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The intermittency of pressure and pressure gradient in stationary isotropic turbulence
at low to moderate Reynolds numbers is studied by direct numerical simulation
(DNS) and theoretically. The energy spectra scale in Kolmogorov units as required by
the universal-equilibrium hypothesis, but the pressure spectra do not. It is found that
the variances of the pressure and pressure gradient are larger than those computed
using the Gaussian approximation for the fourth-order moments of velocity, and that
the variance of the pressure gradient, normalized by Kolmogorov units, increases

roughly as R1/2
λ , where Rλ is the Taylor microscale Reynolds number. A theoretical

explanation of the Reynolds number dependence is presented which assumes that the
small-scale pressure field is driven by coherent small-scale vorticity–strain domains.
The variance of the pressure gradient given by the model is the product of the variance
of ui,juj,i, the source term of the Poisson equation for pressure, and the square of
an effective length of the small-scale coherent vorticity–strain structures. This length
can be expressed in terms of the Taylor and Kolmogorov microscales, and the ratio
between them gives the observed Reynolds number dependence. Formal asymptotic
matching of the spectral scaling observed at small scales in the DNS with the classical
scaling at large scales suggests that at high Reynolds numbers the pressure spectrum
in these forced flows consists of three scaling ranges which are joined by two inertial
ranges, the classical k−7/3 range and a k−5/3 range at smaller scale. It is not possible,
within the classical Kolmogorov theory, to determine the length scale at which the
inertial range transition occurs because information beyond the energy dissipation
rate is required.

1. Introduction
The pressure field plays an important role in the turbulent motion of an incom-

pressible fluid. In the Navier–Stokes equations the pressure gradient accelerates and
deforms the fluid in a manner that prevents its dilatation. The pressure gradient is
also of direct interest in practical problems such as particle dispersion, droplet growth,
aerosol coagulation and turbulent sound generation by bubbles (Maxey 1987; Hill
1996).

The pressure is given formally by the solution of a Poisson equation with source term
quadratic in the velocity gradient, which implies that moments of the pressure and
pressure gradient are closely related to higher-order moments of velocity gradients.
Heisenberg (1948) derived an expression for the variance of the pressure gradient by
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258 T. Gotoh and R. S. Rogallo

assuming statistical independence of the Fourier amplitudes of the velocity field. The
variance under this approximation is written as an integral of a quadratic function of
the energy spectrum weighted by a geometrical factor.

Expressions for the two-point correlation of pressure and the variances of pressure
and pressure gradient have been derived by Batchelor (1951) under the assumption
that fourth-order and second-order moments of velocity are related as in a joint-
normal distribution. He finds

〈p(x+ r)p(x)〉G = 2ū4

∫ ∞
r

(
y − r2

y

)(
df(y)

dy

)2

dy, (1.1)

〈(p(x))2〉G = 2ū4

∫ ∞
0

y

(
df(y)

dy

)2

dy, (1.2)

〈(∇p(x))2〉G = 12ū4

∫ ∞
0

1

y

(
df(y)

dy

)2

dy, (1.3)

where p is the pressure–density ratio and will be referred to as simply ‘the pressure’
throughout the paper, ū is the root mean square of one velocity component, f(r) is the
longitudinal velocity correlation function ū2f(r) = 〈u1(x+ re1)u1(x)〉. Batchelor also
shows that so far as fourth-order moments are concerned the assumption of statistical
independence of Fourier amplitudes is equivalent to the joint normal approximation,
and we shall refer to both as the Gaussian approximation. The subscript or superscript
G, as in 〈·〉G above, denotes an average using the Gaussian approximation for the
velocity field. These classical formulae and their spectral equivalents have been used
extensively to evaluate the pressure variances from more easily obtained velocity
data (Batchelor 1951; Uberoi 1953; Schumann & Patterson 1978; George, Beuther
& Arndt 1984). A characteristic length λp of the pressure gradient (Batchelor 1951)
defined by 〈(

∂p

∂x

)2〉
=

(ū2)2

λ2
p

(1.4)

is an analogue of Taylor’s microscale. When the universal equilibrium form for the
velocity structure function

〈(u1(x+ re1)− u1(x))2〉 = 2ū2 (1− f(r)) = (ε̄ν)1/2B(r/η) (1.5)

is substituted into (1.1)–(1.3), we can compute the normalized variances of pressure

Fp =

〈
p2
〉(〈u2〉/2)2

(1.6)

and pressure gradient

F∇p =

〈
(∇p)2

〉
ε̄3/2ν−1/2

(1.7)

respectively, where ν is the kinematic viscosity, ε̄ is the mean energy dissipation rate per
unit mass, and η = (ν3/ε̄)1/4 is the Kolmogorov length. At high Reynolds numbers it
is expected that F∇p is determined by scales within the universal equilibrium range and
will therefore approach a constant. Batchelor (1951) estimated the asymptotic value
FG∇p = 3.9 using (1.3) and the interpolated formula, B(y) = y2[1 + (15C)−3/2y2]−2/3/15,
with an absolute constant C = 2. Similar estimates were obtained by Chandrasekhar
(1949) and Uberoi (1953). George et al. (1984) used the spectral equivalent of (1.1)
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Intermittency of pressure at small scales in forced isotropic turbulence 259

and an empirical energy spectrum for E(k) and obtained

FG∇p =

(
3.7− 62.7

Rλ

)
, (1.8)

which is close to Batchelor’s result as Rλ → ∞. Since Taylor’s microscale λ is related
to ε̄ as (Tennekes & Lumley 1972)

ε̄ = 15ν
ū2

λ2
, (1.9)

combining the definitions (1.7) and (1.9) with (1.4) we obtain

λp

λ
= 5−1/215−1/4R1/2

λ F
−1/2
∇p . (1.10)

Within the universal equilibrium hypothesis this ratio is proportional to R1/2
λ (Batch-

elor 1951). Equation (1.10) implies that as Rλ increases the scales contributing to the
pressure-gradient variance become larger than those contributing to the dissipation.

The insensitivity of Fp to Rλ has been confirmed by DNS (Pumir 1994; Gotoh &
Rogallo 1994; Cao, Chen & Doolen 1999; Vedula & Yeung 1999) and by experiment
(Cadot, Douady & Couder 1995). On the other hand Yeung & Pope (1989) found

the pressure-gradient variance, normalized by Kolmogorov scales, to vary as R1/2
λ

even though the velocity spectra scaled as required by universal equilibrium. That
surprising and unexplained result was reproduced by Gotoh & Rogallo (1994) and
Vedula & Yeung (1999). Hill & Wilczak (1995) obtained the structure function for
pressure using an intermittency model for the fourth-order structure function of

velocity gradients. Their results imply an R3µ/2
λ Reynolds number dependence for F∇p

when the products of the two flatness factors of the longitudinal velocity derivative

are assumed to be proportional to R3µ/2
λ . With µ ≈ 0.2 (Sreenivasan & Kailasnath

1993; or µ = 0.25, Praskovsky & Oncley 1994; µ = 2
9
, She & Lévêque 1994), this

dependence is weaker than the R1/2
λ dependence found by DNS. Recent experimental

studies also have shown that the variance of pressure gradient is larger than that
obtained using the Gaussian approximation and that the difference between them
becomes larger as Rλ increases (Hill & Thoroddsen 1997; Voth, Satyanarayan &
Bodenschatz 1998).

The pressure spectrum, especially its scaling in the inertial range, has been pre-
viously examined. Kolmogorov scaling (Monin & Yaglom 1975) for the pressure
spectrum gives

P (k) = ε̄4/3k−7/3φ(kη), (1.11)

where φ is a non-dimensional function. This spectrum is consistent with the pre-
diction of the Gaussian approximation. George et al. (1984) measured the spectrum
experimentally and found that it is close to k−7/3, but certainty was prevented by the
limited width of the inertial range and large measurement noise at high wavenum-
bers. Nelkin (1994) pointed out that the pressure difference δrp = p(x + r) − p(x)
scales as the square of the velocity difference δru = u(x+ r)− u(x), which implies the
inertial-range exponent − 7

3
. Both George and Nelkin argue that the pressure spec-

trum follows classical Kolmogorov scaling rather than the mixed scaling suggested
by its generalization for higher-order spectra by Van Atta & Wyngaard (1975). That
generalization predicts k−5/3 power spectra in an inertial range for all powers of the
velocity and agrees well with measurements made in the atmospheric boundary layer.
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Hill & Wilczak (1995) derived the spectrum P (k) ∝ k−7/3+2µ/9, but the correction to
the exponent is very small. Experimental data show that

〈
(δrp)

2
〉

increases slower

than r4/3 for r/η > 30 at Rλ = 280 (Hill & Boratav 1997).
High-resolution numerical simulations provide an effective means to obtain pres-

sure statistics because the pressure field is exactly computed without deformation of
the field, and without the introduction of any assumptions when the velocity field
is well resolved. Pullin & Rogallo (1994) obtained pressure spectra by DNS and
large-eddy simulation (LES) and examined their scaling based on Kolmogorov units,
but could not reach a decisive conclusion about the inertial-range exponent. Their
measurements within a simulated inertial range show that the spectrum has a level
about three times that predicted by the Gaussian approximation. Gotoh & Rogallo
(1994) compared pressure spectra from the same simulations with those produced
by Gaussian velocity fields having the same energy spectra. It was found that the
former are larger than the latter and that the difference between them increases with
both Reynolds number and wavenumber. Yeung (1996) computed the two-particle
Lagrangian acceleration correlation with small initial separation using DNS with a
5123 mesh. He found that the contribution to the correlation from the viscous term is
negligible compared to that from the pressure gradient up to Rλ = 200 and beyond.
He also observed fundamental differences between the longitudinal and transverse
correlations. Cao et al. (1999) computed the pressure spectrum using DNS with 5123

resolution and low-wavenumber forcing. They observed a k−5/3 pressure spectrum,
unlike the classical Kolmogorov inertial-range scaling and experimental observations.
Their Rλ was limited to Rλ = 218, and forcing was added at wavenumbers less
than k = 2.5 to achieve a steady-state energy spectrum proportional to k−5/3 within
that range. Similar behaviour of the pressure spectrum has also been observed by
Vedula & Yeung (1999) in a 5123 DNS using a different forcing scheme. Surpris-
ingly, there seems to be no consensus about the form of the pressure spectrum at
present.

Since the source term of the Poisson equation for pressure is quadratic in the
velocity gradient it is quite natural to expect non-Gaussian statistics for the pressure
field even if the velocity gradient field were Gaussian. Recent studies of the small scales
of turbulence have revealed that the PDFs for the vorticity and velocity gradients
are themselves markedly different from Gaussian so we would expect even more
deviation of the pressure PDF from the Gaussian. It is now widely accepted that the
PDF for the pressure is negatively skewed and that its negative tail is exponential
(Métais & Lesieur 1992; Holzer & Siggia 1993; Pumir 1994; Gotoh & Rogallo 1994;
Cadot et al. 1995; Cao et al. 1999). The negative tail increases with Rλ, while the
positive tail remains close to Gaussian. Gotoh & Rogallo (1994) observed that the
pressure-gradient PDF is strongly non-Gaussian but symmetric and its concavity
increases with Rλ. Regarding the large negative pressure fluctuations, Cadot et al.
(1995) experimentally visualized low-pressure filaments in a turbulent shear flow using
the micro-bubble technique, and found that the filaments correspond to regions of
very low pressure, with deviations from the mean exceeding more than seven times
the mean turbulent pressure intensity.

In this paper, we present measurements and analysis of pressure and pressure-
gradient statistics in stationary isotropic turbulence obtained by forced DNS. Our
purpose is, first to examine the Gaussian approximation for the fourth-order moments
of the velocity and velocity gradient, which has been used in the past to evaluate the
variances of pressure and pressure gradient, and to assess effects of the velocity and
velocity gradient intermittency on the pressure and pressure gradient. Earlier work
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Intermittency of pressure at small scales in forced isotropic turbulence 261

(Batchelor 1951; Uberoi 1953; Chandrasekhar 1949; George et al. 1984) reported
that the approximation was justified, but recent studies (Hill & Thoroddsen 1997)
have shown that deviation from the Gaussian prediction exists and grows with Rλ.
The DNS data permit us to precisely examine the applicability of the Gaussian
approximation, although Rλ is limited to rather low values. Our approach here is
to measure the deviations of the pressure and pressure-gradient statistics from those
predicted by Gaussian theory and to see how they change with Rλ and wavenumber.
Secondly, in order to understand the underlying physics we present an argument that
the Rλ dependence of F∇p is related to the spatial structure of the small-scale velocity
field.

The paper is organized as follows. A review of the numerical simulation method
and parameters are presented in § 2. In § 3, DNS results are presented for the variances
of pressure and pressure gradient, the pressure spectrum, and the PDFs. Section 4 is
devoted to an analysis of the pressure-gradient variance using a model field. Section
5 contains a summary and discussion.

2. Numerical simulation
The simulation algorithm used here, like those of Yeung & Pope (1989) and

Cao et al. (1999), uses spectral spatial resolution, second-order time advance, and
forcing at low wavenumbers to achieve accurate simulations of stationary turbulent
flows. All of these simulations apply the forcing to a narrow band beginning at
the lowest (fundamental) wavenumber in order to achieve the maximum Reynolds
number possible. This results in bounded (strictly periodic) flows in which the energy
resides in a very few Fourier modes at the largest available scales. This means first
that the very small sample of energetic Fourier modes produce large fluctuations in
statistical quantities with significant contributions from low wavenumbers, and second
that energy backscatter into sub-harmonics is prevented, constraining (bounding) the
flow.

A forced computation at moderate Reynolds numbers (but high enough to exhibit
an inertial range in the energy spectrum) represents only the small scales of some
high Reynolds number flow (the virtual flow). Within the classical Kolmogorov
theory, it is not possible to relate the length and velocity scales (L, u) of the forced
computation directly to those (L0, u0) of the virtual flow. We have only the relation
ε̄ = u3/L = u3

0/L0, and the fact that the virtual and computed spectra match in their
inertial ranges. When the Reynolds number is high enough, statistics in the virtual
flow and the forced flow that depend only on scales within the universal equilibrium
range should be the same. At low Reynolds number however such forced flows are
very different from decaying flows. The asymptotic limit of large time for turbulence
having small but finite Reynolds number at initial time is illustrative. For decaying
turbulence the problem becomes linear at large time, the statistics depend explicitly
on initial conditions, and the velocity spectrum rolls off exponentially like e−k2

at high
wavenumber. For forced turbulence the problem remains nonlinear (since equilibrium
between transfer and dissipation is maintained), the statistics are independent of
initial conditions, and the velocity spectrum would fall off much more slowly like
e−k . Because the results of all of the cited forced simulations deviate from classical
Kolmogorov pressure scaling, the possibility of differences between bounded (periodic)
and unbounded flows should be noted.

The turbulent flow fields used here (Jiménez et al. 1993) are all homogeneous and
isotropic, and are held stationary by forcing a narrow band at low wavenumber
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262 T. Gotoh and R. S. Rogallo

Rλ N3 ν E ε̄ λp/λ λ kpη η L1

39 643 0.01 0.334 4.85× 10−2 0.735 0.830 0.696 0.0675 1.60
63 1283 0.01 2.08 0.723 0.815 0.536 0.492 0.0342 1.36
96 2563 0.02 53.8 106 0.879 0.318 0.371 0.0166 1.15

172 2563 0.02 376 1600 0.963 0.217 0.253 0.0084 1.18

Table 1. Numerical parameters of simulations.

|k| < 2 (Gotoh et al. 1993; Jiménez et al. 1993). The fields are arranged into four
groups according to the Reynolds number Rλ, with statistical quantities computed
as averages over two fields at well separated times for Rλ = 172 and over three
fields for Rλ = 96, 63, 38. The numerical grid sizes for the simulations ranged from
N = 2563 at Rλ = 172 to N = 643 at Rλ = 38, all of which satisfy the condition
Kmaxη ≈ 2. Due to computing constraints at Ames, the Rλ = 172 fields were truncated
to 2563 (Kmaxη ≈ 1) when our measurements were made. We have also used the large
simulation of decaying isotropic turbulence of Wray (1997) to address the issues
raised above. That simulation provides flow fields for Rλ ≈ 65 (N = 5123) to Rλ ≈ 32
(N = 2563) that have both a large sample of energetic modes and good resolution of
the smallest scales. Throughout that Reynolds-number range, the measured energy
spectra very accurately reproduce the experimental data of Comte-Bellot & Corrsin
(1971).

Other numerical parameters are shown in table 1. The pressure field p(k, t) was
computed from the velocity field using de-aliased spectral methods. The Gaussian
velocity fields required for comparison were formed by randomizing DNS velocity
fields. The required phase scrambling preserved both the energy and (zero) divergence
of each three-dimensional Fourier velocity mode. The statistical quantities given in
table 1 are total energy,

E =
3

2
ū2 =

〈
u2
〉

2
=

∫ ∞
0

E(k) dk, (2.1)

average rate of energy dissipation per unit mass

ε̄ = 2ν

∫ ∞
0

k2E(k) dk = νΩ2, (2.2)

integral scale length

L1 =

(
3π

4

∫ ∞
0

k−1E(k) dk

)/
E, (2.3)

Taylor’s microscale

λ =

(
5E

/∫ ∞
0

k2E(k) dk

)1/2

, (2.4)

and microscale Reynolds number

Rλ = ūλ/ν. (2.5)
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Figure 1. Variation with Reynolds number of various fourth-order moments of velocity. (a) Fp, (b)
F∇p, (c) Fε, (d) Fω , (e) F∂1u1

, (f) Fu1
. The slopes of curves (b, c, d) by least-square fit are 0.64, 0.29, 0.43,

respectively. The solid line indicates R1/2
λ behaviour.

3. Results
3.1. One-point statistics

The variation of Fp and F∇p with Rλ found in the DNS are shown in figure 1. Included
there for comparison are other normalized fourth-order moments of velocity:

Fε =

〈
ε2
〉

〈ε〉2 − 1, Fω =

〈
ω4
〉

〈ω2〉2 − 1, F∂1u1
=

〈
(∂u1/∂x1)

4
〉

〈(∂u1/∂x1)2〉2 − 1, Fu1
=

〈
(u1)

4
〉

〈(u1)2〉2 − 1.

(3.1)

The pressure variance Fp is relatively insensitive to Rλ in agreement with previous
studies (Batchelor 1951; Uberoi 1953; Schumann & Patterson 1978; Pumir 1994). The
pressure-gradient variance F∇p, however, increases roughly as

F∇p ≈ A1R1/2
λ (3.2)

for the range of Reynolds numbers studied, where A1 is a constant of order unity.

The rapid growth of F∇p ∝ R1/2
λ was found earlier by Yeung & Pope (1989) from the

variance of the total acceleration. On the other hand, the Rλ dependence of other
moments is relatively slower than that of the pressure gradient, in agreement with the
data of Kerr (1985).

Let us compare the pressure and its gradient from the DNS with those obtained
from a Gaussian velocity field. As seen in figure 2 both

〈
p2
〉

and
〈
p2
〉
G

are rather

insensitive to Rλ but
〈
p2
〉
G

(curve b) is about 20% lower than
〈
p2
〉

(curve a). The

variance of the pressure gradient
〈
(∇p)2

〉
(curve c) is larger than

〈
(∇p)2

〉
G

(curve d)
and grows more rapidly with Rλ. The values of F∇p obtained from the simulation
of decaying isotropic turbulence of Wray (1997) (curve f) are somewhat lower than
those from the forced simulations (curve c) but higher than those resulting from the
Gaussian approximation. At the highest computed Reynolds number they appear to
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Figure 2. Comparison of DNS variances with those from the corresponding Gaussian veloc-
ity fields. (a) Fp (DNS), (b) FGp (Gaussian), (c) F∇p(DNS), (d) FG∇p (present DNS-Gaussian),

(e) FG∇p (George et al. 1984, (1.8)), (f) F∇p (decaying run, Wray 1997), (g) F∇p (Yeung & Pope

1989). Batchelor’s values for Fp and F∇p are 0.15 and 3.9, respectively. The solid line indicates R1/2
λ

behaviour.

approach the results of Batchelor (1951). Without knowledge of their behaviour at
higher Reynolds number we cannot be certain that this is not fortuitous, but it seems
quite likely that freely decaying flows will establish a universal equilibrium range at
lower Reynolds number than forced flows that have their energy highly concentrated
(and correlated) in a narrow scale range. This suggests that the deviation from
Kolmogorov scaling in the forced simulations is an indication that the Reynolds
number is not high enough, and the range of scales is not wide enough, for the small
scales to become independent of the large driven scales.

The ratio of the characteristic length of the pressure gradient defined by (1.4) to
Taylor’s microscale is given by (1.10). Under the universal-equilibrium hypothesis this

ratio is proportional to R1/2
λ (Batchelor 1951). Our DNS measurements (figure 3) give

(3.2) and the ratio of the length scales

λp

λ
≈ A2R1/4

λ , (3.3)

where A2 is a constant of order unity. All of the data in figure 3 other than the DNS
results (curves a, e, f and g) use the Gaussian approximation to relate pressure-
gradient variance to second-order velocity correlations. They exhibit by construction

length-scale ratios proportional to R1/2
λ whenever the energy spectrum scales as

required by universal equilibrium. The length-scale ratio from the DNS (curve a)

grows approximately as R1/4
λ for moderate Reynolds numbers and matches with the

other data at low Reynolds numbers. It should be noted that the curve (b) from the
randomized velocity field of the present DNS is higher than the DNS (curve a) and
close to the other data resulting from the Gaussian approximation. This suggests that
at large Reynolds numbers the Gaussian approximation considerably overestimates
the scale separation between λ and λp.
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Figure 3. Variation of the ratio λp/λ with microscale Reynolds number: (a) present DNS,
(b) present DNS-Gaussian, (c) Batchelor (1951), (d) George et al. (1984) (using (1.8), (1.10)),
(e) Schumann & Patterson (1978), (f) decaying run, Wray (1997), (g) Yeung & Pope (1989); +,
Collis (1948); ×, Simmons (1935); ∗, Uberoi & Corrsin (1952); �, Liepmann, Laufer & Liepmann

(1951). The solid and dashed lines indicate R1/4
λ and R1/2

λ behaviour, respectively.

3.2. Spectra

The power spectrum of pressure (the pressure spectrum) P (k) is related to the
variances of pressure and its gradient by

〈(p(x))2〉 =

∫ ∞
0

P (k) dk, (3.4)

〈(∇p(x))2〉 =

∫ ∞
0

k2P (k) dk. (3.5)

The energy spectra for various Rλ, compensated by (kη)5/3 in figure 4, collapse well
to a single curve as required by the universal-equilibrium hypothesis. The Reynolds
numbers of the simulations are too low to expect a k−5/3 inertial range behaviour
however, and the form at low wavenumber is closer to k−3/2. The pressure spectra,

compensated by (kη)5/3R−1/2
λ in figure 5, collapse only at high wavenumber kη > 0.3,

but tend to merge at lower wavenumber as the Reynolds number increases. The
pressure spectra at low wavenumbers in figure 5 are closer to the k−5/3 behaviour
observed by Cao et al. (1999) and Vedula & Yeung (1999) than to the classic k−7/3

inertial-range form. The variation of F∇p and ε̄−3/4ν−7/4P (k) with Rλ, which includes
large-scale information, indicates that the uniform equilibrium hypothesis is not valid
for pressure statistics at the Reynolds number of these forced simulations.

It is useful to compare the scaling of the DNS pressure spectra in figure 5 with the
scaling of the spectra in figure 6 obtained from the corresponding Gaussian velocity
fields. In figure 6 the compensated pressure spectra are plotted with and without

the R−1/2
λ factor. Included in these figures are lines indicating the slope of k−2/3.

We conclude from figures 5 and 6 that the R−1/2
λ factor is required for the scaling

of the DNS pressure spectrum at high wavenumbers and that the situation for the
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Figure 4. Compensated energy spectra in Kolmogorov units. , Rλ = 172; , Rλ = 96;
, Rλ = 63; , Rλ = 38.
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Figure 5. Reynolds-number scaling of the DNS pressure spectra. Upper curves: ε̄−3/4ν−7/4

(kη)5/3 P (k). Lower curves: R−1/2
λ ε̄−3/4ν−7/4(kη)5/3P (k). Line styles as in figure 4. The straight

line indicates the slope of k−2/3.

Gaussian spectrum PG(k) is quite the reverse. That is, scaling the Gaussian pressure

spectra without the R−1/2
λ factor collapses them well while scaling with the factor does

not. The latter is expected since the Gaussian approximation equates the pressure
spectrum to a function of the energy spectrum and the energy spectrum does follow

Kolmogorov scaling. This indicates that the R−1/2
λ factor is related to the structure

of the velocity field at high wavenumber. The low-wavenumber tails of k5/3PG(k) are

similar to those of k5/3P (k) with or without the R−1/2
λ factor. This suggests that the

failure of the scaling at low wavenumbers is not directly due to intermittency effects.
Let us consider the scaling of the pressure spectrum. From figure 5 it appears that
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Figure 6. Reynolds-number scaling of pressure spectra in the Gaussian velocity fields. Upper

curves: ε̄−3/4ν−7/4(kη)5/3PG(k). Lower curves: R−1/2
λ ε̄−3/4ν−7/4(kη)5/3PG(k). Line styles as in figure 4.

The straight line indicates the slope of k−2/3.

the pressure spectrum at high wavenumbers is

P (k) = ε̄3/4ν7/4R1/2
λ φ1(kη), (3.6)

where φ1 is a non-dimensional function. If we assume that P (k) at small wavenumber
is scaled by the dissipation rate ε̄ and the internal length

L = u3/ε̄, (3.7)

which is of the same order as the integral scale L1,

P (k) = ε̄4/3L7/3φ2(kL). (3.8)

We note that the empirical relation u3 ∝ ε̄L between the local velocity and length
scales and the dissipation may be used to find equivalent forms of (3.8) within the
large-scale and inertial ranges of the energy spectrum. Scaling by (3.8) collapses the
spectra at low wavenumbers, but not as well as (3.6) does at high wavenumber (figure
not shown). It is clear that at high Reynolds number (3.6) is not valid at the large

scales since it would lead to a pressure variance of order R1/2
λ . The scaling forms (3.6)

and (3.8) match asymptotically for large Rλ in an inertial range of the form

P (k) ∝ ε̄4/3L1/3k−2, (3.9)

that is not consistent with either the classical k−7/3 spectrum observed in experiments
or the k−5/3 spectrum observed in the simulations. We thus postulate an intermediate
range of scales, based on the pressure microscale λp defined by (1.4) and the scaling

P (k) = ε̄4/3λ7/3
p φ2(kλp), L−1 � k � η−1. (3.10)

This scaling matches (3.8) in a classical inertial range

P (k) ∝ ε̄4/3k−7/3, L−1 � k � λ−1
p , (3.11)
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and matches (3.6) in the inertial range observed in the DNS

P (k) ∝ ε̄4/3λ2/3
p k−5/3, λ−1

p � k � η−1. (3.12)

At high Reynolds number the scales L, λp, and η become disparate as L/λp =

λp/η = R3/4
λ .

This model spectrum is based only on the observed Rλ scaling of the Kolmogorov
range within forced simulations at moderate Reynolds numbers, and the assumption
that the scaling holds for sufficiently large Rλ to allow asymptotic matching. The
matching itself does not prove the model, but merely shows that the model is consistent
with both the classical Kolmogorov scaling and the observed computational results,

and provides a link between the R1/2
λ scaling factor and the k−5/3 spectrum.

We do not expect the growing length of the k−5/3 range, and resulting R1/2
λ scaling

factor, to continue indefinitely with increasing Reynolds number. Consider the flow
of energy down the inertial range to smaller scale and lower Reynolds number. At
any scale within an inertial range, the local Reynolds number, based on viscosity,
local wavenumber, and global dissipation rate is

Rk = ν−1ε̄1/3k−4/3 = (kη)−4/3. (3.13)

At high Rk the variety of structural instabilities (more generally, the variety of modes
of structural evolution) is very large, consistent with the classical Kolmogorov cascade
(local three-dimensional structural similarity). As the cascade proceeds, the variety
of structural modes diminishes with decreasing Rk . Eventually there remains only
the most robust (final) evolution mode, which is thought to be the roll-up of vortex
sheets into strong vortex tubes. We thus postulate a critical Reynolds number R∗ and

scale λp/η = R
3/4
∗ at which the cascade ceases to be scale similar, and where the k−7/3

range ends. When Rλ within the simulations reaches R∗ the spectrum at kη > R
−3/4
∗ ,

containing the k−5/3 range, would become independent of Rλ and the normalized

pressure-gradient variance would be bounded at order R
1/2
∗ . Further increase of Rλ

would simply lengthen the k−7/3 range at kη < R
−3/4
∗ and the spectrum would follow

classical Kolmogorov scaling throughout, with a significant but finite (kη)−5/3 range
at small scale. The proposed scaling is consistent with (3.11) and (3.12). When k2P (k)
is integrated over L−1 < k < η−1, the result is

F∇p ∝
(
λp

η

)2/3

+

(
η

λp

)2/3

− 2

(
η

L

)2/3

. (3.14)

The full range of scales (L/η) is of order R3/2
λ . The span λp/η of the k−5/3 range

is of order R3/4
λ when Rλ 6 R∗ but is bounded at order R

3/4
∗ when Rλ > R∗. Thus

asymptotic forms like (3.2) and (1.8) are recovered at low and high Reynolds numbers
respectively.

The intermittency effects at small scales appear as an R1/2
λ factor for the pressure-

gradient variance and the scaling of the pressure spectrum, but it is not clear how
the intermittency of the pressure field varies with wavenumber. One way to measure
this variation is to compare the pressure spectrum P (k) of the turbulence with the
spectrum PG(k) computed from a Gaussian velocity field having the same energy
spectrum (Chen et al. 1989).
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Figure 7. Variation of the (scaled) pressure-spectra ratio R−1/2
λ K1(k) with Reynolds number. The

straight line is the fitted form (2µ/9) log (kη) + 0.29 with µ = 0.2. Line styles as in figure 4.

We consider the spectrum ratio

K1(k) =
P (k)

PG(k)
(3.15)

as a measure of the variation of pressure (and pressure gradient) intermittency across

the spectrum. An R1/2
λ dependence of K1(k) is again seen in the good collapse of

R−1/2
λ K1(k) in figure 7 and the ratio can be written approximately as

K1(k) ≈ R1/2
λ

[
2µ

9
log (kη) + 0.29

]
, kη 6 1

2
. (3.16)

The growth with wavenumber of the intermittency of second-order moments of the
pressure field is very slow (it appears to be logarithmic, but the scale range is not
sufficient to preclude a weak algebraic dependence). The constant 2µ/9 was obtained
as follows. First, by using an appropriate theory, such as the refined scaling of
Kolmogorov (1962) or the Log Poisson model of She & Lévêque (1994) for the

fourth-order structure function
〈
(δru)

4
〉
, we write K1(k) ∝ R1/2

λ (kη)2µ/9, and second,
by expanding it to first order for small µ, we obtain the form (3.16). The constant
0.29 is estimated by inspection of figure 7. The fitted form agrees well with the four
curves.

Since the power spectrum of pressure is formally related to a fourth-order moment
of components of the velocity gradient tensor, it is illustrative to examine the power
spectrum of the dissipation ε(x) which is formally related to a different fourth-order
moment of components of the velocity gradient tensor. The power spectrum of the
dissipation and its intermittency (ratio of turbulent to Gaussian spectra) are〈

ε2(x)
〉− 〈ε〉2 =

∫ ∞
0

Eε(k)dk, (3.17)

K2(k) =
Eε(k)

Eε,G(k)
. (3.18)
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Figure 8. Comparison of dissipation spectra Eε(k) and Eε,G(k). Upper curves: Eε(k).
Lower curves: Eε,G(k). Line styles as in figure 4.

Figure 8 shows a comparison of Eε(k) and Eε,G(k). It can be seen that Eε(k) is nearly
flat for kminη < kη < 0.3 and decays slowly for kη > 0.3, while Eε,G(k) has a peak at
kη ≈ 0.3. The spectra Eε(k) collapse well for the high-wavenumber range of kη > 0.3
but not for lower wavenumbers, while Eε,G(k) collapses for all wavenumbers. Similar
results are also observed for power spectra of enstrophy ω2 and can be understood
with the aid of visualizations of the high vorticity and enstrophy domains within the
DNS (She, Jackson & Orszag 1991; Jiménez et al. 1993; Cao et al. 1999; Tsinober
1998). Those domains are commonly observed to be localized in space (coherent
structure) with one macroscale length and two smaller lengths of order of λ to η. The
spectrum Eε(k) then has support at low wavenumbers as well as at wavenumbers near
1/λ and 1/η. On the other hand the dissipation in a Gaussian velocity field has no
characteristic length scale other than η, so that its dissipation spectrum Eε,G(k) has
support only at wavenumbers of order 1/η and is narrower than that of Eε(k). This
point is to be discussed in the later sections.

The variation of the dissipation intermittency across the spectrum, indicated by the
ratio K2(k) in figure 9, is a decreasing function of kη when kη < 1

2
. For kη > 1

2
, Eε(k)

decreases slowly with wavenumber consistent with coherent structure such as vortex
tubes within which there is well-organized dissipation associated with the rotational
motion of fluid. The Gaussian spectrum Eε,G(k), lacking such coherent structure,
decreases rapidly with wavenumber so that K2(k) increases. It is interesting to note
that the maximum of K1(k) and minimum of K2(k) both occur at kη ≈ 1

2
, and that

the diameter of intense vortex tubes is also of order η (Jiménez et al. 1993; Jiménez &
Wray 1997). The strong variation of the dissipation intermittency across the spectrum
is opposite to that of the pressure field (Chen et al. 1989).

3.3. One-point PDF

The one-point PDF for the pressure (figure 10) is skewed as reported by Pumir
(1994) and Cadot et al. (1995). For negative pressure fluctuations its asymptotic form
tends to be nearly exponential Q(p) ∝ exp

(−a|p/σp|γ) , where a is a non-dimensional
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Figure 9. Variation of the dissipation-spectra ratio K2(k) with Reynolds number.
Line styles as in figure 4.

constant, and σp = (
〈
p2
〉 − 〈p〉2)1/2 is the pressure deviation. The tail of the PDF

extends towards negative values with larger amplitude as Rλ increases. Although the
tails of the PDFs do not extend far enough to define asymptotic values of a and γ, it
is of interest to see what those values are. The constants a and γ were measured using
a least-square fit within plots of ln (− lnP (p)) against ln p and are listed in table 2.
The data for Rλ = 39, 65 are not included due to the lack of asymptotic tails in the
PDFs at those Reynolds numbers, and the values in table 2 are only rough estimates
due to the small statistical sample of fields. The exponent γ is slightly smaller than
one, consistent with low pressure in the core regions of intense vortex filaments, and
is insensitive to Rλ. For positive fluctuations the PDF is close to Gaussian and is
insensitive to Rλ. These results are consistent with the observations of Pumir (1994)
and Cao et al. (1999). Furthermore the PDF QG(p) of the pressure field computed
from the corresponding Gaussian velocity field has a similar behaviour (figure 10) for
the negative fluctuations as predicted by Holzer & Siggia (1993), but its negative tail
is narrower than that of the actual PDF.

The PDFs for the pressure gradient ∂p/∂y (figure 11) are symmetric with tails
that become wider as Rλ increases. They differ markedly from those computed from
Gaussian velocity fields unlike the case of the pressure itself. The asymptotic tails of
these PDFs appear to be much higher than exponential and the exponent δ, defined by

Q(p,i)∝ exp (−b ∣∣p,i/σp,i∣∣δ), where p,i = ∂p/∂xi and b is a non-dimensional constant, is
smaller than one and decreases slowly with Rλ. On the other hand, δ for the Gaussian
counterpart is about 1.13 for Rλ = 172 which is close to unity as expected (Holzer &
Siggia 1993). This suggests that the pressure-gradient field is very intermittent and is
quite different from the pressure gradient in a Gaussian velocity field.

4. Theoretical analysis
We have seen in the previous section that in forced turbulence at low Reynolds

number the normalized variance of the pressure gradient and the pressure spectrum
at high wavenumber, i.e. the small scales of the pressure field, have a strong Rλ
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Figure 10. Variation of the PDF of pressure with Reynolds number. Line styles as
in figure 4. × , Gaussian velocity field for Rλ = 172; e, Gaussian.
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Figure 11. Variation of the PDF of ∂p/∂y with Reynolds number. Line styles as
in figure 4. × , Gaussian velocity field for Rλ = 172; e, Gaussian.

dependence, while those for a Gaussian velocity field having the same kinetic energy
spectrum do not. Yeung & Pope (1989) attempted to account for this Rλ dependence
with a Kolmogorov (1962) correction, but the resulting Rλ dependence was much
weaker than that observed in their simulations. The Kolmogorov (1962) correction
is based on one-point statistics, and the structure of the velocity field does not enter
explicitly. The differences between the statistics of turbulent and Gaussian fields is
due to the presence of coherent structures in the turbulent vorticity and strain fields.
It is commonly observed in DNS fields that the shape of those structures changes
from three-dimensional blobs to two-dimensional sheets to one-dimensional tubes as
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Rλ 39 63 96 172

a — — 0.524 0.557
γ — — 0.861 0.840
b 0.630 0.869 0.960 1.131
δ 0.837 0.655 0.591 0.488

Table 2. Numerical constants of PDFs.

the threshold level for visualization is increased. On the other hand, by construction,
no coherent structures exist in the Gaussian fields and it then seems quite natural
to explain the Rλ dependence of the small-scale pressure statistics in terms of the
relationship between the small scales of the pressure field and those small-scale
coherent velocity-gradient structures.

In this section we determine the Rλ dependence of the pressure-gradient variance
within a model turbulent flow. The fundamental idea is that the pressure gradient
is mostly the result of the integral of a product of velocity derivatives over small
coherent domains that have both macroscale and microscale dimensions, and that the
ratio between those dimensions can give the observed Reynolds number dependence.
The problem is how to construct a model that is consistent with various statistical
constraints and the observations from DNS. We will illustrate the basic ideas here in
a simplified version of the more detailed analysis that follows.

For an incompressible fluid, the pressure is determined by the Poisson equation

∇2p(x) = S(x), (4.1)

S(x) = −∂uj
∂xi

∂ui

∂xj
=
ω2(x)

2
− σ2(x), σ2 =

1

4

(
∂ui

∂xj
+
∂uj

∂xi

)2

, (4.2)

where ω(x) is the amplitude of the vorticity and σ2 is the square of the rate of strain
tensor. The solution to (4.1) is given formally by

p(x) = − 1

4π

∫
S(y)

|x− y| dy. (4.3)

In our discussion we shall omit contributions from boundaries as is appropriate for
unbounded domains, and for our strictly periodic fields.

We wish to determine the dependence of the pressure-gradient variance on the
structure of the pressure source S . Since the field is statistically homogeneous, we can
write

〈(∇p(x))2〉 =
1

V

∫
V

(∇p(x))2 dx. (4.4)

Assume that the support of (∇p(x))2 and S is composed of N similar but disjoint
domains of volume Vs within the volume V . The position and orientation of the
domains are not relevant since the integrand is a scalar without explicit spatial
dependence. Then

1

V

∫
V

(∇p(x))2 dx ≈ NVs

V

1

Vs

∫
Vs

(∇p(x))2 dx. (4.5)
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Using the relation (∇p)2 = 1
2
∇2(p2)− p∇2p we have

1

Vs

∫
Vs

(∇p(x))2 dx =
−1

Vs

∫
Vs

p(x)S(x) dx

=
1

Vs

∫
Vs

1

4π

∫
Vs

S(x)S(y)

|x− y| dx dy

=
1

4π

∫
Vs

W (r)

r
dr, (4.6)

where

W (r) =
1

Vs

∫
Vs

S(y)S(y + r) dy. (4.7)

For an S domain of dimension l1, l2, l3, having amplitude S and disparate scales
l1 � l2, l3, W (r) is roughly estimated as

W (r) ≈ S2Θ(r), Θ(r) =

{
1 for r ∈ Vs
0 otherwise.

(4.8)

Then (4.6) becomes

1

Vs

∫
Vs

(∇p(x))2 dx ≈ S2 l1l2l3

l1
= S2l2l3, (4.9)

to leading order in l2/l1 � 1 (or l3/l1 � 1).
This is the crucial relation showing that the two-dimensional structure of S , as well

as its amplitude, determines the pressure-gradient variance. Combining (4.4), (4.5),
and (4.9)

〈(∇p(x))2〉 ≈ NVs

V
S2l2l3. (4.10)

The extension to random S , N(S), and li(S) is found by introducing the PDF
Q(S) = VsN(S)/V and integrating over S rather than x:

〈(∇p(x))2〉 ≈
∫
S

S2l2(S)l3(S)Q(S) dS. (4.11)

Our more detailed analysis proceeds in three steps: first we introduce several exact
statistical constraints, then we construct a model that is consistent with those con-
straints, and finally we compute the variance of the pressure gradient within the model.

4.1. Statistical constraints

The ensemble average of the pressure variance is

〈(p(x))2〉 =
1

16π2

∫∫ 〈S(y)S(z)〉
|x− y||x− z| dy dz. (4.12)

Since the turbulence is statistically homogeneous, the correlation function 〈S(y)S(z)〉
depends only on r = y − z

〈S(y)S(z)〉 = W (r), (4.13)

(4.12) becomes

〈(p(x))2〉 =
1

16π2

∫∫
W (r)

|x− y||x− y − r| dr dy. (4.14)
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Following Kraichnan (1956), the y integration can be performed and we obtain the
pressure variance 〈

p2
〉

= − 1

8π

∫
W (r)|r| dr. (4.15)

The variance of the pressure gradient is found in a similar manner to be

〈(∇p)2〉 =
1

4π

∫
W (r)

|r| dr. (4.16)

We shall make use of two exact statistical constraints on the source term of the
Poisson equation that follow from homogeneity, incompressibility, and the absence of
boundary contributions:

〈S〉 =
1

V

∫
S(x) dx =

−1

V

∫
∂uj

∂xi

∂ui

∂xj
dx = 0, (4.17)

∫
W (r) dr = 0. (4.18)

Since the left-hand sides of (4.15) and (4.16) are positive, combining (4.18) with the
fact that (4.15) is weighted at large distance while (4.16) is weighted at short distance,
we can conclude that

Fact 1. The correlation W (r) is positive at short distance and negative at large
distance.

When the turbulence is isotropic W (r) is a function of r only and (4.18) becomes∫ ∞
0

W (r)r2 dr = 0. (4.19)

Let us suppose that the source term S(x) is given by the vorticity contribution
alone. Then the correlation function for S becomes

〈S(y + r)S(y)〉 = 1
4

〈
ω2(y + r)ω2(y)

〉
. (4.20)

When the separation r is large, ω2(y + r) and ω2(y) are statistically independent so
that

W (r) ≈ 1
4

〈
ω2(y + r)

〉〈
ω2(y)

〉
= O

((
ε̄

ν

)2)
. (4.21)

The right-hand side of (4.21) is constant for large r, which means that the integrals
(4.15) and (4.16) diverge. The same divergence occurs for S(x) = −σ2(x) and we
conclude that

Fact 2. It is essential for convergence of the integrals (4.15) and (4.16) that S takes
both positive and negative values in space and that both vorticity and strain fields con-
tribute equally to the integrals in the sense of (4.18) or (4.19).

The model turbulent flow must then contain both vorticity and strain fields and
satisfy the exact statistical constraints (4.17) to (4.19).

4.2. A model of homogeneous isotropic turbulent flow

We wish to construct a coherent-structure model for the source term of the pressure
equation that produces the observed Reynolds number dependence. But what is a
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Figure 12. Schematic of a model pressure source field consisting of coherent domains. Each domain
contains regions with positive S (dark shaded region) and negative S (light shaded region). The
domains are separated by a distance of the order of the integral scale Lij .

coherent structure? A coherent structure, in the context of this paper, is defined as
follows.

Definition. Coherent structure is a spatial configuration of domains, in each of which
a physical quantity with values above a given threshold has strong spatial correlation
with at least one macroscale length.

An assembly of vortex tubes is a well-known example. It seems natural from the
discussion following (4.21) and from (4.18) or (4.19) to expect that vorticity- and strain-
dominated domains are located adjacent in space. One example of this configuration
can be seen in figure 12 of Cao et al. (1999). Close inspection of the figure reveals
that a domain of high vorticity is, roughly speaking, accompanied by a nearby
domain of high strain. Another example is Burgers’ vortex in which strong vorticity
is concentrated near the axis while the maximum strain is located in the region
surrounding the vortex core. Based on these observations we propose a coherent-
structure model for the pressure-source field as follows (see also figure 12).

A model source field. A turbulent flow with coherent structure of S consists of an infi-
nite number of disjoint S-domains distributed uniformly and isotropically with macroscale
separation, each of which contains a region of high vorticity and an adjacent region of
high strain.

We denote the union of adjacent vorticity–strain regions as Dα, in which S takes
positive and negative values with high amplitudes. For simplicity we assume that
this domain is a randomly oriented ellipsoid with dimensions l̃1 > l̃2 > l̃3. The
intensity and lengths of each domain Dα vary randomly. Now we put forth the basic
assumption.

Assumption A. The pressure gradient is determined only by contributions from the
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coherent domains Dα with large S amplitude, and contributions from regions outside the
domains can be neglected.

This is a reflection of the fact that
〈
(∇p)2

〉
is dominated by the contributions of the

correlation function for S at short separation (see (4.16)).

4.3. Computation of the variance of pressure gradient

Computation of the pressure-gradient variance from the model source field consists
of three steps. First we start from (4.3) for one realization of the model field and
show that the square of the pressure gradient is given approximately by an integral
of the square of the source term over the average coherent domain D. In the second
step, a formula for the variance of the pressure gradient is derived as the product of
the variance of the source term and the square of a length characterizing the average
volume of a coherent domain. In the third step, we estimate this length using the PDF
for the velocity gradient and results of visualization of the small scales obtained by
recent DNS. This gives the Reynolds number dependence of the normalized variance
of the pressure gradient.

Step 1.
For one realization the square of the pressure gradient at a point x in a laboratory

frame is

(∇p(x))2 =
1

16π2

∫∫
D
S(y)S(z)∇y∇z

(
1

|x− y||x− z|
)

dy dz, (4.22)

where the integration is taken over D, the union of all Dα, D =
⋃∞
α=1 Dα. For this

field, the pressure gradient fluctuates randomly with x. We take the volume average
of (4.22) as

(∇p)2
V ≡ 1

V

∫
V

(∇p(x))2 dx

=
1

16π2V

∫∫
D
S(y)S(z) ∇y∇z

(∫
V

1

|x− y||x− z| dx
)

dy dz, (4.23)

where V is a large volume of the model turbulence field. Using the same technique
that lead to (4.16), we perform the x integration and obtain

(∇p)2
V

=
1

4πV

∫∫
D
S(y)S(y + r)

|r| dy dr. (4.24)

Due to statistical homogeneity, the left-hand side of (4.24) is equal to the ensemble
average 〈(∇p(x))2〉 and the y integral of the right-hand side of (4.24) is equal to the
ensemble average

1

V

∫
D
S(y)S(y + r) dy = 〈S(y)S(y + r)|D〉, (4.25)

where 〈·|D〉 denotes the ensemble average over coherent domains D. Then we have

〈(∇p)2〉 =
1

4π

∫ 〈S(y)S(y + r)|D〉
|r| dr, (4.26)

which is very similar to (4.16). The difference is that the average is now taken over
the ensemble of coherent domains.
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Non-zero contributions to the left-hand side of (4.25) can occur only when y is in
Dα and y + r in Dβ . When α = β, the values of S(y) and S(y + r) are of the same
order of magnitude due to the strong spatial correlation (coherency), that is

S(y)S(y + r) ≈ S2
0 (XGα) for α = β, (4.27)

where S2
0 (XGα) is the square of the amplitude S at the centre XGα of the domain Dα.

On the other hand, when α 6= β,

S(y)S(y + r) ≈ S0(XGα)S0(XGβ) forα 6= β. (4.28)

Combining (4.27) and (4.28) with (4.25) yields

〈S(y)S(y + r)|D〉 = 〈S(y)S(y + r)|D; y, y + r, same domain〉
+〈S(y)S(y + r)|D; y, y + r, different domain〉

≈ 〈S(y)S(y + r)|D〉d + 〈S(y)|D〉2

≈ 〈S(y)S(y + r)|D〉d, (4.29)

where the subscript d of 〈S(y)S(y + r)|D〉d denotes diagonal in α for suffix of Dα. We
have used fact that macroscale separation between Dα and Dβ (α 6= β) ensures their
statistical independence, and that the average 〈S(y)|D〉 vanishes because of (4.17)
and by model construction using regions of positive and negative S . Since the field is
statistically homogeneous, the right-hand side of the last line of (4.29) is independent
of y. Equations (4.26) and (4.29) state that the variance of the pressure gradient is
determined by the weighted integral of the source term over the average volume of
one coherent domain, that is, over D.

Step 2.
In order to obtain an approximate form for 〈S(y)S(y + r)|D〉d, we define more

precisely the set of coherent structures Dα. Let XGα be the centre of the αth domain
of the coherent structure. The shape of one domain Dα is approximately an ellipsoid
with three lengths l̃1 > l̃2 > l̃3. We attach to the domain unit vectors n parallel to the
l̃1-direction and b parallel to the l̃2-direction. A local coordinate system is introduced
with its origin at XGα, x1-axis parallel to n, x2-axis parallel to b, and x3-axis parallel
to n× b. If we introduce a non-dimensional function w and amplitude S0 = S(x = 0),
S(x) can be written as

S(x1, x2, x3) = S0w(x1/̃l1, x2/̃l2, x3/̃l3), (4.30)

where the function w is assumed to depend on the shape of Dα only through
l̃i(S0)(i = 1, 2, 3). The amplitude of w is assumed to be of order unity within the
domain and to rapidly decay to zero outside it.

Consider a sub-ensemble of domains Dα with given values of n, b and S0. Using
(4.30) and averaging the product over the above sub-ensemble, we obtain

〈S(y)S(y + r)|n, b, S0;D〉d = S2
0 〈w(y)w(y + r)|n, b, S0;D〉d . (4.31)

Since both y and y + r are in the same domain, we expect from the definition of the
coherent structure that w(y)w(y+ r) is of order unity for |ri|/̃li <∼ 1 and decays rapidly

to zero for |ri|/̃li >∼ 1. Therefore we may write

〈w(y)w(y + r)|n, b, S0;D〉d = Θ(r1/l1, r2/l2, r3/l3), (4.32)
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where li = li(S0) denotes the average of l̃i over the sub-ensemble, i.e.

li(S0) ≡ 〈̃li
∣∣ S0;D〉. (4.33)

The function Θ measures the coherency of S at two points separated by r within the
average domain with dimensions l1 × l2 × l3. We denote this conditionally averaged
volume simply as D. Note that the right-hand side of (4.32) does not depend on y, n
or b by homogeneity and isotropy, and by construction.

Combining (4.29), (4.31) and (4.32) with (4.26) yields〈
(∇p)2

〉 ≈ 1

4π

∫
〈S(y)S(y + r)|D〉d |r|−1 dr

≈ 1

4π

∫∫∫∫
〈S(y)S(y + r)|n, b, S0;D〉d |r|−1Q(S0)P1(n)P2(b) dr dn db dS0

≈ 1

4π

∫∫∫∫
S2

0Θ(r1/l1, r2/l2, r3/l3) |r|−1Q(S0)P1(n)P2(b) dr dn db dS0

≈
∫∫∫

S2
0 l2l3Θ0(δ2, δ3) Q(S0)P1(n)P2(b)dn db dS0, (4.34)

Θ0(δ2, δ3) =
1

4π

∫
Θ(a)√

a2
1 + δ2

2a
2
2 + δ2

3a
2
2

da, (4.35)

where δi(S0) = li/l1(S0), and Q(S0),P1(n) and P2(b) are the PDFs for S0, n and b,
respectively.

Our definition of the coherent structure requires that l1 � l2 and l1 � l3. Recalling
that the lengths li(S0) are independent of n and b, and performing the ensemble
average over the isotropic distribution P1(n) = 1

4
π and P2(b) = 1

2
π, we obtain to

leading order of δi 〈
(∇p)2

〉 ≈ ∫ S2
0Θ0(S0)l2(S0)l3(S0) Q(S0) dS0

≈
(
ε̄

ν

)2 ∫
χ2Θ0(χ) l2(χ)l3(χ)Q(χ) dχ, (4.36)

where Q is the normalized PDF for the normalized source term χ ≡ S0/(ε̄/ν).
Since Θ0(S0)l2(S0)l3(S0) is a slowly varying function of S0, and Q(χ) falls rapidly for
large amplitude when all moments of χ exist, the function χ2Q(χ) has a pronounced
maximum at χ∗ and the average over χ, (4.36), can be approximated as〈

(∇p)2
〉 ≈ ( ε̄

ν

)2

(ler(χ∗))2 J(χ∗), (4.37)

(ler(χ∗))2 ≡ l2(χ∗)l3(χ∗), (4.38)

J(χ∗) =

∫
χ2Θ0(χ)

(
l2(χ)l3(χ)

l2(χ∗)l3(χ∗)

)
Q(χ) dχ, (4.39)

where ler(χ∗) is an effective length formed by l2 and l3. Equation (4.37) shows that the

variance of the pressure gradient is given by the product of the amplitude
(
ε̄/ν
)2

and
l2(χ∗)l3(χ∗).
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Step 3.
Since li(χ) are functions of χ = S0/(ε̄/ν), change of the level of S0 implies variation

of the average shape of the domain Dα, which corresponds to visualization of iso-
surfaces of S(x). Therefore we must determine l2er(χ∗), that is, the shape of D. The
problem is to determine the average shape of regions in which S(x) is larger than a
given threshold value. Our approach to this problem is empirical.

We must first determine the value of χ∗. The general form of the PDF Q(χ) is known
(for example, see figure 20 in Gotoh et al. 1993, figure 5 in Cao et al. 1999) but its pre-
cise analytical form is not. However, we can find a reasonable approximation of Q(χ∗)
as follows. Suppose that a typical component of the velocity gradient, normalized by
(ε̄/ν)1/2, is represented as ξ ≈ ui,j/(ε̄/ν)

1/2 and that the normalized source term is
approximated as

χ = βξ2 (4.40)

in which β is a positive constant of order unity. Let Ψ (ξ) be the PDF for ξ, then the
mapping (4.40) gives

Q(χ) = Ψ (ξ)

(
dχ

dξ

)−1

. (4.41)

Kraichnan (1990) finds that the PDF for a single component of the velocity gradient
is approximately

Ψ (ξ) ≈
(

1

8π
〈
ξ2

0

〉|ξ|
)1/2

exp

(
− ε̄|ξ|

2ν
〈
ξ2

0

〉), (4.42)

where
〈
ξ2

0

〉
is the variance of one component of the velocity gradient in a Gaussian

velocity field. Using ε̄ = 15ν
〈
(∂u1/∂x1)

2
〉

= 15ε̄
〈
ξ2
〉
, and assuming

〈
ξ2

0

〉
equal to

(ε̄/ν)
〈
ξ2
〉
, (4.42) becomes

Ψ (ξ) ≈ N|ξ|−1/2 exp

(
−15|ξ|

2

)
, (4.43)

where N is a normalization constant. Substituting (4.43) into (4.41) we obtain

Q(χ) ≈ N

2β1/4|χ|3/4 exp

(
− 15

2

( |χ|
β

)1/2)
. (4.44)

This PDF for χ is consistent with the negative tail of the PDF in figure 20 of
Gotoh et al. (1993). The value of χ∗ can be found from d

(
χ2Q(χ)

)
/dχ = 0 as

χ∗ = β/9, ξ2∗ = χ∗/β = 1
9
. Since ν

〈
ω2
〉

= ε̄ = 15ε̄
〈
ξ2
〉

in isotropic turbulence, we

have an estimate for the threshold value of the vorticity as ω2∗/
〈
ω2
〉

= ω2∗/(ε̄/ν) =

15ξ2∗ = 15/9 ≈ 1.7. Recent computer visualization of the vorticity and strain fields
has shown that domains with magnitudes higher than a given threshold value of
ω2∗/

〈
ω2
〉 ≈ (ui,j)

2∗/
〈
u2
i,j

〉
are a blob, sheet, or tube (She et al. 1991; Cao et al. 1999;

Tsinober 1998). The threshold value (ui,j)
2∗/
〈
u2
i,j

〉 ≈ 1.7 seems to correspond to sheets
or ribbons in the visualizations with lengths L ∼ l1 � l2(l3) (Tsinober 1998).

Substitution of χ∗ into li(χ∗) leads to an estimate of the width and thickness of the
sheet with threshold S0∗ = χ∗(ε̄/ν). The axial lengths of the strongest vortical structures
observed in the simulations are of the order of the integral scale, so we expect l1 also
to be of that order, but there are several candidates for the cross-sectional lengths
l2, l3. These include the Taylor microscale λ and the Kolmogorov scale η. Among
the various combinations for l2er(χ∗) = l2(χ∗)l3(χ∗), the choice, l2(χ∗) = λ, l3(χ∗) = η
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gives the observed R1/2
λ dependence. The first author has recently examined in detail

the structure of S within a series of forced DNS in the range Rλ = 28 ∼ 68, and
found that the average volume of D for the dominant threshold value S0∗/(ε̄/ν) ∼ 2
is approximately L× λ× η independent of Rλ. This implies l2er(χ∗) = λ× η. However,
as stated in the previous section, at high Reynolds number we expect Kolmogorov
scaling and l2er(χ∗) ∝ η2. The variance of the pressure gradient is from (4.37)〈

(∇p)2
〉 ≈ C∇p( ε̄

ν

)2

λη ∝ ε̄3/2

ν1/2
R1/2
λ , (4.45)

where we have used λ ∼ R1/2
λ η, and C∇p is a quantity of order unity:

C∇p = J(χ∗ = β/9). (4.46)

More precisely, C∇p depends very weakly on Rλ, at most O(lnRλ) when the domain

D is a long tube, and can be regarded as constant when compared to Rλ
1/2.

In a recent paper Jiménez & Wray (1997) investigated the smallest features within
the same simulations used in this study. These are strong vortex tubes, having lengths
of the order of the integral scale, diameters of the order of the Kolmogorov scale,
and azimuthal velocities of the order of the mean turbulent intensity. The pressure
gradient within the vortices, in Kolmogorov units, is then of order Rλ. The volume
fraction occupied by the vortices was found to be of order R−2

λ , so that their
contribution to the normalized pressure-gradient variance F∇p is of order unity. As we

have demonstrated above, the dominant order R1/2
λ contributions to F∇p are made by

structures with diameters of order (λη)1/2 which probably surround the strong vortex
tubes. The convergence of the integral (4.16) requires that the positive and negative
source terms be equally probable. Therefore we cannot include the strong vorticity
alone in the computation of F∇p and this argument supports the fact that the domain

D cannot be a long vortex tube with the volume L× η × η.
When the effect of intermittency of the amplitude of S2 is taken into account, we

must replace ε̄ by its volume-averaged dissipation rate εrer with rer = (L1λη)1/3, where

L1λη is the average volume of the sheet having threshold χ∗ = β/9. Using L1 ∼ R3/2
λ η

and the refined Kolmogorov theory (or another model such as the Log Poisson model
of She & Lévêque (1994), with the same second-order moments of εr), we have〈
ε2
rer

〉 ∝ ε̄2(L1/rer)
µ. Replacing ε̄ in (4.45) by

〈
ε2
rer

〉1/2 ∝ ε̄(L1/rer)
µ/2 ∝ (R5/6

λ )µ/2, we
obtain 〈

(∇p)2
〉 ≈ C ′∇p ε̄3/2

ν1/2
R1/2+5µ/8
λ ∝ ε̄3/2

ν1/2
R0.625
λ , (4.47)

where C ′∇p is a constant of order unity. The slope of F∇p in figure 1, determined by
the least-square fit, is found to be 0.64, which is very close to the value of (4.47).
This small correction to the exponent would appear in the analysis above as a weak
variation of the PDF Q(S0) with Rλ and a corresponding small change in C ′∇p = J ′(χ∗).

The spatial coherency of the source term S is crucial in our discussion since the
space integral is taken only over domains having values larger than a given threshold.
If the spatial coherency of S is broken by cutting those domains into many pieces
with a single length scale of order η, and distributing them uniformly in space, then
the variance of the pressure gradient becomes independent of Rλ by (4.37) while the
PDF for S is unchanged.

This is essentially what occurs in the case of the Gaussian velocity field having the
same energy spectrum as that of turbulence. The spectrum of εG(x) has a support
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centred on kη ≈ 0.3 (see figure 8) and this means that l̃1 = l̃2 = l̃3 ≈ η is the only
available characteristic length. The variance of the pressure gradient becomes by
(4.37) 〈

(∇p)2
〉
G
≈ CG

∇p

(
ε̄

ν

)2

η2 = CG
∇p
ε̄3/2

ν1/2
, (4.48)

so that the normalized variance is independent of Rλ. Here CG∇p is a constant of order
unity and independent of Rλ.

The discussion above suggests that there are aspects of pressure intermittency
that are not described by the PDF alone, and that the pressure-gradient variance is a
typical example in which the spatial configuration of domains having large amplitudes
within small volumes is an essential ingredient.

5. Summary and discussion
Pressure statistics have been examined within a DNS of stationary (forced) isotropic

turbulence. The energy spectra at the computed Reynolds numbers collapse under
Kolmogorov scaling, but the pressure spectra do not. It is found that the Gaussian
approximation to the fourth-order moments of the velocity derivatives underestimates
the variances of the pressure and pressure gradient of the DNS fields. The pressure
variance is insensitive to the microscale Reynolds number. On the other hand, small-
scale statistics of the pressure such as the normalized pressure-gradient variance
and the pressure spectrum at high wavenumber show a strong Reynolds number

dependence of roughly R1/2
λ . A k−5/3 range is observed in the pressure spectra and

its span increases with Reynolds number. The Gaussian approximation applied to
the observed k−5/3 range in the energy spectrum gives a k−7/3 range in the pressure
spectrum. Despite the uncertainty about the length of the k−5/3 range at high Reynolds
number it seems clear that the coexistence of k−7/3 and k−5/3 ranges in the pressure
spectrum is plausible in forced turbulence.

A weak growth of intermittency across the pressure spectrum, characterized by the

ratio of power spectra P (k)/PG(k), was found to be proportional to (2µ/9)R1/2
λ log(kη)

for kη < 1
2
.

The intermittency effects of the small-scale velocity field also appear in the one-point
PDFs for the pressure and pressure gradient. The one-point PDF of the pressure has
a nearly exponential tail for negative fluctuations while that of the pressure gradient
is symmetric and of stretched exponential form with exponents decreasing from unity
with Rλ.

To understand the physics of the R1/2
λ dependence required to scale the small-

scale statistics of the pressure field, we found the pressure-gradient variance within a
model field that is consistent with several known exact constraints. The model field
consists of an infinite set of coherent domains Dα in each of which the source term
of the Poisson equation for pressure takes positive and negative values above a given
threshold magnitude. It should be stressed that the configuration of high-vorticity
domains accompanied by high-strain domains is required for the convergence of the
integral (4.16). The pressure field in this model is analogous to the electro-static
potential produced by randomly distributed charge dipoles. In our case the randomly
distributed objects are the coherent structures consisting of a pair of high-vorticity
and -strain domains. The pressure-gradient variance takes the form of a product
of the square of the representative amplitude of the source term, averaged over the
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domains Dα, and an effective volume of the averaged domain D divided by the integral
scale,

〈
(∇p)2

〉 ≈ 〈S2|D〉× (effective volume)

(integral scale)

≈ 〈S2|D〉× (effective cross-sectional area) . (5.1)

An R1/2
λ dependence follows from the choice of the Taylor microscale λ and

Kolmogorov scale η as the shorter two characteristic lengths of the coherent struc-
tures in the model. The notion of the effective volume of a domain, averaged over
many coherent domains Dα, is an essential feature of the model. Even when the
amplitude S has the same average value as given by the Gaussian approximation, it is
the existence of the coherent structure that mostly determines the Reynolds number
power-law dependence. The effect of the intermittency of S amplitudes, which Yeung
& Pope (1989) and Hill & Wilczak (1995) considered, gives only a small correction
to the exponent.

The above picture is totally dependent on the accuracy of the model, and this
can be tested by checking model consistency with known exact constraints and other
observed results. As an example, consider the dissipation spectrum obtained from
the model. Recall that S(x) = ω2(x)/2 − σ2(x) ∼ ε(x)/ν, from which we expect
coherent structure of the dissipation ε(x) as well as S(x). Since the model contains
one macroscale length L, and two small scale lengths λ and η the spectrum Emodel

ε (k)
computed from the model field has excitation at low wavenumbers as well as at
wavenumbers near 1/λ and 1/η, which is consistent with Eε(k) of figure 8.

It should be stressed that the Rλ
1/2 dependence of F∇p discussed in this paper is

found within forced DNS at low to moderate Reynolds numbers. The same behaviour
was reported in Vedula & Yeung (1999) where the forcing mechanism differed in detail
from the present DNS but retained its basic property of a small sample of energetic
and highly correlated Fourier modes at the largest scale available. Although we
expect that decaying turbulence as studied by Batchelor (1951) exhibits universal
equilibrium statistics at lower Reynolds number than such forced flows do, the forced
results suggest that equilibrium for pressure statistics requires a higher Reynolds
number than equilibrium for velocity statistics, a situation that is not compatible with
the Gaussian approximation. Recent experimental measurements by Voth et al. (1998)
in stationary turbulence between counter-rotating disks strongly suggest that F∇p is
independent of Rλ at Rλ = 1000–2000 but is greater than the value predicted by
the Gaussian approximation (M. Nelkin 1998, personal communication; Voth et al.
1998). Although the forcing mechanism is different from that used in the DNS (where
there is no mean flow), the behaviour at low Reynolds number would quite likely be
similar and a composite form such as (3.14) provides a possible interpolation between
the DNS and experimental results. Within the model F∇p becomes independent of
Rλ when the characteristic lengths of the small-scale vortical structures (and their
surrounding strain fields) are some multiple of the Kolmogorov scale (possibly large
multiples) and the disparity of the scales becomes limited by instability.

The authors thank Dr Alan Wray for extending his decaying simulation to lower
Reynolds numbers and for measuring the pressure-gradient variance within the
archived fields and Professor J. Jiménez for providing the preprint of Jiménez &
Wray (1997). The authors have benefited from fruitful discussions with Professors E.
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