q% ' and TCH"(R’,n;m) are W, (k)-modules and T,Jf;n is W, (k)-
linear. Let f*(a) = ,flm(w’) for some w’ € W,, Q0% Let w = d~'w’ € W, Q7 !, This makes sense
because d € W, (k)*. Then Tfj;n(w) =d Lf*(a).

We also have the push-forward map f.: TCH"(R',n;m) — TCH"(R,n;m) such that
fso f*=d-Id on TCH"(R,n;m). Using this, we obtain

a= fuld () = frorl (W)

On the other hand, the primitive element theorem implies that R < R’ = Ry is a simple
extension of regular semi-local k-algebras essentially of finite type. We can therefore apply
Proposition 5.9 to conclude that o € Im(Tﬁm). This finishes the proof. O

PROPOSITION 6.7. Theorem 1.1 holds over all perfect base fields.

Proof. As the map Tﬁm is injective by Lemma 5.4, we only need to show that Tﬁm is surjective.
As we already know that Theorem 1.1 holds for infinite perfect fields by Corollary 6.3, we can
now assume that the base field k is finite.

We let &’ be a pro-£ algebraic extension of k for a prime ¢ # p. Let f: R — Ry be the base
change homomorphism. We write k' = lii>nie I k; for fields k; indexed by a directed set I as in the
proof of Corollary 6.5. Let R; := Ry, := R®y k; and R’ := Ry.
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For every 7 € I, we have a commutative diagram

*

n—1 g n—1 : n—1 = n—1
W, —— s W O ——— L WO — = W0

T m l s J J’ J/TR’ (62)
f*

TCH™(R,n;m) — TCH"(R;,n;m) — lim,_, TCH"(R;,n;m) 5 TCH™(R',n; m)

by Proposition 5.1 such that the composite horizontal arrows on the top and the bottom are
f*. The horizontal top right arrow is an isomorphism by [Riil07a, Proposition 1.16] and the
horizontal bottom right arrow is an isomorphism by Lemma 4.6.

Let aw € TCH"(R,n;m) be arbitrary. As k' is infinite and perfect, we can write f*(a) =

Tfjlm(w) for some w GWmQ%Tl. It follows that there exist ¢ € I and w; EWmQ%Z__I such
that Af(ff(a) — 7%, (w;)) =0, where A;: R; — R’ is the inclusion map. We conclude from
Corollary 6.5 that f(e) = 7.8 (w;). We now apply Lemma 6.6 to deduce that a € Im(ﬂfm).
This finishes the proof. O

6.3 The general case

We shall now finish the proof of Theorem 1.1 using a limit argument. Let k be an arbitrary
field of exponential characteristic p > 1. Let R be a regular semi-local k-algebra essentially of
finite type. We write R = li_n)1iE s R; as in Lemma 2.3, for a directed system of regular semi-local
[Fp-algebras R; essentially of finite type, whose transition maps are injective and faithfully flat.
Let m,n > 1 be two integers. This leads to the following diagram of restricted Witt complexes
over R.

lim.'r,ﬁén

lim, W, Q! —— lim, TCH"(R;,n;m)

L, | "

W, Q%! o TCH™(R, n;m)

The left vertical arrow is an isomorphism of restricted Witt complexes by [Riil07a,
Proposition 1.16] and the right vertical arrow is an isomorphism of restricted Witt complexes by
Lemma 4.6. It follows from Proposition 5.1 that (6.3) is commutative.

PROPOSITION 6.8. Theorem 1.1 holds over all base fields.

Proof. As the result holds for all perfect base fields by Proposition 6.7, to deal with the remaining
imperfect base field case we can assume p > 1. In this case, we can use the commutative diagram
(6.3). It follows from Proposition 6.7 that Tff;'n is an isomorphism for each i € I. In particular,
the top horizontal arrow in (6.3) is an isomorphism. As the two vertical arrows are isomorphisms,
we conclude that the bottom arrow Trfm is an isomorphism. The naturality of T,fm follows from

Proposition 5.1. U
6.4 p-typicalization of additive Chow groups

Let k be any field of exponential characteristic p > 1 and let R be a regular k-algebra essentially of
finite type. Let P = {1,p,p?,...}. Recall from (2.3) that there is a direct product decomposition
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into the p-typical ones for each n > 1:

HRZ ngz_l i H WPﬂ(m/n)QT]L%_la (64)
nelp
where m = {1,...,m} and I, is the set of positive integers prime to p. This decomposition is

natural in R.

DEFINITION 6.9. Suppose R is semi-local in addition. We can use Theorem 1.1 to define the
p-typical additive higher Chow groups as

TCH"(R; p') i= 7o yio1 0 05 (Wpppin Q5 1), (6.5)

where W; Q%1 = W'pmpi—lQ%_l is identified with mepiﬂ(l%_l x {0} x ---x {0} on the
right-hand side of (6.4). o

We thus have an immediate application of Theorem 1.1.

COROLLARY 6.10. Let k be a field of exponential characteristic p > 1 and let R be a regular
semi-local k-algebra essentially of finite type. For every n,i > 1, there is a natural isomorphism
of p-typical Witt complexes

B Wit = TCH™(R;p'). (6.6)

Tt
Remark 6.11. One may hope that these p-typical additive higher Chow groups can be defined
for a bit more general schemes beyond the semi-local case, e.g. all regular k-schemes essentially
of finite type. For this purpose, we may not be able to use Theorem 1.1. We do not know how to
do it in general, but at least when k is perfect, we can use Lemmas 4.1 and 4.3 (or Theorem 5.2).
Here, {TCH" (R, n;m)}n m>1 forms a restricted Witt-complex over R. When m = p'~!, the ring
W, (R) acts on TCH"(R,n;p'~!). We shall define the p-typical additive higher Chow groups of
regular k-algebras as follows.

DEFINITION 6.12. Let k be a perfect field of exponential characteristic p > 1 and let R be a
regular k-algebra essentially of finite type. For any integers m,i > 1, we define the p-typical
additive higher Chow groups of R to be the W,,i—1(R)-submodule

TCH"(R; p*) := Wppyi1(R) - TCH™(R,n; p' 1), (6.7)
where we are regarding the factor W;(R) = Wpp,i-1(R) of W,i-1(R) in the decomposition (6.4)
for n =1, as an ideal of W,i-1(R).

The subgroups TCH"(R; p') C TCH"(R,n; p'~1) are natural in R. Note that when R is semi-
local and k-perfect, the definitions (6.5) and (6.7) coincide.

7. Applications

In this section, we discuss several applications of Theorem 1.1. Apart from these, we mention
that Theorem 1.1 is also an essential part of the proofs of the main results of [GK19] and [GK20].
We fix a field k.

7.1 Crystalline cohomology via algebraic cycles

Let k be a perfect field. It was shown in [KP16, Theorem 4.5] that the additive higher Chow
groups form presheaves of abelian groups on the category SmAfF7® of smooth affine schemes
essentially of finite type over k. Using the left Kan extension, these groups extend to presheaves

on Schy® as follows.
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For X € Schj™®, let (X | SmAfF;™) be the category whose objects are the k-morphisms X —
A, with A € SmAff®. A morphism from hy : X — A to he : X — B, with A, B € SmAff;™ is
given by a k-morphism ¢ : A — B such that g o hy = hy. The category (X | SmAff*) is clearly
cofiltered (see [KP16, §4.4]).

For m >0, n,qg > 1, and X € Schj®, we let

'I/‘(\??IQ(X, n;m) = colim TCHY(A, n;m).
A€(X | SmATFes)op

By [KP16, Proposition 4.8], we know that rféﬁq(—,n;m) is a presheaf on Sm$*® and Schj™.
There is a natural homomorphism ax: ﬁlq(X,n; m) — TCHY(X,n;m). This is an iso-
morphism for X € SmAff*®. We let TCH?(n;m) denote the sheaf on the big Zariski site of
Schj™® associated to the presheaf ﬁq(—,n; m). For X € Sch}®, we denote the restriction of
TCHI(n;m) to the small Zariski site of X by TCH(n;m)x.
Assume now that p > 1. For n,7 > 1 and X € Sch$™®, using Definition 6.12, we let

Toa" (Y i) : N A0

TCH (X;p') := Ae(XlCSOrLHAnﬁ‘iss)OPTCH (A;p"). (7.1)
As the p-typical additive higher Chow groups are presheaves on smooth affine schemes over k,
it follows from [KP16, Proposition 4.8] that T/‘(\Jﬁn(—;pi) is a presheaf on Sm$*® and Schi™®.
We let TCH"(p") denote the sheaf on the big Zariski site of Schj™ associated to the presheaf

T/\C?Iq(—; p'). For X € Sch$®, we denote the restriction of TCH"™(p?) to the small Zariski site of X
by TCH"(p')x. The Leibniz rule for the additive Chow higher groups implies that TCH?®(p®) :=
@D, T7CH"(p") is a subcomplex of TCH*(e;p'1).

Recall that W,,, Q% and W;Q% are already sheaves of quasi-coherent W,,,O x-modules on the
Zariski (in fact, étale) site of X. Moreover, it follows from Theorem 5.2 that there are morphisms
between the Zariski sheaves of Witt complexes W, — 7CH?®(e; m)x[1] and the p-typical Witt
complexes W;Q% — TCH®(p")x[1].

We can now state the following result which describes the crystalline cohomology over W (k)
defined by Berthelot and Grothendieck [Ber74] in terms of algebraic cycles. This result can
therefore be viewed as the cycle-theoretic avatar of the theorem of Bloch [Blo77] which described
the crystalline cohomology in terms of algebraic K-theory. Recall that the crystalline cohomology
was originally defined by Berthelot and Grothendieck as the cohomology of the structure sheaf
Ox crys on the complicated crystalline site of X.

THEOREM 7.1. Let k be a perfect field of exponential characteristic p > 1. Let X be a
smooth quasi-projective scheme over k and n >0 an integer. Then there is a canonical
isomorphism
Hiy (X/W) = lim H (X, TCH® (p') x ).
i>1
Proof. By [11179, Théoreme II.1.4], there is a canonical isomorphism of cohomology groups
He s (X/W) = lim H,, (X, WiQ2%). On the other hand, we have a morphism of the inverse

zar

i>1
systems of the complexes of Zariski sheaves W;Q% — TCH*(p') x[1]. This is an isomorphism by
Corollary 6.10. The theorem now follows. O

7.2 Gersten conjecture for additive higher Chow groups
Let k£ be an arbitrary field. For a presheaf F' of abelian groups defined on Smy, the Gersten
conjecture for F' asks whether the Cousin complex of F' is locally exact. The exactness of this
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complex plays an important role in the study and applications of the presheaf F. This conjecture
is known for many presheaves. For instance, it is known for higher algebraic K-theory by Quillen
[Qui73, Theorem 5.11], for Milnor K-theory by Kerz [Ker09], and for the de Rham-Witt complex
by Gros [Gro85]. We have the following answer for the additive higher Chow groups. For X €
Sm;, let X denote the set of codimension i points on X.

THEOREM 7.2. Let k be an arbitrary field and let X be a smooth scheme of finite type over k.
Then the Cousin complex of the Zariski sheaves of additive higher Chow groups is exact on X.
That is, there is an exact sequence of Zariski sheaves

0= TCH"(msm)x — [] (ia)«HA(X, TCH" (n;m)x)
zeX(0)

= J] (a)Hy(X, TCH (n;m)x) = [] ()X, TCH"(n;m)x) —
xeXx(®) zeX(2)

for every m > 0 and n > 1.

Proof. As all groups are zero for m = 0 by [KP17b, Theorem 1.5], we can assume m > 1. As
TCH™(n;m)x is a Zariski sheaf on X, all maps in the above sequence are well-defined. To show
its exactness, we can assume that X = Spec(R), where R is a smooth local k-algebra essentially
of finite type. Using Theorem 1.1, it suffices to prove the exactness for the Cousin complex of
W% . If p =1, then W,,Q% is a direct sum of the sheaves of absolute Kahler differentials for
which the exactness is classically known. If p > 1 and k is perfect, the exactness follows directly
from [Gro85, Proposition 5.1.2, p. 57] and the p-typical decomposition of W,, 2% .

Suppose now that k is imperfect. Using the p-typical decomposition, it suffices again to prove
the theorem for the p-typical de Rham—Witt-complex. We can now use Lemma 2.3 and write
R= h_n)1Z R;, where {R;}icr is a direct system of local Fp-algebras essentially of finite type, such
that the transition maps are faithfully flat and the inclusions R; — R are also faithfully flat. In
particular, the maps X — Spec(R;) are surjective. As we saw in the proof of Lemma 2.3, any
prime ideal p C R is an extension of a prime ideal p; C R; for some ¢ € I. In this case, it is clear
that (R; Np)R = p. In other words, there is i € I and a prime ideal p; C R; such that p; =p N R;
and p =p; R

On the other hand, if p; C R; is a prime ideal of height j for any i € [ and j > 0 and p is a
minimal prime of p; R, then we must have p;, = p N R;. In this case, the flatness of the inclusion
R; — R and [GW10, Corollary 14.95] together imply that p is a prime ideal of R of height j.
It follows that X() coincides with the inverse limit of Spec(R;)") where i runs through I. As
the cohomology with support commutes with direct limits, it follows that the Cousin complex
of Wi (¥, is a direct limit of the Cousin complexes of W, (Y, . However, the exactness of these
latter complexes follows from the case of perfect base field shown above. O

Using Theorem 1.1 and Proposition 2.8, we deduce the following piece of the Gersten con-
jecture for the additive higher Chow groups of regular (not necessarily smooth) semi-local
k-algebras.

COROLLARY 7.3. Let k be an arbitrary field and R be a regular semi-local k-algebra essentially
of finite type. Let K denote the total ring of quotients of R. Then the canonical map

TCH"(R,n;m) — TCH"(K,n;m)

is injective for allm > 0 and n > 1.
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7.3 Applications to algebraic K-theory
Let k be an arbitrary field with the exponential characteristic p > 1 and let R be a regular semi-
local k-algebra essentially of finite type. We can use Theorem 1.1 and the results of [Hes05] to
describe the algebraic K-theory of the truncated polynomial algebras over R in terms of algebraic
cycles as follows. This shows that the algebraic K-groups of these truncated polynomial algebras
are motivic. Using Theorem 1.1, it is shown in [GK19] and [GK20] that the Milnor K-groups of
these truncated polynomial algebras are also motivic.

For m > 1, we let R, = R[t]/(t"). Let K(R,, (t)) denote the relative K-theory spectrum
for the augmentation ideal (t) C Ry,.

THEOREM 7.4. Let m > 2 and q > 1 be two integers.

(i) If p =1, there is a natural isomorphism

Ko(Rum, (t)) = @TCHIM (R, g + 1 — 2n;m — 1).

n>0

(ii) If p > 1, there is a natural long exact sequence

- — @TCHT%(R, ¢ - 2i;m(i + 1)) ~ @)TCHT (R, q - 2i5i + 1)
>0 >0

& Ky (R (6) = -+

Proof. Combine Theorem 1.1 with [Hes05, Theorem 10.1, p. 27| for part (i), and with
[Hes05, Theorem 12.1, p. 32] for part (ii). O

7.4 Milnor K-theory and de Rham—Witt complex

Let k be an arbitrary field and let R be a regular semi-local k-algebra essentially of finite type.
If k£ is infinite, it is easy to see that the map dlog: (R*)®" — Q%, given by a1 ® - -+ ® ay, —
dlog(ai) A -+ Adlog(ay), defines a group homomorphism KM (R) — Q%. Even if the existence
of this map at the level of de Rham-Witt complex was a folklore, a written proof was pro-
vided relatively recently in [GHO05, Appendix B]. When R is a field, this map was probably
already known to Bloch and Kato [BK86, Corollary 2.8] even if they did not write a proof. As
the referee pointed out, the dlog map for general k-algebras can be deduced from the case of
fields.

Using Theorem 1.1, we obtain an alternate and simple proof of the existence of dlog map
from the Milnor K-theory to the de Rham—Witt complex of regular semi-local k-algebras using
algebraic cycles. Recall from §2.2 that K (R) denotes the Milnor K-theory in the sense
of Gabber and Kerz [Kerl0], and it may differ from the classical Milnor K-theory if k is
finite.

COROLLARY 7.5. For every m,n > 1, there is a natural homomorphism
dlog: KM(R) — W,,,Q%;
dlog({ai,...,an}) = dlog([a1]) A --- A dlog([ay]).
Proof. We have the natural maps
CH"(R,n) — CH"(R,n) ®z TCH*(R, 1;m) — TCH" ™ (R, n + 1;m),

where the first arrow takes an element a € CH"(R,n) to a ® I'(;_y) (see (4.1)). The second arrow
is the cap product map of Corollary 4.9. We denote the composite map by dlog’.
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By Totaro [Tot92], the map {ai,...,an} — V(t1 —ai,...,t, — ay) defines an isomorphism
KM(F) = CH"(F,n) for every field F. By comparing the Gersten resolutions of Milnor
K-theory from [Ker10, Proposition 10] and higher Chow groups from [Blo86, Corollary, p. 300]
and using the Totaro’s theorem for fields, it follows that Totaro’s map is also defined for R
and yields an isomorphism vf: KM(R) = CH"(R,n). We remark here that Bloch proved the
Gersten resolution when R is smooth over k. However, the argument of Theorem 7.2 easily
extends Bloch’s theorem to regular algebras.

We therefore get a diagram

Z8
(R¥)®" — KM(R) ———— CH"(R,n)

\ ldlog’ (72)
dlog < R

Tn+1,'m
W, Q0 ——— TCH"™Y(R,n + 1;m)

in which v is an isomorphism. It is clear from the definitions of various maps that the outer
trapezium is commutative (see Lemma 6.1). Note that the classical Milnor K-theory of R surjects
onto our Milnor K-theory KM (R) (see §2.2). This shows that (R*)®" — KM(R) is surjective.
As Tfﬂm is also an isomorphism by Theorem 1.1, it follows that the dlog map factors through

the quotient dlog: KM (R) — W,,,Q% such that
dlog' ovft = f—&—l,m odlog. (7.3)
This finishes the proof. O

As W,,,Q% is a W,,(R)-module, it follows from Corollary 7.5 that there is a natural map of
W, (R)-modules:

{ar,...,an} ®a — adlog([a1]) A--- A dlog([an]). (7:4)
We similarly have maps
KM (R) @2 W (R) 2284 W, 0% @y W, (R) — W,, 0,
where the last map takes w ® a to d(a) A w. We thus obtain a map
(K" (R) © Kply(R)) ©2 Win(R) — Wi Q. (75)

We denote this map by fyf,m.
The following result provides a simple presentation of the de Rham—-Witt complex.

COROLLARY 7.6. Assume that either k is infinite or R is local. Let m,n > 1 be any two integers.
Then the map

Rt (KY(R) ® K) (R) @2 Wi (R) — W, Q%

Vnm

is surjective.

Proof. This follows directly from Corollary 7.5 and [RS18, Proposition 4.7] (if R is local) and
[GK19, Lemma 4.3] (if k is infinite). O
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7.5 Application to motivic cohomology
Let k be an arbitrary field of exponential characteristic p > 1 and let R be a regular semi-local
k-algebra essentially of finite type. For m,¢ > 1, we have the natural maps

CH™(R,n) 2% TCH"™ (R, n + 1;p"!) — TCH"!(R; p'), (7.6)
where the second arrow is the quotient map given by the p-typical decomposition of

TCH™'(R,n+1;p"™") (see (2.3) and (6.5)). We let TCH]'t'(R;p') denote the image of the

composite map in (7.6). Let H%,(R,Z/p’(b)) denote Voevodsky’s mod-p motivic cohomology
of R. Another consequence of Theorem 1.1 is the following cycle-theoretic description of this
motivic cohomology and Milnor K-theory mod-p.

COROLLARY 7.7. There are natural isomorphisms

CH™(R,n)/p" = H}(R,Z/p'(n)) = K, (R)/p" = Kn(R,Z/p') = TCHS L (R; p').

Proof. The field case of the two middle isomorphisms are shown in [GL0O, Theorems 8.1, 8.3].
These isomorphisms for R follow from the Gersten resolutions of the underlying groups in [Ker09]
and [Ker10]. It suffices therefore to show that KM (R)/p® ~ TCH{Z}?(R; p%).

We now consider the following commutative diagram.

R

KM(R)/p' —— CH"(R,n)/p'

n

dlogl ldlog’ (7.7)
R

n+1,pt

Wil ——— TCH"*!(R;p')

We have seen previously that fo is an isomorphism, while 7'71;_1 i is an isomorphism by

Corollary 6.10. The map dlog: KM (R) — W;Q% of Corollary 7.5 factors through KM (R)/p’
and induces an isomorphism of the latter group onto its image (see [Morl9, Theorems 1.2

and 5.1]). We conclude from the definition of TCH{Z’)?(R; p') that dlog’ induces an isomorphism

CH"™(R,n)/p" = TCH];}!(R;p"). This finishes the proof. O
7.6 Trace maps for de Rham—Witt complex

As we briefly discussed earlier, there is a theory of trace for the p-typical de Rham—Witt forms
due to Ekedahl [Eke84]. Using the p-typical decomposition, this allows one to obtain trace maps
for the big de Rham—Witt forms. However, Ekedahl’s trace is obtained using a complicated
duality theory for these objects. Consequently, it becomes very hard to work with his trace.
Furthermore, it takes a lot of work to check that Ekedahl’s trace behaves well with various
operators.

Using Theorem 1.1, we can give a much simpler construction of the trace map on the big
de Rham—-Witt forms for all finite extensions of regular semi-local k-algebras. Our trace is nothing
but the easily and explicitly defined push-forward map between the additive higher Chow groups.
Furthermore, using this definition, it becomes simple to check all desired properties of the trace
map. For instance, we can verify the compatibility of the trace with V' and F' operators directly
because they are simply the pull-back and push-forward on cycles via the map ¢, : A}C — Ak,
given by t — t".

THEOREM 7.8. Let k be an arbitrary field. Let f: R — S be a finite extension of regular semi-
local k-algebras essentially of finite type. Then there exists a trace map Trg p: W, Q05 — W, Q%

2124

https://doi.org/10.1112/50010437X21007478 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007478

DE RHAM—WITT SHEAVES VIA ALGEBRAIC CYCLES

for every n > 0 and m > 1. It is transitive: if R C S C S’ are finite extensions of regular semi-
local k-algebras essentially of finite type, then we have Trg//p = Trg/p o Trg;5. Moreover, there
is the following commutative diagram.

5

W, Qi —" TCH"(S, n;m)

m{ Jf* (7.8)

T

W,, 7t —"s TCH™(R, n; m)
Proof. We consider the following diagram.

S
Tn,m

W, Q%1 — TCH"(S, n; m)
l . (7.9)
~ ’T'R

W, Q%1 — TCH™(R,n;m)

The push-forward map f, on the level of additive higher Chow groups exists (see e.g. [KLO§]
or [KP17a]). The two horizontal arrows in (7.9) are isomorphisms by Theorem 1.1. It follows
that there is a unique map Trg/p: Wng_l — WmQ}‘;l such that (7.9) is completed to be a
commutative diagram. The transitivity of Trg/r is clear from the corresponding property of the
push-forward map on additive higher Chow groups. O

Over perfect base fields, we can prove the existence of the trace map without assuming that
the underlying rings are semi-local.

THEOREM 7.9. Let k be a perfect field. Let f: R <— S be a finite extension of regular k-algebras
essentially of finite type. Then there exists a trace map Trg/g: W, — W, QY for every n > 0
and m > 1 satisfying the properties described in Theorem 7.8.

Proof. Let X = Spec(R), Y = Spec(S) and f:Y — X is the corresponding finite map. Recall
from §7.1 that 7CH"(n;m)x is the Zariski sheaf on X associated to the presheaf U —

TCH"(U,n;m) for n,m > 1. We let 'Z{CT'ln(n, m)x denote the Zariski sheaf on X associated
to the presheaf U +— TCH"(f~1(U),n;m).

As the push-forward map f, on the additive higher Chow groups commutes with flat
pull-back, it induces a natural map fy: 7{(77'(”(71, m)x — TCH"(n;m)x of Zariski sheaves.
It follows from Theorem 5.2 that for n > 1, there is the following diagram of sheaves
on XZar-

T}ij —n
(W Oy —— TCH (n;m)x

l i (7.10)

W, t — s TCH"(n;m) x

The two horizontal arrows in (7.10) are isomorphisms of Zariski sheaves on X by Theorem 1.1.
It follows that there is a unique map of Zariski sheaves Try,x : fx (Wmﬁg_l) — WmQ}_l on X
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satisfying the properties described in Theorem 7.8. As the de Rham-Witt forms are quasi-
coherent Zariski sheaves of W, O x-modules, the map Try,x induces the desired trace map

Trs/p: WinQe = HY(X, (W, Q57 1) — HY(X, W, Q% ) <& W, Q%
for all m,n > 1. O

Remark 7.10. From the construction of Trg,p in Theorems 7.8 and 7.9 and from (4.1), one checks
that Trg,p coincides with the trace map for the ring of Witt vectors in [Riil07a, Appendix] when
we take n = 0. It also follows from [Riil07a, Lemma 3.22] that Trg,/r of Theorem 7.8 coincides
with that in Theorem A.2 in the appendix, when R and S are fields. Using the compatibil-
ity of Ekedahl’s trace with various operators, one knows that his trace coincides with that of
Theorem A.2 for fields. Using Proposition 2.8 and Corollary 7.3, one can then check that trace
maps of Theorems 7.8 and 7.9 coincide with that of Ekedahl for regular semi-local rings.

7.7 Galois descent for additive higher Chow groups

Let k be an arbitrary field and let R be a regular semi-local k-algebra essentially of finite type.
Let G be any finite group. Assume that G acts freely on R as k-algebra automorphisms so that
the inclusion RS < R is finite and étale, where R® denotes the ring of invariants. In particular,
RC is a regular semi-local k-algebra essentially of finite type. Using Theorem 1.1, we can prove
the following Galois descent for the Milnor range additive higher Chow groups.

THEOREM 7.11. The inclusion R® < R induces an isomorphism
TCH"(RY,n;m) = (TCH"(R,n;m))¢
for allm > 1 and n > 0.

Proof. The group G acts on TCH"(R,n;m) and W,,,Q2%. As G is finite, it immediately follows
from the functoriality of 7%, (see Proposition 5.1) that it is G-equivariant.

We now let X = Spec(R%) and X’ = Spec(R). We let f: X’ — X denote the quotient map.
We then have a Cartesian square

m
Gx X' — X'

px,l f Jf (7.11)

X — X

where px’ is the projection and pu is the G-action map. As f is étale and Wmﬂ}_l is an étale
sheaf, it follows using the equalizer definition of a sheaf that the canonical map f*: Wmﬁzgl —

(W,, 2% 1) is an isomorphism (between W,,(R%)-modules).
We now prove the theorem. We let n > 1 and consider the following diagram.

rG

W2t —"— TCH™(R®,n;m)

. | (7.12)

(W,, Q016 5 TCH™(R, n;m)@
This diagram is commutative by Theorem 1.1. The lower horizontal arrow is induced by the

G-equivariance of Tﬁm. The two horizontal arrows are isomorphisms by Theorem 1.1. The left
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vertical arrow is an isomorphism as shown above. It follows that the right vertical arrow is also
an isomorphism. ]
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Appendix A. The de Rham—Witt complex and additive Chow
groups over a field: the characteristic 2 case

Kay Riilling’

The main theorems of [Riil07a] (see also [Riil07b]) were stated only for fields of characteristic
other than 2. This originates in the use of [HM04, Theorem 4.2.8] which was only for odd primes.
In this appendix, it is explained that thanks to [Cos08], the results of [Riil07a] extend directly
to the characteristic 2 case. I thank Amalendu Krishna and Jinhyun Park for the opportunity
to detail this extension here.

A.1 Let (WgQ%)s denote the big de Rham-Witt complex from [Hes15], where A is a ring
and S is running through all truncation sets. It comes with the maps d, F,,, V,,, restriction,
and multiplication. For m > 1 we set W,, Q0% := Wy 1Q% and for a fixed prime p we denote
the p-typical de Rham-Witt complex by W;,Q% := Wy, »-130%. Note that, in general, dod
is not zero in WsQ23. Denote by W% , the Witt complex from [Hes15, Remark 4.8] (with
k = W(Z)); it is the initial object in the category of Witt complexes with W(Z)-linear differential.
Note that W% /z is always a DGA, in particular we have d o d = 0. Furthermore, if A contains
a field, then WSQ;‘/Z = WgQ¥, see [Hesl5, Remark 4.2, c)]. If A is an Fj-algebra, then the
p-typical de Rham—Witt complex is the one from Bloch—Deligne-Illusie. In addition, in case A
is an F), (or a QQ)-algebra, the decomposition

Ws% = [ Wens,; 2, (A1)
(Jp)=1
from [Riil07a, Theorem 1.11] is valid in the case p = 2. (Indeed, in this case the construction
of the V-complex in [Riil07a, Proposition 1.2] goes through and the same proof as in [Riil07a,
Theorem 1.11] shows that it is the initial object in the category of Witt complexes as in [Hes15]
and that it decomposes as in (A.1).)

! kay.ruelling@uni-wuppertal.de; Bergische Universitit Wuppertal, Fakultit Mathematik und Naturwissenshaften,
GauBstrafie 20, D-42119, Wuppertal, Germany. The author is supported by the DFG Heisenberg Grant RU
1412/2-2.
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THEOREM A.1 ([Riil07a, Theorem 3.20] for char(k) # 2). Let k be a field. There is a canonical
isomorphism

Wmﬂzfl = TCH"(k,n;m), m,n>1,

where the right-hand side is the additive Chow groups of Bloch—FEsnault. Furthermore, via this
isomorphism, the maps d, F,, V,, restriction and multiplication on the de Rham—-Witt side
correspond to D, F,,, V,, restriction, and , on the Chow side, as defined in [Riil07a, Definition-
Proposition 3.9].

Thanks to [Cos08|, which was not at our disposal when [Riil07a] was written, the proof of
[Riil07a, Definition-Proposition 3.9] goes through, also for p = 2. We explain this in more detail
in the following. Note that TCH" (k,n;m) is written as CH" ™ (A}|(m + 1) - {0},n) in [Riil07a].

A.2 We fix a prime p. Let A be a Z,-algebra and denote by A[x] the polynomial ring in
the variable z. Then the group WanA[w] /7 (respectively, WHQ?L‘[:E’1 /2] /Z) is freely generated by
elements of the following type:

a[x]j, a € WnQ?q/Z’ j > 0 (respectively, j € Z),

b[x]j_ld[x], be Wnﬂi_/%7 j > 1 (respectively, j € Z),

Vi(a[z]?), a€ Wn_SQ?‘l/Z, se{l,...,n—1}, j>1with (j,p) =1

(respectively, j € Z \ pZ),

dve(b[z’]), be Wn_sQi_/%, se{l,...,n—1}, j > 1 with (j,p) =1

(respectively, j € Z \ pZ).

For A[z] and p odd, this is [HM04, Theorem 4.2.8] and for p = 2, this follows from [Cos08,
Theorem 4.3] (one has to observe that the functor P constructed in these references sends a
W(Z)-linear p-typical Witt complex over A to a W(Z)-linear p-typical Witt complex over A[x]
and that it preserves surjections). The result for Afx,1/z] is deduced from this as in [Riil07a,

Theorem 2.1], where (at least in the case p = 2) the reference to [Riil07a, Proposition 1.18] should
be replaced by [Hes15, Theorem C].

THEOREM A.2 ([Riil07a, Theorem 2.6] for char(k) # 2). Let L/k be a finite field extension.
Then there exists a trace map

Trp ), WsQf — Wy,

which satisfies properties (i)-(v) from [Riil07a, Theorem 2.6]. Furthermore [Riil07a,
Proposition 2.7] holds.

Proof. The proof for p = 2 is the same as in [Riil07a, Theorem 2.6], once we made the following
remarks: [Riil07a, Lemma 1.20] also holds for any Fs-algebra A with the same proof; [Riil07a,
Lemma 2.3] also holds for p = 2, this follows from [I1179, I, Propositions 3.2 and 3.4] and a limit
argument; [Riil07a, Proposition 2.4] holds with the same proof also for p = 2 once the reference
to [Riil07a, Theorem 2.1] is replaced by the first paragraph of § A.2 above. O

A.3 Let p be a prime and A a Z,)-algebra. For a finite truncation set S, we define

Filsj := Ker(WsQqyy/z = WLy yyjz) 721
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and

W)z = Hm W% ) /z/Fils -
J

Then any element in WSQA(@))/Z can be uniquely written as in [Riil07a, (2.9.1)], and we can
define

g .
Res, ,, : W"Q?al((t))/z

as in [Riil07a, (2.9.2)]. (Using § A.2), the proof is similar to that in [Riil07a, Lemma 2.9].)
We define Resj,, as the composition

~1
- Wnﬂi/z

can. A P/{e\sg,n —1
Wal%lwyjz = Wy — Wl 7

If A contains a field and S is a finite truncation set, then we define

Res{ ¢ : WsQf () — WsQ4! (A.2)

as in [Riil07a, Definition 2.11], using that in this case we have W% = W2, and that the
decomposition (A.1) also extends to Wg(Q.

For any Zgy-algebra A, the map Res{, satisfies properties (i)~(viii) of [Riil07a,
Proposition 2.12] and [Riil07a, Lemma 2.14] holds. If A contains a field, the same holds for
Resg g, S any finite truncation set. (The case Resgm for p = 2 is proven as in [Riil07a, Proposi-
tion 2.12], the case Res] ¢ follows from this. Note, however, that even in the case A contains a
field, the proofs use reduction to the torsion-free case. As the absolute de Rham—Witt complex
of a torsion-free Z,)-algebra is not a DGA, we prefer to work with the W(Z)-linear complex.)

Remark A.3. For an [Fp-algebra A, the residue Res; : WnQi((t)) — WnQi_l was also con-
structed in [Kat80, §2, Proposition 3] using algebraic K-theory and Bloch’s approach to the
de Rham—Witt complex.

THEOREM A.4 ([Riil07b, Theorem 2] for char(k) # 2). Let C be a connected regular projective
curve over a field k with function field K = k(C). Let S be a finite truncation set. Then

Z Resp(w) =0, forallwe WgQil 6 ¢q>1,
pPeC

where the sum is over all closed points in C' and Resp : WgQ}, — WSQZ_l is defined as in
[Riil07b, Definition-Proposition 1] (using Res] ¢ from (A.2) and Tr from Theorem A.2.)

Proof. The proofs of [Riil07b, Theorem 2] and [Riil07a, Theorem 2.19] work also for p = 2 once
we have made the following remarks: the proof of the well-definedness of Resp is the same
as in [Riil07a, Definition-Proposition 2.15] because [Riil07a, Lemma 1.16] holds in general.
Proposition 2.18 of [Riil07a] holds with the trace from Theorem A.2. At the end of the
proof of [Riil07a, Theorem 2.19] (on pp. 140-141), an element is lifted to WSQZ(@)), with
A = Zp)[#a; 26, 2] Replace this by the following argument (at least if p = 2): first observe that
the desired vanishing can be reduced to the p-typical case by the definition of Resp. Then lift
the element wy p to the W(Z)-linear complex WnQi‘((t)) /z and proceed as in the proof using the
Res; from (A.2). O

Proof of Theorem A.1. The proof of [Ril07a, Theorem 3.20] (see also [Riil07b]) works also for
p = 2 once we made the following remarks: in [Riil07a, Lemma 3.5], replace W,,,€2"} by W,,, Q" Iz

(at least if p=2); at the end of the proof of [Riil07a, Theorem 3.6] (on p. 148), refer to
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Theorem A.4 instead of [Ril07a, Theorem 2.19]. In [Riil07a, Lemma 3.15], observe that if
char(k) = 2, then DD(a) = 0, because in K (k), we have {a,a} = {a,—1} = 0, and similarly
also F, DV, = D; this implies that [Riil07a, Proposition 3.17] also holds if char(k) = 2. For the
rest of the proof of [Riil07a, Theorem 3.20], use Theorem A.2 for properties of the trace and

§ A.2 instead of [Rul07a, Theorem 2.1]. O
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