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Trudinger’s inequalities for Riesz potentials
in Morrey spaces of double phase
functionals on half spaces

Yoshihiro Mizuta and Tetsu Shimomura

Abstract. Our aim in this paper is to establish Trudinger’s exponential integrability for Riesz poten-
tials in weighted Morrey spaces on the half space. As an application, we obtain Trudinger’s inequality
for Riesz potentials in the framework of double phase functionals.

1 Introduction

Let R” be the n-dimensional Euclidean space, and B(x, r) denote the open ball in R”
centered at x of radius > 0. We consider the Riesz potential of order « on the half
space H = {x = (x,x,) e R" ' xR': x,, > 0} defined by

Baaf ()= [, ey )y

for 0<a<n and felL (H). For feL! (H) with 1< p< oo, Trudinger type
inequalities for Riesz potentials of order a have been studied in the limiting case
ap = n (see e.g., [8-11, 17, 18, 28]).

Our first aim in this paper is to establish Trudinger’s exponential integrability for

Iy, q f of functions f satisfying the weighted L? condition

(L1) fH f()yhlPdy <1,

when ap =n and B < (n+1)/(2p’), where 1/p+1/p" =1 (see Theorem 3.1). Note
that @(y) = |ya|P? is not always Muckenhoupt A, weight; more precisely, w is
not Muckenhoupt A, weight when 8 ¢ (-1/p,1/p") (see Remarks 2.2 and 3.3). For
this purpose, we apply the technique by Hedberg in [1] using the central Hardy-
Littlewood maximal function My f defined by

1
Myf(x)=  sup  ——o f(ldy,
{r>0:B(x,r)cH} |B(X,T’)| B(x,r)
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Trudinger’s inequalities for Riesz potentials 925

where |B(x, r)| denotes the Lebesgue measure of B(x, r). We show the boundedness
of the maximal operator My (Theorem 2.5), as an improvement of [23, Theorem 2.1].
We also give a Sobolev type inequality for Iy, f of functions f satisfying (1.1)
when ap < nand < (n+1)/(2p") (Theorem 3.2). Compare Theorem 3.2 with [23,
Theorem 2.2] which is a Sobolev type inequality for the fractional maximal function.

In the previous paper [24, Theorem 3.4], we proved a Sobolev type inequality for
Iy, f of functions f satisfying the weighted Morrey condition

re AY4
(1.2) sup ——— W] dy <1,
oo [B(x, 1)] HmB(x,n('f O)ba) dy

whenap <o < (n+1)/2and B < (n+1)/(2p"). We refer to [25] and [26] for Morrey
spaces, which were introduced to estimate solutions of partial differential equations.
See also [5, 12]. Applying our discussions in Theorem 3.1, we study Trudinger’s
exponential integrability for Iy , f of functions f satisfying (1.2) when ap = 0 < nand
B < (n+1)/(2p") (see Theorem 4.1), as an improvement of [24, Theorem 3.4].

Further, as an application, we establish Trudinger’s inequality for Iy, f in the
framework of double phase functionals

(1.3) O(x,t) =tF + (b(x)t)4,

where 1 < p < q and b(-) is non-negative, bounded and Holder continuous of order
0 € (0,1] (see Theorems 5.1 and 5.2). Double phase functionals are studied by Baroni,
Colombo, and Mingione [2, 3, 6, 7] regarding the regularity theory of differential
equations. See [24, Theorem 4.1] for Sobolev’s inequality of Iy, f in the framework
of (1.3). We refer to [16, 20, 21] for related results. Other double phase problems were
studied e.g., in [4, 13-15, 19, 22, 27].

Throughout this paper, let C denote various constants independent of the variables
in question. The symbol g ~ h means that C™'h < g < Ch for some constant C > 0.

2 Boundedness of the maximal operator in the half space
For later use, it is convenient to see the following result.
Lemma 2.1 (23, Lemma 2.3] Fore> (n—1)/2and x € H, set
I(x) = Iu dy-
B(x,xn)
Then there exists a constant C > 0 such that
I(x) < Cx.

Remark2.2 LetfB>(n+1)/(2p"). I f(y) = |ya|™" then:

4)) f( )|f(y)y/,,3|de<ooforerwhen(ﬁ—u)p+n>(n—l)/Zand
B(x,xy

(2) / )f(y)dy:ooforerwhen—a+n§(n—l)/2.

B(x,xy

If(n+1)/2<a< f+(n+1)/(2p), then both (1) and (2) hold.
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For felLj (H), the central Hardy-Littlewood maximal function Mpyf is
defined by

Mpf(x) = sup !

= fldy.
{r>0:B(x,r)cH} |B(x>r)| B(x,r) f 4 4

The mapping f +— My f is called the fractional central maximal operator.
The usual fractional maximal function M f is defined by

f(ldy-

It is known that the maximal operator f — Mf is bounded in Morrey spaces as
follows:

Mf(x)=sup ———
/) r>£’ |B(x, )| JHNB(x,r)

Lemma 2.3 [12,Lemma4] Let0 < o < nand p > 1. Then there exists a constant C > 0

such that
rlT o
sup ——— Mf(x)Pdx<C sup ——— bg
ze]R",PrLO |B(z, 1) B(z,r){ S ze]R",I:>() |B(z,1)| B(Z)r)lf(y)l 4

for all measurable functions fon R".

Throughout this paper, let 1< p < co and 1/p +1/p’ = 1. We extend Lemma 2.3
to Mp. For this purpose, we prepare the following result.

Lemma 2.4 Let < (n+1)/(2p"). Then there exists a constant C > 0 such that
Mif(x) < Cx, (Mg()"?
for all x € H and measurable functions f on H, where g(y) = ([f (W)|lyalP)? xu (»).
Proof Letf be a non-negative measurable function on H. For 0 < r < x,,/2,
fB o y;ﬁp’ dy < Cx PP v
and for x, /2 <r<x,and -Bp +n>(n-1)/2

f y;ﬁpldySCx;ﬁp’M SCx;ﬁP,r"
B(x,r)

by Lemma 2.1. Hence, we have by Holder’s inequality

S g0ar<(f )" ([ GOy

Bty s 1/p
< Cx,"r"? (fB( r)(f(y)yn)”dy) ,

so that

1/p

_ 1

MHf(x)Sanﬁ sup ( (f(}/)}/'ﬁ)de) ,
0<r<x, |B(x,1’)‘ B(x,r)

as required. [ ]
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By Lemmas 2.3 and 2.4, we obtain the following result, which is an improvement
of [23, Theorem 2.1].

Theorem 2.5 Letf < (n+1)/(2p") and 0 < o < n. Then there exists a constant C > 0
such that

o

y B XpMuf(x dx
r>0,zeH | (Z, f)| HNB(z,r) | n f( )|

rG

_r Bip
<C su WFd
r>0,zIZ]HI |B(Z’ T’) HNB(z,r) |f(y)y | 4

for all measurable functions f on H.

Proof Let f be a measurable function on H, and take g such that 1 < g < p and
B < (n+1)/(2q"). Lemma 2.4 with p replaced by g and Lemma 2.3 give

rO'

su
r>0,z€]H[ |B(Z, 7')| HNB(z,r

) |x5MHf(x)|de

o

<C sup |Mg(x)|P/1dx

r
r>0,zeH |B(Z> 7’)| HNB(z,r)

r.o'

<C sup ———b rlag
r>0,zIZJHI |B(z,7)| JHnB(zr) lg(»)l y

rO’

— B P
= C su n d >
r>(),z2H |B(Z, r)| HNB(z,r) |f()/))’ | 4

where g(y) = (|f (D) lyalf ) xm(y). "

3 Trudinger’s inequality for Riesz potentials in L?

For 0< a < nand f € L} _(H), let us consider the Riesz potential of order a on H
defined by

Inof(x) = fB (x)x'l)lx—yl“’”f(y)dy-

We are now ready to show Trudinger’s exponential integrability for Riesz potentials
on H.

Theorem 3.1 Let ap=n and B < (n+1)/(2p’). Then there exist constants c; > 0,
¢y > 0 such that

1

1B(0, R)| Juns(o.x) exp (

xEIH)af(x)/cl‘P’) dx < ¢,

for all R > 0 and measurable functions f satisfying (L.1).
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Proof Let ap =n and f be a non-negative measurable function on H satisfying

(L.1). Write
I x:[ x—y|*" d+f x—y|*" d
.o f (%) B(“)I I f(y)dy B<x,x,,)\3<x,r>| T f(y)dy
= Tl(x) + Tz(x).
First note that

Ti(x) < Cr*Mpyf(x).

Next, we have by Holder’s inequality for 0 < r < x,,/2

T. :f — " £ (y)d
21(x) B(X’Xn/z)\B(”)V Y f(y)dy

F a—n B
<C ~ y
xﬂ B(x,xn/2)NB(x,r) e =y f () yndy

~ .o\
< anﬁ (f |x _y|(tx—n)P d}/)
B(x,x4/2)\B(x,r)

(f o)
X n
B(x,xu/2)\B(x,r) f ry 4

< Cx,” (log(xafr))"”’,

since ap =n. Moreover, we have by Holders inequality and Lemma 2.1 for
Xn[2 <1 <xy,

Toa(x) = ) e =" f(n)dy

B(x,x4)\B(x,r

< Cxy ™" [ d
" B(x,x,,)\B(x,r)f(y) 4

By 1/p' FONed 1/p
<5 fnen @), )
B(x,x,,)\B(x,r)y J B(x,x4)\B(x,r) f ry y

<o () (L o)
< Cx;ﬁ,
since —fp’ + n > (n-1)/2 and ap = n. Therefore,
Ty(x) < Cx;” {log(e + (xa/r))}""
so that

o f(x) < Cr*Mgf(x) + Cx;F {log(e + (x/r)) 1"
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for every r > 0. Letting r = {foHf(x)}_l/"‘, we obtain
1/p’
xfIH,af(x) SC+C(log(e+x,,{foHf(x)}1/“)) .
Hence, there exists a constant ¢; > 0 such that

i f ) < (logle + i (M (e})

so that

exp [{xfIH,af(x)/cl}P, <e+ xZ{foHf(x)}P,

since ap = n. Now it follows from Theorem 2.5 that

1
B(0, R)| Jurn(o.r) ©
1

<et——
|B(0, R)| JHNB(0,R)

B p
<e+C XM f(x)}Pdx
e 50, ){ uf(x)}

Xp —{xEIH,af(x)/cl}p,] dx

xZ{foHf(x)}de

<6
for R > 0. u

In the same manner as the previous proof, we obtain Sobolev’s inequality in
weighted L? spaces.

Theorem 3.2 (cf. [23, Theorem 2.2]) Let 1/p*=1/p-a/n>0 and B<(n+1)/
(2p"). Then there exists a constant C > 0 such that

)

for all measurable functions f satisfying (L.1).

xfIH),xf(x)‘p*dx <C

In fact, as in the proof of Theorem 3.1, we have by Holder’s inequality

T (x) < Cx;ﬂr“‘”“’
for 0 < r < x,/2,and

Ty (x) < CxPxaie
for x,/2 < r < x,. Hence,

Tipo f(x) < Cr*Mg f(x) + Cx, P reni?
for every r > 0. Letting r = {foHf(x)}_P/”, we obtain
xhIiaf (%) < Clap My f(x) o0/
= Clxh My f (x)}P/7".
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Now it follows from Theorem 2.5 that

fH{xﬁlm,af(x)}p* dx < C'/H{foHf(x)}de
<C fHnyif(y)I” dy.

Remark3.3 Letf+a-b+n/g<a<f-b+n/pand(n-1)/q<(n-1)/p<b.If
£ = 1yal™¥ "  x8(0.1) (¥), where xg denotes the characteristic function of E, then:

4)) / |f(y)yﬁ|"dy<oo when -bp+(n-1)<0 and (-a+p)p+
HNB(0,1)
(=bp+n-1)+1>0;
(2) I.f(x)= fH |x = y|*7" f(y)dy = oo forall x e Hwhen a > 1;
() Imaf(x) > Cx**x|™ for all x € Hn B(0,1);
4) {xfIH,af(x)}qu =00 when -bg+(n-1)<0 and
HNB(0,1)
(B-a+a)g+(-bg+n-1)+1<0.
In particular, it happens that

A 1dx =
/ﬂ-ﬂnB(o,l){x" H’“f(x)} x=ee

when g > p*.
For (3), it suffices to see that

Baf ()2 [ e )y

B(x,x

> Cx @ —bf —yleng
% B(x,%4/2)NB(0,1) = 4

> Cx, " x|

4 Trudinger’s inequality for Riesz potentials in Morrey spaces

In this section, we are concerned with Trudinger’s exponential integrability in
weighted Morrey spaces.

Theorem 4.1 Let ap=0<n and < (n+1)/(2p"). Then there exist constants
c1 > 0, ¢y > 0 such that

1
|B(0, R)| JHNB(0,R)

exp (|xfIH,af(x)/c1|) dx <c;
for all R > 0 and measurable functions f on H satisfying (1.2).

Proof Letf be a non-negative measurable function on H satisfying (1.2). Write

Taaf ()= [, oA )y [ =" F(7)dy

(x,x5)NB(x,1)
= Tl(x) + Tz(.x).
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By (1.2), we have for 0 < r < x,,/2

T. = —y|*" d
21(x) B(X’xn/z)\B(x’rﬂx " f(y)dy

_ﬂ n ﬁ
< Cxy, .o g
B(x,%4/2)\B(x,r) e = Y17 f(y) yudy

g [*/? 1
ﬁ f ! ﬁ
< Cx, t wdy | dt
r (|B(X, l’)| B(x,t) f(y)y y)

B Xn/2 ) 1 8 1p
< Cx, / o —— 4 Pd) dt
i (|B(x,t)| B(x)t){f(y)y} y

Xn/2
<cx’ / 1di
r

<Cx,;f log(x,/1),

since ap = 0. Moreover, as in the proof of Theorem 3.1, by Hélder’s inequality and
Lemma 2.1, we have for x,,/2 < r < x,,

T (x) = e =" f(n)dy

B(x,x4)\B(x,r)

SCx“’”f d
" B(x,x4)\B(x,r) f(y) Y

~ gy e\ VP 1/p
o (w7 ([ sonhia)

< Cxon (x;BP’M)l/P, (a0 ylp

= Cxt
since —fp’ +n > (n-1)/2 and ap = 0. Therefore,

T(x) < Cx,F log(x,/7),

so that

Inof(x) <CroMpyf(x) + Cx,F log(e + (x,/7))
for every r > 0. Letting r = {foHf(x)}_l/“, we obtain

xfIH,af(x) <C+Clog(e + xn{foHf(x)}l/“).
Hence, there exists a constant ¢; > 0 such that

xP I o f(x) < crlog(e + xS {xE My f(x)}?),

so that

exp (xfIH,af(x)/cl) <e+ xﬁp{foHf(x)}P.
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Hence, in view of Theorem 2.5, we obtain

1

- By p
|B(0, R)| JunB(0,R) €xp (xﬂ H,ocf(x)/cl) X

1
. CBORI " ﬁM rg
. |B(0, R)| JHnB(0,R) xp {oxn Mu f(x) }r dx
o
_r® B ,
< C nM p
e |B(0,R)| H—HnB(o,R){x mf(x)}Pdx
< (o)
for R > 0. ]

In the same manner as the previous proof, we obtain Sobolev’s inequality in
weighted Morrey spaces, which is an improvement of [24, Theorem 3.4].

Theorem 4.2 Letl/p, =1/p-ajo>0,0<0 <nandf < (n+1)/(2p"). Then there
exists a constant C > 0 such that

o
m HNB(z,r) xEIH""f(x) Pedy < C

for all z € H, r > 0 and measurable functions f on H satisfying (1.2).

In fact, as in the proof of Theorem 4.1, we have by Hélder’s inequality
T (x) < Cx;,ﬁr“_”/"
for 0 < r < x,/2,and
Ty (x) < CxpPxi0l?
for x,/2 < r < x,,. Hence,
Tio f(x) < Cr*Mg f(x) + Cx, P re=ol?
for every r > 0. Letting r = {xSMHf(x)}’P/", we obtain
XTIy a f (x) < C{xh My f(x) }' =00/
= C{xf My f(x)}2/Pe.
Now it follows from Theorem 2.5 that
0

- ﬁl Pad <CL ﬁM Iy
B Jonoten DRSO xS Gy [ oM )
r,U

- B p
<C ,, d
|B(z,7)| JHnB(zr) uf ()P dy

forallzeHand r > 0.
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5 Double phase functionals

In this section, we consider the double phase functional

O(x,t) =t + (b(x)1)1,
where 1< p < g and b(*) is non-negative, bounded and Hélder continuous of order
0 € (0,1] [16].

We obtain Trudinger’s inequality for Iy o f in weighted Morrey spaces of the double
phase functional ®(x, t) using Theorem 4.1.

Theorem 5.1 Let0<o<n1/q=1/p-0/0,1/p,=1/p—alo>0and1/q, =1/q-
afo = 0. Suppose 5 < (n+1)/(2p"). Then there exist constants ¢, > 0, ¢, > 0 such that
R
|B(0, R)| JunB(0,R)
1
+ —
|B(0, R)| JHnB(0,R)

xfIH,af(x) Pogdx

exp (|xhb () o f(x) i) dx < 5

for all R > 0 and measurable functions f on H satisfying

rO’

(5.1) wup —
x€H,r>0 |B(x,r)| HNB(x,r)

© (3 1f (k) dy <1.
Proof Letf be a non-negative measurable function on H satisfying (5.1). First, we
see from Theorem 4.2 that

TU B
sup ———— Zuly o f(2))P°dz < C,
LS9 B o) Jann(en e (2))

since ap < 0.

Note that

b(x) o f(x)
= [ G BN ST SOy [ b=y )y
<C Ll AT Oy [ e b))y

= Cliaro f (%) + Iua[bf] (%),
when x € H. We find by Theorem 4.1

1
|B(0, R)| JENB(0,R)

exp (|xfIH,a+0f(x)/c1|) dx < ¢,

and
1

B
Inalb dx <
5005 HOB(O,R)exp(\xn wa[bf1(x)/a]) dx < e,

for all R> 0 since 1/q, =1/q—a/o =1/p— (a+ 8)/o =0. Thus, we complete the
proof. ]
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We obtain the following theorem using Theorem 3.1.

Theorem 5.2 Let1/q=1/p-0/n, ap<n=aq and B < (n+1)/(2p"). Then there
exist constants c; > 0, ¢ > 0 such that

fH xfIH,af(x)|p*dx
1

+ —
|B(0, R)| JHnB(0,R)

exp( xfb(x)IH,,xf(x)/cl‘ q’) dx < ¢

for all R > 0 and measurable functions f satisfying

(5.2) fH ® (3 lf(h)dy <1

Proof Let f be a non-negative measurable function on H satisfying (5.2). Then
Theorem 3.2 gives
J:

since ap < n. Further, Theorem 3.1 gives

1
B(0, R)| Jun(o.r)

xfIH,uf(x)|P*dx <C,

xp( xfIH,Mgf(x)/cl‘p’) dx < ¢,

and

1

B(0, )| Juns(o.r) F (

xfIH,a[bf](x)/cl‘ q,) dx <c;
forall R > 0 since (a« + 8)p = n = agand1/p’ <1/q’. Thus, we obtain the result. m
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