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We consider the eigenvalue problem associated with the vibrations of a string with rapidly
oscillating periodic density. In a previous paper we stated asymptotic formulae for the
eigenvalues and eigenfunctions when the size of the microstructure e is shorter than the
wavelength of the eigenfunctions 1/ \/)7 On the other hand, it has been observed that
when the size of the microstructure is of the order of the wavelength of the eigenfunctions
(e ~ 1//%¢) singular phenomena may occur. In this paper we study the behaviour of the
eigenvalues and eigenfunctions when 1/\/76 is larger than the critical size e. We use the WK B
approximation which allows us to find an explicit formula for eigenvalues and eigenfunctions
with respect to e. Our analysis provides all order correction formulae for the limit eigenvalues
and eigenfunctions above the critical size. Each term of the asymptotic expansion requires
one more derivative of the density. Thus, a full description requires the density to be C*
smooth.

1 Introduction

The main motivation of this work is the uniform boundary controllability of the one-
dimensional wave equation in highly heterogeneous media with periodic microstructure.
The results in Avellaneda et al. [2] show that the controllability property is not uniform
due to the existence of eigenfunctions that behave in a singular way concentrating most
of their energy near one of the extremes of the space-interval. It turns out that the
wavelength of these singular eigenfunctions, 1/ \/27, is of the same order as the size of the
microstructure e.

In a previous paper [7], we have proved an asymptotic expression for the eigenvalues and
eigenfunctions in which the first-order terms were the eigenvalues and eigenfunctions of
the homogenized problem. This expression is only valid for eigenfunctions with wavelength
lower than the size of the microstructure, ie. 1/4/i¢ < ce~' with ¢ small enough. This
allowed us to prove [7] that, below the critical size 1/ \//Tf < ce”! none of the eigenfunctions
concentrate on the boundary. We refer to these eigenfunctions as low frequencies.

In this paper we complement the analysis of the low frequencies in Castro & Zuazua [7]
with a study of the high ones which correspond to 1/,/A¢ >> e~!. As in the previous case,
we give explicit asymptotic formulae for the eigenvalues and eigenfunctions and then we
deduce that the high frequencies do not concentrate in the boundary. The results of the
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present work combined with the theory of non-harmonic Fourier series allow us to prove
sharp uniform controllability results (see Castro [5] and Castro & Zuazua [6]).
Consider the following eigenvalue problem:

{ w'(x)+4p (%) u(x) =0, in (0,1)

u(0) = u(1) =0, (1.1

where p(x) is a periodic function with 0 < p, < p(x) < py < oo and € is a small
parameter which measures the size of the microstructure. To fix ideas and without loss of
generality we take p of period 1.

Let us denote by {A}, v the set of eigenvalues of (1.1) ordered in an increasing way.
Let {¢;},.pv be the corresponding eigenfunctions with (¢})'(0) = 1. We are interested in
the behaviour of eigenvalues and eigenfunctions for small values of the parameter e.

When using the so called multiple scales method we assume that u.(x) depends upon
the slow and fast variables x and X = x/e as follows:

ue(x) = up(x) + € ui(x, x/€) + ...

where the functions u;(x, X) are 1-periodic with respect to X. The functions ug and u,
must satisfy
2 2 R
T+ 58 + ip(X)uo(x) = 0,
uy(x,X) l-periodic in X.

d*ug

It is only possible to have u; periodic in X if %3 + Apug(x) = 0 where p = fol p(x) dx is

the average of p. Hence

up(x) oc exp (iz\/&;ﬁx) ,

and we obtain the homogenization limit after the boundary conditions in (1.1), i.e.

2.2
z;—mk:%‘, keN (12)
sin(kmx
pi0) = i) = ey (1.3)

This method provides good approximations when €1 is sufficiently small, i.e. for the
low frequencies. When €2/, is large, which is the case we study here, the multiple scales
method is no longer valid. Instead, we transform equation (1.1) by means of the change
of variables x/e = t into

—w!(t) = €* 4 p(t)we(t) (1.4)
where w.(t) = u.(te). Then we use the WKB method to obtain a good approximation of
the solutions of (1.4) for large %4

Wwe(t) oc exp (iiﬂe /[ \/p(s)ds> ,
0
and therefore
ue(x) oc exp <iiﬁ/ \/p(s/e)ds) .
0

This is the approach we follow. As we will see, the main difficulty is to prove the uniform
approximation of the asymptotic formula.
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Assuming that the coefficient p € WNTL®(R) (the space of bounded measurable
functions with bounded derivatives up to the order N 4+ 1) with N > 1, we give an
approximate formula for the eigenvalues A;, and eigenfunctions ¢j valid fork > C ne TN
with Cy large enough (see Theorem 2.1 below). In the particular case N = 1, we obtain the
first-order term in the expansion of Af, actually Af ~ (km/pX)* where p; = fol v/ p(x/e)dx
valid for k > Cje~2. Note, however, that the range of validity of this approximation
k > Ce? is far from covering the whole range of high frequencies k >> e~!. In this case
(k > C1e7?) the associated eigenfunctions ¢f are close to

c pe - d)
Pf, oC PR 1/4 sin ( / \Vp(s/e)ds

in W1*(0, 1), which, of course, do not exhibit any concentration of energy. For lower high
frequencies, i.e. for e7! << k < Cje72, it is necessary to introduce some correctors which
depend on p and its derivatives. We prove in particular that, if p € C*(R), eigenfunctions
corresponding to eigenvalues Af with k > ™%, for any « > 1 do not exhibit any localization
of energy. This result is sharp.

Observe that the behaviour of the eigenvalues for low and high frequencies is different.
Looking at the first term in the expansion in each case we have

Ir (lw_t)2

kN

2
for the low frequencies while A ~ (I;Tf) for the high ones.

€

Note that p; = fol v/ p(x/e)dx approaches fol Jp(x)dx = ﬁ as € — 0. On the other hand,
fol JP(X)dx < \/5 and the equality holds if and only if p is a constant function. Thus, the
effective limit equation for the high frequencies has density ( \/ﬁ)z while for the low ones,
the corresponding density is p.
Throughout this work we implicitly use the fact that A{ and k? are of the same order.
In fact,
L JE < kZ”Z, for all k € IN. (1.5)
M Pm
This can be checked easily by means of some rough estimates in the Rayleigh formula.
Indeed, observe that if u € H}(0,1) we have

fo [/ (x)|?dx - fol [ (x)|?dx fo [/ (x)|?dx
par i |u(x)2dx j&z«f)nwade P [y 1u(x)|2dx

Taking into account that

(1.6)

. fl U (x)|>dx

A= max rmn—

e ek [ p(2)u(x)dx
dim E =k 0

and applying (1.6) we obtain (1.5).

The rest of the paper is organized as follows: in §2 we state the main approximation
result for the eigenvalues and eigenfunctions. In §3 and §4 we discuss the consequences
for the eigenvalues and eigenfunctions respectively. In §5 we show how our analysis may
be applied to the problem with the oscillating coefficient in the principal part of the

https://doi.org/10.1017/50956792500004307 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792500004307

598 C. Castro and E. Zuazua

operator: (a(x/e)u’) + Au = 0. In §6 we prove our main result stated in §2. Finally, two
technical results used in the proofs are proved in the Appendix.

2 Statement of the main result
The main result in this paper is the following:
Theorem 2.1 Let p be a 1-periodic function with 0 < p,, < p(x) < py < o0 and such that

p € WNTLO(R) for some N > 1. Given 6 > 0 there exists a constant C = C(5) > 0 such
that if k > Ce "N with 0 < e < 1 then

e kn o (fy \/Mds) Jo 52(s/e)ds _, .

& mds ; 21 g 2npan—1 S0, (2.1)
(N/2—-1] 2n+1 — [N/2] o
of —Afexp | Y S~7(x/2 sin \/Zez ST /E)zn <5, (22)
= (o SV
where [-] denotes the integer part and

Vit = Nf (g v/o7ends)” Jy 53y .

€ + .

k fO mds — k2n—1g2ng2n—1

Here Aj is a normalization constant and the coefficients S"(t) can be computed explicitly by
the following recurrence formula

. Sit o+ i Sin)s/ o
p— i,/
o) = lfo Jp(s)ds, SI'(t) = — st , vV

S”(O) =0, v

>

n=1
n=0.

VAR

Moreover,

(1) S/(t) (the derivative of S™) are I-periodic functions which only depend upon p,
(2) S?"*(t) are I-periodic functions while S*'(t) grow linearly with respect to t,

(3) S2"*(t) are real functions while S*'(t) are purely imaginary.

Remark 2.2 The main difference between this result and that we found for the low frequen-
cies k < ce™! (see Castro & Zuazua [7]) is that here the approximation is not valid just
above the critical size (k ~ e~'), but only above k ~ e '=V/N_ Note that N depends upon
the regularity of p so that p has to be assumed to be C* if we want to cover the whole
region k = e~ with any o > 1.

3 Analysis of eigenvalues

As we said in the introduction, our work is motivated by the uniform controllability
property of the wave equation with oscillating density. This property can be obtained
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from two spectral properties: the uniform gap between two consecutive eigenvalues and
a uniform observability property for the eigenfunctions (see Castro [5] and Castro &
Zuazua [6]). In this section and the following one, we prove that these two properties can
be obtained from Theorem 2.1. We also discuss the first-order terms in the asymptotic
expansion of the eigenvalues and eigenfunctions obtained in Theorem 2.1.

3.1 First order approximation

Looking at the first-order term in the formula (2.1), we have

km
M=
V7, T &

This means that the first-order term is valid for k > Be~? with B large enough provided
p € W2>*(R). The constant p’ = fol \/p(2) ds in the denominator converges to p* =
fol Jp(x)ds when ¢ — 0. In fact, we have the following estimate:

+ O((e*k)™h). (3.1)

Lemma 3.1 If p is a continuous 1-periodic function,

[ oo Ve

Proof of Lemma 3.1 Define n = [ ], where [-] represents the integer part. Then

[P [ ma [ o [ e [

We observe that

§L<i+1>emds_/OIMds
= |(en—1) / Fds EH\[HU

because p is 1-periodic. Then,

/Olmds—/olm%

However it is not possible to replace p. by p" in Theorem 2.1 or in (3.1) because

| < e
Pe P P Pe
which is not small when k ~ €72, which is the region of validity of formula (3.1).

In Figure 1 we show the behaviour of the high frequencies \/ﬁ for k = 100, ..., 105 with
respect to the parameter e (which ranges between 1/10 and 2/10) when p(t) = (2+sin 2nt)>.
This behaviour is only valid when k > €2, ie for e > 1/10.

< 2 Jplce.

n—lo i)

ez/

1
Vo) dy — /0 Vo) ds

< ell oo + 5| <26l ol O

= O(ke)
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FIGURE 1. /500, -+ /A5 as functions of e € (0.1,0.2) when p(r) = (2 + sin 2nt)>.

It is interesting to compare (3.1) with the first term in the approximation of the low
frequencies k < Ce™! (see Castro & Zuazua [7]). Indeed, for the low frequencies we proved

that \/7¢ ~ kn/. /7 which is the limit of krt/y/ [ p(s/e)ds. Note that

[ 1
/ p(s)ds > / v/ p(s)ds
0 0

and that equality only holds when p is identically constant. Roughly speaking it can be
said that the low frequencies approach the solutions of the wave equation

ﬁ“zt — Uxx = 0

while the high frequencies obey

2
</1 \/p(s)ds) Ut — Uy = O.
0

3.2 Higher order approximation

Formula (2.1) provides higher order approximations for the eigenvalues. In this section
we analyse these approximations in order to simplify (2.1).

Note that all the terms in the approximation apart from the first order one contain the
factors

1 1
/ Vp(s/e)ds and / S2'(s/€)ds. (3.2)
0 0

From Lemma 3.1 we have
1 1
/0 v/ p(s/e)ds —/0 v/ p(s)ds

On the other hand, since S?" is 1—periodic we also have:

1 1
/0 S(s/€)ds — /0 S(s)ds

So, taking (3.3) and (3.4) into account we can simplify formula (2.1) into the following:

<l Pllee (3.3)

< 187" [l ce. (3.4)
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for any ¢ > 0, there exists a constant C > 0 (which depends upon p, N and J) such that
if k > Ce '"V/N with 0 < e < 1 then

2n
1 n
- lNz/é] ( Jp( ds) Jo S2"(s)ds
f()l \/mds — k2n—1g2np2n—1
Observe that the oscillation behaviour of the eigenvalues /; with respect to e is relevant

only in the first-order approximation. Then, higher correctors do not exhibit this oscillation
behaviour. For instance, looking to the second order approximation we have

Vi~

<. (3.5)

c _ k f \/p(g )ds p(S —4p"(s)p(s) —47.-3
VA= T ot ke /0 R

which is valid when p € C3.

3.3 Estimates for the gap between two consecutive eigenvalues

Theorem 2.1 allows us to obtain the following property on the separability of eigenvalues:

Proposition 3.1 Let p be a I-periodic function such that p € WNTL2(R) for some N > 1.
Given & > 0, there exists a constant C = C(3) > 0 such that if k = Ce "N we have

”)ZH Vi \/ s/eds

Proof of Proposition 3.1 From formula (2.1) we deduce that given /3 > 0 there exists
C > 0 such that if k > Ce '"/N we have

N/2 1 2n
(k—l—l T [, S7"(s/€)ds
Ji =T >
k+1 ‘/ (s/e)ds Z T (k4 1)2- 162;11( mds)

N/2

n fol S2"(s/e)ds B Zé

kn
—
Jo Vetsierds S i (1 /pts7eras) |

- i . N/2 nfol S2"(s/e)ds < o 1 > B 2é
Vi e (5 mdsy = )|
T ik e—2np—2n T
= e T 25+ T eas
since we can choose C so that ZN/2 O(e k=21 < §/3, for k = Ce 171N, 0

As we mentioned above, the gap between consecutive eigenvalues is essential when
analysing the controllability of waves from the boundary (see Castro [5] and Castro &
Zuazua [6]).
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4 Analysis of eigenfunctions
4.1 Uniform observability of eigenfunctions

The following result is another key ingredient when analysing the uniform controllability
of the high frequency solutions of the wave equation associated with (1.1) (see, for instance,
Castro [5] and Castro & Zuazua [6]).

Proposition 4.1 Let p be a 1-periodic function such that p € WNTL2(R) for some N > 1.

There exist C,c > 0 such that the following estimates hold for the eigenfunctions @i, with
k > ce—1-UN .

(I(qok)(O)l2 +1(eR) (DP) / [(0f) (x)PPdx < C (I(97) () + (@) (1)) -

Observe that, as a consequence of Proposition 4.1, when p € WN+1%(0,1) the eigen-
functions corresponding to eigenvalues A with k > ce =V~ (¢ large enough) cannot
exhibit any concentration of energy on the extremes of the interval.

According to the asymptotic formula for the eigenvalues given in Theorem 1, the proof
of Proposition 4.1 is similar to that of Proposition 3.5 in Castro & Zuazua [7] and we
omit it.

4.2 Approximation formulae for the eigenfunctions

Theorem 2.1 provides also approximation formulae for the eigenfunctions. For example,
when we consider the case N = 3 in Theorem 1, we obtain

p(1/e)\"* A o [T 4p"(s/e)p(s/e) — 5(p'(s/€))?
P o< ( (x/€) ) (\/;/ pls/e)ds + 7 /0 AN

where

~E p—
Je =

SN NGOG ). /4p" (s/€0pls/e) = S(p/(s/)
& /pls/e)ds 32kem o P2(s/€)y/p(s/€) ’

which is valid for k > Ce=*/3 with C sufficiently large provided p € W**(R).

5 The case where the oscillating coefficient is in the principal part

In this section we study the eigenvalue problem

{ (a(x/eW') +u=0, xe(0,1),

u(0) = u(1) =0, (5.1)

where a(x) € L*(R) is a periodic function with 0 < a,, < a(x) < ay; < o0 and € is small.
We assume, without loss of generality, that the period of a is 1.
We observe that the oscillating coefficient is now in the principal part of the operator.
Let us denote by {4 jren the eigenvalues of (5.1) ordered in an increasing way. The
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eigenvalues and eigenfunctions of (5.1) converge, as € — 0, to those of the limit system

{ au’" +u=0, xe(0,1),

u(0) = u(1) =0, (52)

where @ = 1/ fol %. This is a classical result in homogenization theory which can be
proved with the multiple scales method discussed in the introduction (see, for instance,

Bensoussan et al. [3]). The eigenpairs of (5.2) can be also computed explicitly:

Jx =ak*n*, k€N,
¢r(x) = sin(knx), k € N. (5.3)

We refer to Castro & Zuazua [7] for a complete description of the convergence of the
spectrum and its correctors.

We show that the analysis of the previous section can be also applied to this system to
obtain a full description of the convergence of the high frequencies. The idea is to reduce
system (5.1) to one in the form (1.1) for which we can apply Theorem 2.1.

Consider the following change of variables:

x/eﬁ lﬂ

0 0
() = Tt b(e) = <5

fo a(r) fo a(r)

b(s) = a(t(s)),  v(y) = u(x(y)),

e! d 2 t dr
_ dr. _ Joam
u—x<gA am>’ (0= 010 (54

0 alr)

where x(y) represents the inverse function of y(x), i.e. x(y) = x if and only if y(x) = y,
and t(s) the inverse function of s(t). Obviously, this change of variables depends upon e
but, for the sake of simplicity, we do not make this fact explicit in the notation.

This change of variables transforms system (5.1) into

{ Uyy(y) + Hb(Y/(S)U(J’) = 07 y € (07 1)9

v(0) =v(1) =0. (5.5)

Let us see that the function b(s) is 1-periodic. Note that #(s) + 1 = t(s + 1). Indeed,

ftJrl dr_ t+1 dr

_ ta) _ JO alr) _

s(t)+ 1 =s(t) + Te T =s(t+1),
0 a(r) 0 a(r)

Taking this fact and the periodicity of a into account, we deduce that
b(s+ 1) =a(t(s + 1)) = a(t(s) + 1) = a(t(s)) = b(s), Vs = 0.

Therefore, b is 1-periodic, and system (5.5) is equivalent to system (1.1).
By (3.5) if b(s) € WNTL2(0,1), ie. a(r) € WNF1=(0,1), then the eigenvalues p? of (5.5)
with k > Co6~'=V/N satisfy:

2n
. /2] ( s F(s)ds) [ iS2(s)ds
oL ————+ .
fol b(S/(S)dS g k2n—152nm2n—1

T

(5.6)
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Recall that the functions S?"(x) can be computed from the coefficient b. On the other
hand,

1 P e !
/ \/b(s/0)ds = 5/ \/b(s)ds = 5/ Va(t)s' (t)dt
0 0 0

fl d
1 d / 1 d / / o ’ (.7
" \/7 alr [/6) fO a(z/s

Consider the first-order approximation which we obtain by truncating the series at the
first term:

0(0%k)~". (5-8)

\/E B km i
C L /b(s/8)ds
Coming back to the original variables A and € we have

1 dt
ice / A 10 4RI (5.9)
o a(r) Jo S

From the definition of d(¢) we have that

Eam/a < 5(6) < GQM/a, (510)
and therefore
k
pr . L ’ih + O(*k) " (5.11)
0 Ja(t/e)

We observe that the square root of the eigenvalues (/4] show an oscillatory behaviour
as a function of e in the first term which is completely similar to the case where the
oscillation occurs in the density p.

6 Proof of Theorem 2.1

The proof of Theorem 1 consists of five steps. In the first step we use a shooting method
to transform the eigenvalue problem in an initial value one (IVP). In the second step we
obtain a formal asymptotic expansion of the solutions of the IVP using the classical WKB
method (see Bender & Orszag [4] for a detailed description of this method). In the third
step we prove that the first N terms in the asymptotic expansion constitute a uniform
approximation of the solution of the IVP. This approximation gets better as N grows. We
use a classical asymptotic method whose general description can be found in Poschel &
Trubowitz [10]. Roughly, it consists of estimating the difference between the solution and
its approximation comparing the equations satisfied by each of them. In step 4 we deduce
the formula for the eigenvalues. The shooting method gives us a characterization of the
eigenvalues in terms of the solution of the IVP. This characterization and a perturbation
argument involving Rouché’s Theorem provides us the desired result. Finally, in step 5 we
deduce the formula for the eigenfunctions.
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STEP 1. Shooting method. We start solving the following Cauchy problem:

—ye(x) = 4 p(x)ye(x)
{ ve(0)=0,  y(0)=1 (6.1)

so that the eigenvalues and eigenfunctions of (1.1) are characterized as the pairs (4, y.)
satisfying (6.1) and y.(1) = 0.

As the eigenvalue problem (6.1) is self-adjoint and positive, all the eigenvalues are real
and positive. So, we assume 1 € R.

STEP 2. Formal asymptotic expansion. Here we look for a formal expansion of solutions
of (6.1), when A >> 1, based on the WKB method.
Consider the change of variables x/e = t which transforms (6.1) into:

—w(t) = >/ p(t)w(1)
{ we(0) =0,  w.(0)=e (6.2)

where w.(t) = y.(te). As we are supposing /e’ to be large, we introduce ie? = 5% where ¢

is a small parameter, i.e. § << 1.
The basic idea in the WK B method is to assume that the solution can be written in the
form:

We(t) = Im (exp <; 230: 5”S”(t)>> . (6.3)

n=0
Then the coefficients S"(t) must satisfy:

S 2
1 . ngn 1 . SngQn 1
525 St 4 (525 SZ> + 530(0) = 0.
n=0

n=0
Equating the terms with the same powers in 6 we obtain the following system:
(S7)* +p(t) =0
28081+ 82 =0

.(s,.l )+ 28087+ 8, =0 (64)

Sg + Zi-‘rj:iH—l StlStJ =0

To integrate the system we assume that S'(0) = 0. From the first equation in (6.4), we
have S = +i /P and then

SO(t) = +i /0 t \/ p(s)ds. (6.5)

We take the + sign in (6.5). From the second equation in (6.4) we obtain

S, =—S1/(28) (6.6)
and then
1) = — Lo (PO
Stt) = 410g <p(0))‘ (6.7)
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From the third equation in (6.4) we obtain
@) i @)
o SIP=sh gt -G 52 +4pp
! 289 —2iJp —i32p% Jp
which is periodic of period 1. Then,

5 _L t 5(p1)2_4p//p>
S (t)—32/0 (,)2\/5 .

S+ L SiS/
28?

In general

Sr=—

which is 1-periodic in t.
We easily check the following properties for S;:

—S/" is 1-periodic for all n and does not depend upon 9,
—S/" is real if n is odd and purely imaginary if n is even, (6.8)
—8I" = fulp~ V2, p'%, 0/, ..., p") for some polynomial f,,.

Here and in the sequel we denote by p™ the derivative of order n of p.
We also have the following property which is the key in our analysis:

Lemma 6.1 The coefficients S>"*\(t) are 1-periodic functions for all n > 0.

The proof of this technical lemma is given in the Appendix A at the end of the paper.
In view of the initial conditions w.(0) = 0, w.(0) = ¢, the formal solution of (6.2) takes
the form

. s 1 &
. f) = A€ (%ano a2n+1S2n+1(I)) . o 52”S2n ¢ 69
we(t) = Ace sin ié}; (1) (69)
where A, = ide [, 52”St2”(0)]_1. Observe that as $*(0) = 0, we have w.(0) = 0 while
we have chosen A, so that the second boundary condition in (6.2) holds, i.e. w.(0) = €.
Coming back to the original variable x = et we obtain the following asymptotic formula
for the solution y.(x) of (6.1):

© Je)2n— n— . }v i
e(x) = A e(Ve Do a8 w/0) iy ({6 Z(ﬁe)_anZ"(x/e)> ) (6.10)
n=0
The developments above are purely formal. To get a rigorous justification we would
need to get uniform bounds on all the coefficients S”. We do not pursue this approach
but rather analyse the proximity of the solution of (6.2) towards the expression we obtain
when truncating the above series at the level n = N.

STEP 3. Uniform approximation of the first N terms in the asymptotic formula. Here we
show that the first N terms of the asymptotic expansion (6.10) constitute a uniform
approximation of the solution of (6.1). As we will see later, we need estimates not only
for Z real but also for 4 complex. Therefore, from now on we assume that 4 is complex.
We use an asymptotic method to estimate the difference between two functions using
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the differential equations they satisfy. So, our first aim is to find the differential equation
satisfied by the first N terms in the asymptotic expansion (6.10) extended to complex

values of 1:
N/2
7 N/2—-1 —2n—1 ¢2n+1
ye,N(x) _ Aequ(ﬁGZFO (\/IE) S (X/E)) sin & Z(\//TLE)72nS2n(X/€) , (611)
n=0
with
—1
N2 o,
i S7(0)
Aen = — L . (6.12)
\/j ; (\/Ze)Zn
To simplify the notation we introduce
N/2—1
Ri(x/e) = \Jie Y (iey !5 (x/e), (6.13)
n=0
\/Ie N/2
Ro(x/e) = =3 (Vae) " $¥(x/e). (6.14)
n=0

Note that Ry and R, depend also upon N, p, € and A but we do not make this explicit in
the notation.
A straightforward computation shows that y. y satisfies the following equation:

1 2
i) 2p/eyent) + XDy o+ D g0 (e
where
zen(x) = R4 cos Ry(x/e), (6.16)
N/2-2
Ly(x/e)=— Y (e N | N~ Six/e)S/(x/e)| (6.17)
k=0 f+j=_fy'<+}\,’2k+2
L/ =~V ¥+ 3 si/ersti/e
1N/272
== D W ST Six/e)sl(x/e) | (6.18)

k=0 i+j=N+2k+3
ij<N

Observe that the functions L)(¢) and L% (t) depend also upon e and p, but we do not
make explicit this dependence to simplify the notation.
On the other hand, note that y.n(f) and z. n(t) are related by the identity

, 1
Ven(t) = - [Ri(x/€)yen(x) + Ry(x/€)zen(x)] - (6.19)
Eliminating z. n in (6.15) and (6.19) we obtain that y.y is solution of
Y'(x) + Zp(x/€)u(x) + pe(x)y'(x) + ge(x)y(x) = 0 (6.20)
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where
. L% (x/e)
Pe(x) = Ry(x/e)’ (6.21)
_ Ly(x/e)  Ly(x/e)Ri(x/e)
qe(x) = NE2 _ NezRé(x/e) ) (6.22)

The coefficients p. and ¢g. depend on N and p but we do not make explicit this dependence
in the notation.

In a similar way, we deduce that z.y is also solution of (6.20). Then {y.n(?), zen(t)}
constitutes a linear independent set of solutions of (6.20).

Note that, due to the normalization constant A. n, ye n satisfies also the initial conditions

Yen(0)=0,  yon(0) =1, (6.23)
while z. y(t) satisfies
zen(0) =1, z, y(0) = 0.

Until now we have introduced the approximation y.y obtained with the first N terms
in the formal asymptotic expansion (6.10). We have also deduced the differential equation
(6.20) satisfied by y.n. Let us see now that y.n is a good approximation of the solutions
of (6.1).

We rewrite system (6.1) in the form:

ye(0) =0,  y(0) =1L

Taking into account that y.x is a solution when the second term in (6.24) vanishes, we
assume that the solution y. of (6.24) has the form

Ye(x) = Co(x) + > Ci(x) (6.25)

j=1

{ VEC) + 20 (V) + PIYLC0) + 4(Iel) = PV + 4 vex) o

where Co(x) = yen(x). Substituting this expression in (6.24) and equating terms in a
suitable way we obtain the system:

C(/)/'f'APECO‘f'peC(I)‘f'QECO :Oa X € (0> 1)7
Co(0) =0, Cy(0) =1,
{ C}” + /’{,06(:] + pec; + qé‘cj = pE(X)C],'—l + qé‘cj—la X € (05 1)> v] > 1

Ci(0)=0, C}(0)=0,

Taking into account that both yny(x) and z.ny(x) are linearly independent solutions of
the homogeneous equation (6.20) and by means of the variation of constants method we
easily obtain the following result:

Lemma 6.2 Given A € L p € WN*L%(0,1) and f € C([0,1]), the problem

{ C"(x) + 2p°(x)C(x) + pe(x)C'(x) + ge(x)C(x) = f(x), x € (0, 1),

C0)=0, C'(0)=—y, (6.26)
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admits a unique solution given by:

_ ¥ VeN(X)zenN(S) — zeN(X)Yen(S)
C(x) = pyen(x) ~|—/0 VenG)Z. 5 (5) — Ve (5)zen(5) 1(s) ds. (6.27)

Corollary 6.3 The solution y. of (6.24) solves the integral equation

Ve(¥) = yen(x) + / Ve (Zen(8) = 2NN (S) () ) 4 g ()yuls)ds. (6.28)
0 ye,N(s)Zg,N(S) - yg,N(S)Zs,N(S)

The coeflicients C; in (6.25) can be explicitly computed using Lemma 6.2. So,

CO(X) = yG,N(x)a
Ci(x) = / Ye,N(X)Zf,N(S) — Ze,,N(x)ye,N(S)
' 0 yE,N(S)Zg’N(S) - yg,N(s)Ze,N(s)
We prove that the series (6.25) converges uniformly in bounded subsets of (x, 4, pe, qc) €
[0,1] x Cx L*(R) x L*(R) and then defines the unique solution of (6.1).

(Pe(5)Cj_1(5) + qe(5)Cjm1(s))ds.  (6.29)

Lemma 6.4 Suppose that p € WNT12(0, 1). Then there exist By, D > 0, such that ifl\/z| >
Bye! the following estimates hold for the coefficients C;:

Colx)| < hl}a Im s/ (o)) < Del I Rt/ (6.30)
A
(De|lm[R2 (Hpe\l 4 el ))
Ci(x)| < el I /el T AL (631)
(De|lm[R2 (HPGH + Igello ))
|Cj/(x)| < Deél Im [Ry(x/e)ll i I/ , (6.32)

for all j =1 and x € [0,1].
When N = 1, we have Ry(t) = \/716 fot Jp(s)ds and these estimates can be slightly im-
proved.:

llgell
ell, + 752
|Cj(x)| < De! Im (2 fy p(s/e)ds( (Hp o VAl )) ,
V2!

|Ci(x)] < De Im 121 g /ed( (”pf” +H\%fuw))
j!

>

forall j =1 and x € [0,1].
We leave the proof of this lemma to the Appendix B.

Remark 6.5 The term | Im [Ry(x/€)]| can be estimated in terms ofIm[f] i.e. it is bounded
lfIm[\ﬁ] is bounded. Indeed

N/2

| Im [Ro(x/e)]| < | Im [e/AIS*(x/e)[ + D | Tm [(ey/A) "1™ (x/e)]  (6.33)
n=1
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The first term in (6.33) is easily estimated as follows

x/€e
wmwmww¢=mmﬂwl Vo(s)ds < Jowl Im [V/7]], (6.34)

while the second term in (6.33) can be bounded by

N/2 - N2
2n | Im [(ﬁe)zn 1]| o ‘f6|2" 2
gls /N i <n§=l 7/l i 7N

N/2

€| (x/e)|
= | Im [ |;|an <DifIm [V, (639)

since it is a finite sum of bounded functions (€|S*"(x/€)|) multiplied by powers of \\/Ie\’l
which are bounded in the range of € and A that we are considering.

Proposition 6.1 Assume that p € WNT1%(0,1). Given € and /. fixed, the series Zj>0 Ci(x)
converges uniformly in x € [0,1] to the unique solution y. of system (6.1).

Remark 6.6 Recall that the coefficients Cj(x) depend upon p, N, 2 and € as long as they
are computed from p. and q. by means of formulas (6.29). However, we do not make this
fact explicit in the notation.

Proof of Proposition 6.1 From Lemma 6.4 we have

DelImIR(1]]

) Imir, (L M/ _
> Ci(x)| < De > i Wi exp (M), (6.36)

>0 =

where M = DellMR(l (HpeHOO + quf/%) . Note that (6.36) is bounded for fixed e and /.

In a similar way,

3" Cj(x)| < DellMik( ‘Z " exp(M) (6.37)
=0 j=0 !

which is also bounded for fixed € and A.
To check that > >0 C i(x) is actually the only solution of (6.1) we observe that we have
constructed C; precisely to guarantee that the series satisfies the integral equation (6.28).

O

By Proposition 6.1 the solution y. of system (6.1) can be written in the form
ye(x) = Cox) + 3 Ci(x), (638)
=1

Co being yen-

We now study the range of € and 4 in which the second term 3, C;(x) is small in
W1*(0,1). Assume that the imaginary part of A is bounded so that the term | Im [Ry(x/€)]|
is bounded (see Remark 6.5). From estimate (6.37) there exists a constant D > 0 such that
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if M = DellmIRG (|, + 1k ) then

S G|+ [ )| < (1 + @) DM fexp (M) — 1]

j=1 j=1

) DB (0. (6.39)

:(1+|le|

To estimate M we observe that p. and g. can be estimated from their definition in
terms of L), and L3 ((6.21) and (6.22)), the definition of L}, and L% ((6.17) and (6.18))
and the estimates for R{ and R} (see (BS5)). Indeed,

_ Li(x/e) O((IN/2e) ™ _ O(NAe)™)

pf(x)_ / = s
R/ e[ (e D/plxTe) + C(1Tle) 2] €
Li(x/e)  Ly(x/e)Rj(x/e)
9e(x) = Ne)zC - Ne}chlz(Xl/;;
0( /el ) 0( el ~NH) 0( /el ™)
_ e ™) VA _ ﬁz . (640)

€2 & [(eDV/p(x/e) + 01 7el )| €

Then,

M = De/ImiR(L] <|p€|w n |q€oc) — MR 1~V /2eN1),

N

Substituting in (6.39), we obtain

1 A — —
Z Ci(x) = (1 + |\/7|) 2IMR(D] g (W N/2 N 1) ,

=1 Wie(0,1)

which is small when [Im (/)| is bounded and (| /2|e)Ne~! is bounded above by a
sufficiently small positive constant, i.e. |\/1| = Bye~'"'/N with By large enough.

STEP 4. Asymptotic formula for the eigenvalues. The eigenvalues A of (1.1) are the roots
of the map 4 — y.(1, 1) where y.(x, 1) is the solution of (6.1). Note that we have changed
the notation for y. (which now is a function of two variables x and 1) to make explicit
the dependence of y. on A.

Observe also that

Ye(1,4) = Co(1,4) + Z Ci(1,4), (6.41)
=1
where the second term on the right is small when [Im /7| is bounded and |/2| > Be '='/N

for a sufficiently large B. In (6.41) we also make explicit in the notation the dependence
on A.

We use Rouché’s Theorem to show that the zeros of (6.41) are close to the zeros of
4 — Co(1,2) = yen(1,2) when |\/Z] = Be '~V for a large enough constant B. Note that
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the zeros of 1 — Cy(1,1), O@keﬂ\] satisfy

I e N2 (1 /e
\(30(1/ \/l:" > §*(1/e) = kn k e IN. (6.42)

— (\/}g€>2n - ?

To simplify the notation we introduce the function

he(z) = 750 (1/e) + = Z Szn(lz/f), (6.43)

so that (6.42) takes the form
he(\JZ) =kn, ke, (6.44)

Note that, when |z| > Bje~!='/N (B, large enough), h.(z) is an injective (and therefore
invertible) function which transforms the square roots of the zeros of Co(1, ) into (k) .py-
We set

Iy=1{lel: |h(J2)— ju| =rj}
where r; is such that the sets enclosed by I'; do not intersect and

ye(1,4) = Co(1, A)] < [Co(1,A)], A €T} (6.45)
From formula (6.41) and estimates (6.39) and (6.40), we obtain

Dexp(2| Im [R2(1/6)]|)|/1|7N/267N71

e(1,2) = Co(1,2)] = > Ci(1, (6.46)
j>1 ‘\f|
for a constant D > 0.
Then, to obtain the inequality (6.45), it suffices to show that

N

In view of (B2) and (B 3) in Appendix B, there exist constants o and B, > B; such that
|Co(1, 1) = |Ac| exp |Ri(1/€)| | sin(he(x/2))] |\f| | sin(he(+/2))], when |\/Z] = Bye™!. (6.48)

This last inequality is a consequence of (B 3) and the uniform boundedness in € of |R;(1/¢)|
(Recall that |R;(1/€)| is a linear combination of S*"*!(x/e) which are uniformly bounded
in € due to the periodicity S?**!(t) stated in Lemma 6.1.)

On the other hand, if / € I'; then he(\J2) = j + rje’p, 0 < 0 < 2m and we have

Isin(rje?)] > —2L when 4 € I';,|\/Z| > Bye~! and rj < 1/2. (6.49)

[N SINZ

This last inequality comes from the fact that | sin(r e ety > | sin(r;/2)| = r;/m whenr; < m/2
and 0 € [0, 2rn). Therefore, to guarantee (6.47) we must consider r; so that

nDexp(2| Im [Ry(1/€)])), . _ _N—
>r > p( > 2 )W N/2g=N—1

for 2 € I'j and [\/2] > Bye '='/N.

[Co(L,2)| =

(6.50)

o) a
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Note that when 4 € I'; we have

N2 o
jn+rje"“=hs(ﬂ>=fes /o), iy~ ese

()
_ ;e8°(1/e) L ! -
= l. + V20(\2le) 2 = /0 Vp(s/e)ds(l + O(/2€)7), 0 € [0,2m).

From this identity we deduce in particular that
rjsin

Im(+/2)| = . <
Jo V/p(s/e)ds(1 + O(je)2)
with D; independent of j, for all 4 € I'; and then | Im [Ry(1/€)]| in (6.46) is uniformly
bounded by a constant Dy independent of 4 (see Remark 6.5). On the other hand, we also
deduce that

Dy,

|jm + rje)
€[SO(1/e)|
(1+0((je) ™), when €T} (6.51)

V2 = IhZ (4 rje)| = (1+ O((je) ™)

j 2
<j7T+TC/

N

Then, there exists B; > B, such that for j > Bye !=!/N

n S nD exp(2| Im [Ry(1/€)]|) N2 N1,
2 20,
and we can chose r; so that (6.50) holds.

By Rouch¢’s Theorem, the number of roots of y.i(1,4) and Co(1,4) inside I'; (j >
Bse~!=1/N) coincides. The circles I'; (j = Bse~'=!/N) contain the j-root of Co(1,1) and
therefore each one contain one and only one root of y.(1, 1), say An, 4 (mjeZ).

Note that a priori we cannot guarantee that m; = 0 because we have not yet proved
that the root of y.(1,4) inside I'; is exactly the j-root of y.(1,2).

We chose r; = /2 so that the circles I'; cover the real line

Ve Fj,

R; = {). € R such that h.(y/2) = Jn — n/Z},

where J is the minimum integer such that J > B3e~!~!/N_ As the roots of y.(1, 1) are real
there exists m € Z such that 4, ; € R; for all j > J and they must be inside any of the
circles I'j. Therefore, two consecutive roots of y.(1,4) (4,,4; and 47 ;. ) must be inside
two consecutive circles (I'; and I'jy;) and we have proved the followmg: There exists
m € Z (independent of j) such that 4;,, ; is inside I'; for all j >

Observe that if we chose r; = O(jNe N1 the estimate (6. 45) still holds and by
Rouch¢’s Theorem A5, remains inside I'; for all j > J. Then, the distance between
Ne=N-1y

m+j
he(y /2y ;) (for j > J) and jm is at most r; = O(j~

(\/;m:) - jn‘ <DjNe N >y (6.52)

We now investigate hg(\ﬂ) defined in (6.43) in order to obtain a more precise estimate
for , /¢

, L.e.

m+j*
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From (6.52), and taking into account that %So(l) = fol v/ p(s/€)ds, we have

N/2

‘ N DN 52(1)
mk fol \p(s/€)ds fol Vp(s/eyds ‘o fo v/ p(s/e)ds (\F )2n !
= O((2 ) Pe7) = Ok e72). (6.53)

From this first-order approximation we deduce that

(Vmwe) "= (e + 0 ’
m+ fol p(S/E)dS

2n

km

=— | (14+0K?2), Vn=1, (6.54)
(fol p(s/e)ds) "

where we have written down only the higher order terms. Dividing equation (6.52) by
feSO fo v/ p(s/e)ds and taking into account (6.54) we deduce

N/2

[re km B S21(1)
/“m+k fol p(S/G)dS Z

n=1 i(ke)* 1 p2n— 1<f v/ p(s/€) ds) 2n 1+ O(k—2e73)

= Ok Ne 17N, (6.55)

Now we observe that

2n e 2n 1 ! 2n
S (1)=/0 S; (t)dtzE/O S (s/€)ds

which is of the order e~! because of the periodicity of S?" and the fact that $*" does not
depend on e. Substituting in (6.55) we obtain

2n
- kn N2 ([ olsTeds) i fy s (s/e)ds N
\/ “m+k T fol \/Mds + Z J2n—1g2np2n—1 - ( € )’

n=1

which is valid for /2¢_ > Be~'=!'/N with B large enough, i.e. taking k > Be~'=1/N_ We
m—+k
deduce then that
1 2n |
e km NZ” ( b \/p(S/e)dS) i [ S2(s/e)ds
m-+k fol p(S/E')dS p— an—l 62"7122"_1

To finish the proof of (2.1) it remains to see that m = 0.
Consider € > 0 and K € IN such that

+ Ok Ne 17N,

for all k = K. (6.56)

’ \/ m+k fo mds

Note that due to (6.53) we can consider K > Be~? with B large enough. Let us introduce
the curve

Kn T
=<4 WA = ——+ - 7.
{ =c: M= w)(s/e)ds”}
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We prove that the number of roots of y.(1,4) and y.;(1,4) inside I'* is the same when
K > Be? with B large enough. Observe that this is enough to prove that m = 0, because
the number of zeros of y.(1,4) inside ' is m + K while

sin (ﬁfol \/p(s/e)ds)
J40(0) ’

which is an analytic function in 4, has exactly K zeros inside I'X.

Yer(1,2) = (6.57)

To prove that the number of roots of y.(1,4) and y.;(1,4) inside ' coincides we use
Rouché’s Theorem. First, observe that formula (6.41) gives us

0
Ve, 2) = yea (LA = 1ye(1,2) = Co(L, 2) = | > Cj(1,2)|. (6.58)
j=1
Here we can estimate the coefficients C; using the results of Lemma 6.4 with N = 1. Then,

Z < \[e\ Im (V21 f; p(s/e)dsi%f — \I/)I ol Im [ﬁ]\j;}«/p(s/ems@(Ml), (6.59)

j=1 j=1

where M| = D <Hp€|\OC + chi(f‘/‘lr) = ((|A|72€72) (see estimates (6.40)).
On the other hand,
) m (7] fy Je(s/e)ds
Ve (1, 4)| > 1750 . (6.60)
This last inequality comes from the following simple lemma which is proved in Poschel &
Trubowitz [10] (Lemma 1, Ch.2).

Lemma 6.7 If |z — nn| = n/4 for all integers n then sinz > olIm 2/4.
From formulas (6.59), (6.60) and the definition of I'K, we deduce that there exists
K > Be™? (with B large enough) such that
ye(1,2) = yer (1, A)] < |yea(1,2)], forall e I'*.

Then, by Rouché’s Theorem, the number of roots of y.(1,1) inside I'X is the same as
the number of roots of y. (1, 4) (which is K), and therefore m = 0.

STEP 5. Asymptotic formula for the eigenfunctions. Now we prove the formula (2.2) for the
eigenfunctions. Recall that we are assuming that the eigenfunctions (1.1) are normalized
so that (¢})'(0) = 1. Then, the eigenfunctions ¢f, are the solutions of (6.24) with 1 = /
and can be developed in the form (6.25):

Pi(x) = Co(x, 40) + Y Cj(x, 75)
j=1

Define I,'i, as in (2.3), which is the approximate eigenvalue given by formula (2.1). We
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have to estimate

N/2—1 N/2

SR P NS o
n=0 ( iif) n=0 (\/£€>

= [|Co(x.2) + Y _ Cilx. 75 pe) — Co(x, if)

j=1

¢ — Ajexp

W1(0,1)

WL (0,1)

< || cox, 2) = Co(x, 75) kuou Zc X, A5) . (6.61)
W‘-*‘(O,l)

To finish the proof of (2.2) we have to see that the two terms in (6.61) converge to zero
as € — 0. We start with the second one. By Lemma 6.4 we have:

lgell,,
1> CHx ) e < D ICHx 20 < szxO Pello + I)

!
jzt j=t j=t J!

= (l—exp (2D [pell,, +2D qu ))

which can be done small, uniformly in x € [0, 1], taking Aj > Be~ with B large
enough as we showed in the proof of Proposition 6.1. We deduce that the quantity
13 51 Ci(%, ) | wie oy can be made as small as we want if k > Be™'"'/N with B large
enough.

Concerning the first term in (6.61), observe that

2-2/N

N/2—1 N/2

S2n+1(x/€) S2n x/e)
n fe n
= () ()

We deduce that both Cy(x, 1) and aCO ~2(x,4) are C' functions of /2 near the points VA
so that the result is a consequence of (2.1) and the mean value theorem.

Co(x,A) = Ap exp

7 Conclusions

We have deduced an asymptotic expansion for the high frequency eigenvalues and eigen-
functions of the one-dimensional problem associated to the vibration of a string with
rapidly oscillating periodic density. Our expansions provide good approximations when
the frequency of the eigenfunctions (\//?) is larger than the frequency of the density
1/€. This result complements a previous one where an asymptotic expansion of the low
frequencies is given, i.c. those frequencies \/7E lower than 1/e (see Castro & Zuazua [7]).
The case where \//T€ ~ 1/e€ is critical (see Avellaneda et al. [2] and Castro & Zuazua [7])
and we know of no asymptotic formulae which describe the behaviour of the spectra.
To illustrate the behaviour of the high frequencies a numerical example is given.
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As an application we prove the following two spectral properties for the high frequen-
cies:
e There is an asymptotic spectral gap between two consecutive eigenvalues.

e A uniform boundary observability property for the eigenfunctions.

These two properties constitute the two key points to establish the boundary control-
lability of the high frequencies of the string (see Castro [5]).
Our results can be also applied to the eigenvalue problem

{ (a(x/eW') +u=0, xe€(0,1),
(

u(0) =u(l) = (7.1)

where a(x) is a bounded periodic function.

Appendix A

In this section we prove a technical result (Lemma 6.1) that we have used in §6. Let us
recall it.
Lemma 6.1 The coefficients S*"+1(t) with n = 0 are 1-periodic functions.

Proof of Lemma 6.1 We are going to prove the following formula by induction:

k 2i1.._ 20y
gt _ X:X:(Ul&mﬁW’ > 1 (A1)
t

1 i1 ( t

iyt tig=n
Observe that formula (A 1) is enough to prove the lemma because S?" are all 1-periodic
functions.
Consider n = 1. Using (6.6) we easily obtain

i S,%_}_SS _ 573_ 5282 :_if
! 289 50 289 - (S,O)z 2801,
Now, assume that formula (A 1) holds for all j < n. We are going to see that it also holds
for n:

i _ S0 DL SESM ﬁls%l_zzgwww
289 S0 59
[ n—1 n—i ; ;
— Stzz_ SSrz] i?z Z [Szl. f?k]
'2Sl 2 ( t i=1 St k=1 v i g 21 (SIO) .

| et =n—i

B SY y e s
I 2 ST (s |

=1 i=1 ipeig>1 ( p

i)+t =n—i
r Sz2n :| n—1 (_1)k+1 Stzi] .. S[2ik+1
- + (A2)
)t 2w |
it +’A+’k+1 =n

https://doi.org/10.1017/50956792500004307 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792500004307

618 C. Castro and E. Zuazua
Here the last identity is the most delicate one. Indeed we have to check that
I SR (R R
Z Z E?P S0>k B _ Z k+1
t t

i g =1 ( h (Sto>k+l

iy et =n—i :1+..A+1k+ik+]:n

forall 1<k <n—1.
The following formula holds:

L S211 . S2lk+1 B S[Zz'l 5212 . S21k+1 Sz2iz S211S213 . SzlkH
0\ k+1 - S0 0 SO 0
(Sr ) f (St ) t (St)

+St2ik+1 [S?il .. StZik‘|
SO 0 k :
t (s?) t

Indeed, if we define f/ = S/ /S° formula (A 4) is just

t

k[f] "'fk'H][:fl [ 2...fk+1]t_|_f2 [f1f3"'fk+1],+fk+] [fl"'fk],

that may be easily checked.
Then, we obtain

S2f| . _SZik+| S2i1 S212 . S21A+|
Z k [[ P k-sfl ‘| = Z Sto l 0 ]
i (SY) t t (St ) t

iy 1> if i1 21
i ki Hig g =n it  =n
2iy 20y @203 . ., Q2ik+1
s [ g2igkh ... g
+ R T
i1 t (Sl ) t
i) i g =0
i1 20 ... Q2ik
Si S
4+ 4 5 T
S; (8?)
i 21 t ¢

iy i i =1

S2ik+1 S2i1 . S2ik
— (k + 1) Z t l t t ]
L

i i 121
i i Hig g =n
n—k Szl 5211 . Szl[\
=(k+1) E E 7,(
i sig 21 l ( r) ¢
i+t =n—i

as we wanted to prove. Now, from (A 2) we deduce

- Stzn n—1 (_1)k+1
Satl —
A ] RO VD M ey
11+ +1,\+lk+1 =n

Szzil .. St2ik+1 1
k+1
(s7) ,

[sf"} d (—1)f [s20 ~~S?’*]
SR>
0 k
25, 2 e * (7)1,
_ n Z (—l)k [S,Zil ...Sfif<]
k
k=1 ijeip>1 2k (SZO) t
iy + i i =n

and the proof of formula (A 1) is finished.
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Appendix B

This appendix is devoted to prove Lemma 6.4.

Proof All along this proof D will denote a constant which depends upon p and N, but
which can change from one line to the other. Observe that

|Co(x)] = [yen(x)] < [Aclexp (|Ri(x/€)]) [sin (Ra(x/e))]
< Al exp ([Ri(x/e)| + | Im [Ro(x/e)]]) . (B1)

We now estimate these two terms as follows:

N/2—1 N/2—1

S2n+1(x/€) ) 52n+1(x/€)
Ri(x/e)| = 2 = |SY(x/e) + =
IRy(x/e) ,E,:o: i (x/e) n§:1j T
1 p(x/€)
=ll°e 0 ‘+0(Ie) (B2)

This holds because we are dealing with a finite sum of periodic (and therefore bounded)
functions |S?"+1(x/e)| multiplied by powers of (J\/2]€)~" which are bounded in the range
of e and A that we are considering.

We now estimate the first term in (B 1). From formula (6.12) we obtain

N/2 -1 N/2 -1

1 $2(0) SZ"
Ayl = V0(0) +
el = | e M | 2

(14 cae™), (B3)

1
INZNZO)

which can be bounded uniformly in e taking (| /Zle)™' < by = By' with by small enough
(i.e. By large enough). From (B 1) and (B 3) we easily obtain the first inequality in (6.30).
Note that the constant By depends upon N because we do not have any uniform estimate
(independent of n) for S/'(0).

Finally, we deduce that

D | Im (ry/en
[Co(x)| < =l [Ra(x/e)]|
NA

Now we are going to estimate Cy(x). Observe that due to the definition of Co(x) we
have:

1 .
Co(x)] = |Aen gRi (x/e)lexp (Ri(x/e)) sin (Ra(x/e))

FAcn LRY(x/€)exp (Ri(x/e)) cos (Ra(x /)

) [Ri(x/€)l + [Ry(x/€)|

€

< 2|Aenlexp (IRi(x/e€)l + | Im [Ro(x/e)]]

(B4)

The first two factors on the right-hand side of (B4) have been estimated in (B 3) and
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(B2), respectively. Concerning the third factor in (B4), we have
N/2 N/2—1
Ri(x/e)| + |R5(x/e 1 SH(x/e S"xe
\1(/)|6\2(/)|<E2|t(/n>|l\mzw /N CpiaL (B9
n=0 (‘\/mf) ‘ ;‘E

since it is a finite sum of periodic functions S/' multiplied by powers of |\/Ze\*1 which is
bounded in the region of € and 4 we are considering. Obviously, the constant D in (B5)
depends upon N.

From (B2)—~(BY5), we easily deduce the uniform estimate for Cj(x) in (6.30).

Consider now the coefficients C; with j > 1. We start analysing the kernel arising in
(6.29):

Yen(X)zen(s) = zen(x)yen(s) _ €M/ sin (Ro(x/e) — Rz(S/G)).

) N O =T Ozen(s)  E ey (2R, (/)

(B6)

The first factor in the numerator can be estimated using (B 2), while for the denominator
we have two terms: the first one is

Ri(x/e) X/€
€ N \/I i Z l(fe n—1

= 2/p(x/e)(1 + 0 \f el™)), (B7)

and the second one is uniformly bounded below in view of (B 2).
Then, we deduce that
DelImR(2)|
N/
in the region of ¢ and A that we are considering. The last inequality comes from the
following identity:

K (x,5)| < D [sin (Ra(x/€) — Ro(s/e))| < (BS)

N/2

X s/e

R €) — Ry(s/e e 6_2" S2"(r)dr — S>(r)d

26/ = Res/) = Ve 3 (7e) (/ o= [ s )
NJ2

—s)/e
= Vie Y (Ve / S (r)dr
n=0
N/2

= e Z([ &) 215X g = Ry((x — 5)/e), (B9)

and the fact that |sin(z)| < ™M for all z € C
In a similar way, we deduce that

'aK(x, s)| < DellMIRCZ (B10)
Ox
Now observe that:

Im[R(1)] < [Im[Rx(0)]| + [Im[Ry(1/€)]| = [Im[Ro(1/€)]|, Vi€ [0,67], (B11)

which is due to the fact that Im[R;(¢)] is a monotone function, because the leading term

https://doi.org/10.1017/50956792500004307 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792500004307

High frequency asymptotic analysis of a string 621

in the derivative Im [R5(1)] is Im [\/Z]/p(?) % O when Im [\/2] =% 0, while Im [Ry(1)] =0
when Im [ﬁ] =0.

Combining (B 11) with estimates (B 8) and (B 10) we have the following:
DelImR(1]] ‘ 0

ﬂ —K(x,s)

IK(x,5)| < < DeTMIR(NI,

0x
To simplify the notation, we introduce M = DellMR:()] (Hpel\OC + L4 H“). We have then

! VAl
/0 K (x,8)(pe(5)Cj_1(5) + qe(s)Cj-1(s))ds

ICi(x)] =

Mo
<7 b (S VA C) as (12

X a
€)= ] | SRS 06IC1(6) + )y a5

<M [ (16 0+ VAT 1610 ds. (B13)
Finally, we have

1
NG <M [ (1€ 100+ VI, ) ds
1 S1
<o /0 /0 (IC)2(52)1 + IWAIC -a(52) ) dsadsy
1 S1 Sj-1
i—LAgi /(q. . .
<20 [T [ (1 N ot ) sy -

v 4 i .
— 2ip MRl g /1 /Sl /1 ds; - dsi < 2DIMINMT
0o Jo 0 J!
Estimate (B 14) concludes the proof for C;. The estimates for C} can be derived in a
similar way from (B 10) and (B 13).
Now we consider the case N = 1 where we can improve the estimates for |[K| and ]%—’i )
Note that we have proved the following:

K (x.5)] < \% MR _ %ewlm[ﬁn,fg* poferir

’aK(x, 9)| < pelmIRC=01 _ p iy Joreidr

Ox

Then, if we denote M; = D (HpEH% + Hf\%‘) we have

! - - - ’
NAICH N < My [T VAT (1€ )+ 1 -1Cyoa(9])

1 psy s
<M / / MIMIALT oI (1C1_y(52)| + [NHICya(52)] ) dsads,
0 Jo

X i 1 S1 Sj,1 X—5;
<2t [ [T [ R (1) -+ 1 ACats1) dsy -y

< 2PMY i gy et
- :

The estimates for C} can be derived in a similar way. O
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