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We investigate a non-autonomous ratio-dependent predator—prey system, whose
autonomous versions have been analysed by several authors. For the general
non-autonomous case, we address such properties as positive invariance, permanence,
non-persistence and the globally asymptotic stability for the system. For the periodic
and almost-periodic cases, we obtain conditions for existence, uniqueness and stability
of a positive periodic solution, and a positive almost-periodic solution, respectively.

1. Introduction

The traditional Lotka—Volterra-type predator—prey model with Michaelis—-Menten
or Holling type-II functional response has received great attention from both the-
oretical and mathematical biologists, and has been well studied. The model is
described by the following system of ordinary differential equations

2 =xla—br] —cy

, x
Y=t fy——— (1.1)
where z(t) and y(t) stand for the densities of the prey and the predator, respectively,
a, ¢, d and f are the prey intrinsic growth rate, capture rate, death rate of the
predator and the conversion rate, respectively, a/b gives the carrying capacity of the
prey and m is the half saturation constant. Here, the functional response z/(m+x)
is prey dependent only.

Recently, models with such a prey-dependent-only response function have been
facing challenges from biology and physiology communities (see, for example, [1—
5,11,12]). Based on growing biological and physiological evidence, some biologists
have argued that, in many situations, especially when predators have to search for
food (and therefore have to share or compete for food), the functional response
in a prey—predator model should be ratio dependent, which can be roughly stated
as that the per capita predator growth rate should be a function of the ratio of
prey to predator abundance. This has been strongly supported by numerous field
and laboratory experiments and observations. Starting from this argument and the
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traditional prey-dependent-only model (1.1), Arditi and Ginzburg [2] first proposed
the following ratio-dependent predator—prey model:

cxy
my +x’

¥ = xfa —bz] —

. fx
y—y[d+az:ﬂ. (1.2)

Note that (1.2) is a result of replacing the prey-dependent functional response
x/(m + z) in (1.1) by a ratio-dependent response (z/y)/(m + x/y). For detailed
justifications of (1.2) and its merits versus (1.1), see [2,8,17]. For the mathematical
aspect, since Arditi and Ginzburg [2], system (1.2) has been studied by several
authors and much richer dynamics have been obtained (see, for example, [7,9, 13-
16,18]).

Ratio-dependent models have not yet been well studied, in the sense that most
results are for models with constant environment. This means that the models have
been assumed to be autonomous, that is, all biological or environmental parameters
have been assumed to be constant in time. However, this is rarely the case in real
life, as many biological and environmental parameters do vary in time (e.g. are
naturally subject to seasonal fluctuations). When this is taken into account, a model
must be non-autonomous, which is, of course, more difficult to analyse in general.
But, in doing so, one can and should also take advantage of the properties of those
varying parameters. For example, one may assume that the parameters are periodic
or almost periodic for seasonal reasons.

In this paper, we will incorporate the varying property of the parameters into
the model and consider the following non-autonomous version of (1.2),

ft)z
m(t)y +xz]’

c(t)zy

2 = zfa(t) — b(t)z] — m,

Y =y|—d(t) + (1.3)

where all the variables and parameters have the same biological meanings as in (1.2),
except that the parameters are now time dependent. In §2, we will address some
basic problems for (1.3), such as positive invariance, permanence, non-persistence,
extinction, dissipativity and globally asymptotic stability. Section 3 is devoted to
the case when all parameters are periodic of the same period, and the main concern
of this section is to establish criteria for the existence of a unique positive periodic
solution of system (1.3) that is globally asymptotically stable. Section 4 is for the
case when all parameters are almost periodic, and in this section we provide suf-
ficient conditions for the existence and globally asymptotic stability of a unique
positive almost-periodic solution of system (1.3). The methods used in this paper
will be comparison theorems, coincidence degree theory and Lyapunov functions.

2. General case

In this section, we present some preliminary results including boundedness of solu-
tions, permanence, non-persistence and the globally asymptotic stability of sys-
tem (1.3). In the following discussion, we always assume that a(t), b(t), c(t), d(¢),
m(t) and f(t) are all continuous and bounded above and below by positive con-
stants.
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Let R? :={(x,y) € R? |2 >0, y > 0}. For a bounded continuous function g(t)

on R, we use the following notation:

1
= := inf
g" = sup g(t), g tléle( )-

LEMMA 2.1. Both the non-negative and positive cones of R? are positively invariant
for system (1.3).

Proof. Note that system (1.3) is equivalent to

s(6) = slin) exp | a(5) — os)(s) - m} s,

y(t) = y(to) exp{ / [—d<s> + %} ds}.

The assertion of the lemma follows immediately for all ¢ > ¢y. This completes the
proof. O

In the remainder of this paper, for biological reasons, we only consider solutions
(x(t),y(t)) with z(t9) > 0 and y(tg) > 0.

DEFINITION 2.2. The solution of system (1.3) is said to be ultimately bounded if
there exist B > 0 such that, for every solution (z(t),y(t)) of (1.3), there exists
T > 0 such that |[(x(¢),y(¥))|| < B for all t > ty + T, where B is independent of
the particular solution, while 7' may depend on the solution.

DEFINITION 2.3. System (1.3) is said to be permanent if there exist positive con-
stants 6, A, with 0 < § < A, such that

. o o .
mm{ lim inf x(t),tilinoo inf y(t)} >0,

t——4oo

. . <
max{tllgrnoo sup z(t), tllgrnoo sup y(t)} <A

for all solutions of (1.3) with positive initial values. System (1.3) is said to be
non-persistent if there is a positive solution (z(t), y(t)) of (1.3) satisfying

min{ lim inf :E(t),t liin inf y(t)} =0.

t——+4oo

THEOREM 2.4. If f' > d", mla! > c%, then the set I'. defined by
Io:={(z,y) € R® | mf <x < Mj, mj <y< M} (2.1)

is positively invariant with respect to system (1.3), where

M= L e ag o YU dOME
bl dlml (2 2)
ms = —mlal — €, m§ = —(fl — du)m*{,
mlbpu mudu

and € = 0 is sufficiently small so that m§ > 0.
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Proof. Let (z(t),y(t)) be the solution of (1.3) through (x(to),y(to)), with

mi < a(to) <M and m§ < ylto) < M.

From the prey equation in (1.3) and the positivity of the solutions of (1.3), it follows
that

au

2 (t) < z(t)[a" — bz (t)] < bla(t )[bl +e—x(t )} = bla(t)[M;—x(t)], t=to. (2.3)
A standard comparison argument shows that
0<az(ty)) K M{ = =zx(t)<M], t=to,
which, together with the predator equation in (1.3), produces

"t My L'y (t
mly]zt) J:Mf} - mlz(t)i(])wla (M5 —y(t)], t=to, (2.4)

and hence
0<ylto) <M; = ylt)<M;5, t>to.

Similarly, the prey equation of system (1.3) also yields

2 (t) = a(t) [al—bum(t) — yi)x( )}
> x(t) [a —b%z(t) — :n—ul}
mlal —c"
= v ()| P~ a0
> 0 (t)[ms — z(t)], t> to, (2.5)

and therefore
z(to) =2mi = z@t)=>mi, t=t.

Moreover, by the predator equation of system (1.3), we have
fla(t) }
mUy(t) + z(t)
rni ]
mUy(t) +mj

y(0) > () [—d“ n

> y(t) [—d“ +
__omtdhy(®) oo
= () + oz 2 YOl 2o, (2.6)

which implies
y(to) 2m5 = y(t) =2m3, t=to.

Thus I is positively invariant for (1.3), and the proof is completed. O

LEMMA 2.5. Let (x(t),y(t)) be a solution of system (1.3) with z(to) > 0 and
y(to) > 0. Then we have lim;_, | o supz(t) < M. Moreover, if mlal > c%, then
limy_ 4 oo inf () = mY.
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Proof. Noting that (2.3) and (2.5) are valid, the conclusion follows from a standard
comparison arguments directly. O

For the predator population, we can also have some estimates.
LEMMA 2.6. If f1' > d*, mla' > ¢", then
tiiinoo infy(t) = m9, tiigrnoo supy(t) < MJ.
Proof. Since lim;_ ;o sup x(t) < MY, for any sufficient small ¢ > 0, there is some

t1 > to such that, for ¢t > tq,
x(t) < MY +e.

Then, from the predator equation of system (1.3), it follows that

fUMyE __mldly(t) [ =d)M
mly(t) + Mg | mly(t) + Ms mld!

y'(t) <y(t)|—d + —y(t)

for t > t1. Hence, by using the comparison theorem of ordinary differential equations
and the arbitrariness of €, we have

lim supy(t) < MJ.

t——+oo
By a similar argument, we can easily show that

. . 0
tilgloo infy(t) = my.

This completes the proof. O
Lemmas 2.5 and 2.6 immediately lead to the following.
THEOREM 2.7. If f' > d", m'a! > ¢, then system (1.3) is permanent.

From the proofs of lemmas 2.5 and 2.6, one can actually easily obtain the ultimate
boundedness of I, with € > 0 sufficiently small, as stated in the following theorem.

THEOREM 2.8. If f! > d%, mla' > ¢", then the set I'. with ¢ > 0 defined by (2.1)
is an ultimately bounded region of system (1.3).

The following theorem gives conditions under which (1.3) is non-persistent.
THEOREM 2.9. If f* < d' or ¢!/m" > a" + d*, then system (1.3) is not persistent.

Proof. If f* < d!, then, by the predator equation of (1.3), it is not difficult to show
that

y'(t) <y(t)[—d' + f],

which implies that lim;—, 4 y(t) = 0.
If ¢! /m" > a" + d*, then there exists an a > 0 such that

c

mu—|—a:au+du'

https://doi.org/10.1017/5S0308210500002304 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500002304

102 M. Fan, Q. Wang and X. Zou
Let 0 = x(t9)/y(to) < o, we claim that

t
() <o forallt>ty and lim z(t) =0.
y(1) t=oo

Otherwise, there exists a first time ¢; such that

o) ol

——==a and —= <« forallté€ [ty,t1).
y(0) o) fort)

Then, for any ¢ € [tg, 1], we have

J

xWJ<xau—;ﬁizﬁﬁag}<xPU—n;ia}:—&ﬂw,

which implies that
z(t) < z(to) exp{—d"(t — to)}. (2.7)

However, for all ¢t > ty, we have
y' = —d"y(1).
Then
y(t) = y(to) exp{—d"(t —to)},
which, together with (2.7), shows that

ﬂ<m:6<a for all t € [tg, t1].

y(t) ~ y(to)
This is a contradiction to the existence of t1, which proves the claim. This, in turn,
implies that
x(t) < z(tg) exp{—d"(t —tg)} for all t > ¢,

and hence
lim «z(¢) = 0.

t——+oo

This completes the proof. O

THEOREM 2.10. If c'/m™ > a"+d", then there exists a positive solution (x(t),y(t))
of (1.8) satisfying lims_, 4o (z(t), y(t)) = (0,0).

Proof. If f* < d!, then the conclusion directly follows from the previous argu-
ments that led to theorem 2.9. In the rest of the proof, we assume that f* > d'.
Let a = c'/(a® + d*) —m" and let (z(t),y(t)) be the solution of system (1.3) with
x(t0)/y(to) < a.. Then, by the proof of theorem 2.9, we know that

z(t)

M <a forallt>ty and tligloox(t) =0.

Next, we show lim;_, o y(t) = 0. Since y(¢) is positive and bounded, we have

0< lim infy(t) < lim supy(t) =: s < +oo.
t——+oo

t——+oo
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So we only need to show s = 0. Assume s > 0. Since lim;_, , o, z(t) = 0, there exists
a t1 such that
mld's
:E(t) < m for all ¢t > t1.

On the other hand, by the definition of s > 0, there must exist a to > ¢; such that
y(t2) > 3s and y'(t2) > 0.
However, y(t2) > 0 implies that
d(ta)m(ta)y(ta) < x(ta)(f(t2) — d(t2)) < x(t2)(f* — d'),

and hence
d(ta)m(t2)y(t2) S m'd's
fiod e —dy

:L’(tg) >
which is a contradiction. Thus we must have s = 0. This completes the proof. O

REMARK 2.11. The above results generalize the corresponding results obtained by
Kuang and Beretta [16] for the autonomous system (1.2). Note also that the first
case in theorem 2.8 and the invariance property in theorem 2.4 were not explored
in [16].

DEFINITION 2.12. A bounded non-negative solution (Z(t), 4(¢)) of (1.3) is said to
be globally asymptotically stable (or globally attractive) if, for any other solution
(z(t),y(t))T of (1.3) with positive initial values, the following holds:

i (2(t) = ()] + ly(®) - (1)) = 0.
REMARK 2.13. In general, if the above property holds for any two solutions with
positive initial values, then we say system (1.3) is globally asymptotically stable.
One can easily show that if system (1.3) has a bounded positive solution that is

globally asymptotically stable, then system (1.3) is globally asymptotically stable,
and vice versa.

The following lemma is from [6] and will be employed in establishing the globally
asymptotic stability of (1.3).

LEMMA 2.14. Let h be a real number and f be a non-negative function defined
on [h,4+00) such that f is integrable on [h,+00) and is uniformly continuous on
[h,+00). Then lim;_, 4 f(t) = 0.

THEOREM 2.15. Let (Z(t),4(t)) be a bounded positive solution of system (1.3). If
f'>d*, mla' > ¢* and

L e+ m@ L0 P
%ébfq{b(t) [m(t)mg+m§][m(t)g(t)+gz(t)]}>0’ inf{m(®)f(¢) = )} >(20;3)

where mg, MZ, i = 1,2, are defined in (2.2), then (Z(t),4(t)) is globally asymptot-
ically stable.
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Proof. Let (x(t),y(t))" be any solution of (1.3) with positive initial value. Since I'.
is an ultimately bounded region of (1.3) (theorem 2.4), there exists a 73 > 0 such
that (x(t),y(t)) € I+ and (2(t),§(t)) € I for all t > to + 1.

Consider a Lyapunov function defined by

V() =|In{z(t)} —In{2®)} + | In{y(®)} — In{g(®)}], t = to. (2.9)

A direct calculation of the right derivative DTV (¢) of V(¢) along the solutions
of (1.3) produces

DTV (t) = sgn{z(t) — 2(t)}

A Dy (®) ()o(t)
X | =b(t)[x(t) — &(t)] — (m(t)y(t) +at)  m)gt) + () }
F®)a(t) f(D2()
+senly(t) — 9O} T e m T M - w(t)}

S ROV
b [m@)y(t) + z(t)][m(t)4(t) + £(t)]
(c(t) —m(t)f(t))2(t) .
@3 + @m0 + 2@ Y
_ _ [e(t) +m(t) f(D)](¢) o6 — 4
<[00~ g T R 0 ~ 50
(c(t) —m(t)f(t))2(t .
¥ 0@ + 2@l 0g + 2] Y I
t>tg+ 1Ty,
(2.10)
From (2.8), it follows that there exists a positive constant p > 0 such that
DTV (t) < —pllz(t) — &) +yt) — 9@, t>to+ T (2.11)

Integrating on both sides of (2.11) from to + T3 to ¢t produces

V(t) + u/t o [l(s) = &(s)| + [y(s) = G(s)[] ds <V (to + T1) < 400, t>to+Th.
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Then

t

[ 1het9) =)+ ()~ 5(6)1ds < 1V (to 4 T0) < 400, #3210+ T,
to+T1

and hence |z(t) — 2()| + ly(t) — 9(t)] € L ([to + T1, +00)).

The boundedness of Z(t) and §(¢) and the ultimate boundedness of x(t) and y(t)
imply that x(t), y(t), Z(t) and §(t) all have bounded derivatives for t > to+71 (from
the equations satisfied by them). Then it follows that |z(t) — Z(¢)| + |y(¢) — §(¢)] is
uniformly continuous on [ty + T, +00). By lemma 2.14, we have

i (2(t) = ()] + ly(®) = (1)) = 0.
This completes the proof. O

COROLLARY 2.16. Let (Z(t),9(t)) be a bounded positive solution of system (1.3). If
1> d*, mla' > ¢ and one of the following conditions holds,

. (c(t) +m(t)f(t)) M5
éébfrc{b(t) T m()ms + mo)? ;

| L i)+ m) FO)Ms
%élfc{b“) m(@ms + mem(£)3(t) + 2(0)]

} >0, E(f(m() — ()} > 0,

inf {m(t)f(t)m] — c(t)2(t)} > 0,

3&%{*’(” " Tn@ms + mAlm(0) + 70

S P S RO A OIR
{00 s + memO3) + 20

where m§, Mg, i = 1,2, are defined by (2.2), then (&(t),§(t)) is globally asymptot-
ically stable.

|
c(t)M3 + m(t)f (tg?(t) }
|

>0, nf{m()f(t) - c(t)} > 0,

3. Periodic case

In this section, we will confine ourselves to the case when the parameters in sys-
tem (1.3) are periodic of some common period. The assumption of periodicity of
the parameters is a way of incorporating the periodicity of the environment. The
periodic oscillation of the parameters seems reasonable in view of seasonal factors,
e.g. mating habits, availability of food, weather conditions, harvesting and hunt-
ing, etc. A very basic and important problem in the study of a population-growth
model with a periodic environment is the global existence and stability of positive
periodic solution, which plays a similar role as a globally stable equilibrium does
in an autonomous model. Thus it is reasonable to seek conditions under which the
resulting periodic non-autonomous system would have a positive periodic solution
that is globally asymptotically stable.

In the sequel, we will always assume that the parameters in system (1.3) are
periodic in ¢ of period w > 0 and will study the existence and stability of a positive
periodic solution to system (1.3).
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LEMMA 3.1 (Brouwer fixed-point theorem). Let o be a continuous operator that
maps a closed bounded convex subset §2 C R™ into itself. Then §2 contains at least
one fized point of the operator o, i.e. there exists an x* € {2 such that o(z*) = z*.

THEOREM 3.2. If f! > d", m'a' > ¢", then (1.8) has at least one positive periodic
solution of period w, say (x*(t),y*(t)), which lies in I, i.e. m§ < z*(t) < Mg,
m§ < y*(t) < M5, where m, M7, i = 1,2, are defined in (2.1).

Proof. Define a shift operator, also known as a Poincaré mapping o : R? — R2, by

o((w0,50)) = (x(w, to, (zo,0)), y(w, to, (z0,%0))), (w0, y0) € R?,

where (z(t, to, (xo,v0)), y(t, to, (xo,y0))) denotes the solution of (1.3) through the
point (o, (zo,y0)). Theorem 2.8 tells us that the set I'. defined by (2.3) is positive
invariant with respect to system (1.3), and hence the operator o defined above maps
I; into itself, i.e. o(I;) C I:. Since the solution of (1.3) is continuous with respect
to the initial value, the operator ¢ is continuous. It is not difficult to show that I'.
is a bounded closed convex set in R?. By lemma 3.1, o has at least one fixed point
in I, i.e. there exists a (z*,y*) € I'. such that

(:L'*,y*) = (:L’(w7 Lo, (m*,y*)), y(w7 Lo, (m*,y*)))

Therefore, there exists at least one positive periodic solution, say (x*(t),y*(t)), and
the invariance of I'; assures that (z*(¢),y*(t)) € I'.. This completes the proof. O

The conditions in theorem 3.2 are given in terms of the supremum and infimum
of the parameters. Next, we will employ an alternative approach, that is, a continu-
ation theorem in coincidence degree theory, to establish some criteria for the same
problem but in terms of the averages of the related parameters over an interval of
the common period. To this end, we need some preparation as below.

Let X, Z be normed vector spaces, L : Dom L C X — Z be a linear mapping and
N : X — Z be a continuous mapping. The mapping L will be called a Fredholm
mapping of index zero if dim Ker L. = codimIm L < 400 and Im L is closed in Z.
If L is a Fredholm mapping of index zero and there exist continuous projectors
P:X—>XandQ:Z — Zsuchthat InP=KerL, ImL =Ker@ =Im(I —Q), it
follows that L| Dom LNKer P : (I—P)X — Im L is invertible. We denote the inverse
of that map by Kp. If {2 is an open bounded subset of X, the mapping N will be
called L-compact on §2 if QN (£2) is bounded and Kp(I — Q)N : 2 — X is compact.
Since Im @ is isomorphic to Ker L, there exists an isomorphism J : Im Q — Ker L.
The following lemma is from [10].

LEMMA 3.3 (continuation_theorem). Let L be a Fredholm mapping of index zero
and N be L-compact on §2. Suppose that the following hold.

(a) For each \ € (0,1), every solution x of Lx = ANz is such that © ¢ 012.
(b) QNz # 0 for each x € 02N Ker L and the Brouwer degree
deg{JQN,2NKerL,0} # 0.

Then the operator equation Lz = Nx has at least one solution lying in Dom L N £2.
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For a continuous and periodic function g(t) with period w, denote by g the average
of g(t) over an interval of length w, i.e.

1
g.—w/o g(t)dt

Then we have the following lemma.

LEMMA 3.4. If f >d, a > (c/m), then the system of algebraic equations

a—bvl——/ ez g, / LM gr=0  (3.0)
mtvg+vl m(t 02+01

has a unique solution (vi,v3)* € R? with v} > 0.

Proof. Consider the function
- 1 [¢ t
1 / O 4 uso.
wJJo mt)u+1

f(0)y=d-f <o, lim f(u)=d>0.

uU— 400

One can easily see that

Then, from the zero point theorem and the monotonicity of f(u), it follows that
there exists a unique u* > 0 such that f(u*) = 0.

Now we can claim that vy = w*vj, if (v{,v3) is a solution of (3.1). Substitute
vy = u*v] into the first equation of (3.1) and simplify. We have

ot _( / _c(tur dt>
m(t)u* +1

|)—
QI

S

G o)
z=\|\a——
b w
1/ c
B

and

vy =u*v] > 0.
This completes the proof. O

THEOREM 3.5. If f > d and a > (c/m), then system (1.3) has at least one positive
w-periodic solution, say (x*(t),y*(t)), and there exist positive constants a; = mg,
0< B <M;,i=1,2, such that

ap <z (t) < f, as <y (t) < Bo.
Proof. Making the change of variables
z(t) =exp{Z(t)},  y(t) = exp{7(t)},
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108
system (1.3) is reformulated as
e c(t) exp{g(t)}
O O eI
oy f(t) exp{Z(t)} '
TO= O S epli0) + ep o0}

Let
X=2Z={#79"€CR R |&(t+w)=it), jt+w)=74(t)}
and
(@, 9)ll = max |1Z(1)] +f§f§i§ lgt)l, (#,9) € X (or Z).

Then X, Z are both Banach spaces when they are endowed with the above norm

- I
c(t) exp{y(t)}

Let
_ a(t) — b(t) exp{Z(t)} — —
MEON @ exp{7(0] + xplF (0]
bl 0+ 0 T )
and
7 i i % wi(t) d i
3 R R S A
0
Then
Ker L = {(,9) € X | (,9) = (h1, h2) € R?},
ImL:{ ez‘/ t)dt =0, /Owg(t)dtzo}
e dimKer L = 2 = codimIm L.

Since Im L is closed in Z, L is a Fredholm mapping of index zero. It is easy to show

that P, ) are continuous projectors such that
Im P =KerL, ImL=Ker@ =Im(I —Q).

Furthermore, the generalized inverse (to L) Kp : Im L — Dom L NKer P exists and

is given by [/ ds__/ / dsﬂ
[ b [[soum
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Thus
s i o(t) explil(t)}
av[f] - ﬁ/ 0 - b e300} ~ S ‘ﬂ
1) = £(t) expli(1)}
| ‘/ [ )+ t)exp{y(tﬁﬂxp{x(t)}}dt J
and

k(- QN [7]
_/OtNl(s)ds_é/ow/ot]\fl(s)dsdt— (%—%) /owN(t)dﬂ
_/OtNg(s)ds—é/ow/ot]\fg(s)dsdt— (5—%) /Ong(t)dtJ

Obviously, QN and K p(I — Q)N are continuous. Using the Arzela—Ascoli theorem,
it is not difficult to show that Kp(I — Q)N (£2) is compact for any open bounded
set 2 C X. Moreover, QN(2) is bounded. Thus N is L-compact on {2 with any
open bounded set 2 C X.

Now we reach the position to search for an appropriate open bounded subset
{2 for the application of the continuation theorem. Corresponding to the operator
equation L& = ANZ, A € (0,1), we have

c(t) exp{g(t)} }
m(t) exp{7(t)} + exp{@(t)} ]’
f(t) exp{(t)} }

m(t) exp{g(t)} + exp{(t)} |

Suppose that (Z(t), §(t)) € X is an arbitrary solution of system (3.2) for a certain
A € (0,1). Integrating on both sides of (3.3) over the interval [0,w], we obtain

(1) exp{i (1)}
(@) (30} + exp{w)}} d

)=\ [a(t) —b(t) exp{Z(t)} —
(3.3)

7 =\ [—d(t) n

= / [oo ey +

(3.4)
_ f(t) exp{z(t)}
o= | e 0+ ey
It follows from (3.3) and (3.4) that
/Ow |2/ ()| dt < A [/Ow a(t)dt + /w b(t) exp{Z(t)} dt
c(t) exp{y(t)} t}
m(t) exp{(t)} + exp{z(t)}
< 2aw, (3.5)
“ f(t) exp{z(t)}

[wenae<a[ [Canaes [ Lu e o

< 2dw.
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Since (Z(t),g(t)) € X, there exist &, n; € [0,w], i = 1,2, such that

#&) = min #(t),  #0p) = max (),

te[0,w] te[0,w] (3 6)
H(6) = min §(0). o e .
7(&2) i () 7(n2) trerm}y( )

From the first equation of (3.4) and (3.6), we obtain

aw > /w b(t) exp{E(&1)} dt = bw exp{(&1)},
0

2t

s <ate) + [ 12 0lar< S (3.7)
£ an

On the other hand, from the first equation of (3.

which reduces to

1| <

(&) < hl{

and hence

d (3.6), we also have

aw < /O : [b(t) exp{a(n)} + <L } dt = (£>w+éw exp{E(m)}-

m(t) m

z(m) = ln{@}'

Then

Therefore,

s10) > )~ [ 170l > 1{@} i I,

which, together with (3.7), leads to
max |Z(¢t)| < max{|Hy|, |Hz2|} := Bi.

te[0,w]
From the second equation of (3.4) and (3.6), we obtain
t
/ SO expiz(®)}
(t)

m(t) exp{H(t)}
f f)exp{z(t)}
/ m(t) exp{g(&2)} @

(€2)}
_ alL
‘exp{y@g)}»é m> bz
Then )
w5} v
Consequently,

9(t) < 9(&) + /Ow 7' (1) dt < In {%@} +2(a + d)w = Hs. (3.8)
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The second equation of (3.4) also produces

F(t) exp{(t))
d“"‘/ i exp{y( T+ exp(2(0)

dt

t) exp{Z(t)}
/ e exp{y )+ epE D)
§ / F(t)](@ = fm)) /B) exp{—2aw}
o mvexp{a(n2)} + (@ — (ofm))/b] expl—2aw)

Then it follows that

=BT s,

37(772) > ln{ mubd

and hence

5(t) > §lm) /0 Syl m{ oDl -l m”} g+ dw = Hy,

which, together with (3.8), leads to

e [50)] < wmasx{[Hal, [ Hil} = B,
Clearly, B; and By are independent of A\. Take B = By + By + B3, where Bz > 0
is taken sufficiently large such that ||(In{vf}, In{vi})|| = [In{vi}| + | In{vi}| < Bs,
where (v}, v3) is the unique solution of (3.1) with v} > 0, v5 > 0.

Let 2 ={(Z,9)T € X | ||(Z,9)|| < B}. Then it is clear that {2 verifies require-
ment (a) of lemma 3.3. When (%, 7) € 92 NKer L = 92 N R?, (#,7) is a constant
vector in R? with ||(Z,9)|| = |Z| + |§] = B. Then

[(‘1 bexp{z} — / m(t exp{z);p-{kye};(p{w} dﬂ # [0}

B t) exp{d} 0]
d+s /m t)exp{y} + exp{z}

Moreover, direct calculation produces

_ bo[Y _m)f(t)vy
deg(JQN, 2 NKer L,0) = sgn{ ” /0 ()5 + 012 dt} #£0,

where deg(, -, -) is the Brouwer degree and J is the identity mapping, since Im @ =
Ker L. By now we have proved that {2 verifies all requirements of lemma 3.3. Then

o[] =[]

Y Y

has at least one solution in DomL N 12, i.e. system (3.2) has at least one w-periodic
solution in Dom L N 2, say (7*(¢),5*(t))T. Set

at(t) =exp{Z*(t)}, Y (t) = exp{g"(t)}.
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Then (z*(t),y*(t))T is an w-periodic solution of system (1.3) with strictly positive
components. The existence of positive constants oy, aso, 81, B2 directly follows from
corollary 2.16 and the above discussion. This completes the proof. O

Note that f' > d%, m'a' > ¢* imply that f > d, @ > (c/m). Together with theo-
rem 2.15, it is not difficult to show the following.

COROLLARY 3.6. Let all the assumptions in theorem 2.15 hold. Then system (1.3)
has a unique positive w-periodic solution, which is globally asymptotically stable.

REMARK 3.7. If all the parameters in system (1.3) are positive constants, then (1.3)
is the system considered in [16], and the assumptions in theorems 3.2 and 3.5 both
reduce to f > d, ma > ¢, which ensure that system (1.1) has a unique positive
equilibrium E* = (z*,y*), where

. cd+ flma—c) cd m *—f_dx*
- b f B '

dm

Assumption (2.8) in theorem 2.7 guarantees that E* is globally asymptotically
stable. In addition, in [16], Kuang and Beretta have proved that system (1.1)
has no non-trivial positive periodic solutions. Now we can conclude that when
system (1.3) reduces to (1.1) (as w — 0), the positive periodic solution claimed
above degenerated to a trivial positive periodic solution, i.e. the positive equilib-
rium E* = (z*,y%).

REMARK 3.8. Theorems 3.2 and 3.5 tell us that system (1.3) admits one positive
periodic solution, provided that the (average) growth rate of prey is greater than
the (average) consumption rate of prey and the (average) conversion rate that the
prey provide for conversion into predator birth is greater than the (average) death
rate of predator.

The following theorem explores the boundary periodic solution of (1.3).

THEOREM 3.9. System (1.3) always has a periodic solution (z(t),0), where

2. (t) = (exp{/ow a(s) ds} - 1) (/:W b(s) exp{—/:a(T) dT} ds)l. (3.9)

Moreover, if
c(t)
m(t)

d(t) — —f(t)>0 fortel0,w],

then (z(t),0) is globally asymptotically stable, i.e. (x.(t),0) attracts all the solu-
tions of (1.8) with positive initial values.

Proof. One can easily show that (z.(¢),0) is a solution of system (1.3) and z. (¢t +
w) = w4(t), i.e. (x4(t),0) is a periodic solution of (1.3). Let (x(t),y(t)) be any
solution of (1.3) with z(¢o) > 0 and y(to) > 0. In order to show that (z.(t),0) is
globally asymptotically stable, we only need to prove that

lim |z(t) —z* ()] =0,

t——+oo
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since, from the predator equation in (1.3) and the assumption that d(t) —c(t)/m(t)—
f(t) = 0 for t € [0,w], one can easily derive that lim;_, 4 y(t) = 0.
Consider the Lyapunov function defined by

V() = [n{a()} — Infa. (O} + [ n{y@®)}], ¢ > to.

Calculating the upper-right derivative of V' (¢) along the solution of (1.2) produces

DV (1) < —b(t)|a(t) — 2. (t)] + % )+ m(ﬁ;)ix
c(t)

—b()|z(t) — z.(t)] +

)
—b(t)
1

O RGORID

O]x(t) — z.(t)]
=b'|z(t) — . (t)], t=to,

//\ //\

The rest of the proof is exactly the same as that carried out in theorem 2.15, and
hence we omit the details here. O

COROLLARY 3.10. The logistic equation with periodic coefficients
2’ = xla(t) — b(t)x]

has a unique positive periodic solution x*(t), which is globally asymptotically stable,
and x*(t) is given by (3.9).

The next result shows that the condition f > d in theorem 3.5 is a necessary one.

THEOREM 3.11. If system (1.3) admits a positive w-periodic solution (z*(t),y* (1)),
then f > d.

The conclusion follows directly from the predator equation in (1.3) and the peri-
odicity of y*(t).

REMARK 3.12. Theorems 3.5 and 3.11 raise an interesting but challenging problem:
is the condition @ > (¢/m) also necessary? We leave this as an open problem.

4. Almost-periodic case

In some situations, the varying parameters a(t), b(t), c(t), d(t), f(t) and m(t)
in (1.3) may not all be periodic, but fall into a more general class, i.e. the class
of almost-periodic functions. For the definition and properties of almost-periodic
functions, we refer to [19]. In this section, we consider such a situation and are
concerned with the existence, uniqueness and stability of positive almost-periodic
solution of (1.3). Throughout this section, in addition to the assumptions in §2,
we further assume that a(t), b(t), c(t), d(t), f(t) and m(t) are all almost periodic.
Thus all the theorems in § 2 remain valid.
Let

z(t) = exp{Z()},  y(t) = exp{g(t)}.
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Then system (1.3) becomes

RO (T (1)

P =l 2Ol 0) = S e 0] + e GO
f(t) exp{Z(t)}

m(t) exp{g(t)} + exp{2(t)}

By theorem 2.8, it is not difficult to prove the following result.

(4.1)

y'(t) = —d(t) +

THEOREM 4.1. If f' > d", mla' > c", then the set
I = {(o.y) € B | n{mi} <o < n{M;}, In{m5} <y < In{M;}}

is a positively invariant and ultimately bounded region of system (4.1), where ms5,
Mg, i=1,2, are defined in (2.2).

In order to prove the main result of this section, we shall first introduce a useful
lemma. Consider the ordinary differential equation

o' = f(t,x), f(t,x) € C(Rx D,R"™, (4.2)

where D is an open set in R™ and f(¢,z) is almost periodic in ¢ uniformly with
respect to x € D.

In order to discuss the existence of an almost-periodic solution of (4.2), we con-
sider the product system of (4.2),

x' = f(t7 :L’), yl = f(t7 y) (43)

LEMMA 4.2 (cf. theorem 19.1 of [19]). Suppose that there exists a Lyapunov func-
tion V(t,z,y) defined on [0,+00) x D X D that satisfies the following conditions.

(i) alllz — yll) < V(t2,y) < Blle — yl), where a(y) and B() are continuous,
increasing and positive-definite.

(ii) [V(t,z1,91) — V(t, 22,92)] < K{[lz1 — 22|l + ly1 — 2/}, where K > 0 is a
constant.

(iii) V('4.3) (t,z,y) < —puV(lz — y|), where p > 0 is a constant.

Moreover, suppose that system (4.2) has a solution that remains in a compact set
S C D forallt >ty = 0. Then system (4.2) has a unique almost-periodic solution
in S, which is uniformly asymptotically stable in D.

THEOREM 4.3. If f' > d", mla' > ¢" and

(c(t) = f(t)m(t)) M5

(m(t)ms + mg)?

inf } >0, géllg{f(t)m(t) —c(t)} >0, (4.4)

inf {b(t) +
where m$, MF, i = 1,2, are defined in (2.2), then system (1.3) has a unique positive
almost-periodic solution, which is globally asymptotically stable, and, especially, is

uniformly globally asymptotically stable in I%.
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Proof. For (z,y)T € Int R, we define |(z,y)"|| = # 4+ y. In order to prove that
system (1.3) has a unique positive almost-periodic solution, which is uniformly
asymptotically stable in I, it is equivalent to show that system (4.1) has a unique
almost-periodic solution to be uniformly asymptotically stable in I';.

Consider the product system of (4.1),

, ~ oft) expin (1)

PO = o) =P lE ) e 0] + el ()
(1) exp (1)

m(t) exp{f1(t)} + exp{Z1 ()}

, ~ olt) expia(t)

Plt) = all) =V et} S e ] + explET
(1) expa(1)

) explia(0)] + explEa (]

(4.5)

Now we define a Lyapunov function on [0,+00) x I'} x I'} as follows:
Vi(t, &1, 91, B2, §2) = [1(t) — Z2()] + [72(8) — G2(2)]-

Then condition (i) of lemma 4.2 is satisfied for a(y) = B(y) = v for v > 0. In
addition,

\V(t,&1,91,%2,92) — V(t, T3, U3, T4, §a)|

= [([Z1(t) = Z2(O)| + |91(t) — G2(D)]) — (|23(F) — Za(t)] + |3(¢) — Ga()])]
<|21(t) = Z3(O)] + 91 (1) — G3(B)| + [T2(t) — Za ()| + [§2(t) — Fa(?)]
< @1(#), 31(8) — (@3(1), Fs () + [1(22(2), §2(t) — (24(2), Ga(®))[|, (4.6)

which shows that condition (ii) of lemma 4.2 is also satisfied.

Let (2;(),9:(t))T, i = 1,2, be any two solutions of (4.1) defined on [0, +-00) x
I x I

Calculating the right derivative D"V (t) of V(t) along the solutions of (4.1), we
have

DTV (t)
= [—b(t)(exp{:ﬁl(t)} —exp{Zz(t)})

_( (1) expl (1)}
D explin (1)} + exp{E1(D)
(1) expin (1)} o
T e )]} + exp{@(t)}ﬂ sen(#1(t) — Z2(1))
+[ F(t) expl (1))
D explin ()} + exp (D)
£(t) explaa(t))

Ltz LIS (t)}} s (1) — (1))
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= [~ im0} - ez
B ( c(t)(exp{Za(t) + 71 ()} — exp{@1(t) + Fa(t)}) )}
(m(t) exp{71(t)} + exp{Z1(t)}) (m(t) exp{7a2(t)} + exp{Z2(t)})
X sgn(Z1(t) — Z2(t))

[ f@)m(t)(exp{Z1(t) + F2()} — exp{Fa(t) + 71 (1)}) }
(m(t) exp{gr(t)} + exp{Z1(t)})(m(t) exp{g2(t)} + exp{Z2(t)})

x sgn(g1(t) — 92(t))

< —b(t)| exp{Z1(t)} — exp{Z2(t)}|

n c(t) exp{da(t)}
(m(t) exp{gr(t)} + exp{Z1(t)})(m(t) exp{g2(t)} + exp{Z2(t)})

x [exp{g1(t)} — exp{g2(t)}|

c(t) exp{fa(t)}
(m(t) exp{gr(t)} + exp{Z1(t)})(m(t) exp{g2(t)} + exp{Z2(t)})

x [exp{Z1(t)} — exp{Z2(t)}|

. F()m(t) exp{ia(t)}
(0 exp {51 (0] + exp (@1 () (m () exp{7(0)] + expl2(0))

x [exp{Z1(t)} — exp{Z2(t)}|
S(t)m(t) exp{Za(t)}
(m(t) exp{g1(t)} + exp{@1(t)})(m(t) exp{ga(t)} + exp{T2(t)})
x [exp{g1(t)} — exp{ga(t)}|
(f(t)m(t) — c(t)) exp{ga(t)}
(m(t) exp{g1(t)} + exp{Z1(t)})(m(t) exp{ga(t)} + exp{T2(t)})
x [exp{Z1(t)} — exp{Z2(t)}|

n (c(t) — f(O)m(t)) exp{Zs(t)}
(m(t) exp{#1(t)} + exp{Z1 () })(m(t) exp{Fa(t)} + exp{Z2(t)})

x [exp{g1(t)} — exp{g2(t)}|

= |-b(t) +

(f@®)m(t) — c(t)) M5

< bt e [e{ (1) — (1)
(c(t) — f(H)m(t))m] _ 3
+ (m(t)MéE +M1€)21 |exp{y1(t)} _exp{y2(t)}|'
Note that

(4.7)

exp{#1 (1)} — exp{F2(t)} = exp{e () (@1 (¢) — @(t»,}
exp{i1 (1)} — exp{fa(t)} = exp{n(t)} (@i (t) — G2(t)),

where £(t) lies between Z1(¢) and Z2(t), while n(t) lies between ¢ (¢) and g2 ().
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Then we have

_ G@m(t) = c@)mi .

(m(O)M; + M:)? m3|§1(t) — G2(t)]

DTV (t) < —|b(t) —

< —p(@1(t) — Z2(8)| + (91 (8) — G2(0)])
= —pll(Z1(2), 91 (1)) — (T2(2), G2 (D), (4.8)
where
-7 | (Om) — )]
= mind g [0 (m(m + m3)? i
and

S F@)m(t) —e@)mi .
é&fe{ (m(t)Ma + M,)? 1%}} > 0.

Hence condition (iii) of lemma 4.2 is verified as well. Therefore, by theorem 4.1
and lemma 4.2, it follows that system (4.1) has a unique almost-periodic solution
in I'*, say (*(t),7*(t))T, which is uniformly asymptotically stable in I'*. Hence
system (1.3) has a unique positive almost-periodic solution (z*(¢),y*(¢))T in I'*,
which is uniformly asymptotically stable in I'}. By corollary 2.16, we have that
(x*(t),y*(t))T is globally asymptotically stable. This completes the proof. O
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