J. Inst. Math. Jussieu (2022),21(2), 675-711 675

doi:10.1017/S1474748020000249 © The Author(s) 2020.
Published by Cambridge University Press

GLOBAL SUBELLIPTIC ESTIMATES FOR
KRAMERS-FOKKER-PLANCK OPERATORS
WITH SOME CLASS OF POLYNOMIALS

MONA BEN SAID

Laboratoire Analyse, Géométrie et Applications, Université Paris 13, 99 Avenue,
Jean Baptiste Clément, 98430 Villetaneuse, France (bensaid@univ-paris13.fr)

(Received 17 January 2019; revised 8 May 2020; accepted 15 May 2020;
first published online 22 June 2020)

Abstract In this article, we study some Kramers—Fokker—Planck operators with a polynomial potential
V(q) of degree greater than two having quadratic limiting behaviour. This work provides an accurate
global subelliptic estimate for Kramers—Fokker—Planck operators under some conditions imposed on the
potential.
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1. Introduction and main results

The Kramers—Fokker—Planck operator reads as
Ky = pdy —,V(@)d,+ 5(—=A,+p>), (g, p) € R, (1.1)

where g denotes the space variable, p denotes the velocity variable, x.y = Z’]i»zl Xjyj,
x? = Z?: 1 sz and the potential V(q) = 3,4 <, Vaq® is a real-valued polynomial function
on RY with d°V =r.

There have been several works concerned with the operator Ky with diversified
approaches. In this article, we impose some kinds of assumptions on the polynomial
potential V(g) so that the Kramers—Fokker-Planck operator Ky admits a global
subelliptic estimate and has a compact resolvent. This problem is closely related to
the return to equilibrium for the Kramers—Fokker—Planck operator (see [4, 13, 14]).
As mentioned in [6] and [13], the analysis of Ky is also strongly linked to that of the
Witten Laplacian Ag)) =—-A;+ |VV(q)|2 — AV(q). This relation yielded the Helffer—Nier
conjecture stated by Helffer and Nier:

(1+Ky)~! compact & (1+ A(‘?))_1 compact. (1.2)
This conjecture has been partially solved in basic cases (see for example [4, 6] and
[11]), whereas for the operator Aiﬁ)) very general criteria of compactness work for
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polynomial potential V(g) of arbitrary degree. These last criteria require an analysis
of the degeneracies at infinity of the potential and rely on extremely sophisticated tools
of hypoellipticity developed by Helffer and Nourrigat in the 1980s (see [5, 13]). Among the
particularities of these last analyses, we mention that the compactness results obtained for
degenerate potentials at infinity were not the same for Afz, as A(i)i,. The typical example

that was considered is the case V(q1, q2) = q12q22 in dimension d = 2: The operator AQ,

has a compact resolvent, while AS% has not.

In the case of the Kramers—Fokker—Planck operator, there have been extensive works
concerned with the case d°V < 2 (see [1, 2, 7, 8, 18, 19]). Nevertheless, as far as general
potential is concerned, different kinds of sufficient conditions on V(q) had been examined
by Hérau-Nier [6], Helffer—Nier [4], Villani [17] and Wei-Xi Li [11]. These first results
considered only variants of the elliptic situation at infinity (for nondegenerate potential),
which did not distinguish the sign +V(g). Lately, a significant improvement of those
works has been done by Li [12] based on some multiplier methods. In [12], Li showed
that for potentials similar to V (g1, q2) = qlzqzz, the results for K1y were the same as for

Ai)i,, thus confirming the idea that conjecture (1.2) is true.

The ultimate goal would be to develop a complete recurrence with respect to d°V for
the Kramers—Fokker—Planck operator like it is possible to do for the Witten Laplacian as
recalled in [4] (cf. Theorem 10.16, p. 106) and [13] by following the general approach
of Helffer-Nourrigat in [5] and [14]. Although we are not able to write a complete
induction, we establish here subelliptic estimates for Ky for a rather general class
of polynomial potentials with criteria that distinguish clearly the sign of V(g). The
asymptotic behaviour of those polynomials is governed by at most quadratic parameter
dependent potentials, and the global subelliptic estimates in which some logarithmic
weights arise are known to be essentially optimal in the quadratic case (see [2]).

Denoting

0p = 3(D5+p?),
and

Xy = piy — aqv(‘])ap,

we can rewrite the Kramers—Fokker—Planck operator Ky defined in (1.1) as Ky = Xy +
0,.

Notations: Throughout the paper, we use the notation

() =1+ 12

For an arbitrary polynomial V(q) of degree r, we denote for all ¢ € R?

Tryv(g) = Z v(q),

veSpec(Hess V(g))
v>0

Trvig=— Y., v

veSpec(Hess V(q))
v<0
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Furthermore, for a polynomial P € E, :={P € R[Xy, ..., X4], d°P < r} and all natural

numbers n € {1, ..., r}, we define the functions R;" ‘RY > R and R : R? — R by
1
2n Tl
Ry (@)=Y |gP@|” . (1.3)
n<le|<r
— 1
R3"(g) = ) 105 P(q)|". (1.4)
la|=n

For arbitrary real functions A and B, we also make use of the following notation:
AxB < 3c>1:c" B <|A| <c|B|.

This work is essentially based on the recent publication by Ben Said, Nier and Viola [2],
which deals with the analysis of Kramers—Fokker—Planck operators with polynomials of
degree less than 3. In this case, we define the constants Ay and By by

Ay = max{(1+Tryy)*>, 14+ Tr_ v},
1+TI‘_,V }
T (log(2+Tr_y)2 |

By = max { min |V V(q)|4/3
geRd

As proved in [2], there is a constant ¢ > 0 such that the following global subelliptic
estimate with remainder,

1Kyl aggny + Av I gas, = (10l aggan, + IXvarl g
+ 11409 V(@) 172 oy + ||<Dq>2/3u||iz(Rm)), (1.5)
holds for all u € C§° (R24). Moreover, there exists a constant ¢ > 0 such that
1K vulyagaa = ¢ By llullF o, (1.6)

holds for all u € CJ°(R*?). Hence combining (1.5) and (1.6), there is a constant ¢ > 0 so
that

2 ¢ 2 2
”KVMHLZ(RZd) 2 H——AV<” Opu”LZ(RZd) + ”XVMHLZ(RZd)
By

+ 1430 V (@) Pul 7 goay + ||<Dq>2/3u||iz(R2d)) (1.7)

is valid for all u € C$°(R??). The constants appearing in (1.5)~(1.7) are independent of
the potential V and depend only on the dimension d and the degree of the polynomial V.
We recall here that for a smooth potential V € C®(R9), our operator Ky is essentially
maximal accretive when endowed with the domain Cg® (R?4) [4] (cf. Proposition 5.5, p. 44).
As a result, the domain of its closure is given by

D(Ky) = {u e L2 R¥), Kyu e L2(R2d)} .
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Consequently, by the density of C§° (R%?) in D(Ky), all estimates stated in this paper,
which are checked with C§° (R%) functions, can be extended to the domain of Ky .

Given a polynomial V(g) with degree r greater than two, our result will require the
following assumption after setting for x > 0,

4 >
20 =g e R% V@5 > k(Hess V@)l + Ry @ +1)],
where |Hess V (g)| is the norm of the matrix (ac?i,q,'v(Q))l@Jgd'

Assumption 1. There ezist large constants kg, C1 > 1 such that for all k > kg, the
polynomial V (q) satisfies the properties

1
Tr_ v(q) > C—Tr+’v(q) , for all g € R4\ X (k) with |q| > C. (1.8)

1

Moreover, if R4\ X (k) is not bounded,
>3
R, (g)*
lim _Rv @ = (1.9)
lgl>+oo |Hess V(q)|

geRIN\ X ()

Those assumptions and in particular the partition RY = X (k) U (R4 \ X (k)) have a
simple interpretation. The region X'(x) is the one where the gradient dominates the
Hessian and the higher order derivatives so that the analysis in this region is essentially
the same as in the various elliptic cases discussed in [4, 6] and [11]. On the contrary,
the Hessian dominates the gradient and the derivatives of higher degree in the region
R?\ ¥ (x) and the accurate estimates of the quadratic model given by the second order
Taylor expansion have to be used. Finally, the parameter x will be adjusted at the end of
the proof so that the main subelliptic estimates control the error terms due to partitions of
unity and Taylor expansions. Distinguishing the sign of the potential arises in particular
when the region R? \ ¥ (k) is considered. Actually, Try v and Tr_ y play different roles in
the accurate subelliptic estimate without remainder (1.7) for polynomials of degree less
than 3.

The Tarski-Seidenberg theorem and some of its consequences reviewed in Appendix B
transform Assumption (1.9) into R, (¢)* = O(Hess V(g)|'™) as |g] — 400, g €
RY\ X (k), for some v >0 (with |[Hess V(g)| — +00 as |g| = 4+o0, g € R\ Z(k)).
Alternatively, one could simply assume from the beginning the existence of such a v > 0.
We mention here that one knows that for a potential V satisfying assumption 1, the
resolvent of the Witten Laplacian Ag)) is compact (since the asymptotic models at infinity
are of degree less than 3 without a local minimum; cf. Theorem 10.16 [4]).

In Section 4, we provide some explicit families of polynomial potentials for which
conditions (1.8) and (1.9) both hold.

Our main result is the following.

Theorem 1.1. Let V(g) be a polynomial of degree r greater than two wverifying
Assumption 1. Then there exists a strictly positive constant Cy > 1 (depending on V)
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such that
Kyul?s +Cy lul2s > — (1L(O)ulPs + IL{VV (@) ull?
1Kyl + vl > & (10wl + LAYV (@) Dullys
1 2
+ | L((Hess V(g))D)ull?, + ||L<<Dq>f>u||iz) (1.10)
holds for all u € D(Ky), where L(s) = logs(.s;ulkl) for any s > 1.

Corollary 1.2. If V(q) is a polynomial of degree greater than two that satisfies
Assumption 1, then the Kramers—Fokker—Planck operator Ky has a compact resolvent.

Proof of Corollary 1.2. Assume 0 < 8 < 1. Define the functions f5 : R? — R by

£3(@) = VV(@)|3079) + |Hess V (g)]' .

From (1.10) in Theorem 1.1, there is a constant Cy > 1 such that
Kyul, + Cy ul2s > —— FIL(Oul?s + ILUDy) Ful?
IKval+ Cyllals > o (t fo) + ILOpulg, +IL(Dg) Hul,

holds for all u € C3° (R and all § € (0, 1). In order to prove that the operator Ky has
a compact resolvent, it is sufficient to show that limyy|— 400 f5(q) = +00.

To do so, assume A > 0 and denote k = Aﬁ. If ¢ € X (x), one has
IVV (@) 307 > 170 = A,

If geRY\X(k) by (1.9) in Assumption 1, lim lgl»>+o00 |Hess V(g)| = +00. Hence
geR\ 2 (k)

there exists a constant 1 > 0 such that |Hess V(¢)|'™® > A for all ¢ € RY\ X (k) with

lg| = n. O

Remark 1.3. The results of Theorem 1.1 and Corollary 1.2 can be extended in the case
V = Vi + Va, where Vi is a polynomial satisfying Assumption 1 and V; is a function in
SRY).

2. Preliminary results

This work is essentially based on two main strategies. The first one consists in the use of
a partition of unity, which is the most important tool that allows one to pass from local
to global estimates.

In this paper, given a polynomial V(g), we make use of a locally finite partition of
unity with respect to the position variable ¢ € RY

~ 23
> @ =Y (R g —apn) =1, (2.1)
jeN jeN
where
supp X; C B(0,a) and ¥; = 1in B(0, b)
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for some g; € R? with 0 < b < a independent of j € N. In our work, we need to choose
the constant a less than or equal to min(C~!, C’~!), where the constants C and C’ are
those in Lemma A.5. Such a partition is described more precisely in Lemma A.8 after
taking n = 3. In our study, introducing this partition yields errors that are under control.

The second approach lies in the decomposition of the operator Ky onto two parts so
that the first one is a Kramers—Fokker—Planck operator with polynomial potential of
degree less than three. In this way, based on [2], we derive the result of Theorem 1.1.

In order to prove Theorem 1.1, we need the following basic lemmas.

Lemma 2.1. Assume V € Rlqy,...,qq4] with degree r € N. Consider the Kramers-
Fokker—Planck operator Ky defined as in (1.1). For a locally finite partition of unity,
namely Y ey ij(q) =1, one has

1KVt sggany = D (IKv GG 12 g0y = 1P X1 2 g ) (22)
jeN

for allu € CSO(RZd).

In particular, when the degree of V is larger than two and the cutoff functions x; have
the form (2.1), there exists a constant cq, > 0 (depending only on the dimension d and
the degree of V) so that

>3
1K vl agoy = ) (||Kv(xju)||iz(R2d) —carRy (qj>2||px,-u||iz(R2d)) (2:3)
jeN
holds for all u € C§° (R24).

Proof. First, let V be a real-valued polynomial on R? of degree r € N. Assume that
u e COOO(RZ"Z). On the one hand,

IKyul7, =Y (Kyu, x]Kvu) =Y (u, Ky x;Kvu).
jeN jeN
On the other hand,

S UIKy GGl =D . x; Ky Ky xju).
jeN jeN

Putting the above equalities together,

IKvul, =Y IKv GGz, =Y (u, (Kyx 7Ky — x;j Ky Kvxj)u).
jeN jeN

Using commutators, we compute
Ky xiKv = Kyxilx. Kv 1+ Ky xiKvx;
=Kyxilxj, Kv1+ 1Ky, xj 1Kvxj+ x; Ky Kvx;
= Ky iU Kv 140K 1 (LK, oG 1+ Ky )+ K5 Kv
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Thus
Ky x;Kv = xjKyKvxj = Ky xjlxj, Kv 1+ 1Ky, x; 1 Kv + 1K, xj 1ol Kv, x; 1.
Now it is easy to check the following commutation relations:
[xj Kv]=—[Kv, xj1=—[pdg, xj(@) 1= —pisx;
LKV, xj1=1=prdg, xj(@) 1= —pigx;
[Ky, xilo LKy, xj1=—(pdgx)*

Collecting the terms, we obtain

D (KyxiKy —xjKyKvx) =Y (K(‘/Xj(—paqxj) + (=pdgx))x;jKv — (paqx,')z)

jeN jeN
2 2
X X
=X (k5 (5) () rn)
jeN
== (pdgx)*.
jeN

where in the last line, we make use of 3 ;. ij(q) =1
From this, it follows immediately that

IKvalds =Y (IKvGGl2 = 1y xul3s)
jeN
for all u € Ci° (R%).

Next, suppose that the degree of V is greater than two and x;(¢) = X, (R?,3 (g)(q—qg;)
for all indices j and any ¢ € R? with

supp X; C B(0,a) and X;=1 in B(0,b).
Then we can write

D M pdgxpul® =" 1(pdgxj)xjull®

jeN jeN j’eN

>3
<car Yy Ry (@) lpxjull®,
jeN
where ¢4, is a constant that depends only on the dimension d and the degree of V. Here
the last inequality is due to the fact that for each index j, there are finitely many j’ such
that (d;x;)x ;s is nonzero. O

Before stating the following lemma, we fix and recall some notations.

Notations 2.2. Let V be a polynomial of degree r larger than two. Consider a locally finite
partition of unity 3y ij(q) =1 described as in (2.1).
Set for all k > 0

J(k) = [j € N, such that supp x; C E(K)},
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where we recall that

4
3

S(c) = {q eRY VYV (Q)F > K(|Hess V@)l + Ry (@)t + 1)}

For a given k > 0 and all indices j € N, let Vj(z) be the polynomial of degree less than
three given by

gV
2
viP@ = ) S a—d)”. (24)
0| <2 '
where
q;=q; ifj €Jx)
q} € (supp x;) N (Rd \ ZJ(K)) otherwise.

Lemma 2.3. Assume that V is a polynomial of degree r larger than two. Consider a
locally finite partition of unity described as in (2.1). For a multi-index a € N? of length
la| € {1,2} and all j € N, one has

>3 o]
0V (@) = 02V @)| < cuar (R @) (2.5)

>3 _ _
for any q € supp x; = B(qj, aR;, (q;)" "), where coar =Y 3¢ <, (@C) P71,
As a consequence, if V satisfies Assumption 1, there exists a large constant k1 > ko S0
that for all k > k1 and every j € N,

2o, v 0| < vl <2[a,vP @) . (2:6)
for every q € (supp x;) N X (k) and
2! ‘Hess Vj(z)(q)‘ < [Hess V(q)| <2 ‘Hess v@@)| . (2.7)

for any g € (supp x;)N (Rd \ E(K)) with |q| = Ca(k), where Ca(k) > 0 is a large constant
that depends on k.

Proof. Let V be a polynomial of degree r greater than two. In this proof, we are going
to need the following equivalence,

>3 >3
RV (q) < Rv (6]/) s (2~8)

satisfied for all g, ¢’ € supp x; and proved in Lemma A.5. That is, there is a constant
C > 1 such that for every ¢, g’ € supp x;,

R (q) \+1
( v 4 ) <C. (2.9)
Ry, )
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Assume o € N of length |«| € {1,2}. For every j € N, observe that

B ’
9, Vg,
2 q _
GV -5Vl =| 3 L sa—a)
3<IBI<r @
p>a
B
)aqv(qj')
< Y ——lg—qjlfIT
—)! J
g P
>a

for any g € R?. Hence regarding equivalence (2.9), there exists a constant cy.g4, > 0
(depending as well on the multi-index «, the dimension d and the degree r of V) so
that

' (R?; (q}))w (a‘lR? (qj))fmmoq

1
G@o-gvPels ¥ o

3<IpIsr
Bz

>

3IBISr
B>a

>3 ot
< caar (R @)) (2.10)

1 o >3, 0\l
G @O (R @)

holds for all g in the support of x;, where the constant C > 1 is the one in (2.9) and
Codr = ngmgr(a C)IBl1=lel,

In the rest of the proof, let the polynomial V (g) satisfy Assumption 1. In view of (2.10),
when |a| = 1, we get

>3
IVV(g) = VV P (@) < crar Ry (4)) (2.11)

for all j € N and any g € supp x;, where cj 4, = Z3<|ﬂ|<r(a O)!PI=1. By virtue of the
equivalence (2.9), it results from (2.11)

2) >3
YW@ -V @) < e1arC RV @) (2.12)

for every g € supp x;. Given « > ko, it follows from (2.12) and the definition of X'(«) that

c1,d,rC 1
V@) - P @) < HE= vV

K4
c1,4,,C

1
K4

< IVV(9) (2.13)

for all g € (supp x;) N X(x). For the above second inequality, we know that |[VV(q)| > 1
for every g € (supp x;) N X (x). Indeed, since g € (supp x;) N X(x),

3
V@] > kT > 15 > 1.
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Taking the constant «; > xo such that % < %, we get for every k > ki

Ky
V@)= 1VV 2 (@)l < IVVg) — VV (@)l < 3IVV(g)l
for any g € (supp x;) N X'(«). Therefore, for every « > ki,
YV @I < IVV@I < 31IVV ()]

holds for all g € (supp x;) N X(«).
On the other hand when |a| = 2, by (2.10), there is a constant ¢ 4 > 0 so that for all
JEN,

>3
02V () — 32V P (@)] < caarRy (4))? (2.14)

holds for every g € supp x;, where 2.4, = ) 3¢ ip<-(@ O)lAI-2,
Using the fact that R? (@) = Ry (0) for every q € RY, we derive from (2.14) that

>3
Ry (q))*

2)
|3(7V(CI) - Bng (@ < CZ,d,rW

for all g € supp ;.
Assuming « > kg, we obtain using (1.9) in Assumption 1, if |q}| is large enough

1
2 2
> val- Y afvP@l < Y v - kv @)l < 5 [Hess V()|
1B]=2 1B1=2 |B1=2
for any g € (supp x;) N (R? \ ¥ (k)). In other words,
JIHess V2 (q)] < [Hess V(q)| < 3[Hess V{?(q)]

holds for all g € (supp Xj)ﬂ(Rd\Z‘(fc)) with |g| > Ca(k), where Ca(k) is a strictly

positive large constant depending on «. O

Lemma 2.4. Consider two positive operators A and B on a Hilbert space H such that
viul® < {u, Auy < (u, Bu)

for all u € D, where D is dense in D(B'/?) with v > 1. For all ag € [0,1] and k € N,
there exists Ck qy,0 > 1 such that

A% B
[ o) < S gt 9

for any u € D.

Proof. Assume that A, B are two positive operators so that

viull? < (u, Au) < (u, Bu) (2.16)
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holds for all u € D with v > 1. For «a € [0, 1], the application T +— T¢ is operator
monotone according to [16, Example 6.8]. This provides the inequality

v lull? < (u, A%) < (u, B%u) (2.17)

for any u € D and every « € [0, 1], which is of course related with interpolation in Hilbert
spaces.

Furthermore, for any positive operator C > cIdy, ¢ > 0, with domain D(C), the
logarithm of C (defined by the functional calculus) satisfies for all u € D(C) and v € H:

(v,1log(C)u) = lim <v, Ca_1u>. (2.18)
a—01 o
Using (2.16),
log(v) [lull* < (u, log(A)u) < (u, log(B)u) (2.19)
—
>0

holds for all u € D. Integrating (2.17) with respect to o over [0, ag], where «g € [0, 1], we
get

o 1 o
<u, log(A) (A% — I)u> < <u, log(B) (B* — I)u>. (2.20)

Furthermore, by (2.19),

1 1 1 )
u, ——u ) <\{u, u) < lluell”. (2.21)
log(B) log(A) log(v)
Therefore from (2.20) and (2.21), for any ag € [0, 1], there exist Cy, C1,o,,» > 1 such that
A% B« 2 B0

s T < P C < C s T —_ .

<” 1og(A)”> <” log(B)u>+ vl 1*‘)‘0*“<” 1og(B)”>
Once the constant Ci o, = 1 is known for k > 1, the same integration with respect to

a € [0, op] provides the constant Ci41,49,0 = 1. We proved by induction on k € N, the
existence of a constant Cy g, > 1 such that

A% B2
<“’ <log<A>)k”> s C"’“"’”<”’ (1og(B)>k”>’

or equivalently

A0 B9
<“’ <log(Aao/2>>k”> S Ck’“°’“<”’ (log<Bao/2>>k”>‘ -

Lemma 2.5. Assume that V(q) is a polynomial of degree r greater than two. Let
ZjeN ij(q) be a locally finite partition of unity defined as in (2.1). For each j € N,
choose any q;. € supp xj.
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There is a constant ¢ = c(d,r) > 1 such that

>3 >3
(U, 2= Ag+ Ry (@H%u) <) (u, x;2— Mg+ Ry (gD xju) (2.22)
jeN

is valid for all u € Cgo(]RM) and any a € [0, 1].
As a consequence, there exists a constant € = ¢(d,r) > 1 so that

S e(a- a0+ 87 @ Y] = - e(a-agr k@Y )] @23)
jeN

holds for all u € C(‘)’O(Rz‘[), where L(s) = k)gsc+~lkl) for alls > 1.

Proof. We first set Eg = L2(R2) and E; = {u € L*(R¥), (u, 2— Ay + R, (q)")u) <
400} endowed respectively with the norms |- [lg, = |- l;2g2e) and |- ||z, defined as
follows for all u € L?(R??):
>3
luellz, = 20017 > oy + I Dgull3s goay + IRY (@)l 75 gaay
>3
= 12— Ag+ Ry @Y ull ]2 g,
By [15, Theorem X.29], the operator 2—Aq+R‘2,3(q)4 is essentially self-adjoint on

cse° (R2?) and hence E; corresponds to the spectrally defined subspace of L2(R?).
Given a partition of unity as in (2.1), define the linear map

T: Eg— (L*®R*NN, u > () jen = (xju) jen,
and denote Fy :=Im T. Note that T : Ey — Fy is unitary. Indeed, for all u € Ey,

ITullf, =Y lxjullys = llulis = lulz,- (2.24)
jeN

Further, the inverse map of T is well defined by

T=': Fy — Ey, (uj)jeNn > u = ZX/'”/-
jeN

Now introduce the set

>3

F1 = {(uj)jen € Fo, Z(uj, 2—-A;+Ry (6]})4)%) < 4oo},
jeN
with its associated norm defined for all (1) jeny € F1 by
>3
N jenld, = D7 (20122 g, + 1Dt 1 2ga0y + IR @012 )
jeN

>3
=Y 1@ =2+ Ry @D ujl 7250,
jeN
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Assume u € Eg. For all j € N, let q} € supp x;. Observe that

>3 >3
I TullF, = Nz, | = | D g Q= Ag+ Ry (@))Huj) — (. 2= Ay + Ry (@) *u)
jeN
>3 >3
=Y (. —Aguj) = (. —Agu)+ > (uj. (Ry (@) = Ry (@))u;)
JjeN jeN
=3 ;.4 23 |4
<D Gy —Aguj) — (u, —Agu) |+ (uj. IRy @) = Ry (@) uj).
jeN jeN
(2.25)
. : . . e 2 23 9 R, @*
Since we are dealing with cutoff functions satisfying ZjeN'VXj| <cRy (@) <c RV:’(O)2
v

and owing to the equivalence R?,3 (q9) < R\z,3 (q}) for all g € supp x;, it follows from (2.25)
>3
T ullF, — Nl | < er D (uj. Ry (q)) uy) < cillTullg,
jeN
and
>3
ITull, = llullg, | < cf . Ry (@)*u) < cfllull, .

where ¢y, ¢} are two strictly positive constants. As a result,

1
—(CIH)HMIIEI SNTullr < /(€] + Dllulg,. (2.26)

In view of (2.24) and (2.26), we conclude by interpolation that for all « € [0, 1],
T:E,— F,

verifies | Tl gk, 7, < (] + 1)% and || T7! lcer, B < (c1+ 1)%7 where E, and F, are two
interpolated spaces endowed respectively with the norms

>3
lullz, = 12— Ag + Ry (@M 2ull 2 g2y
and

>3
lwpjenllr, = Y 12— Ag+ Ry @) ujll 20y
jeN
Hence there is a constant ¢ > 0 so that
>3 >3
(U, Q= Ag+ Ry (@©H%u) < (uj. 2= Ag+ Ry (g))")uj) (2.27)
jeN

holds for all u € C§° (R?) and any « € [0, 1]. In order to prove (2.23), repeat the same
process as in Lemma 2.4. Starting with

>3 >3
2 ull* < (u. 2= Ag+ Ry (@Hu) <D (uj. Q= Ag+ Ry (@)Huj).,  (2.28)
jeN
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for all u € COOO (R2) and any « € [0, 1], use the functional calculus on the left-hand side
and the Fourier transform on the right-hand side. When integrating with respect to
o €0, %], we can interchange for any fixed u € C§° (R%) the sum and the integral on the
right-hand side of (2.28) since the partition of unity is locally finite. This leads to

Vu € CRR™,  (u,¢p(1— Ag+ R (@Mu) < . p (1= Ay + R (@) Hu)
jeN
with ¢ (¢) = a2 By referring again to the functional calculus for the left-hand side

log((1+n)1/3”
and the Fourier transform for the right-hand side, the proof is finished after noting the

uniform equivalence
+1
t
sup <w) g "
tell,+o0) \ V¥ (?)

— 1+t
when ¥ (t) = W. O]

3. Proof of Theorem 1.1

In this section, we present the proof of Theorem 1.1. In the sequel, for a given polynomial
V(q) with degree r greater than two, we always use a locally finite partition of unity

~ 23
P HOE fo(Rv (aj)(q —qJ')) =1,
jeN jeN
where
supp X; C B(0,a) and X;=1in B(0,b)

for some g; € R? with 0 < b < a independent of the natural numbers j, defined more
specifically as in Lemma A.8 with n = 3. As mentioned before, we choose the constant
a less than or equal to min(C~!, C’~!), where the constants C and C’ are those in
Lemma A.5.

Proof. Let V(g) be a polynomial with degree larger than two that satisfies Assumption 1.
Assume u € C3° (R?). In the whole proof, we denote u j = x;ju for all natural numbers j.
From Lemma 2.1, we get

>3
1Kyl gony = D (1Kviej 2 gony — carRy @3 pujIRogan))- (3:1)
jeN

Given k > kg, set
J(k) = {j € N, such that supp x; C Z(k)}.

For all indices j € N, let VJQ) be the polynomial of degree less than three given by

V)
@ g9 e
vidigp= ) o @—a)"

0< | <2
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where
q;=4qj if j € J(k)
q}- € (supp x;) N (Rd \ E(K)) otherwise.

We associate with each polynomial V].(Z) the Kramers—Fokker—Planck operator K vo-
J

Observe that using the parallelogram law 2(||x[|Z + [[y[|1?) — lx + y[|* = ||x — y||*> > 0,

2 2
D o MKvujl g, = Y IKyou; + (Kv = Kye)u 72 g,
jeN jeN ! !

1 2
>3 (5] Kyl = | V@ =YV @512 ) (3:2)
jeN !

On the other hand, by (2.5) in Lemma 2.3,

>3
Y IVV@) =V @)3pu 172 meny < Lar Y Ry @2 18p1;117 2500, (3.3)
JjeN jeN

Combining (3.1)—(3.3), we get immediately

1 >3
1Kyl oy > Y (G101 2qgan = crar Ry @210y g,
J
jeN

>3 2 2
— car Ry @2 pu; s gy )-

Therefore, making use of equivalence (A 5), it follows

1 >3
1K vl ageny = ) (§||KV,§2)M,j||iz(de) —cy Ry (@) (u;, opu,,->Lz(de)) . (34)
jeN ’

where c;,r = 2(0% drtcdr c?).
Using the Cauchy—Schwarz inequality and then the Cauchy inequality with epsilon (for
any real numbers a, b and all € > 0, ab < €a’+ ﬁbz),
>3 >3
Ry (@) uj, Opuj) =y Ry (q))Re(uj, K ou,))
J
’ 23 /32
<y, Ry @) gl - 1K ouj
J
P2 122 2, 1 2
< (o RV @7 ) a1 4 1K o P

Putting the above estimate and (3.4) together, we obtain

1 >3
Ikvul® > Y (1K o 12 = () Ry @) 12). (3.5)
jeN !
From now on, assume « > «y, where x| > kg is introduced in Lemma 2.3. Remember as
well that the constants Cq, C2(k) are given respectively in Assumption 1 (see (1.8)) and
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Lemma 2.3 (see (2.7)). By introducing C(x) > max(Cy, Ca2(k)), which will be fixed later,
we set for each «,

I(x) ={j € N, such that supp x; C {g € RY, lgl = C(x)}}.

The rest of the proof is divided into three steps. The first one is devoted to the control
of the terms on the left-hand side of (3.5) for which j € I(x) for some large ¥ > k¢ to be
chosen. At the end of the first step, the constants ¥ > k1 and C (k) > max(Cy, Ca(k)) will
be fixed. The second step is concerned with the remaining terms for which the support
of the cutoff functions yx; is included in some closed ball B(0, C'(«)). We finally sum up
all the terms in Step 3 and refer to Lemma 2.5 after some elementary optimization trick
in the last step.

Step 1, j € I(k), k > k1 to be fixed: As proved in [2], there is a constant ¢ > 0 such that
for all j € I(x),

2
1K, @uil® + Aol > c(uopu,-u2 + 10y V2 (@) u 112 + ||<Dq>2/3u,-||2), (3.6)
J J
where

Ay =max{(1+Tr, )3 1+Tr_e)
N

@) 2)
v +.V

= max{(1 +Trr v (@), 1+ Tr_ v (g)).

Hence there is a constant Cy > 0 so that
2
1Ky 12+ (0 +10Co s 1P > Co(110ps 1P + 110 VI (@) 12
J
1D s 1P+ 105 I2) . (3.7)

where we use the notation t; = 2(Hess V(q;.))l/4 throughout the proof.

Recall that as mentioned in [2], the constant ¢ in (3.6) does not depend on the
polynomial Vl.(z) and then so is the constant Cp in (3.7).
Now for all indices j € I (x), we distinguish two cases: either j € J(k) or j & J(x).

Case 1. Assume j € J(k). Then taking into account inequality (2.6) in Lemma 2.3 and
using estimate (3.7), we obtain

||va<z)u,||2 + (14 100)e [luj|I* = C(||0,,u,‘||2 + 1100y V(@) ujl1?
+||<Dq)2/3u,~||2+10t;.‘||uj||2). (3.8)

Furthermore, since for all indices j € N the quantity Riz (q})2 is always greater than
|Hess V(q})l, there exists a constant ¢; > 0 so that for every j € J(x),

4 _ ’ 22 /\2
t; = 16(Hess V(q;)) < ca(Ry (g;)7).

Using the fact that the metric Riz (q)dq? is R‘%} (q) dg*-slow (see Definition (A 2) and
Lemma A.5), it follows

>2
t} < ca(Ry (9))
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for every ¢ € supp x;. Hence there is a constant ¢, > 0 (depending on the dimension d)
such that

i <al( X 10v@iF /Y @))

loe|=2
2 >
el (Y 10Ev@le) + Ry @?)
lo|=2
< c)([Hess V(g)| + Ry (9))

holds for any ¢ € supp x;. Now, since for every g € R?, one has R? (q@) =2 R, (0), we
derive from the previous estimate that for any ¢ € supp yx;,

R, (q)*
R;r (0)2

t;-‘ < <|Hess Vig)| +

1

< L max(1, R (003, V(@) (3.9)
Collecting estimates (3.8) and (3.9), we get for k¥ > «;
1Ky I+ a4+ 106)%1/ max(1, R (0))1(3, V (@) T
> C 1051 + 10 V@) 12 + 1D 12+ 108 ).

Choosing k2 > k1 so that

(SN o)

c//
> (1+100)-4 max(1, Ry (0)72),
K2
the following inequality
||Kv;z>u,~||2 > C(10,pu; 17+ 5100, V(@) PujI* + (D) ujll* + 106 ujl|?)  (3.10)

holds for all j € J(x) with k > «».
Since j € J(k), there is a constant ¢; > 0 so that

4

33V (9))3 = c1(Hess V(q)) (3.11)
holds for all g € supp x;. In addition, using equivalence (A 5), it follows
| 4 4 e VI

304V (@)3 = 2|94V (9)|3 = 2k Ry (q)" = 3k Ry (q)) (3.12)

for any g € supp ;.
Putting (3.10)—(3.12) together,

1Ky > € (1051 + §140g V(@) P+ 1(Dg)*

>3
+cill(Hess V() ujl|* + chie Ry (g luj > + 10]|¢7u ,-||2)
(3.13)
holds for all ¥ > k.
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Case 2. Assume j ¢ J(k), with k > k» > k1 > k9. Hence by Assumption 1 (see (1.8)), one
has
Tr_v(q) #0 for all g € (supp x;) N(RY\ Z(x)) such that |g| > C;

In particular, since |q | > Ck) = Cq,

Tr_’vj(z) = Tr_,v(q;-) # 0.
Referring again to [2],

||KV<2>M]|| CBV(2>||M]||

where
1+ Tr_’ Vj<2)

B2 = max ( min |VV.(2)(q)|4/3
j

gerd 7 " (log(2+Tr_ 2))?
U
1+Tr_ v(q})
= max ((min [V (@), L) £
gerd 7 (log(2+Tr— v(q;)))
Hence we get in particular,
1+Tr_ v(g’)
K ou; 2 ] 3.14
I vuj I (10g(2—|—Tr_ V@ )z lluj 112 (3.14)
Using again condition (1.8) in Assumption 1, there is a constant C; > 1 so that
IT (g;) : —Try v(q})
~Tr_ > T
5 =V CI, 2C, +.vig;
holds, which in turn implies
1 1 , 1 , ,
Tr_v(q}) = 7 11— V@) + 2C, Tryv(q)) 2 2_C1(Tr—,V(q/') +Try v (g)))- (3.15)

Then it follows from (3.14) and (3.15)

[t ibess vl |
1 (3.16)

/ uj
log(2 + |Hess V(qj)|)

2
||KV](2)uj|| >

By Assumption 1 (see condition (1.9)) and (3.16), applying Lemma B.6, there are § €
(0, 1) and a positive nondecreasing function A x,) on (0, +00) such that A x()(0) = +00
as 0 — +o00, and such that

1+ [Hess V(q)|

1-6
(log@ + [Hess VgD ~ 2 351+ Hess V(g)))

I\ 1=48
> 3 IHess V(g))|

Az gD =5 A5 (Cx))
TJRV (%)4 P %RV (g )
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Here, Lemma B.6 relying on the Tarski-Seidenberg theorem is crucial as shown by the
following argument:

-+ H
alizree _H@ 4 hm o H(g) = +oo,
—+00

R4 _—
@ log(H (9)) !

where R(g) is a function that plays the same role as R\>,3(q) and still satisfies

4
limyy| 400 ’;{T(qq)) = 0. For a nonpolynomial function V, we may think of a function R(g)
that satisfies

1
“R@<  max  |3%V(@ < CR@).
¢ q'€B(q. 25), laI=3

with € > 1 and b > 0 independent of ¢ for |¢g| large enough.!
Alternatively, the asymptotic behaviour (1.9) of Assumption 1 should be replaced by
something like R(¢)* = O(H(g)'™") with v > 0 as |g| — 400, ¢ € R4\ (k) or R(¢)* =

o ((%)) (with [Hess V(g)| = +o0 as |g| — 400, ¢ € RY\ (k).

Therefore we get from the above inequality and (3.16)

Az (Ck)) >3, ,
(RO Ry @) P (3.17)

IKyou;I* > c
Next, recall that r; = 2(Hess V(q}))l/4. By (2.7) in Lemma 2.3, the equivalence
tj = 2(Hess V(g))'/* (3.18)
holds for any g € supp x; with |g| > C(k) > Ca(k). From (3.7) and (3.18), we see that
1K oI+ (41000 s 1 > C (10,51 + 10 Vi (@) 1P
1 (Hess V(@) 2uj 17 + (D12 + 96 ). (3.19)
One has by (2.6) in Lemma 2.3,

(V7 (@) > 304V (@) (3:20)

for all g € (supp x;) N X'(k). On the other hand, for every g € (supp x;) N (Rd \ Z‘(/c)),

>3 4 1 4
[Hess V(g)|+ Ry (@) +1> ;|8qV(q)|3. (3.21)

Furthermore, it results from Assumption 1, in particular (1.9), that for all ¢ € (supp x;) N
(RY\ Z (),

423 (4 5
2|Hess V(q)|+C"Ry (¢)" +1 < 5[Hess V(q)I. (3.22)

6
LAs an example, we may take the function V on R equal to @(1 +cos(8)) in polar coordinates for

(

r>1.
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From (3.21) and (3.22), we get for every ¢ € (supp x;) N (Rd \ Z‘(K)),

2 4 2_2
[Hess V(q)| = —|VV(g)I3, [Hess V(g)| = £ > —
Sk 57 5¢

Hence there exists a constant ¢’ > 0 such that

/!

¢ 4/3
(Hess V(q)) = ?(311‘/(61))
for any g € (supp x;) N (Rd \ E(K)) with |g] = C(k) = Ca ().
The above inequality combined with (3.19) and (3.20) leads to

1K @uj |+ (14100} uj|* = C(I10pu; |1 + (D) uj 7 + 9t luj11?
J

] 1 23 2, | 12, 12

+ min ( oz, o= 160V @) I + Sl Hess V(@) ;1)

for all € > «».
Collecting estimates (3.16) and (3.24), we get

(log(f)IK ;I

> C”(||0pu,-||2+ 1{Dg >2/3u,»||2+9r‘-‘||u,-||2
Z

i 5o V@ sl 4 3 Hess V@) 2y 12).

In order to reduce the written expressions, we denote

+ min(

(Hess V(g)'? (V@)

(3.23)

(3.24)

(3.25)

A i —P’ i = i ] .
Y logeh” T logrh) YT o Y T logrh)
Estimate (3.25) can be rewritten as follows:
1K ou;l?
J
1 /1
> (18114 302 sl min (s, YA g 1P
2/3
+ 9l A4 juj +H t4) w|). (3.26)

Using (3.17) and (3.26), we obtain

A+ CIKyou, I
/!

1
2 2
c (||A1,,~u,~|| +5 ||Az,u,|| * +min (575 5

[

10g(t4) i+ Ao (COnRy @) ).
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Therefore in both cases, that is, for all j € I(k), where k > k2,

1 2
1Kyl > CO(NA1ju P+ 1A I+ 21431 4+ 1A jus |

<Dq>2/3

+ll—
log(t})

w12+ min (i, Ao (CON)RY (@) lus ).
(3.27)

Due to the elementary inequality u*/3 4 v* > 1 (u +v*)?2/3 satisfied for all u,v > 1, we
obtain for all ¥ > Ky

[

1
e[ 5 min (e, A0 CON)RY @) I P > SAs gl (3.28)
log(t ) co
where
>3 1
(1+ D +R;, CAVE
log(t})

As ;=
In conclusion, we get by (3.27) and (3.28) for every j € I (k) with k = k»
1
1K o2 > €O (1A 12+ 182,y 12+ < A3 1P 4+ DA 1
J
1 2 1 . 23 /.4 2
s gl 4 min (k. Ao (CGD) Ry @) 7).

We now fix the choice first of C(x) and second of x. Because limy_;, 400 A x(c)(0) = +00,

we can choose for any « > k3, C(k) > max(Cy, Ca(k)) such that Ax)(C(k)) > k. We
then choose k¥ = k3 > Ky such that

c® CO®ks

—5 min (5, Az (Cl)) = === > ()%,
where ¢, is the constant in (3.5),
1 >3 c®
> (1Kol = € Ry @ ) > T 3 (1Al A2 jug P
J€l(k3) ! Jel(k3)
1 1
s 12 A juf 12+ = A, 112). (3.29)
K3 €]

Step 2, j € I(k3): The set N\ I(k3) is now a fixed finite set and we can define

cW = _max | Aje + sup ((Hess V(q))+(8qV(q))4/3)
JEN\T (k3) J g Esupp X

l‘4

—ra+ 14+ R @)
+(log(l4))2+( et (q’))}
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From the lower bound (1.5), we deduce
1 >3
ZIKy@ul +CONuj |1 = (¢ )7 Ry (@) llujl?

c >3
> 2[00 12+ 1D 2]+ (1 + RS (@) 112

2
V@) P+ [ Hess V@) PP+ | (t4) s
With the quantities
2
A= O g, 2 HesV@IE @ V@)
Y logeh” Y logeh T T log(eh)
2 24 p2oodyd
W UADiHRy @Y
4,j = ) 5= 4
log(t7) log(17)
where t; > 2, we deduce
1 >3
> (UK sl = € Ry @) s 1+ €Ol P)
JE1(c3)
1 1
> €O 3 (WA + 182 s 1P+ — A juf 1P+ A 1+ — [ As,ju 112).
K3 co

J#le3)
(3.30)

Collecting (3.5), (3.29) and (3.30), there exists a positive constant C©® > 1 depending
on V such that

IKyull7, + c@nuan/C@Z(nm,u,u + A2 juj P+ 11As ju 2
jeN

A juf 12+ s, ju ). (3.31)

Step 3. In this final step, set L(s) = log(s+1) for all s > 1. Note that there exists a constant
¢ > 0 such that for all x > 1,

1
inf > ZL(x).
1>2 log(t) c
In view of the above estimate,
A1 517 4 1A g1 > / » ditu, ()
u; u; _—
H I Qo2 7 ) M

>1/(L+t.)2d m
=8 ) \logy 7)) “Huw

1 2
Z —IIL(Op)u;|~.
3

Here we recall that du,;(A) = d(E(Muj, uj), where E(A) is the spectral family.
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Summing over j, we obtain the first term in the desired estimation (1.10). Likewise,
for the second term

1 1
A3, jujl*+ Z||A4,,~uj||2 > anL«aqV(q))Z”)ujnz,
with

D UL V(@)Y 1P = L3y V(@) yull.
jeN

To obtain the third term in (1.10), write similarly
1 1
A2 juj I+ 2118 jujI° > L (Hess V@) P)ujl”
with

D IL((Hess V(@) *)uj > = IL((Hess V(@) )ul.
jeN

In the same way,
2, 1 2 1 2 23 piavd 2
IAs,jujll +ZIIA4,ij|| > gllL((1+Dq+Rv (g)))u;ll”.
By Lemma 2.5, we get

>3 1 1 >3 1
Y UL+ D2+ Ry (d)h3uj|? > e+ D+ Ry (@) 3)ul’.
jeN

To conclude, just remark that
>3
(w, (1+ D2+ Ry (@)Hu) > (u, (1+ DDu) > (u, (DHu) > |u])?
holds for all u € C°(R*!). Then applying (2.15) in Lemma 2.4 with A = (1+D§+
R53(q)4), B = (Dg), oy = % and k = 2, we obtain

> 1 1 l
1L+ D2+ Ry (@ Hull® = ILAD2) Hul)® > I ul?

for all u € C°(R?).
Finally collecting all terms, we have found Cy > 1 such that

1 2
IKvul?, +Cyllull?, > C—V(nL(op)uniz HILAVV (@) )ull3,

+IL(Hess V(@) Dullds + IL(Dy) Hul,)
(3.32)

holds for all u € C§° (R2). Because Co° (R24) is dense in D(Ky) endowed with the graph
norm, the result extends to any u € D(Ky). O
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4. Applications

This section is devoted to some applications of Theorem 1.1. In each of the following
examples, we examine that Assumption 1 is well fulfilled. We recall here that one knows
that for a potential V satisfying Assumption 1, the resolvent of the Witten Laplacian Agﬁ))
is compact (see [4, Theorem 10.16]). In the case of the Witten Laplacian, the following
examples were in particular considered in [4] (cf. Propositions 10.19 and 10.21).

Example 1: Let us consider as a first example of application the case
V(g1.q2) = —qiq5. with g = (q1.q2) € R%.

By direct computation,

24143
9 V(g) = 2 18V@l =2lq1a21lq].
—2q92q;
—297 —4q19>
Hess V(q) = 2 5 ). IHess V(g)l =2,/Ig1* + 64743 < Iq*,
—4q9192 —2q;

>3
Ry (@) = 4q21' +14q11" +2 x 414,

It is clear that the trace of Hess V(g) given by —2|g|? is negative for all ¢ € R*\ {0}.
Hence

Tr_v(g) > Try v(g) forallg e Rz, lg| > 1.

Moreover, for all ¥ > 0, the algebraic set R?\ X(k) is not bounded since (0, g2) € R?\
X (k) for all go € R. Furthermore, for « > 1 chosen as we wish,

>3
Ry, () . |g]*/?
m —_— = 1m 3 =
lgl—>+oo |Hess V(q)| lgl>+o00  |q|
geRA\ X (k) geR2\ X (k)

since R? (q)4 < |q|4/3 when |g| > 23 x 43/4. In Figure 1 we sketch as an example X (800)

in blue.
The compactness of the resolvent of Ky in this case follows from Corollary 1.2.

Example 2: Let n € N. The polynomial V(q) = —qlz(ql2 +q22)” verifies Assumption 1 only
for n = 1.
A straightforward computation shows that

2q1(lg]>" +nq%|q|2<"”)>

9 V(g) = —
V(@) ( 2ng2q21g P

lg|* + 5ng?1q | +2n(n — g 2nq1921q|> +2n(n — 1)qu12)

Hess V(q) = —2|q[*"~?
2nqiqalq* +2n(n — Dgiqy  ngilq* +2n(n — giq3
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Figure 1. Contour lines of V(qy, q2) = 7ql2q%.

Note that the trace of Hess V (g) equals
=219 (lq1* + Sngilq >+ 2n(1 = g} +ng?lq +2n(1 — 1glq?) <0

for all g € R2, lg] > 1. Hence
—Tr_y(q)+Tryv(g) <0, forany g € Rz, lg| > 1.

In addition, for all ¥ > 0, the set R2\ ¥ («) is not bounded since (0, g») € R?\ X (k) for
all g» € R.
For ¢ large enough, [Hess V()| < |¢|*" and |D3V(g)| < |¢|**~"; then

>3 _
Ry (@)% (g H*3
[Hess V(q)| g |?"

Hence

>3
R, (¢)*

li _
lgl—>+oo |Hess V(q)|
geR?\ X (k)

=0 ifand onlyif n <2.

Taking as an example x = 800, we get the shape of ¥'(800) coloured blue as in Figure 2.

In this example, the hypothesis of Theorem 1.1 is satisfied only for n =1. By
Corollary 1.2, we deduce that the Kramers—Fokker—Planck operator Ky with potential
Vig) = —qlz(ql2 +q22) has a compact resolvent.

Example 3: For € € R\ {0, —1}, we consider V(q1, g2) = (q]2 —q)? +6q§. For all g € R?,

one has
4q1(q} — q2) 2 2
g Vig) = s 10,V = 4qi(gy — g+ —2(q7 — q2) + 2€qx2],
! (—2(6112 — @) +2€q ! : !
_ (12¢} —4q, —4q _ 2
Hess V(g) = ( “agr 2040) [Hess V(q)| = [12q7 —4q2| +8lq1| + 4|1 + €],

R (q) = 4lq1)'3 +3 x 413 4 24174,
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Figure 2. Contour lines of V(qy, q2) = —qlz(q% +q§).

In this case, we are going to show that for all kx > 0, the algebraic set R?\ ¥(x) is
bounded. Let (g1, g2) € R2 \ X (k); then

>3 4 1 4
(|Hess V(@I +Ry (9) —i—l) > ;lVV(Q)F’i-

Up to a change of coordinates X1 = q1, X2 = q12 — g2, the above inequality is equivalent
to

4
(412XF 4+ Xol + 81X 1 + 411 + ¢l + (@41X1D' +3 x 412 4 241/4) 4 1)
1 4
> ;(4|X1X2| +1-2(1+ Xz +2ex3])
Using the triangle inequality on the right-hand side and the reverse triangle inequality
4 4 4
with the elementary inequality (u 4+ v)3 > u3 4 v3 satisfied for all u, v > 0, it follows that

/

1 4 _ ¢ 3 4
X1+ 1]+ X+ (10 ) > S(|l20+0xa - exd| + xixalT). (@)

Suppose first that |X1| < 1. Inequality (4.1) implies

4
3

C/
|Xo|+c1 > - 2(1+€)Xa| — [2eX7||”. (4.2)

The right-hand part in the above inequality is bounded from above by |X;|+ c1, where
c1 is some positive constant. Now we distinguish two cases.
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Case 1: If 112(1 4+ €)X3| < [2€X?| or equivalently |X>| < |1 |1X31, then |X5| < |l l.
Case 2: Otherwise, if 3|2(1 +€)X>| > [2¢X?| , then we get

C/
|Xal+e1 > 1 +el| X2,

Using the fact that € # —1, we deduce that X, must be also bounded.
Now if |X1| > 1, we derive from (4.1) the estimates

C.
X1+ | X2] 3 > 7“ 2(14€)Xa| — [2¢ X} | (4.3)

c 4
X112+ | Xa| 4¢3 > ;“|X1X2|f. (4.4)

Here we study three cases.
o First, if %|2(1 +€)Xa| > [2€X3| or equivalently |X;] < |1 [|X2], then (4.3) gives

1+e¢ c 4
<1+|T|> | X2 +c3 > %|(1+6)X2|3.

Since € # —1, it follows that X, is bounded and so is X;.
o Now if 2|2(1 +€)X»| < [2¢X3] or equivalently |X5| < |ﬁ||xf|, estimate (4.3) leads
to

€
1 —leX *.
( +‘2(1+€)D| 17 4c3 > |6 1]
Since € # 0, it follows that X is bounded and so is X».
e Finally, if %|2(1 +e)Xo| < |2€X%| < 2|12(1 +€)X>3|, then by (4.4),

L |2 ) a2 e = & (x == |X2|%
[ C /_
1+ ! LA "a+e't

Hence, since € # 0, X is bounded and then X3 is so.

In Figure 3 we sketch as an example X'(2) in blue.

We conclude that for € € R\ {0, —1}, Assumption 1 is satisfied, and therefore by
Corollary 1.2, Ky has a compact resolvent.

For € =0, thanks to [4] (see Proposition 10.21, p. 111), we know that the Witten
Laplacian defined by

AV = A, +IVV(@PP—AV(Q), q=(x1,x) € R

has no compact resolvent and then the Kramers—Fokker—Planck operator Ky has no
compact resolvent.

This example was studied in the case of the Witten Laplacian operator by Helffer and
Nier in their book [4]. A small mistake was made in [4] in Proposition 10.21. In fact,
the equations I1; = l12 = I111 = 0 should be replaced by (1 +¢€)l11 =112 =111 = 0. When
€ = —1, we can eventually construct a Weyl sequence for the Witten Laplacian operator
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Figure 3. Contour lines of V(q1, q2) = (6112 —q)? +0.5q%.

in the following way. In this case, the potential V (g1, q2) = (6112 —q2)? —q% is equal to
—2q291 + 41

In order to construct a Weyl sequence for A(O), it is sufficient to take y ( Lq%"z)), where
x is a cutoff function supported in [—1, 1], and then consider the sequence

2
un(q1, q2) = X ((qzj;—n)) exp(—=V(q1, q2)).

2

The support of u, is then included in —n“—n < ¢p < —n? +n. Hence the u,’s have

disjoint supports for large n.
Therefore we have

2
n
—2® < gp < ~— and —4n2qd — gt < =V(q1. q2) < —n2q} —q} < —n?4}.

As a result, we get for n large

(n, A un) (1B + 8,V (@) )
HE e

_ @)~V I? _0 (i)

llan |12 n’

Here, to get the lower bound of the above quantity, we restrict the integral in g = 0(%).
Hence, for € = —1, the Witten Laplacian attached to V (g1, ¢2) = (q12 —q)*+ Gq% has no
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compact resolvent and then the Kramers—Fokker—Planck operator Ky has no compact
resolvent.

As a conclusion, for € = —1 and also for € = 0, the Kramers—Fokker—Planck operator
Ky has no compact resolvent.

Acknowledgements. I express my sincere gratitude to Professor Francis Nier. As a
PhD advisor, Professor Nier supported me in this work.

A. Slow metric and partition of unity

The purpose of this appendix is to state with references or proofs the facts concerning
metrics, which are needed in the article. We first remind the following definitions.

Definitions A.1. A metric g on R™ is called a slowly varying metric if there exists a
constant C > 1 such that for all x,y € R™ satisfying g.(x —y,x —y) < C~L, it follows
that

C'gr(z,2) < gy(2,2) < Cgr(z, 2) (A1)

holds for all z € R™.
Let g' and g2 be two metrics. We say that g' is g%-slow if there is a constant ¢ > 1
such that for all x,y € R™,

grx—y,x—y)<c ' = lgl(z2) < g1z 2) <8y (2.2) (A2)

holds for all z € R™.

Remark A.2. The second statement in the above definitions is a typical application of the
notion of the second microlocalization developed by Bony-Lerner (see [3]).

Remark A.3. Property A 1 will be satisfied if we ask only that
3C > 1,¥x,y,z € R™, ge(x —y,x =) < C7' = £,(2,2) < Cgx (2, 2). (A3)

Indeed, assuming (A 3) gives that wherever gy(x —y, x —y) < C~! (which is less than or
equal to one since C > 1 from (A 3) with x = y), this implies gy(y —x,y —x) < C~! and
then gx(z,z) < Cgy(z,2) so that (A1) is fulfilled.

Notations A.4. For r € N, let E, denote the set of polynomials with degree not greater

than r:
E, ={P eR[X1,..., X4, d°P <r}.
For a polynomial P € E, of degree r € N* and for n € {1,...,r}, the function Rin :
R? — R is defined by
>n 1
Ry (@)= ) 192P (@)™ (A4)
n<la|<r
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In the present article, we are mainly concerned with the metric g"* = Rin (9)* dg?, where
n € {1, ...,r}, which satisfies the following properties.

Lemma A.5. Let P € E,, where r € N* is the degree of P, and let n be a natural number
m{l,...,r}.
(1) The metric g" s slow: There exists a uniform C = C(n,r,d) > 1 such that

>n
R’ +1
P (‘D) <C

Ry @lg—q'|<C' = (=L Ab
, (R> - (A5)
(2) The metric g"~' is g"-slow: There is a constant C' = C'(n,r,d) > 1 so that
/n 1
>n (Q)
RP (@lg — CI| l:( >n 1( ,)) §C. (AG)

Proof. The dimension d is fixed. Assume n,r € N* with n < r. The set
Kny = {F € Er/En1, R (0) =R} (0) = 1}

is a compact set of E,/E,_1, where P € E,/E,_1 can be identified with the polynomial
P(g) = D on<lal<r % :(0)6] For any ¢ > 0, the mapping

Ky, x B(0,0) — [0, +00)

P, 1) > R0 = gy PO

is continuous because s — s¥ is continuous on [0, +00) for any v > 0. On the compact
set Ky x B(0, 0), it admits a maximum M, ,, and a minimum m, o, which cannot be

0. Actually, R;n (to) = 0 means 9% P(tp) =0 for all o € N¢, |a| > n, and by the Taylor
expansion 8“F(t) =0forallr e R o e N |o| > n, which contradicts R;ﬂ ) =1.

Now for a general V € E, with d°V > n, we know that for all g € R?, f,n (g) #0. We
thus consider for any ¢ € RY, the class P of V(g + R‘/,n (@)~ 't) in E,/E,_;. It satisfies
>n L >n 1 20 >n _
R0 = Y 10RO =R @ Ry (g + Ry (@)
q
n<|o|<r
and in particular,
>n —=
RE, 0 =1, P, eKy,.

Therefore we obtain for o = 1

R ()t
(|t| g 1) = (mn,r,l § < v (q+ v (q) )) < Mn,r,l) s
Rv (@)

which implies, with ¢’ = ¢ + >,,( )
V

>n +1

>n Ry () 1

(Rv @lg—q'l < 1) = < = ; ) < maX{Mn,r,l, —}
Ry (q")
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We conclude the proof of (1) by choosing C(n,r,d) = max{M, 1, ﬁ, 1} and by
applying the more general result to P € E, such that d°P =r.
Let us prove (2). We still work in K,,, = {P € E,/E,_1, R? 0) = Rin (0) = 1} and now
with a given ¢ €]0, 1]. From the proof of (1), we know that there exists My .1, mp 1 >0
such that .
Myl < R% @ < My 1

forallz, |t| <o <landall PeKk,,.
In particular, there exists a constant C, , such that

VP € K, ,,Vt € B(0,0) C B(0,1), max

n<le|<r

a;;F(z)‘ < Cor. (A7)

For any P € E;, in the class Pe E./E,_1, we decompose Rinil(t) into

1
n—1

R =Y ‘BfP(t) + R (0).

|Bl=n—1

By the Taylor expansion,

a8+ p(0) o

hPmy—ofPOy= > —

1<l |<r—n+1

. Bl=n—1,

and owing to (A7), there exists a constant C, , > 0 such that the inequality
18 P@)] - 17 POI| < Curo

holds for all B e N?, |B|=n—1,and all t e R?, || <o < 1.
1

The uniform continuity of s + s»=T on [0, +00[ now implies

3 meﬁ_ 3 ‘afp(O)

|Bl=n—1 |Bl=n—1

1
n—1

< &n,r(0)

with limy_0&,,,(0) = 0 uniformly with respect to P € ?, Pe K, and t € B(0,0) C
B(0, 1).
On one side, we write

1
=>n—1 n—

R0 < Y|P+ M
Bl=n—1
1
< ¥ ‘afp(O) "t enr (@) + My
|Bl=n—1

>n—1
< max(l, 8n,r(Q)+Mn,r,l)RP (0).
On the other side, we have

1
>n—1 n—1
RO < Y oo 4 My

|Bl=n—1
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<Z)

|Bl=n—1
M >
< max (1 M) R; ().

My r1

+8nr(Q)+Mnrl

For g, €]0, 1] chosen small enough such that ¢, ,(0n.r) < My,1, we deduce

>n 1 +1
_ _ __ (1) 2Mn,r,l
VP eK,,, YP e P,VteBQ,o,,), >n - <max (2My 1, .
0) n,r,1

For V € E, such that d°V >n, we apply the previous estimate to Py(t) = V(g +
R‘j (9)~ 1), with Pq € K, r, which leads to

>n—1 +1
>n (CI) 2M .1
(Rv @Dlg—4q'l < Qn,r) = (7) < max <2Mn,r,1, uk )

q") Mn,r,1

2Mn)l
rl» my

We conclude the proof by choosing C'(n, r, d) = max(2M,, , =) and by applying

rl ’ On,r
the more general result to P € E, such that d°P =r. O

Remark A.6. The proof of (1) gives a more general result than the slowness, namely when
n,r,d are fized: For any A > 0, there exists C, > 1 such that

>n +1
(@)
(R @lg—q'| <2) = ( L <G,
Ry (q)
without assuming that A > 0 is small. Actually, it is even possible to estimate C) in
terms of A — oo by applying lemma A.5 to the polynomial t P, t € [0, 1], with t%Rin (g9) <

> 1 _>n
R} (q) <t7Rp (q).

The main feature of a slow varying metric is that it is possible to introduce some
partitions of unity related to the metric in a way made precise in the following theorem.
For more details and proof, see [9] (Section 1.4, p. 25).

Theorem A.7 [9]. For any slowly varying metric g in R™, one can choose a sequence
xy € R™ such that the balls

B, = {x; Vo, (x —xp, x —x,) < 1}

form a covering of R™ for which the intersection of more than N = (4C3 +1)™ balls B,
is always empty (C is the constant in (A 1)). In addition, for any decreasing sequence d;
with Zj dj =1, one can choose nonnegative ¢, € C5°(B,) with > ¢y =11in R™ so that
for all k,

165 (x5 1, vl S (NCCDM g 01, y1) -+ v/ Ok i) /el -+ - di

where C is the constant in (A1) and Cy is a constant that depends only on m.
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Regarding the above theorem, we have the following result.

Lemma A.8. Let P € E,, where r € N* is the degree of P and n € {1,...,r}. Then there
exists a partition of unity ZjeN v, (@)? = 1 in R? such that we have the following:

(1) For all ¢ € R4, the cardinality of the set {j, W;(q) # 0} is uniformly bounded.
(2) For any natural number j € N,

>n _ . 2n —
supp ¥; C B(qj,aRp (¢))”") and W; =1 inB(q;,bR}p (g;)"")

for some gq; € R? with 0 < b < a independent of j € N.
(3) For all @ € N?\ {0}, there exists cq > 0 such that

>n
> 108w 2 < caRp (@)
jeN

Moreover, the constants a, b and ¢y, can be chosen uniformly with respect to P € E,,
once the degree r € N and the dimension d € N are fized.

B. Around Tarski—Seidenberg theorem

In this appendix, we give an application of the Tarski-Seidenberg theorem [10], which
we state in the following geometric form. We first introduce a few basic concepts needed
for the statement.

Definition B.1. A subset of R" is called semialgebraic if it is a finite union of intersections
of finitely many sets defined by polynomial equations or inequalities.

Definition B.2. Let A C R” and B C R™ be two subalgebraic sets. The function f : A — B
is said to be semialgebraic if its graph I'y = {(x,y) € A x B; y = f(x)} is a semialgebraic
set of R" x R™.

Theorem B.3 [10] (Tarski-Seidenberg). If A is a semialgebraic subset of R"*™ = R" &
R™, then the projection A’ of A in R™ is also semialgebraic.

Proposition B.4 [10]. If E is a semialgebraic set on R**", and
f(x)=inf{y e R; 3z € R", (x,y,2) € E}
is defined and finite for large positive x, then f is identically 0 for large x or else
f(x) = Ax“(1+0o(1)), x— o0,

where A # 0 and a is a rational number.

We refer to [10] (see Theorems A.2.2 and A.2.5) for detailed proofs of Theorem B.3
and Proposition B.4.
In the final part of this section, we list and recall the following notations.
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Notation B.5. Let P be a real-valued polynomial on R¢ with d°P = r. For all natural

numbers n € {0, ...,r} and every g € R?,
=>n 1
Ry (@)= Y [9¢P@I", (B1)
n<lol<r
— L
RF"(@) =Y 103 P(g)|F. (B2)
lo|=n

Lemma B.6. Let £ be an unbounded semialgebraic set and V a polynomial in
Rlg1, ..., qa4] of degree r € N* satisfying the assumption

>n

R o
Rt o, (B3)
lgl—+oc0 Ry™(q)
qex
where a € Q,n,m € {0,1,...,r —1}, n > m, are fized numbers.

Then there exist § € (0,1) and a positive nondecreasing function As : (0, 400) —
[0, +00) so that

Vge £, ¥0 >0 lg >0 Az@R, @" < Ry" (@Y
and QETOOAi(Q) = 400.

Proof. Let V be a real-valued polynomial on RY with degree r € N*. Suppose that there
arex € Q,n,m €{0,1,...,r— 1} such that

>n
Ry, (@) _
lg|—+00 R;m(q)2 ’
qex

(B4)

where ¥ is a given unbounded semialgebraic set.
After setting t = 2LCM(|,3|, min(n, m) < |B| < r), where the abbreviation LCM

stands for least common multiple, define the functions 1?\2," and 1?7” for all ¢ € R?
by
~=n L
Ry @)= > [92V(g)|®
n<lo|<r
and .
R7™ (@)= Y 192 V(g)|™.
lo|=m
n ~>n 1 — ~_ 1
Note that one has the equivalences Ri (g) < (R‘>, (q)) * and R (q) < (R;m (q)) * for all

g € R?, where the functions Rin and Ry are defined respectively as in (B1) and (B 2).
Clearly, Assumption (B4) is equivalent to

~>n
Ry (@) _
lal=+o0 R;™(q)?
qex

(B5)
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Remark here that k?,n (g) and 137" (q) are polynomials in ¢ € R? variable. Furthermore,
Assumption (B5) can be written as

R, (@) < e(@) R (9)>

for all ¢ € %, where

e(q) = inf{e > 0, eﬁ?m(q)z - ﬁ?," ()% > O} , lim e(g) =0. (B6)
lgl—+o0
qex
Now, following the notations of Proposition B.4, we introduce the set
E = {(q, 0, €) € R¥*2 such that eﬁim(q)z - ﬁin ()% > 0 and |¢|* > Qz} ,
and the function f defined in R4 by
f(Q):inf{e>O: 3g € RY, (q,Q,e)eE]. (B7)

By the Tarski-Seidenberg theorem (see Theorem B.3), the function f is semialgebraic in
0. Moreover, f is defined, finite and not identically zero. Then by Proposition B.4, there
exist a constant A > 0 and a rational number y such that

f(Q) = AQy +OQ—>+OO(QV)'
By definitions (B 6) and (B7), limp—, 100 f(0) =0 and then y < 0. Hence for ¢ > 1, we

know f(0) < M We deduce for |g| > 1,
RV @ < FUaDRT" @ < - Ry @) (BS)
and 2
| |)/ B=n 5=
TR @ < — Ry (BY)

lg| =

In particular, since ﬁ‘in (@) = 1?7 0) >0, ﬁ?m (g) does not vanish for g € 5 with gl =1
On the other hand, note

Vge X, lgl =1, Ry™@q) <clg|”. (B10)
Inequalities (B8) and (B 10) lead to
R (q)* < Clg/>!

for every g € 5 with lgl = p > 1. Therefore, since RV (q) > 7 (0) > 0, we deduce |y| <
2tr.
Using again (B 10), we get

lyl
1 c%
<

(B11)

Iyl

ey = _m
lg|2 (q)2r

=

for any ¢ € 5 with gl =1
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From (B9) and (B11), we deduce the existence of gg >> 1 such that

~ iz ., | ||y|/2 o ] o
voe gz ez > 1 R @ < =R @) < o Ry,
(B12)
We now take § = % € (0,1) and
lv1/2 .
~ Lo ifo>00
As(0) = | 24Ac2er
0 otherwise.

The function 1~\§ : (0, +00) — [0, +00) is clearly positive, and due to (B 12), it satisfies

=~ ~ =n — _
Vge X, Yo>0,lql >0 As@Ry (@)% < R™(@)*'™P
and QETOOAg(g) = +o00.

To conclude, it is sufficient to take A5 : (0, +00) — [0, +00) defined by

R;m (q)2(1—5)

As(0) = inf
s@=, Ry (9)°
which is nondecreasing and larger than A 5. O
References

1. A. ALEMAN AND J. VIOLA, On weak and strong solution operators for evolution equations
coming from quadratic operators, J. Spectr. Theory 8(1) (2018), 33—121.

2. M. BEN Samp, F. NiErR AND J. ViOoLA, Quaternionic structure and analysis of some
Kramers—Fokker—Planck, preprint, 2018, arXiv:1807.01881.

3. J.-M. Bony AND N. LERNER, Quantification asymptotique et microlocalisations d’ordre
supérieur, Ann. Sci. Ec. Norm. Supér. (4) 22 (1989), 377-433.

4. B. HELFFER AND F. NIER, Hypoelliptic Estimates and Spectral Theory for Fokker—Planck
Operators and Witten Laplacians, Lecture Notes in Mathematics, Volume 1862, x 4+ 209 pp
(Springer-Verlag, Berlin, 2005).

5. B. HELFFER AND J. NOURRIGAT, Hypoellipticité maximale pour des opérateurs polynomes
de champs de vecteurs, Progress in Mathematics, Volume 58 (Birkh&user Boston Inc.,
1985).

6. F. HERAU AND F. NIER, Isotropic hypoellipticity and trend to equilibrium for the
Fokker—Planck equation with a high-degree potential, Arch. Ration. Mech. Anal. 171(2)
(2004), 151-218.

7. M. HiTrIK AND K. PRAVDA-STAROV, Spectra and semigroup smoothing for non-elliptic
quadratic operators, Math. Ann. 344(4) (2009), 801-846.

8. L. HORMANDER, Symplectic classification of quadratic forms, and general Mehler
formulas, Math. Z. 219 (1995), 413-449.

9. L. HORMANDER, The Analysis of Linear Partial Differential Operators. I. Distribution

Theory and Fourier Analysis. Reprint of the second (1990) edition [Springer, Berlin;
MR1065993], Classics in Mathematics, x + 440 pp (Springer-Verlag, Berlin, 2003).

https://doi.org/10.1017/51474748020000249 Published online by Cambridge University Press


http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
http://www.arxiv.org/abs/1807.01881
https://doi.org/10.1017/S1474748020000249

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

Subelliptic estimate for KFP operators with some class of polynomials 711

L. HORMANDER, The Analysis of Linear Partial Differential Operators. II. Differential
Operators with Constant Coefficients. Reprint of the 1983 original, Classics in
Mathematics, viii + 392 pp (Springer-Verlag, Berlin, 2005).

W.-X. L1, Global hypoellipticity and compactness of resolvent for Fokker—Planck
operator, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 11(4) (2012), 789-815.

W.-X. LI, Compactness criteria for the resolvent of Fokker—Planck operator.pre-
publication, preprint, 2015, arXiv:1510.01567.

F. NiEr, Hypoellipticity for Fokker—Planck operators and Witten Laplacians, in Lectures
on the Analysis of Nonlinear Partial Differential Equations, Morningside Lecture in
Mathematics, Volume 1, pp. 31-84 (Int. Press, Somerville, MA, 2012). Part 1.

J. NOURRIGAT, Subelliptic estimates for systems of pseudo-differential operators. Course
in Recife. University of Recife, 1982.

M. REED AND B. SIMON, Fourier Analysis, Self-adjointness, xv+ 361 pp (Academic Press,
Harcourt Brace Jovanovich, New York, London, 1975).

B. SiMoN, Convezity: An Analytic Viewpoint, Cambridge Tracts in Mathematics,
Volume 187 (Cambridge University Press, Cambridge, 2011).

C. VILLANI, Hypocoercivity, Mem. Amer. Math. Soc. 202(950) (2009), iv + 141.

J. VioLA, Spectral projections and resolvent bounds for partially elliptic quadratic
differential operators, J. Pseudo-Differ. Oper. Appl. 4(2) (2013), 145-221.

J. Viora, The elliptic evolution of non-self-adjoint degree-2 Hamiltonians, preprint, 2017,
arXiv:1701.00801.

https://doi.org/10.1017/51474748020000249 Published online by Cambridge University Press


http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1510.01567
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
http://www.arxiv.org/abs/1701.00801
https://doi.org/10.1017/S1474748020000249



