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Abstract. We establish the limiting distribution of certain subsets of Farey sequences,
i.e., sequences of primitive rational points, on expanding horospheres in covers A\SL(n +
1, R)of SL(n + 1, Z)\SL(n + 1, R), where A is a finite-index subgroup of SL(n + 1, Z).
These subsets can be obtained by projecting to the hyperplane {(x1, ..., x,41) € R"*!:
Xn+1 = 1} sets of the form A = U,]'=1 a;A, where for all j, a; is a primitive lattice point
in Z"+!1. Our method involves applying the equidistribution of expanding horospheres in
quotients of SL(n + 1, R) developed by Marklof and Strombergsson, and more precisely
understanding how the full Farey sequence distributes in A\SL(n + 1, R) when embedded
on expanding horospheres as done in previous work by Marklof. For each of the
Farey sequence subsets, we extend the statistical results by Marklof regarding the full
multidimensional Farey sequences, and solutions by Athreya and Ghosh to Diophantine
approximation problems of Erd6s—Sziisz—Turdn and Kesten. We also prove that Marklof’s
result on the asymptotic distribution of Frobenius numbers holds for sets of primitive
lattice points of the form A.
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1. Introduction

Let Z'"'={a=(ai,...,ans1) € Z"TN\{0}: gcd(al, ..., ans1) =1}, with 0=
0, ...,0), be the set of primitive lattice points in 7"+l The n-dimensional Farey
sequence F(Q) of level Q € N is defined as the set of rational points p/q € R" such
that (p, q) € 77+ and 1 <gq < Q. In [17], Marklof proved certain limiting statistical
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properties of F(Q) as Q — oo as a consequence of the equidistribution of the Farey
points on expanding horospheres in a certain subspace of SL(n + 1, Z)\SL(n + 1, R),
which he demonstrated in the course of proving the asymptotic distribution of Frobenius
numbers [15]. These results follow from the equidistribution of expanding horospheres
in quotients of SL(n 4 1, R) by lattices obtained by Marklof and Strombergsson [18]
as a consequence of Ratner’s measure classification theorem [20], and in particular the
work of Shah [21]. Recently, Athreya and Ghosh [2] extended and solved Diophantine
approximation problems of Erd8s, Sziisz and Turdn [7] and Kesten [11] for, among
other settings, Euclidean dimensions n > 2 by finding limiting distributions of particular
measures of subsets of [0, 1]” which are well approximated by certain elements in the
Farey sequence.

In dimension n = 1, Athreya and Cheung [1] provided a unified explanation for various
statistical properties of Farey fractions, which were originally proven by analytic methods,
by realizing the horocycle flow in SL(2, R)/SL(2, Z) as a suspension flow over the BCZ
map introduced by Boca, Cobeli and Zaharescu [5] in their study of Farey fractions.
The author’s recent work [10] used a process of Fisher and Schmidt [9] to lift the
Poincaré section of Athreya and Cheung to obtain sections of the horocycle flow in covers
SL(2, R)/A of SL(2, R)/SL(2, Z), which in turn yielded results on the spacing statistics
of the various subsets of Farey fractions related to those lifted sections.

In this paper, we extend this lifting method to higher dimensions in order to obtain
results analogous to those of Marklof [17] and Athreya and Ghosh [2] for subsets of
the multidimensional Farey sequences associated with finite-index subgroups A € SL
(n + 1, Z) giving covers A\SL(n + 1, R) of SL(n + 1, Z)\SL(n + 1, R). Additionally,
we show that the limiting distribution of Frobenius numbers established by Marklof [15]
holds also for restricted sets of primitive lattice points given by orbits of A. The method
of proof mimics [15, 17] in utilizing the equidistribution of expanding horospheres and
their Farey points. Specifically, we appeal to Marklof’s extension of the Farey point
equidistribution to general homogeneous spaces I'"\SL(n + 1, R) [16]. For I'' = A,
we can locate the desired restricted subset of Farey points in appropriate sheets of the
cover A\SL(n + 1, R) — SL(n + 1, Z)\SL(n + 1, R), which then allows us to discern
the equidistribution of the subset.

In §2, we establish notation and review the results of Marklof on the spacing statistics
of the full Farey sequences [17] and the distribution of Frobenius numbers [15], and
the Diophantine results of Athreya and Ghosh [2]. We also formulate analogous results
for Farey sequence subsets, and corresponding primitive lattice points, formed from the
given subgroup A. In §3, we formulate the appropriate variation of the equidistribution
of horospheres and Farey points in A\SL(n + 1, R), following essentially from works
of Marklof and Strombergsson [15, 16, 18]. In §4, we prove our spacing statistics and
Diophantine results for the Farey sequence subsets. Lastly, in §5, we establish the limiting
distribution of the Frobenius numbers for orbits of A.

https://doi.org/10.1017/etds.2019.71 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.71

Equidistribution of Farey sequences on horospheres 473

2. Farey sequences and horospheres in SL(n + 1, R)
Since F(Q) is closed under addition by lattice points in Z", we may henceforth view
F(Q) as a finite subset of T" = R" /Z":

]-'(Q):{g—i—Z"e'I[‘”:(p, q)eZ"“, 1 SCISQ}'

(Below, we regularly identify elements in R” with their corresponding elements in T"; and
we abuse notation and omit adding Z" when writing elements of T"”.) In [17], Marklof
considered the following statistical measures on F(Q): for k € Z>¢ and subsets D C T"
and A4 C R” that are bounded and have boundaries of Lebesgue measure zero and non-
empty interiors, let

A{x eD:#(x + 0, " )N F(Q)) =k}
Po(k, D, A) = ;(?D) and (1)
_#Hre F(QND#r +0, " A) N F(Q) =k)
Po.o(k, D, A) = 270 D) : )

Above and throughout this paper, A denotes the Lebesgue measure (by abuse of notation,
on any torus or Euclidean space of any dimension) and
Qn+l

7= G e D v

gives the asymptotic growth rate of #7(Q) as Q — oo. The quantity Py o(k, D, A) is
a higher dimensional analogue of the gap distribution in dimension one and provides a
measure for the statistical distribution of the location of the points in F(Q) relative to one
another; and the quantity Pg(k, D, A) measures the statistical distribution of the points
F(Q) relative to a random point in T".

Let G=SL(n+1,R) and I' =SL(n + 1, Z), and similarly Gy = SL(n, R) and 'y =
SL(n, Z). Then let u denote the Haar measure on G such that the yu-measure of I'\G is
one; and view u as a measure on other quotients I'"\ G by discrete groups I'’ in the natural
way. Similarly, let ug be the Haar measure on G such that I'g\ G is of pp-measure one.
Also, define the subgroups H C G and 'y C T" by

t
H={MecG: (0, )M = (0, 1)}:{(3”’1):A6G0,b€]1§”} and
t
FH:FOH:{()(;”;>:)/6F0,mEZ"}.

Then let y denote the Haar measure on H such that the pugy-measure of 'y\H = T'\I'H
equals one. In [17], F(Q) was embedded in I'\G as follows: define the matrices

_ I, % _ yl/nln 0
h(x)_<_x 1) and a(y)_< 0 y’l

forx e R" and y € (0, 00). Then h(x) parameterizes a horosphere which expands in '\G
under right multiplication of a(y) as y — co. Then a given Farey point r € F(Q) of
level Q was associated with the element I'h(r)a(Q) € I'\G. The existence of the limit
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as Q — oo of (1) and (2) was then reduced by Marklof to showing the equidistribution
of the horosphere {T'h(x)a(Q) : x € T"} in '\ G, and the points {T'a(r)a(Q) : r € F(Q)}
in the subspace I'\I'H{a(y) : y > 1}, respectively (see §4). For ease of notation, denote
H, = H{a(y):y =1}

We now fix a finite-index subgroup A C I', and let A be the Haar probability measure

for A\G. We also fix elements ai, ..., ay € 7"*+! Then define the set of primitive lattice
points
J
A={Ja;A )
j=l1

for which we can define the set FA(Q) consisting of the Farey points p/g such that
(p,q) € Aand 1 <g < Q. Note that since A is a finite-index subgroup of SL(n + 1, Z),

the set .
{xeR”:(I"())eA}
x 1

is a sublattice A a of rank n in Z". Then, for p/q € FA(Q) so that (p, g) € a; A for some
j,and m € A, we have

_ Inot Inot _ .
(p+qm,q)=(p,q) (m 1) ea‘,A(m ] =ajA;

hence, p/q + m € FA(Q). Thus, Fa(Q) is closed under addition by elements in A o and
so we may henceforth view Fa (Q) as a subset of T\ =R"/Ax:

-FA(Q)Z{§+AA €TA:(p.@) €A 1=g= Q}.
(As for T", we regularly identify elements of R” with the corresponding elements in
’JT”A, and omit adding Ax when writing elements of ’]I"A.) For convenience, we define
Fa(Q) to be the set of all Farey points of level O, viewed as a subset of T’,, so that
Fa(Q) C Fa(Q). (Inasense, FA(Q) is [Z" : Aa] copies of F(Q).) Also, let Ax denote
the Lebesgue probability measure on T’,. The primary dynamical result in this paper is
the equidistribution of the restricted set of Farey points {Ah(r)a(Q) :r € FA(Q)} in a
subspace of A\G. Our first application of this result, and the equidistribution of the entire
horospheres in A\G, is the following.

THEOREM 2.1. For ay, ... a; € 2", let A=\J]_, a;jA. Then the set Fa(Q)=
{p/q €T :(p,q) €A, 1 <q = Q} equidistributes in T\ with respect to the measure
Aa. Also, for k € Z>o and bounded subsets D C T\ and A CR" with boundaries of
measure zero and non-empty interiors, let

PAK, D, Ay 2o ¥ €D + (#fi(Q))‘l/”A) NFAA@=K) 1 s
A(D)
#{r € Fa(Q) N D1 #(r + #FA(Q) """ A) N Fa(Q)) =k}
#(Fa(Q)ND) '
Then the limits as Q — o0 of both quantities exist and are independent of D. Furthermore,
we have the following evaluation of the limiting expected value of k corresponding to the

(6)

Piok, D, A) =
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measures Pg(k, D, A):
o0
li kPAk, D, A) = .
Qg;%% 0k, D, A) = 1a(A)

The main noteworthy application of Theorem 2.1 comes from letting A = I"(m), where
m is a positive integer and I"(m) C I is the congruence subgroup

I'm)={MeTl : M= I,y (mod m)}.

For a given a € V/ans al’'(m)=1{b e 77+l hb=a (mod m)}. Therefore, a set of the form
A in (4) in this situation is the set of points in 7+ which are congruent modulo m to a
vector in {ay, ..., aj}. As aresult, the set FA(Q) consists of the Farey points p/q such
that (p, ¢) = a; (mod m) for some j.

Remark 2.1. Equidistribution results in the spaces I'(m)\G have also been used in [18,
Theorem 2.1] to understand the fine-scale statistics of the directions of the visible lattice
points in Z" with respect to an observer at a rational point in R”.

In [7], Erd6s, Sziisz and Turdn introduced the following Diophantine approximation
problem: for constants Q € N, A > 0, and ¢ > 1, let EST4 . ¢ be the function on [0, 1]
such that for x € [0, 1], EST4 ¢, o (x) is the number of solutions p/q € Q satisfying

A
Iqx—plfg, 0<qg=cQ.
Then, for fixed A and ¢, determine the existence of the limit

Qlim A({x € [0, 1]: EST4 ¢ o (x) > O}). 7)

Another Diophantine problem of Kesten [11] is as follows: define the function K4, ¢ on
[0, 1] such that K4 o (x) is the number of solutions p/g € Q satisfying

A
lgx —pl=—, 1=¢g=0Q.
Q
Kesten’s problem is to determine the existence of the limit

Qlim Ax €[0,1]: K4 0(x) > 0}). ®)

In the original paper [7], Erd6s, Sziisz and Turdn showed that the limit (7) exists when
A<c/(1+ ¢?). Later, while resolving the limit (8), Kesten [11] extended the existence of
(7) for when Ac < 1. The limit was then shown to exist in all cases by Kesten and Sés [12].
Explicit formulas for the limit were obtained much later by Xiong and Zaharescu [22] and
Boca [4].

In their recent work [2], Athreya and Ghosh generalized the Erd6s—Sziisz—Turdn and
Kesten problems to higher dimensions, in addition to other settings such as translation
surfaces. They proved the existence of the limiting distribution of the functions EST'/'L .0
and K z’ o On [0, 1]", analogous to the corresponding functions above, defined so that for

x €[0, 177, EST’;"C’Q(x) is the number of solutions (p, q) € /s satisfying

lgx — pll < Aqg™'/", Q0 <g<cQ, 9)
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where | - || denotes the Euclidean norm on R"; and K f" Q(x) is the number of solutions
satisfying

lgx — pl <AQ™"", 1<g<0. (10)
Specifically, they showed that for each k € Zx, the limits

lim A({x €[0, 1]":EST} . ,(x) =k}) and  lim A({x €[0, 1]": K} ,(x) =k}
Q—o00 v Q—00 ’

exist and can be expressed in terms of the Haar measure of certain subsets of the space of
unimodular lattices G/ T.

In this paper, we extend the results of Athreya and Ghosh to our setting, restricting the
set of points (p, g) in the inequalities (9) and (10) to A. Our second main result is the
following.

THEOREM 2.2. Foray,...,a; € 2", let A = Uj]'=1 a;jA. Then, for A>0andc > 1,
define the functions EST‘X’C’Q and K/‘?’Q on T} so that for x € T';, EST‘;C’Q(x) is the
number of solutions (p, q) € A satisfying (9), and K?Q(x) is the number of solutions
satisfying (10). For fixed A and c, the limiting distributions of the functions EST‘; 0 and
K ﬁ" 0 as Q — oo exist. More specifically, for each k € Z>o and D C T’y with boundary
of measure zero and non-empty interior, the limits

Ja(fxr e D:ESTA  ,(x) =k)) ia(fx €DK} H(x) =k}
lim = an lim :
Q—o00 ra(D) Q—00 ra(D)

exist and are independent of D. Also, the limiting expected values of EST‘}’ .0 and K 1‘2’ 0
as Q — oo exist.

Analogously to Theorem 2.1, letting A =TI(m) allows us to obtain limiting
distributions for EST and K functions corresponding to lattice points satisfying
congruence conditions modulo m.

The original motivation for studying the distribution of Farey sequences on horospheres
was in the study of Frobenius numbers. For a given a in the set Z’Sl of primitive
integer lattice points with coordinates at least two, the Frobenius number F(a) of a is
defined as the largest natural number which cannot be represented as a non-negative integer

combination of the coordinates of a, that is,
F(a)=max(N\{m -a:m=(m. ..., my1)€Z").

For n =1, the equality F(a) =aja; —a; — a> holds, while for higher dimensions no
explicit formula is known. However, in [15], Marklof determined the limit distribution
of Frobenius numbers for n > 2 by relating the values of Frobenius numbers F'(a) to the
location of points in the Farey sequence F(Q) when embedded in I'\G. Marklof proved
[15, Theorem 1] that there is a continuous non-increasing function W, 41 : R>o — Rxg
such that for bounded D C R'L‘gl with boundary of measure zero and R > 0,

F(a) A(D)

n = Ri=—"7
(ai -+ - ant1) ¢n+1)
The function ;41 can be expressed in terms of the covering radius of the simplex

§W={xeRly:x-e<l}, e=(,1,...,1),

lim
T—o0o TN+1

#{a eZ3' nTD: W,s1(R).
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with respect to lattices in I'g\ G¢. The covering radius of 8™ with respectto I'pA € ')\ Gy
is the quantity p(I"'gA) defined by

p(CoA) =inf{p’ > 0:Z"A + p'§™ =R"}. (11)
We then have [15, Theorem 2]
V1 (R) = no(fA € 'o\Go : p(A) > R}).

The last main result of this paper is to prove that the distribution of Frobenius numbers
according to W, | continues to hold when restricting the lattice points one considers to A.

THEOREM 2.3. Foray,...,aj € Z"‘H, let A = UJJ-:1 a;A. Also, assume thatn > 2 and
let D C R'ﬂ;l be bounded with boundary of measure zero. Then there exists a positive
integerin < [I' : A), depending on A, such that

F(a
—( ) T > R}
(ai - - app1)/n

\pn+1(R)- 12)

lim L# ac?Z't'NANTD:
Tn+1 >2 :

T—o00
_ iaAl(D)
T C:AKC(m+ 1)

We record the special case of Theorems 2.1-2.3 for A = I"(m), in which case A is the
set of points in Z"*! satisfying certain congruence conditions modulo mz, in the following
corollary.

COROLLARY 2.1. Fix ay, ...,a; € 2" and let A be the set of points a € 72m+ such
that a = a; (mod m) for some j. Then let Fa(Q) € (R/mZ)" be the set of Farey points
p/q such that (p, q) € A.

(@) The set FA(Q) equidistributes with respect to the Lebesgue probability measure
Ar(m) on (R/mZ)"; and the limits as Q — oo of the spacing statistics PQA and P&Q
defined by (5) and (6), respectively, exist for all k € Z> and bounded subsets D C
(R/mZ)" and A CR"™ with boundaries of measure zero and non-empty interiors.
Also, the expected value of k corresponding to the measure PQA exists and equals
Argm) (A).

(b) For x € (R/mZ)", define EST:C’Q(x) to be the number of solutions (p, q) € A
satisfying (9), and K ﬁ" Q(x) the number of solutions satisfying (10). Then, for A, c,
and D as in Theorem 2.2, the limiting distributions and expectations for the functions
EST‘:’ 0 and K 2 0 s 0 — o0 exist and do not depend on the restricting subset D.

(¢) Assume that n>?2 and D C R':gl is bounded and has boundary of measure zero.
Then (12) holds for A = I"(m) and some positive integer i < [I" : T'(m)].

Remark 2.2. For n > 2, Theorems 2.1-2.3 can be essentially reduced to Corollary 2.1 by
the congruence subgroup property of SL(n + 1, Z) [3, 19]. However, this is not the case
for n =1 in Theorems 2.1 and 2.2.

Remark 2.3. Marklof’s result [15] was improved in [14], where Li obtained an effective
equidistribution result for the Farey points {I'h(r)a(Q):r € F(Q)}, as well as the
horosphere {I"h(x)a(Q) : x € T"}, which in turn allowed him to obtain an error term for
the limit distribution of Frobenius numbers. Einsiedler et al [6] made another advancement
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by proving the equidistribution of the Farey points in I'\ G corresponding to the elements
p/q € F(Q) such that ¢ = Q. (They additionally obtained analogous equidistribution
results for horospheres in SL(n 4 1, R) taking up more than one matrix row.) This result
was then made effective in dimension n = 2 by Lee and Marklof [13].

3. Equidistribution in A\G

We now set out to prove Theorems 2.1-2.3, appealing to the equidistribution results of
Marklof and Strombergsson [15-18]. We derive the limit of the measure Pé, and the
limiting distributions of EST‘:V .o and K ﬁ,Q’ from the equidistribution of expanding
horospheres in A\G. We specifically use the following adaptation of [18, Theorem 5.8]
(see also [17, Theorem 1]).

THEOREM 3.1. Let f : T', x A\G — R be bounded and continuous. Then

fim [ 7, M) dia@) = [ e ) drate) dpa(an.

g—o0 " X A\G

This result follows from the mixing of the diagonal subgroup {a(y) : y > 0} on A\G
via the arguments in [8]; we omit the proof.

Next, let 7a : A\G — I'\G be the canonical projection. By [15, Theorem 6], the
points {T'A(r)a(Q) : r € F(Q)} equidistribute in the subspace 2 = I'\I"H, of ['\G with
respect to the measure dug(Ma(y)) =dug (M) (n + 1)y~ "2 dx(y). In our setting, we
seek to lift  via wa to get the subspace Qa = nZI(Q) = A\T'H, of A\G, in which
to obtain the analogous equidistribution of {Ah(r)a(Q) : r € FA(Q)} with respect to the
probability measure pq, obtained as the normalized pullback of pg with respect to .
This is in essence the content of [16, Theorem 2(A)]. We refine this result to find the
equidistribution of the restricted set {Ah(r)a(Q) :r € Fa(Q)}, which we then use to
establish the equidistribution of FA (Q) in T’}, the existence of the limit of the measure
P&Q, and the limiting distribution of the Frobenius numbers of A.

To obtain this result, we utilize the fact that the full set of Farey points naturally partition
themselves into different sheets in the cover malg, : €A — 2. We can therefore extract
subsets of Farey points based on the particular sheets in which we are interested. The
sheets corresponding to Fa (Q) for all Q € N are determined as follows: define the subset
A* C T tobe the set of all y € I" for which there exists @ € A such that ay = (0, 1). Since
A is closed under right multiplication by A, A* is closed under left multiplication by A
and hence is a union of cosets in A\I". We therefore view A* as a subset of A\T.

Note that for Ay € A* so that ay = (0, 1) for some a € A, we have ayy’ = (0, 1) for
any y’ € I'y, implying that Ayy’ C A*. Thus, A* is closed under right multiplication

by elements in I'yy. In fact, for any fixed y1, ..., y; €T such that a;y; = (0, 1), A* is
the union of the orbits of the elements Ayy, ..., Ay; € A\I" under the action by right
multiplication of I'y. Indeed, if Ay € A* so thata;§y = (0, 1) for some j € {1, ..., J}

and & € A, then (0, 1)(8y)~'y; =a;y; = (0, 1). Thus, (§y)~'y; € 'y, implying that
yj_l(Sy = ((6)/)_1)/j)_l € 'y, which in turn implies that Ay is in the I' y-orbit of Ay;.

We show below that Qa = A\A*H, is the union of the appropriate sheets
corresponding to Fa (Q) for all O € N. We can now formulate the main equidistribution
result we need to prove Theorems 2.1 and 2.3.
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THEOREM 3.2. Let f : T', x Qa — R be bounded and continuous. Then:

1
lim ———— Ah = M) di M);
(a) oM EF0) refEA(Q) f(r, Ah(r)a(Q)) A‘ZXQA fx, M) dip(x) dpg, (M),
1
b lim ————— , Ah = , M) di d M).
(b) oM EFAO) refEA(Q) f(r, Ah(r)a(Q)) /T’gxszA fx, M) din(x) dpg, (M)

Part (a) is essentially a corollary of [16, Theorem 2(A)]. We nevertheless provide a
detailed proof for our particular situation, closely following [15, Theorem 6] and [16,
Theorem 2(A)]. We then obtain part (b) as a straightforward consequence, locating in Q2
the Farey points corresponding to the restricted set Fa (Q) as described above.

Proof of Theorem 3.2. Part (a). To begin, we first note that it is elementary to show
that Q24 is a closed subset of A\G. (In the proof of part (b), we show that a set of the
form A\AyH,, with y €T, is closed in A\G.) Thus, since A\G is a metric space,
any bounded and continuous function on 24 can be extended to a bounded continuous
function on A\G. So, we can assume without loss of generality that f is a bounded
continuous function on A\G. By standard approximation arguments, we can furthermore
assume that f has compact support and hence is uniformly continuous. Let C C G be
compact such that supp f € T4 x A\AC. Also, letd : G x G — R be a left invariant
Riemannian metric on G such thatd (h(x), h(x")) < ||lx — x’||. We also let d act as a metric
on quotients of G by discrete subgroups in the obvious manner. Note that by the uniform
continuity of f, for a given § > 0 there exists € > 0 such that | f (x, M) — f(x’, M")| <&
whenever x, x" € T', and M, M’ € A\G such that |x — x'|| <€ andd(M, M') <e.

The basic plan of the proof of part (a) is as follows. For 6 € (0, 1), let ]-'Z(Q) ={p/q €
Fa(Q):00 <g < Q}. For a fixed 6 and € > 0, we use Theorem 3.1 to examine the
value of the integral of f(x, Ah(x)a(Q)) over the points x € T, within e/ QUtD/n of
an element in ]-'Z (Q). Letting € — 0 then establishes the equidistribution of the sequence
of Farey points corresponding to FZ(Q). The final step of the proof is taking the limit as
6 — 0.

So,let 6 € (0, 1) and € > 0 and define the set

€ _ . €
Fi(Q)— U {xe']I‘”A.IIx—erW}.
reF(Q)

For x € R" and (p, q) € Z"*!, we have ||x — p/qll <€/Q@V/" and Q0 < g < Q if
and only if (p, g)h(x)a(Q) is in the set

Coe = {01 s ) ER™LL G 3| S €t 0 < yngr < 1),
It is therefore straightforward to see that
FRUQ) = (x € TR : 2" h(x)a(Q) N €y e #0).

Let xe: G — R be the characteristic function of the set H.={M € G : VianyVie
Co.e # ¥}. Since H is closed under left multiplication by I', we may view x. as a function
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on I'\G as well as A\G. Also, since €y  has boundary of Lebesgue measure zero, x. is
continuous outside of a set of y-measure zero. By Theorem 3.1, we have

Q—00

lim / f(x, Ah(x)a(Q)) dia(x)
FLE0)

= lim /T" fx, Ah(x)a(Q)) xe (Ah(x)a(Q)) dra(x)

Q—o00
=/ S, M)xe(M) dip(x) diua(M)
T\ xA\G
= / f @, M) xe(M) dip(x) dpn(M), (13)
T x\G
where f : T’y x I'\G — R is defined by

i 1
Jo TM) = 5

> fx Ay,

AyeA\T

Next, we wish to replace x.(M) in the product f (x, M)x.(M) with the sum of
characteristic functions of the sets H¢(a) ={M € G :aM € &y}, where a € 77+ To
do so, we must ensure that the sets H(a) are pairwise disjoint over the support of f when
viewed as a function on G, which is I'C. It was proven in [16, 17] that this is always
possible as long as € is chosen to be small enough. We provide the following simpler
proof of this fact.

Suppose on the contrary that for every € > 0, the sets {H.(a):a € Z"H} are not
pairwise disjoint over I'C. Then, for every j € N, there exist distinct a;, b; € 77+1 such
that Hyj(a;) NHiy;(bj) NI'C; thus, there exist M; € G, yj € I', and C; € C such that
ajM;j ey /,bjM; €& yj,and M; =y;C;. Then, since C is compact, we may assume
by taking an appropriate subsequence that (C;) ; converges to an element C € C. Similarly,
sincea;jM;,bjM; € & ; forall j € N, we may take another subsequence so that

lim ajM;=a and lim b;M; =0,
J—>00 J—>0o0
where a, b € {(0, y,41) e R""!:0 < y,41 < 1}. Since Mj=y;jCjandlimj_, C; =C,
we have
lim ajy;=aC™" and lim b;y; =bC™'.
J—>00 J—>00

Sincea;yj, bjy; € 7"+ and 7+ s discrete, there exists N € N such that if j > N, then
ajyj = aC~! and bjy; = bC~!; hence, aC~ !, bC~ ! € 7n+l, However, since a and b
are positive multiples of (0, 1), aC~! and bC~! are positive multiples of the last row
of €1 and thus of each other. This is possible only if aC 1 =pC~L. So, for j>N,
ajyj=aC~'=bC~' =b;y;. This yields a; = b;, which contradicts our choice of a;
and b; to be distinct.

Thus, there exists €y > 0 such that if € € (0, €y], which we henceforth assume, then the
sets {He(a) :a e Z”H} are disjoint in I'C. Let Xel : G — R be the characteristic function
of ’Hi =H((0, 1)). Note that the map 'y — (0, 1)y defines a bijection from 'z \I'
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to Z”“, and the characteristic function of ’Hl((O, Dy) is M — Xel (yM). These facts
imply that
xeMM)y= > x!(yM) forT'M eTC.
yelg\I'

Therefore, (13) equals

/ fae, M) " x (M) dia(x) du(M)
T4 xI\G yelp\I

- f Fx M)yx! (M) dia(x) d (M)
T x5 \G

= f fx, M)dia(x)du(M)
T <y \H}

dug(M)di(y)
tn+1)

f f(x, MMy) dia(x)
TZ ><l—‘1-1\]‘]XQ:9YE

For the last step above, we parameterize FH\’Hi by the coordinates (M, y) > MMy,
where (M, y) e 'g\H x &g and

—1/n t

I, 0

My = yn+l/ ! > y= (y/v }’n+1)-
y Yn+1

In these coordinates, we have dju = ¢(n + 1) ™' duy (M) dr(y).
So, to summarize thus far, we have

lim f(x, Ah(x)a(Q)) dra(x) (14)
075 FRQ) ¢ :

= dpn(M)di(y)
f(x, MMy) d)\.A(x) W (15)

/‘]T"AXFH\HXCQ’g

We now divide both sides by the Lebesgue measure A(B}) = €"A(B]) of a ball B in
R”" of radius €, and examine both sides as € — 0. We begin with (15). By the uniform
continuity of f, and hence of f , for a given § > 0 there exists €5 > 0 such that | f (x, M) —
f(x', M")| <8 whenever ||x —x'|| <es and d(M, M) < es. (Assume without loss of
generality that e — 0 as § — 0, and that all €; are less than the constant €y found above.)
For y = (¥, yut+1) € €g,¢;, we have

d(My. a(y, ) =d@(y, ! D=y, ¥). aGy ) D) =dh(=y, ¥, Lng)
<y Yl < es.

Thus, |f(x, MMy) — f(x, Ma(ynjm <§ forall x €T, MeTy\H, and y € €y ,,

implying that

dipa(x) dpp (M) dr(y)
A(Be)s(n+ 1)

/ |f(x. MMy) = f(x. Ma(y, )|
TZXFH\HXQQ_GE

o M) 8
Tt DAB) T cn+ 1)
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Also, we have
1
A(Bes)¢(n+ 1) Jrn xrp\mxey .,
1
t(m+1)
1
((n+1)

fe, Ma(y, ) drax) dps (M) dr(y)

1
/ / fx, Ma(y,;il))yﬁﬂ dia(x) dpupg (M) di(Yn+1)
2 " xCy\H

-1
/ / Fee, Ma(y)y™ "2 daa(x) din (M) din(y).
1 T xTy\H
(16)
This shows that as € — 0, the ratio of (15) to A(B!) approaches (16) uniformly in 6 €
O, 1).
Next, we examine (14). Forx € ]-'2’55 (Q), there exists r € }‘Z(Q) such that ||[x — r|| <
€5/ Q"+ D/" and thus
d(h(x)a(Q), h(r)a(Q)) = d(@(Qh(Q"P/"x), a(@Q)h(Q"*+"/"x))
< Q" Mk —r|| <es.
So, for any r € ]-'g(Q), we have
1
ABE) Jix—riies/Quni
- MA(BZS/QmH)/n) _ d
- A(BL) [z AT

|f(x, Ah(x)a(Q)) — f(r, Ah(r)a(Q))| dia(x)

Summing this inequality over all r € ]-'Z(Q), we see that the ratio of the integral in the
limit (14) to A(BY) is within 8(#]—"2(Q))/[Z” : Apa]Q" ! of the sum
1

Tago X [ AkraQ).

reF3(0)
Recall that op defined in (3) is the asymptotic growth rate of #F(Q) and hence
[Z" : Aplog is the asymptotic growth rate of #FA(Q). This implies that the ratio
(#}'Z(Q)) JIZ" : AA1Q"*! has an upper bound that is uniform in Q (and 6). Therefore,
for any 6 € (0, 1), we have
m+Dtn+1)

Jim AT Y. [, AR(r)a(Q))

reF8(0)
o1 B 1
= / f fix, Ma(y))% dra(®) dpn (M) dr(y).  (17)
1 “AXTH\H y

Since #(]—'A(Q)\]:g(Q)) ~#(FA(OQ])) ~[Z" : Aalogg, we may let & — O to get

m+Detn+1)

Jim AT Y. [, Ah(ra(Q)) = /

. M) dia(x) dug(M)
reFa(0) Tax@

:/ fe, M)dip(x)dpg, (M).
TKXQA
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Part (b). We first show that for each y € I, the set A\Ay H, is a connected component
of Qa. The former set is clearly connected since it is the image of the connected subset
y H, C G under the projection G — A\G. Next, we show that A\Ay H, is closed in
A\G and hence is closed in Q4. So, let (Ayhja(y;)); € A\Ay H, be a sequence (with
hj € H and y; > 1) such that Ay hja(y;) converges to an element Ag € A\G as j — o0.
Then there exists a sequence (8;); € A such that§;yh;a(y;) — g as j — 00. Define the
sequence (y;); €T by y; =§;y. We then have lim; _, a(yj_l)h;lyj_1 =g L

The final row of a(yj_l)h;l)//._1 is y; times the final row of yj_l, which is an element

in 71, Thus, (y;); cannot be unbounded, lest the length of the final rows of the
elements in (a( yj_1 )h;1 y j_l )j be unbounded, contradicting the convergence of the matrix
to g~'. Thus, y j is bounded and, by taking a subsequence, we may assume that

limj 0 yj =y >1. Then lim;_ h;lyj_l =a(y)g~! and as a result the final row of
h;l yj_l, which is that of yj_l, is eventually constant for large enough j. Let 8 be a fixed
element in (y;); such that B! has the same last row as yj_l for all large j. Then yj_l,B,
and hence ,B‘lyj, is in 'y for large j. Therefore, our original sequence Ayh;a(y;)
can be rewritten as A,B(ﬂ_lyjhj)a(yj) = Ay(ﬂ_lyjhj)a(yj) (recall that B € (§;y);).
From the above, we see that (,B_lyjhj)j is a sequence in H converging to 8~ ga(y™"),
which must then be in H since H is closed in G. We also have that y; — y and therefore
Ag = Ay(ﬂ_lga(y_l))a(y) is an element of Ay H,. This proves that A\Ay H, is closed
in A\G.

To complete the proof that A\Ay H, is a connected component of 2 x, we show that for
any two y1, y» € I, either A\Ay; H, and A\ Ay, H, are the same sets, or they are disjoint.
Suppose that A\ Ay H, and A\ Ay, H, are not disjoint, so there exist §; € A, hy, hy € H,
and y > 0 such that §1y1h1 = y2h2a(y). Then )/2_181)/1 = hga(y)hl_l. The left-hand side
of this equation is in I" and, on the other hand, the bottom row of the right-hand side is
(0, y~!). These facts imply that y = 1. We then have y2_181)/1 = hzhl_l, which is in 'y
since the left-hand side is in " and the right-hand side is in H. So, we have Ay H, =
A)/z(hzhl_l)Ha = Ay H,, implying that A\Ay|H, = A\Ay>,H,. We have thus proven
that the connected components of 2 are of the form A\Ay H,, with y € I'. Furthermore,
the above shows that for y1, y» € I', A\Ay1H, = A\Ay, H, exactly when Ay; = Ayyy
forsome y € I'y.

Next, we show that for every r € FAo(Q), we have r € Fo(Q) if and only if
Ah(r)a(Q) € Q4. See [15, Remark 3.3] for the observation that the full set of Farey
points embed in I'\T"H,. To prove the forward implication, let p/q € FA(Q). Then let
y € I" be such that (p, q)y = (0, 1). By the definition of A*, we have Ay € A*. Now

observe that
: 1) (V0" el
Ah| = =A =
(4>Q(Q) (—P/ql 0o ¢')\q

—1/n t -1
q InO) } (Q)
=A =, 18
’ |:< P g v ¢ q (19

which is in Ay H, since (p, q)y = (0, 1). Thus, Ah(p/q)a(Q) € Q.
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To prove the converse, suppose that p/q € Fa(Q) satisfies Ah(p/q)a(Q) € 24, that
is, there exists Ay € A* such that Ah(p/q)a(Q) € A\Ay H,. Repeating the process
above, we find that for any ¥’ € T such that (p, q)y’ = (0, 1), we have Ah(p/q)a(Q) €
A\Ay’H, as well. Hence, A\Ay H, = A\Ay’'H,, which implies that Ay’ = Ay y for
some y € 'y. We showed in the remarks before Theorem 3.2 that A* is closed under
right multiplication by elements I'y;. We can therefore conclude that Ay’ € A*. By the
definition of A*, we must have (p, g) € A and p/q € Fa(Q). This completes the proof
that r € FA(Q) if and only if Ah(r)a(Q) € Q4.

To finish the proof of part (b), we now apply part (a) to the product of f with xax, the
characteristic function on T’} x Q4. We can apply part (a) to this function since Q24 is a
union of connected components of 24 and hence xa+ is a continuous function. We thus
have

D (xar - N, Ah(r)a(Q))

05 #FA(0) | &=

=[G D M) da () dus, )

- f £, M) dra®) dpsg, (M).
TZXQA

Then, since a given r € FA(Q) is in Fo (Q) if and only if Ah(r)a(Q) € 24, we have

D ar - O AR@a(@) = Y f(r, Ah(r)a(Q)).
reFa(Q) refFa(Q)

The proof of Theorem 3.2 is now complete. O

4. Spacing statistics and the Erdds—Sziisz—Turdn and Kesten distributions

We now obtain Theorem 2.1 as a corollary of Theorems 3.1 and 3.2 in essentially the same
way Marklof obtained analogous results for the full Farey sequence in [17]. We then obtain
Theorem 2.2 as a corollary to Theorem 3.1 in a similar manner.

4.1. Proof of Theorem 2.1.  First, notice that applying Theorem 3.2(b) to the constant
function f(x, M) =1 yields

im #FA(Q) (Qp) = #A*
0o #FA(Q) MBI TIRTAT
So, the asymptotic growth rate of #F4 (Q) is given by
(HAH)[Z"H! 1 Ap] o

AT Al + De(n+ 1)

Thus, in the definitions of Pé and Pé"Q in (5) and (6), respectively, we may replace the
scaling factor (#JFx( Q))_l/ " by 01; IQ/" without affecting the existence or value of the

limits of Pg or Pé‘Q. Also, notice that if D C TZ has boundary of measure zero and
non-empty interior, then we can apply Theorem 3.2(b) to the characteristic function of
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D x Qa, which yields
#Fa(Q)ND)  #A*

im = Aa(D) and hence
00—  #FA(Q) [T:A]

_ #FAQ)ND)
TN R

This proves the equidistribution of F (Q) in T’} .
Now fix k € Z>¢ and subsets D C T’} and A C R" with boundaries of measure zero
and non-empty interiors. Then define the set

CA) = {(x, y) €R" x (0, 1]:x € o /"y A} SR,
For any (p, q) € R"*!, we have p/q € x + UA_}Q/"A with 1 < ¢ < Q if and only if
(p. Ph(x)a(Q) € €(A).

So, if Q is large enough so that o, IQ/".A fits inside a single fundamental domain for T%,
we have, for x € T",,

#((x + G;Z"A) N Fa(Q)) =#(Ah(x)a(Q) N C(A)).

We can thus rewrite (5) and (6) as follows:
Aa({x € D:#(Ah(x)a(Q) N C(A)) =k})
ra(D) ’
#{r e FA(Q)ND : #(Ah(r)a(Q) N E€(A)) =k}
#(FA(Q)ND) '
Notice that since the boundary of A is of measure zero in R”, the boundary of €(A) is of
measure zero in R**1. Also, the characteristic function XI?,D, 4 TA x A\G — R of the
set D x {AM € A\G : #(AM N €(A)) = k} (whose second factor is a well-defined subset
of A\G since A is closed under right multiplication by A) is discontinuous at (x, AM)
only if x is in the boundary of D or if there exists @ € A such that aM is in the boundary
of €(A). Such (x, AM) comprise a set of measure zero in T’y x A\G. We may therefore
apply Theorem 3.1 to XléD, 4 to obtain

Py (k. D, A) =

Piok, D, A) = (19)

= lim ——
0—00 AA(D) Jm,

1
NG T x A\G
= ua({M € A\G : #(AM N E(A)) = k)),

Jim PA (k. D, A) X, 4 (X, Ah(x)a(Q)) dia(x)

XIéD,A(x, M) dia(x)dua(M)

proving the existence of the limiting measure PQA (k, D, A) as Q — oo.
Note furthermore that the limit of the expected value

EPS(D, A=Y kP§(k. D, A)
k=0

as Q — oo exists by an application of Theorem 3.1 to the function

(x, AM) — xp(xX)#HAM NC(A)) : T, x A\G - R,
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where xp : T’y — Ris the characteristic function on D. The limiting value of IEPg (D, A)
is computed as follows: first, the application of Theorem 3.1 yields

llm IEPQ(D A) = XD(X)(#(Ah(x)a(Q)ﬂQI(A))) dia(x)

Q—>oo )\A('D)
1
A Jricae

=/ HAM N EA))) dua(M)
A\G

—Z / > xew@M) dun(M), (20)

aea A

xDX)#AM N E(A))) dua(M) dia(x)

where xeg(4) :R*™1 - R is the characteristic function on €(A). Now, for each j €
{1,...,J}, let y; €' be an element such that (0, 1)y; =a;. If we then define A; =
AN (yj_lI‘H vj), it is readily seen that

Ajd—>a;é: Aj\A —aj;A
is a bijection. Thus, the term in (20) corresponding to index j is equal to
du(M)

iOM) d M) = M .
/A\G xe)(@;jdM) dua(M) /A\G Xe(@a; )[F Al

AjSEA\A j
Making the change of variable M/=)//~Myj_1 and letting A’j :yjAjyj_l =IygnN
(yjijfl) yields

/ xew @y M'y)) dia (M) =f xeou (@, HmH I
iy 1\ ! NG :Al
dp(M
=[O e vy
TH\G NyeA\Ty (I': Al
' dp(M)
=[Tu:A; 0, HM ,
(P .,]fFH\GxaA)(( M

(Note that in the first equality, we use the invariance of u to remove the factor of y; on
the right of M’.) Using the coordinates (M, y) = M My to parameterize I'y\G as in the
proof of Theorem 3.2(a), we find that (20) equals

IENA dug(M)dr(y)  ra(A) < ,
Z [T :A] /I"H\HXQI(.A) ¢n+1) #AX Z[ #ih)]

j=1 j=1

Now notice that for every j, the set of cosets A’j \I"g is in one-to-one correspondence with
the orbit of Ay j_] in the coset space A\I" under the action by right multiplication by I'g.
Furthermore, we showed in our remarks preceding Theorem 3.2 that the set A* is the union
of the I'y-orbits of the cosets A)/l_l, e, ij_l. So, the sum of the indices [['y : A/j]
equals #A* and thus
lim EPS(D, A) = ka(A).
Q—00
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The result is A (A) instead of (A) due to the scaling factor (#Fa (Q))~'/" in (5); because
#7Fa (Q) counts the number of points in an entire fundamental domain of R” /A A instead
of a region of A-measure one, the measure of the test set A is scaled to compare with the
measure of the fundamental domain.

Next, recall from the proof of Theorem 3.2(b) that for a given p/q € Fa(Q),
Ah(p/q)a(Q) = Ah(p/q)a(q)a(Q/q), where Ah(p/q)a(q) € A\I'H. So, the points
P/q € FA(Q) ND which belong to the set in the numerator of (19) are those whose
corresponding point Ak(p/q)a(Q) belongs to the set

Q?,A ={AyMa(y)eQa:yel',MeH,y>1,#AyMa(y) N €(A)) =k} C Q.

Let X;é g e T'X x QA — R be the characteristic function of D x Q‘a A Then X;é ’g’ A

is discontinuous at (x, AyMa(y)) € T’, x Qa only when x is on the boundary of D

or when there exists a point a € 7"t such that aMa(y) is on the boundary of €(A).

Since the boundaries of D and A are of measure zero in their respective spaces, the
. . N AQ . n

points of discontinuity of "5 4 are of measure zero in T, x Q4. So, we can apply

Theorem 3.2(b) to X:’g 4> Which yields
lim #{r e FA(Q)ND : #(Ah(r)a(Q) N C(A)) =k}

Q—o00 #]:A(Q)
=AA(D) - pa,({M € Qa : #HAM N E(A) =k}).

Multiplying by #Fa (Q)/#(Fa(Q) N D) then yields

i Fr € FA(Q) ND: #(Ah(r)a(Q) N E(A) = k)
Qo0 #(Fa(Q)ND)
_ Mo, (M € Qy #HAM N EA) = k)

o (S24)

This completes the proof of Theorem 2.1.

4.2. Proof of Theorem 2.2. Fix A>0,c> 1,k € Z>9,and D C T'A with boundary of
measure zero and non-empty interior. Recall that we defined the functions EST‘; 0 and
KQ,Q on T’} such that for x € T, EST‘X’C’Q(x) is the number of solutions (p, g) € A of

lgx —pl<Ag™". Q=g=cQ e3))
and K ﬁ’ 0 (x) is the number of solutions (p, g) € A of

lgx — pl <AQ7Y", 1=q=0. (22)
We aim to show that the limiting distributions of both functions exist. Now define the sets

Eac={0x, ) eR" xR:|y/""|x| <A, 1<y<c},
Ka={x,y)eR"xR:|x]| <A, 0<y<1},

and notice that a given x € R" and (p, q) € /il satisfy (21) if and only if

(P, Ph(x)a(Q) € Exc;
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and similarly x and (p, ¢) satisfy (22) if and only if
(P, Ph(x)a(Q) € Ky.
We may therefore write EST‘X’C, Q(x) and K f}’ Q(x) as
EST‘X’C’Q(x) =#Ah(x)a(Q)NEa,c) and KQ’Q(x) =#Ah(x)a(Q) N K4).
Thus, if we define the functions na ¢, k4 : A\G — Zx¢ by
Nac(AM)=#(AM NEa,) and ka(AM)=#AM NK4),
we have
EST} . o(®) =nac(Ah(x)a(Q)) and K} o(x) = ka(Ah(x)a(Q)).

Since the sets €4, and K 4 have boundaries of measure zero in R"HL the level sets nglc (k)

and K;l (k) have boundaries of measure zero in A\G. So, we may apply Theorem 3.1 to
the characteristic function of D x 77;,10 (k), which then yields

Qlim An(fx € D:#(Ah(x)a(Q)NEA ) =k})
=iaD)ua({M € A\G : #(AM N Ep ) = kD).
This is equivalent to

. ha(fx e D:ESTY . ,(x) =k))
0—00 A (D)

=pa((M € A\G : #(AM N Eq ) =k)).

Similarly, we can apply Theorem 3.1 to the characteristic function of D x KXI (k) to find
that

Qlim A{x €D :#Ah(x)a(Q)NK4) =k})
=Aia(D)ua({M € A\G : #(AM N Kp) = k})
and hence

_ )\A({xeD:Kf;Q(x)zk})
lim -
0—00 ra(D)

=ua({M € A\G : #(AM N K4) = k}).
We note additionally that the limiting expected values of EST‘X’C’ 0 and K 2’ 0 s 0 — o

can be computed as

(HADA(EA ) an (HAAKA)
[T:AlE(n+1) T:AlE(m+ 1)’

respectively, in a similar way as the limit of EPQA (D, A) computed above. This concludes
the proof of Theorem 2.2.
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5. The distribution of the Frobenius numbers of A

In this section, we complete the proof of Theorem 2.3. Throughout we regularly use,
for a given y € R**!, the notation y’ to denote the first n coordinates of y so that y =
(¥, yn+1). We first prove the following alteration of Theorem 3.2(b), which is analogous
to [15, Theorem 7].

THEOREM 5.1. Let D C {x €0, 1]"'H :0<x1, ..., x5 <Xxp41} have boundary of
Lebesgue measure zero, and f : D x Q2 — R be bounded and continuous. Then we have

T Tn-i-l Z f<_ Ah( )a(T)>
—>OO acANTD

1 dpn (M)
-  Ma(yns1)) da(y) 20 23
D Jpeaipen |0 MAOm) A= (23)

Proof. First, let g : [0, 1] x ’]I"i x A\I'H, — R be continuous with compact support and,
for every pair of constants b, ¢ € [0, 1] with b < ¢, define Lg p o, Uy p.c : TX x A\NG — R
by

Lepe(x,M)= inf g(u,x, M) and Ugp(x,M)= sup gu,x, M).
uelb,c] uelb,c]

Then, for T > 0, define ]—'Z’C(T) ={p/q € FA(T):bT <q <cT}. By the proof of
Theorem 3.2(a) (in particular, see (17)), we have

1 a p
limsup o= 2 g(T q Ah(q)““)

P/geFRE(T)
1
< lim —— Ah T
< fim Z Ug p.o(r, Ah(r)a(T))
reFye(T)
¢ dug (M)
- / / Us .o, Ma(y)(n + 1)y" dia () D 45 ).
s A\I'H [[:A]
So, for any finite partition 0 = by < b; < --- < b,, =1 of [0, 1],
1 q p )4
lim sup ——— Z g(—, =, Ah (—)Q(T)>
Too0o #FA(T) p/geFa(T) T ¢q q
i+ dug (M)
< Ug p.c(x, Ma(y))(n + 1)y" dia(x) ———— dAr(y).
Z/ fnxA\rH §obe Y A TREWN B

By the uniform continuity of g, we can take the infimum over all finite partitions {b;}; of
[0, 1] to obtain

1 q p 14
lim sup ———— Z g(—, =, Ah <—>0(T)>
Too0o #FA(T) p/geFa(T) T g q

dug (M)

,x, M Dy" di dAr(y).
//HM\FHg(yx AN+ D" dia () S dhO)
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We can similarly use the functions Lg p - to get the reverse inequality while replacing
lim sup with lim inf; and hence

. 1 q p 14
LN P g<7’E’M(3>a(T))

p/qeFa(T)

1
dn (M)
= f f g0, X, Ma()(n+ Dy" dia(x) === dA(y). (24)
0 JTyxA\MH (I':A]
By a standard approximation argument, we can replace g in the above equality by the
function g : [0, 1] x T’y x A\I'H — R defined by

gy, x, M) = x0.11 (xX)xp(yx, y) xax(x, M) f((yx, y), M).

Here x(,1 : T’y — R is the characteristic function of (0, 1] viewed as a subset of T},
xp : R"™1 5 R is the characteristic function of D, and xa+ is the characteristic function
of T\ x Q4 as defined in the proof of Theorem 3.2(b). Also, assuming that x € T’} is
such that x(,11n(x) =1, x € R" denotes the representative of x € T’y lying in (0, 1]".
Applying (24) with g yields

(n+1)¢n+1) P. 9 p
oo [Z7: Ap]T7 2 I ( ’Ah<5)am)

(p,q)eANTD r
di(x) dup(M)
= xp(yx, y) f((yx, y), Ma(y))(n+ 1)y" dr(y).
/[o,lwle\A*H P (s ), Maty Y zaa miar Y
Making the substitutions a = (p, ¢) and y = (yx, y) and simplifying yields (23). ad

A way of interpreting Theorem 5.1 is that {(a/ T, Ah(a’/ayy+1)a(T)) :a € ANTD}is,
by (18), a subset of

Maap={y, Ma(ys41)): y €D, M € A\A*H} S D x A\T'H,

that equidistributes with respect to a scalar multiple of the measure v obtained as the
pushforward of the measure A x g on D x A\I'H via the map

(y, M) = (y, Ma(yp+1)) : D x A\TH — D x A\I'H,. (25)

It is easy to see that M A p is a closed subset of D x A\G and we may therefore apply
Theorem 5.1 to characteristic functions of appropriate subsets of Ma A p.
A key fact proven in [15] is that for a 7" the quantity

>2

F(a)+ Y1t a;
(@i ani)'/"
can be written as an appropriate function of a/7T and h(a'/a,+1)a(T) € T\I'H, as
follows: let p:To\Gog— R be the covering radius of the simplex 8§/ as defined in
(11). Then let H" = (H")"! = {(M")~!: M € H} and define the projection 7y from
F\FHT{a(y) 1y > 0} to ['g\ Gy so that for any y > 0 and

!
M=T (2”1) e\TH",
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we have mo(Ma(y)) = T'gA. Next, for y = (y1, ..., yn) € R?, we define the matrices
. —1/ng; t t
m(y)=((y1 ) ‘:;ag(yl""’y")“l) and h*(y):(g’yl),

where, for the former, we assume that y; > O for all j. (Note that hi( y) is the inverse
transpose of i(y).) We then have

F(a) + ntl . ’ ’
fat 24 Z"_laj=(,00770)<”ﬁ< - )“(anil)m<a?)>

(ar - -- an+])l/n An+1

el (2 ) ()

The first equality is an application of equation (5.13) together with Theorems 3 and 9
in [15], where d =n+ 1, y=a/T, and M = h(a'/ay+1)a(a,+1) in the equation. The
second equality follows from the fact that the value of 7 is not changed when its argument
is multiplied on the right by a(a,+1/T).

So, for R > 0 and a subset D C [0, 1]"t! as in Theorem 5.1, one establishes the limiting
value of

F@+ ¥4 R} (26)

#lacZ'NTD: >
{ = (a1 - - - app)/"

Tn+1

by applying [15, Theorem 7], i.e., Theorem 5.1 with A=T and A=Z""!, to the
characteristic function of the subset

Ag ={(y, Ma(yn+1)) : (y, M) € D x T'\I'H,
(p o ) (Ma(yns1)))"'m(y")) > R}

of Mr, o+l D To ensure that this application is valid, Marklof showed that the boundary
of Ag in MF,Z"H,D is of vp-measure zero (vr being the pushforward measure via (25)
with A =T"). A brief description of his proof is as follows: if W41 :Rs0— R>p is
defined by

U1 (R) = uo(fA € F'o\Go : p(A) > R}),
then vp(AgR) = A(D)V,+1(R). Marklof showed that p:I'9\Go— R is continuous,

implying that for any € > 0, the measure vr(3d.Ag) of the boundary of Ag is at most
AD)(V,41(R+€) — V4 1(R —€)), and any limit point of (26) as T — oo is in the

interval
(LD)\II (R—¢€) LD)lll (R+ 6)).
C(”"‘l) n+1 ’C(n-i—l) n+1
Marklof also showed that 1o({A € T'g\Gg : p(A) = R}) = 0 and thus ¥, is continuous.
This implies that v (3.Ag) = 0 and the limit of (26) as T — oo equals
(D)
tn+1)
In our situation, we apply Theorem 5.1 to the characteristic function of the set

Vi1 (R).

Aaar={(y, Ma(yn+1)) : (y, M) € D x A\A*H,
(p 0 10) (Ma(yn1))) " 'm(y")) > R},
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where we view 7 as a function on A\I'H{a(y) : y > 0} by composition with the natural
projection . We then have

VA (A A R)
= x um)({(y, M) €D x A\A*H : (p o 10) (Ma(ya1))) " 'm(y)) > R})

_ /D (M € A\A*H : (p o 70) (Ma(yni))"'m(y)) > R)) dA(y)

= /D (M € A\A*H : (p o m0)(M")™") > R}) di(y)

= #AAD)un (M € T\TH : (p 0 0)(M")™") > R})
= (#AA(D) ¥y +1(R).

For the third equality, we use the {a(y) : y > O}-invariance of mp and the H-invariance
of py, and for the fourth equality we use the fact that the natural projection A\A*H —
\I'H is locally pp-preserving and a (#A*)-to-one cover. Using again the continuity of
p and W41, we see that va (0.Ax A gr) =0, and the application of Theorem 5.1 to the
characteristic function of A A r yields

F(a)+ Y1) a }

1 A
lim ——# an'SlﬂAﬂTD:
Tn+1 = (al .. 'a}’l-‘rl)l/n

T—o0
_ (#AHAD)
TN TR

One can easily remove the sum Z?:% aj above by replacing D with D N [n, 17+ for
n > 0 (under this condition the expressions (aj - - - an+1)’1/ n Z'J’i} aj decay uniformly to
zero as T — o00) and then letting n — 0. (See [15, Lemma 2].) This completes the proof of
Theorem 2.3 in the case where D C {x € [0, 1" 0<xg, .o, x, < Xn+1}. To remove
the condition that x1, ..., x, < x,4] for every (xi, ..., xp+1) € D, one can partition D
into disjoint regions Dy, . .., D,41 such that Dy C {x € [0, 11" 0 < x <xp, i # k}.
For each k, one can find appropriate permutation matrices Py such that Dy P, C {x €

[0, 11"T1:0 < x1, ..., X, < xn41} and then establish the limit

lim

- F(a)
n+1 .
. ooT"+1#{a€Z>2 ﬂAPkﬁT(’DkPk).—l/n>R}

(ar - ant1)
by the above process. However, given that APy = U,J‘=1 aj Pk(Pk_lAPk), A must be

replaced by P,:l A Py. Finally, to remove the condition that D C [0, 1]”“, one can rescale
the parameter 7.
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