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In this paper we study the existence of radially symmetric solitary waves for
nonlinear Klein—Gordon equations and nonlinear Schrodinger equations coupled with
Maxwell equations. The method relies on a variational approach and the solutions
are obtained as mountain-pass critical points for the associated energy functional.

1. Introduction

This paper has been motivated by the search of non-trivial solutions for the follow-
ing nonlinear equations of Klein—-Gordon type,

Y 2 -2 3
9z —Ap+m Y — [P %Y =0, zeR’, (1.1)
or of Schrédinger type,
. aw _ h2 p—2 3
lha = *%A¢ — [Py, zeR”, (1.2)

where h >0, m>0,p>2,9:R3xR— C.
In recent years, many papers have been devoted to finding standing waves of (1.1)
or (1.2), i.e. solutions of the form

Y(z,t) = e“lu(z), weR.

With this ansatz, the nonlinear Klein—-Gordon equation, as well as the nonlinear
Schrédinger equation, is reduced to a semilinear elliptic equation, and existence
theorems have been established to show whether « is radially symmetric and real
(see [8,9]) or non-radially symmetric and complex (see [13,16]). In this paper, we
investigate the existence of nonlinear Klein—Gordon or Schrodinger fields interacting
with an electromagnetic field E — H. Such a problem has been extensively pursued
in the case of assigned electromagnetic fields (see [2,3,12]). Following the ideas
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already introduced in [5-7,10,11,14,15], we do not assume that the electromagnetic
field is assigned. Then we have to study a system of equations whose unknowns are
the wave function ¢ = t¢(z,t) and the gauge potentials A, &,

A:R3xR —R?, &:R>xR =R,

which are related to E — H by the Maxwell equations

A
Ez—(V@—i—a), H=VxA.
ot
Let us first consider equation (1.1). The Lagrangian density related to (1.1) is
given by
1[0y |? 1
Lo = 11221 Z19wl2 — m210l2] + 21w,
- 2[ R B

The interaction of ¢ with the electromagnetic field is described by the minimal
coupling rule, that is, the formal substitution

0 0
a'—)a"—le@, VHV—1€A7
where e is the electric charge. Then the Lagrangian density becomes
1oy . | : 1
Eren = 3|y +16v8| ~ V0 = ieAvf? 2| + ol

If we set
P(z,t) = u(x, t)eis(z’t),

where u, S : R® x R — R, the Lagrangian density takes the form
1
Lxam = 2H{uf — |Vul> = [[VS — eA|* — (S, + e®)* + m*|u’} + 2;|u|p.

Now consider the Lagrangian density of the electromagnetic field E — H,

Lo=3(1EP = |HP) = 5|4, + VEI* - 3V x AP (1:3)

Therefore, the total action is given by

S=//£KGM+LO.

Making the variation of S with respect to u, S, ® and A, respectively, we get

upy — Au+ [|[VS — eA]? — (S; + e)? + m*Ju — [ulP%u = 0, (1.4)
%[(St + e®)u?] — div[(VS — eA)u?] = 0, (1.5)

div(A¢ + V@) = e(S; + e®)u®,  (1.6)

Vx(VxA)+ g(At +VP) =e(VS —eA)u?. (1.7)

ot
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We are interested in finding standing (or solitary) waves of (1.4)—(1.7), that is,
solutions having the form

u=u(z), S=wt, A=0, P=9o(z), welk
Then equations (1.5) and (1.7) are identically satisfied, while (1.4) and (1.6) become
—Au+ [m? — (w+ ed)?u — |[ulP~?u = 0, (1.8)
—AP + 2P = —ewu®. (1.9)

In [6], the authors proved the existence of infinitely many symmetric solutions
(U, Pp) of (1.8), (1.9), under the assumption 4 < p < 6, by using an equivariant
version of the mountain-pass theorem (see [1,4]).

The object of the first part of this paper is to extend this result as follows.

THEOREM 1.1. Assume that one of the following two hypotheses hold:
(a) m>w>0and 4 <p<6; or
(b) myp—2>+v2w>0and?2 <p<4.

Then system (1.8), (1.9) has infinitely many radially symmetric solutions (un, Py),
up, Z0 and @, 0, with u,, € H'(R?), ®,, € L5(R?) and |V®,| € L*(R3).

In the second part of the paper, we study the Schrédinger equation for a particle
in an electromagnetic field.
Consider the Lagrangian associated to (1.2),

1[0y . R o1 1,
ﬁs—§1h§¢_%|v¢| +5|w‘

By using the formal substitution

0 0 .e .€
EHE“FI%@, VHV—lﬁA7
we obtain
1[0y - , h? € 9 Lo
Lot = g |05 — cBlof? = S (V0 i AP + L joP
Now take

O(x,t) = u(x, t)e @/,

With this ansatz, the Lagrangian Lgy becomes
1. h? 9 1 2\ o 1
Loy = = |ihuuy — —|Vul? — [ S+ e@ + —|VS —eA|” |u”| + —|¢|P.
2 2m 2m P

Proceeding as in [5], we consider the total action

s= [[[esu+ g - 15
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of the system ‘particle-electromagnetic field’. Then the Euler-Lagrange equations
associated to the functional § = S(u, S, P, A) give rise to the following system of

equations:
h? 1 ) s
——Au+ | Si+eP+ —|VS —eAl” Ju—|ulP™"u =0, (1.10)
2m 2m
Quz + k= div[(VS — eA)u?] = 0 (1.11)
ot m o '
1 0A
2_ L 4. (04
eu’ = — le( 5 + VQ)), (1.12)
e B 2 1[0 /[0A
—2m(VS eA)u” = i [6t (6‘15 +VP|+Vx(VxA)]. (1.13)

If we look for solitary wave solutions in the electrostatic case, i.e.
u=u(z), S=wt, &=P(x), A=0, weR,

then (1.11) and (1.13) are identically satisfied, while (1.10) and (1.12) become

h2
——Au+ edu — |u|P"2u + wu = 0, (1.14)

2m
— AP = 4reu’. (1.15)

The existence of solutions of (1.14), (1.15) was already studied for 4 < p < 6;
in [5], existence of infinitely many radial solutions was proved, while in [13] existence
of a non-radially symmetric solution was established. In the second part of the paper
we prove the following result.

THEOREM 1.2. Let w > 0 and 4 < p < 6. Then the system (1.14), (1.15) has at
least a radially symmetric solution (u,®), u # 0 and & # 0, with u € H'(R3),
¢ € L5(R3) and |V®| € L*(R3).

2. Nonlinear Klein—Gordon equations coupled with Maxwell equations

In this section we prove theorem 1.1. For the sake of simplicity, assume e = 1, so
that (1.8), (1.9) give rise to the following system in R3:

—Au+ [m? — (W + D)?Ju — |uP2u = 0, (2.1)
—AP 4 u*P = —wu?. (2.2)

Assume that one of the following hypotheses hold:
(a) m>w>0,4<p<6;or
(b) myp—2>+v2w>0,2<p<4

We note that ¢ = 6 is the critical exponent for the Sobolev embedding H!(R3) C
LI(R?).
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It is clear that (2.1), (2.2) are the Euler-Lagrange equations of the functional
F: H!' x D'? — R defined as

1
Flu, &) = %/RS(\WP ~ V9 4 [ — (w4 )Put)dr— [ e,

Here, H' = H'(R?) denotes the usual Sobolev space endowed with the norm

s = ([ 09w + oy (2.

and D12 = D12(R?) is the completion of C§°(R3, R) with respect to the norm

1/2
lullprz = </ |Vu2dx) . (2.4)
RS

The following two propositions hold.

PROPOSITION 2.1. The functional F belongs to C*(H' x D2 R) and its critical
points are the solutions of (2.1), (2.2).

Proof. We refer to [6]. O

PROPOSITION 2.2. For every uw € H', there exists a unique ® = ®lu] € DV? that
solves (2.2). Furthermore, the following hold.

(i) @[u] 0.
(il) @u] = —w in the set {x | u(x) # 0}.
(iil) If u is radially symmetric, then ®[u] is radial too.

Proof. For fixed u € H', consider the following bilinear form on D'2:

a(¢, ) = /W (VY + u?¢y) da.

Obviously,

a($,4) = 6] Hr.a-
Observe that, since H*(R?) ¢ L3*(R?), then u?> € L3/2(R3). On the other hand,
D'? is continuously embedded in L(IR?), and hence, by Hélder’s inequality,

(¢, ) < dlpralelpre + Wl sz @llce$llze < (1 + Cllullis) 6l pr2 ¢l pre

for some positive constant C, given by the Sobolev inequality (see [20]). Therefore,
a defines an inner product, equivalent to the standard inner product in D2,
Moreover, H'(R3) C L'?/5(R?), and then

’/ u?yde
RS

Therefore, the linear map

<l poss [l e < ellullZaass [l pr. (2.5)

€ DV u?y dz
R3
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is continuous. By the Lax—Milgram lemma, we get the existence of a unique ¢ € D2
such that

/ (VOVY + 1P da = fw/ u?pdar Yo € DY2,
R3 R3

i.e. @ is the unique solution of (2.2). Furthermore, ¢ achieves the minimum

inf / (LTI + w?6P) + wu?s) du = / (L(VDP + u2(8]) + wud) da.
¢eDH2 Jp3 R3
Note that —|®| also achieves such a minimum; then, by uniqueness, @ = —|@| < 0.
Now let O(3) denote the group of rotations in R®. Then, for every g € O(3) and
R =R, set T,(f)(z) = f(gz). Note that T, does not change the norms in H*,
D2 and LP. In lemma 4.2 of [6], it was proved that T,®[u] = @[T, u]. In this way,
if w is radial, we get T,P[u] = P[u].
Finally, following the same idea of [17], with fixed u € H', if we multiply (2.2)
by (w+ Pu])” = —min{w + @[u],0}, which is an admissible test function, since
w >0, we get

—/ DO de — / (w + Bu))2u2 dz = 0,

Plul<—w Plul<—w

so that @[u] > —w, where u # 0. O
REMARK 2.3. The result of proposition 2.2 (ii) can be strengthened in some cases.

Indeed, take @ in H'(R3) N C® radially symmetric such that @ > 0 in B(0, R) and
@ =0in R*\ B(0, R) for some R > 0. Then we get

—w < Pa)(z) <0 Vo e R

In fact, since @[a] solves (2.2), by standard regularity results for elliptic equations,
@ € C* implies P[u] € C°. By proposition 2.2, @[] is radial; moreover, &[u] is
harmonic outside B(0, R). Since ®[i] € D12, then

<
x|’
for some ¢ > 0. Setting &(r) = &[u](z) for |z| = r, it follows that &' (R) > 0

and &(r) > ®(R) for every r > R. Therefore, the minimum of ¢[a] is achieved in
B(0, R). Let Z be a minimum point for @[a]. Then (2.2) implies

Plu)(z) = — 7| = R,

olil(a) — = (1‘:; ;x?gp[a](z) _—

In view of proposition 2.2, we can define the map
¢:H' — DY2,

which maps each u € H' in the unique solution of (2.2). From standard arguments,
we have @ € C*(H', D%?) and from the very definition of & we get that

Fly(u, ®lu]) =0 Vue H". (2.6)
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Now let us consider the functional
J:H' - R, J(u) := F(u, d[u]).
By proposition 2.1, J € C*(H!,R) and, by (2.6), we have
J'(w) = F,(u, ®[u]).
By the definition of F', we obtain

J(u) = 1 /}R3(|Vu|2 — |[VO[u]|? + [m? — w?|u? — u?P[u)?) dz

2
1
— w/ u?dlu] — — |u|? d.
RS D Jrs

Multiplying both members of (2.2) by @[u] and integrating by parts, we obtain

'LL2£E' u2 U2x:—u} U2 u|ax. .
[ 1vatar+ [ PenPde =~ [ Pl (27)

Using (2.7), the functional J may be written as

J(u) = %/}R?)(|Vu|2 + [m? — W?u? — wu?du)) dz — ]% . |ul? dz. (2.8)

The next lemma states a relationship between the critical points of the functionals
F and J (the proof can be found in [6]).

LEMMA 2.4. The following statements are equivalent.
(i) (u,®) € H' x DY? is a critical point of F.
(ii) w is a critical point of J and & = Plu).
Then, in order to get solutions of (2.1), (2.2), we look for critical points of J.

THEOREM 2.5. Assume hypotheses (a) and (b). Then the functional J has infinitely
many critical points u, € H' having a radial symmetry.

Proof. Our aim is to apply the equivariant version of the mountain-pass theorem
(see [1, theorem 2.13] or [18, theorem 9.12]). Since J is invariant under the group
of translations, there is clearly a lack of compactness. In order to overcome this
difficulty, we consider radially symmetric functions. More precisely, we introduce
the subspace

Hy ={ue H" [ u(z) = u(lz])}.
We divide the remaining part of the proof into three steps.
STEP 1. Any critical point u € H} of Jiy is also a critical point of J.

The proof can be found in [6].
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STEP 2. The functional J 1 satisfies the Palais—Smale condition, i.e. any sequence
{tun}n C H} such that J(uy) is bounded and ‘]|/H; (un) — 0 contains a convergent
subsequence.

For the sake of simplicity, from now on, we set 2 = m? —w? > 0. Let {u, }, C H}
be such that
[J(un)| < M, Il (un) — 0

for some constant M > 0. Then, using the form of J given in (2.8),

pd (un) — J' () up

—Go=1) [ (Fuaf? + Qo) da
—w(ip— w2 dlu,) dz w2 (Plu,])? dz
(=2 [ wddluldot [ ud@lu)?d

> (ip—1) /RS(W“"'z + Ru,|?) dz — w(3p—2) /]R3 w2 Plu,]dz.  (2.9)

We distinguish two cases: either p >4 or 2 < p < 4.
If p > 4, by (2.9), using proposition 2.2, we immediately deduce that

pJ(un) = J' (up)uy = (3p — 1)/ (|Vun|? + 2u,|?) d. (2.10)
R3
Moreover, by hypothesis (a),
(5p— 1)/ (IVunl? + 2lun*) dz > c1]|unll?, (2.11)
R3

and, by assumption,
pd (un) — J (up)uy < pM + callug]| (2.12)

for some positive constants ¢; and cs.
Combining (2.10), (2.11) and (2.12), we deduce that {u,}, is bounded in H}.
If 2 < p < 4, by proposition 2.2 and (2.9), we get

P () — T () > (p— 1)/ (Vtn]? + Qfun|?) dz — w?(2 — %p)/ W2 dz
R3 R3

:(%p_n/ |Vun|2—|—%(m2(p—2)—2w2)/ |2 da.
R3 R3

By hypothesis (b), m?(p — 2) — 2w? > 0, and we repeat the same argument as for
p > 4 and obtain the boundedness of {u,}, in H}.
On the other hand, using equation (2.2) and proceeding as in (2.5), we get

V@[un]|2dx</ |V¢[un]|2dm+/ et 2B [un]|2
R3 R3 R3

= —w/ u? dlu,] dz
R3
< cwllun |7 az/s | P[un] [l 1.2,

which implies that {®[u,]}, is bounded in D2
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Then, up to a subsequence,
Up —u  in HY,
Dlu,] = ¢ in D2,
If L: H' — (H}) is defined as
L(u) = —Au+ Qu,

then
L(up) = wunPu,] + |un|p_2un +&en,

where ¢, — 0 in (H})’, that is,

Uy = L™ Hwun®lun)) + L7 (Jun [P 2un) + L en).

Now note that {u,®[u,]} is bounded in L2, in fact, by Holder’s inequality,

Plun]|

||un¢[un]HL«2/2 < ||un| L2 LS < C||un| L2 @[un]HDLQ'

Moreover, {|un[P~2u,} is bounded in L2 (where 1/p + 1/p/ = 1). The immer-
sions H} < L2 and H} < LP are compact (see [8] or [19]), and thus, by duality,
3% and LP are compactly embedded in (H}). Then, by standard arguments,
LY (wu,®[u,]) and L~ (Ju,|P~2u,) strongly converge in H}. Then we conclude
that

Up —u in H}.

STEP 3. The functional Jg1 satisfies the geometrical hypothesis of the equivariant
version of the mountain-pass theorem.

First of all, we observe that J(0) = 0. Moreover, by proposition 2.2 and (2.8),
1
Jw) = [ |vuPds+ %Q/ | da — f/ P da.
2 Jrs R3 D Jrs

The hypothesis 2 < p < 6 and the continuous embedding H' C LP imply that there
exists p > 0 small enough such that

inf  J(u) > 0.

lull g =p

Since J is even, the thesis of step 3 will follow if we prove that, for every finite-
dimensional subset V of H}, we have

lim  J(u) = —oc. (2.13)

uev,
llwll g1 —+o0

Let V be an m-dimensional subspace of H! and let u € V. By proposition 2.2,
Plu] > —w, where u # 0, so that

1 1 1
I <5 [ (VuP+ @ +wtadyde > [ P < el - 3l
2 Jps D Jrs D
and (2.13) follows, since all norms in V' are equivalent. O
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Proof of theorem 1.1. Lemma 2.4 and theorem 2.5. O

REMARK 2.6. In view of remark 2.3, the existence of one non-trivial critical point
for the functional J follows from the classical mountain-pass theorem; more pre-
cisely, with 4 € H} N C* as in remark 2.3, since || @[]« < w, we have

P

J(ta) < %tQ/ (IVal]? + 2la)? + w?a?)de — — | |aP - —co ast — +oo.
R3 P Jrs

3. Nonlinear Schrédinger equations coupled with Maxwell equations

For the sake of simplicity, we assume that A = m = e = 1 in (1.14), (1.15). Then
we are reduced to studying the following system in R3:

—3Au+ Pu+ wu — |ulPPu =0, (3.1)
—AP = 4mu?.

We will assume that

(a) w>0, and

(b) 4<p<6.

Of course, equalities (3.1), (3.2) are the Euler-Lagrange equations of the func-
tional F : H* x D%? — R defined as
Flu,®@) = i/}RS |Vul? dx_]ﬁ%/RS |V¢|2dx+%AS(¢u2+wu2) dx—% . |ul? dz,

where H! and D'? are defined as in the previous section.

It is easy to prove the analogous of proposition 2.1, i.e. that F € C1(H! x D12 R)
and that its critical points are solutions of (3.1), (3.2).

Moreover, we have the following proposition.

PROPOSITION 3.1. For every u € H', there exists a unique solution ® = ®[u] €
D2 of (3.2) such that the following hold.

(i) @[u] = 0.
(ii) P[tu] = t2®[u] for every u € H' and t € R.
Proof. Let us consider the linear map
DY [ wPpdr,
R3

which is continuous by (2.5). By Lax-Milgram’s lemma, we get the existence of a
unique @ € D2 such that

VoV dr = 471'/ u?pdr Vo € DV

R3 R3

i.e. @ is the unique solution of (3.2). Furthermore, ¢ achieves the minimum

. 1 2 2 1 2 2
f <= —4 == P —4 ®dx.
¢€1r11)1,2{2/R3V¢| ﬂ/RSu qua:} Z/RSW |“dz W/RBu dz
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Note that |®| also achieves such a minimum. Then, by uniqueness, ¢ = |®| > 0
Finally,
—AD[tu] = 4nt*u? = —t*Ad[u] = —A(t*D[u]).

Thus, by uniqueness, ®[tu] = t>®[u]. O
Proceeding as in the previous section, we can define the map
®:H" — D",

which maps each u € H' in the unique solution of equation (3.2). As before,
¢ € CY(H', D*?) and
Fip(u,®u]) =0 Yuc H'.

Now consider the functional J : H! — R defined by
T (u) = F(u, Plu]).

J belongs to C'(H',R) and satisfies J'(u) = F,(u,®[u]). Using the definition of
F and equation (3.2), we obtain

1
1/ |Vu|2da?+%w/ |u|2dz+1/ |u|2¢[u}dx77/ lul? da.
4 Jre R3 4 Jrs P Jrs

As before, one can prove the following lemma.
LEMMA 3.2. The following statements are equivalent.
(i) (u,®) € H' x DY2 is a critical point of F.
(ii) w is a critical point of J and & = P[u].
Now we are ready to prove the existence result for equations (3.1), (3.2).

THEOREM 3.3. Assume hypotheses (a) and (b). Then the functional J has a non-
trivial critical point v € H' having a radial symmetry.

Proof. Let H} be defined as in theorem 2.5.

STEP 1. Any critical point u € H} of Jim: s also a critical point of J.
The proof is as in theorem 2.5.

STEP 2. The functional J\g: satisfies the Palais—Smale condition.

Let {u,}, C H} be such that
T ()| <M, Thya(un) >0
for some constant M > 0. Then

pJ (uy) — T (un
% %/|Vun\2 )/ Dlu,u? dx+(2p—1 /|un|2dx

> (5p %/|Vun\2 (3p— Dw /|un|2dx
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by proposition 3.1, since p > 4. Moreover,
(b= 1) [ (VaP + wluP) do >
R
and, by assumption,

pj(un) - j/(un>un < pM + CQHUTLHHl

for some positive constants ¢; and cs.
We have thus proved that {u,}, is bounded in H}.
On the other hand,

el 1 =47 [ 0fun]da.

and then, using inequality (2.5), we easily deduce that {®[uy,]},, is bounded in D2,
The remaining part of the proof follows as in step 2 of theorem 2.5, after replac-
ing L with £: H} — (H})' defined as £(u) = —3Au + wu.

STEP 3. The functional J\g: satisfies the three geometrical hypothesis of the moun-
tain-pass theorem.

By proposition 3.1, we have

1
T(u) > 1/ |Vu|2dx+%w/ |u|2dm—f/ (uf? da.
4 R3 R3 P Jrs

Then, using the continuous embedding H* C LP, we deduce that J has a strict
local minimum in O.
We introduce the following notation: if u : R? — R, we set

Unas(@) = Mu(Xz), A>0, a,feR.
Now fix u € H}. We want to show that
Plun,a,8] = (P[u])x,0,2(8-a)- (3.3)
In fact,

—APuy o p)(x) = 47ru§1aﬁ(x) = 4 P (\x)
= N (A[u]) (A7) = ~A((Plu])r,0,2(5-0)) (@)-

By uniqueness (see proposition 3.1), equation (3.3) follows.
Now take u # 0 in H} and evaluate

T (una,p) = (A7) [ |Vu|?dz + %w)\w_%‘/ u?dz
R3 R3

/\Bp—Sa

+ %(/\46—5%/ u?Pfu) do — |ul? da.

R3 p R3

We want to prove that J(ux,q.5) < J(0) for some suitable choice of A\, a and f3.
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For example, assume that

Op —3a <0,

Op —3a < 28— a,

Bp —3a < 28 — 3¢,

Op — 3a < 40 — ba.
Then it is clear that J(ux,a,3) = —00 as A — 0.

So we look for a couple (a, 8) which satisfies (3.4). From the third inequality, we
get B < 0. Combining the second and the fourth ones, we derive

20
g

Such an inequality is satisfied by taking 8 = 2«, which also satisfies the first
inequality in (3.4).
In a similar way, one can prove that if
Bp — 3a >0,
Bp —3a > 20 — «,

4-p< <p-—2. (3.5)

3.6
Op —3a > 23 — 3a, (36)
Op — 3a > 40 — ba,
then J(uxq,8) = —00 as A — 400, with the same choice § = 2a. O

REMARK 3.4. Notice that the systems (3.4) or (3.6) have a solution for every p > 3.
More precisely, for every p > 3, there is a couple («, 3) which satisfies the inequal-
ity (3.5) and, consequently, J(ux a,8) — —00. The restriction p > 4 appears in
proving the Palais—Smale condition.

Proof of theorem 1.2. Lemma 3.2 and theorem 3.3. d
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