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Abstract

A differential equation governing the wakefield potential (f) in a plasma filled rectangular waveguide is derived
analytically. This equation is solved numerically for the wakefield (Ew) generated with the help of three kinds of
microwave pulses, namely sine pulse (SP), rectangular Gaussian pulse (RGP), and rectangular triangular pulse (RTP).
The effect of microwave frequency ( f ), pulse duration (t), waveguide width (b), equilibrium plasma density (n0), and
microwave intensity (I ) on the amplitude of the wakefield is studied. This amplitude is increased for the longer pulse
duration and higher microwave intensity, but is decreased with growing waveguide width for all types of pulses. With
regard to the variation of wakefield amplitude with plasma density, the RTP and SP behave in a similar fashion and the
RGP behaves oppositely. The amplitude for the case of RGP gets increased with the plasma density. The amplitude is
enhanced at larger microwave frequency for the cases of RGP and SP, but is decreased for the case of RTP. The
comparative study of three types of pulses shows that the wakefield with larger amplitude is achieved with the help of
rectangular triangular pulse, which is found to be sensitive with waveguide width, pulse duration and microwave intensity.
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INTRODUCTION AND MOTIVATION

The interaction of electromagnetic waves with plasmas has
been an interesting and growing field of research primarily
due to the availability of very high power lasers and other radi-
ation sources. This field has applications in laser induced
fusion, beat wave acceleration, laser wakefield acceleration,
harmonic generation, self focusing of laser light, nuclear
physics etc. Wakefield generation for the purpose of charged
particle acceleration using lasers has been widely studied
experimentally, analytically, and using simulations. Efforts
have been made related to wakefield excitation by relativistic
electron bunch (Balakirev et al., 2001; Baiwen et al., 2004;
Zhou et al., 2007), ion accelerators (Flippo et al., 2007;
Nickles et al., 2007), coupling of longitudinal and transverse
motion of accelerated electrons in laser wakefield (Reitsma
& Jaroszynski, 2004), and compact GeV plasma accelerator
(Lifschitz et al., 2006). Koyama et al. (2006) experimentally
generated a monoenergetic electron beam by focusing 2 TW

laser pulses of 50 fs on supersonic gas jet targets. In another
experiment, Chen et al. (2008) produced quasi-monoenergetic
electron beams from 7 TW laser pulses in N2 and He gas
targets. Lotov (2001) analytically studied the laser wakefield
acceleration in narrow plasma filled channels. The wakefield
is reported to be enhanced by the nonlinearities in the response
of the plasma to the ponderomotive force of a long smooth
laser pulse of relativistic intensity, whose length is much
larger than half of the plasma wavelength (Kingham & Bell,
1997). The amplitude of the laser wakefield has also been
found to increase by the ionization processes of the gases at
comparatively higher laser peak intensities (Andreev et al.,
2000). A capillary tube can be used as a waveguide in order
to enhance the interaction length (Cros et al., 2000).
Tapered plasma channels have been proposed to achieve stron-
ger electron acceleration in laser wakefield mechanism by
enhancing the interaction length of the laser pulse with the
plasma (Sprangle et al., 2001). On the other hand, the polariz-
ation effect of fields in the vacuum laser accelerator has been
discussed (Xu et al., 2007) including collimated GeV electron
bunch generation (Karmakar & Pukhov, 2007), and collimated
proton beam generation from tantalum targets irradiated with
circularly polarized laser pulses (Kado et al., 2006).
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Zhang et al. (1997) have done calculations for a wakefield
accelerator using a dielectric lined waveguide structure and
showed that the acceleration gradient for electrons or posi-
trons can be achieved in the range of 50–100 MV/m for a
few nC driving bunches. Using a uniform circular waveguide
with a helical wiggler and axial magnetic field, Yoder et al.
(2001) measured the energy gain of about 360 keV for a 6
MeV electron bunch and an accelerating gradient of 0.43
MV/m in a microwave inverse free electron laser accelerator.
In another wakefield accelerator using a dielectric lined
waveguide, a peak acceleration gradient of 155 MeV/m
was predicted for a 2 nC rectangular drive bunch (Park &
Hirshfield, 1997). Jing et al. (2003) have found transverse
wakefields of about 0.13 MeV/mnC (0.2 MeV/mnC) due
to X-dipole modes (Y-dipole modes) in an X-band structure
generated by an electron bunch in dipole-mode wakefields in
a waveguide accelerating structure. On the other hand, micro-
waves have been used in experiments for particle acceleration
via resonance absorption during wave particle interaction
(Nishida et al., 1991) and ~vp � ~B process (Nishida et al.,
1985; Nishida & Sato, 1987; Nishida & Shinozaki, 1990),
where ~vp is the phase velocity of the microwave and ~B is
the externally applied magnetic field. Short microwave
pulses have also been used in some experiments to excite a
nonlinear large amplitude ion wave at resonance absorption
region (Nishida et al., 1994).

It is clear from the literature that the lasers have been
extensively used for the purpose of particle acceleration via
wakefield generation and other methods. An appreciable
amount of energy gain has also been achieved for the elec-
trons and protons. However, these types of systems cost
very much and very sophisticated instrumentation is required
for the specific/accurate measurement on ultrafast time scale.
Therefore, in view of low cost structure and effective accel-
eration by moderate intensity microwave radiation, we inves-
tigate in the present article the wakefield excited by three
different types of microwave pulses in a rectangular wave-
guide filled with homogeneous plasma. We make a compara-
tive study between the proposed pulses, namely sine pulse
(SP), rectangular Gaussian pulse (RGP), and rectangular tri-
angular pulse (RTP).

GOVERNING EQUATIONS

The present model consists of a waveguide of width b(m) and
height h(m) filled with plasma of equilibrium density n0. The
wakefield is assumed to be generated by the microwave pulse
having frequency f and pulse duration t. The corresponding
potential to this wakefield is f. The plasma is assumed to be
cold and collisionless and the motion of ions is neglected.
We use the fluid approach and write below the basic fluid
equations together with the Maxwell’s equations describing
the propagation of the microwave pulse in the plasma.

@ne

@t
þ r � ne~v

� �
¼ 0, (1)

d~p

dt
þ nee ~E þ ~v� ~B

� �
¼ 0: (2)

r � ~E þ
@~B

@t
¼ 0, (3)

r � ~B� m0
~J �

1
c2

@~E

@t
¼ 0, (4)

r � ~B ¼ 0, (5)

r � ~E ¼
e

10
ni � neð Þ: (6)

Here ne and ni are the densities of the electrons and ions,
respectively, The electric and magnetic fields associated
with the microwave are given by ~E and ~B, respectively, and
~J is the current density of the electrons in the plasma
induced by the microwave field. Now we separate out the
x-, y-, and z-components of the above equations as follows
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Here vx, vy and vz are the x-, y-, and z-components of the vel-
ocity of the electron fluid and vx is taken to be uniform in the
direction of the waveguide width (Aria & Malik, 2008). It is
assumed that the electric field is directed along the y-axis and
~r is taken in the (x, z) plane.
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Now we will express the density of the electrons as
ne ¼ n0 þ ne1, where ne1 is the density perturbation due to
the microwave pulse. We are considering the system to be
non-evolving, i.e., all the quantities are taken as a function
of j ¼ z� vgt, where vg is the group velocity of the microwave
pulse (Tajima & Dawson, 1979; Sprangle et al., 2001;
Gorbunov et al., 2003a, 2003b, Aria & Malik, 2008;
Malik, 2008) and @n0=@j ¼ 0 is suggested for the homo-
geneous plasma. Therefore, Eqs. (7)–(15) take the form
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where group velocity of the microwave pulse
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coincides with the phase

velocity of the wakefield.
For the rectangular waveguide, we have taken the distri-

bution of the microwave field as ~E ¼ ŷ E jð Þ sin px
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relations, we integrate Eqs. (16)–(24) under the conditions
that all the oscillating quantities tend to zero as j! 1 and
that ne1 ,, n0. With this we get the following equation
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PULSE PROFILES FOR NUMERICAL
CALCULATIONS

We can use the information related to the shape of the pulse
through the last term of Eq. (25) via the coefficient F(j). In
the present study, using the fourth-order Runge-Kutta
method, we simulate Eq. (25) for three types of the pulse
shapes, namely SP, RGP, and RTP by giving typical
values to microwave intensity I, its frequency f (¼ v/2p),
pulse duration t, equilibrium plasma density n0 and wave-
guide width b. Here, we take different profiles for the electric
field of the pulse, keeping in mind its shape and calculate
Bz(j) with the help of Eq. (20). The relation between Bz(j)
and E(j) thereby comes out to be

Bz(j) ¼
1
vg

p

b

ð
E(j)dj: (26)

Sine Pulse (SP)

This pulse is the simplest one whose profile is taken sinusoi-
dal along with the following expression

E(j) ¼ E0 sin pj=Lð Þ for 0 � j � L

The profile of this pulse is shown in Figure 1a, where L is
the length of the pulse.

Rectangular Gaussian pulse (RGP)

This pulse with length L is shown in Figure 1b. The field
profile is taken as below

E jð Þ ¼ E0 for 0 � j � L=2,
E(j) ¼ E0 sin pj=Lð Þ for L=2 � j � L:

Rectangular Triangular Pulse (RTP)

Finally, we select the field profile so that it looks like a com-
bination of rectangular and triangular pulses (Fig.1c). For the
pulse length L, we take the following expressions for E(j)

E(j) ¼ E0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos 2pj=Lð Þ
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1þ cos 3pj=Lð Þ
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q

for 2L=3 � j � L:
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RESULTS AND DISCUSSION

So far we have derived a differential Eq. (25) for the wake-
field potential f induced by the microwave pulse in a wave-
guide filled with homogeneous plasma. For typical values of
f, t, b, n0, and I, we solve this equation numerically and
obtain the potential f from which we look for the wakefield
amplitude EW for the mentioned three types of the pulse
shapes. Figures 2 to 4 show the profile of wakefield generated
by SP, RGP, and RTP. Here, it can be easily seen that the
amplitude of the wakefield is the largest in the case of RTP
and is the least for the case of SP; in other words, wakefield
amplitude follows the trend EWRTP . EWRGP . EWSP.

Figure 5 shows the dependence of the wakefield amplitude
on the plasma density for two different pulse durations of
1.5 ns (left axis in the figure) and 3 ns (right axis in the
figure). We find that the amplitude is increased for the
higher plasma density in the waveguide for the case of
RGP. However, the opposite trend is realized for the other
types of the pulses (SP and RTP). Again, the amplitude of
wakefield remains the largest in case of the rectangular tri-
angular pulse. Moreover, when we compare the slopes of
the graphs, we obtain that the RTP shows stronger depen-
dence on the plasma density in comparison with the other
types of the pulses. When we examine the effect of pulse dur-
ation on the wakefield, we notice that the larger wakefield is
achieved for the case of longer pulse durations. This is true
for all types of the pulses. Similar effect of pulse duration

on the wakefield as well as on the wake potential was
obtained in our recent work for Gaussian like pulse where
the matching condition (t ¼ f�1

p ) was maintained (Aria &
Malik, 2008).

In Figure 6, we show the effect of microwave frequency
and its intensity on the wakefield amplitude. Here, it is
seen that an increase in microwave frequency leads to an
enhancement in the wakefield amplitude for the cases of

Fig. 2. (Color online) Variation of wakefield generated by microwave SP in
a waveguide for microwave intensity I ¼ 2 GW/m2, frequency f ¼ 30 GHz,
pulse duration t ¼ 2 ns, plasma density n0 ¼ 4.5 � 1017 m23 and wave-
guide width b ¼ 0.03 m.

Fig. 1. Profiles of three different types of the microwave pulses of length L.
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RGP and SP. However, the opposite is true for the RTP,
which also shows a strong dependence (slope 0.097 at I ¼
2 � 109 W/m2) on the microwave frequency as compared
with the other pulses (slope 0.064 for RGP and 0.024 for
SP). When we analyze the effect of microwave intensity on
the wakefield amplitude, we observe that the larger wakefield
is obtained for the higher microwave intensity in the case of
all types of the pulses. Also, it is evident from the figure that
the amplitude is modified at a faster rate in the case of RTP in
comparison with the other types of the pulses. Generally, we
can conclude that the RTP is most sensitive with respect to
microwave frequency and intensity. The increase of wake-
field for the larger pulse intensity is consistent with the
results obtained analytically for the rectangular, rectangular
Gaussian, and rectangular triangular pulses (Malik, 2008).
Moreover, it is worth noticing from Figures 2–6 that tens
of MV/m wakefield is attained with the use of moderate
intensity microwave pulses. In view of the effect of micro-
wave intensity (Fig. 6), it is therefore expected that the wake-
field on the order of GV/m can be generated if the microwave
pulses of intensity � TW/m2 are available. Since the

wakefield on this order is generally obtained by ultra high
intensity lasers in usual wakefield generation schemes
(Lotov, 2001; Reitsma et al., 2004; Lifschitz et al., 2006;
Flippo et al., 2007; Nickles et al., 2007), the present mech-
anism of exciting wakefield in the waveguide by microwave
pulses seems to be more effective and feasible as it can
reduce the cost of accelerator, and also it will provide an
additional controlling parameter (the waveguide width).

Figure 7 shows the variation of the wakefield amplitude
with the waveguide width for all types of the pulses.
Interestingly, it is observed that the amplitude is decreased
with the increase of waveguide width; same result was
obtained in another calculation done analytically for a
plasma filled rectangular waveguide (Malik, 2008). It
means the larger wakefield can be obtained for the case of
plasma filled narrower waveguide. When we compare the
slopes of the graphs in the figure, we notice that again the
wakefield amplitude changes at a faster rate in the case of

Fig. 3. (Color online) Variation of wakefield generated by microwave RGP
in a waveguide for the same parameters as in Figure 2. Fig. 5. Dependence of wakefield amplitude on plasma density n0 for two

different microwave pulse durations t ¼ 1.5 ns (solid line graphs, left axis)
and t ¼ 3.0 ns (dashed line graphs, right axis), when other parameters are
the same as in Figure 2.

Fig. 4. (Color online) Variation of wakefield generated by microwave RTP
in a waveguide for the same parameters as in Figure 2.

Fig. 6. Variation of wakefield amplitude with microwave frequency f for two
different microwave intensities I ¼ 2 � 109 W/m2 (solid line graphs, left
axis) and I ¼ 1 � 109 W/m2 (dashed line graphs, right axis), when the
other parameters are the same as in Figure 2.
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RTP. Therefore, the RTP is found to be more sensitive with
the waveguide width. So, we can conclude that a plasma
filled narrower waveguide is best suited for an effective
wakefield excitation and the significant particle acceleration
if the RTP is used.

CONCLUSIONS

In the present paper, we carried out numerical studies on
the wakefield excitation by three types of the pulses in a
rectangular waveguide filled with homogeneous plasma. Our
analysis reveals that moderate intensity (�109 W/m2) micro-
wave pulses can produce up to 100 MV/m wakefields in the
waveguide if the nanosecond pulses are used. Since the wake-
field amplitude changes at a faster rate with waveguide width,
pulse duration, and microwave intensity, and it is larger for the
smaller waveguide width, longer pulse duration and the higher
microwave intensity in the case of RTP, it is concluded that the
significant wakefield can be excited in the waveguide and
effective particle acceleration can be achieved with the use
of RTP for which the parameters can be optimized using the
present study.
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