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In this paper, we consider the energy equality of the 3D Cauchy problem for the
magneto-hydrodynamics (MHD) equations. We show that if a very weak solution of
MHD equations belongs to L*(0, T; L*(R3)), then it is actually in the Leray-Hopf
class and therefore must satisfy the energy equality in the time interval [0, 7.
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1. Introduction

This paper is concerned with energy equality of the weak solution to the standard
magneto-hydrodynamics (MHD) equations, for a velocity field u, a magnetic field
B and a pressure field p, as follows

ou+ (u-V)u—1nAu+ VP, =(B-V)B
0B+ (u-V)B—1wAB = (B-V)u » in R*x[0,T) (1.1)
divu =divB =0
for any 7" > 0 and the initial conditions
u(-,0) = up, B(-,0) = By on R? (1.2)

where P, = p+ %\B |2 is the total pressure, and vy, vo > 0 are coefficients of vis-
cosity and coefficient of magnetic resistivity, respectively. The MHD equations are
generally derived by coupling the Navier-Stokes equations for the velocity field of
a fluid to Maxwell’s equations governing the electric and magnetic fields (see, e.g.,
Duvaut—Lions [3]). Existence and uniqueness theory for MHD is closely related to
that of the fundamental models of fluid mechanics, the Navier—Stokes equations

Ou+ (u-V)u—1v1Au+Vp=0

e 0} in R x [0,7) (1.3)
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with the initial conditions
u(-,0) =ug on R (1.4)

for which the global-in-time existence and uniqueness of smooth solutions is still a
famous open problem. Similar to the the Navier-Stokes equations, a global weak
solution (in the sense of definition 2.2) and local strong solution to (1.1) with the
initial boundary value condition were constructed by Duvaut and Lions [3]. Later,
these results were extended to the Cauchy problem (1.1) and (1.2) by Sermange
and Teman [11]. Here, their main tools are regularity theory of the Stokes operator
and the energy method.

It is well known that the concept of kinetic energy becomes particularly impor-
tant in existence and uniqueness theory of models of fluid mechanics, starting with
the fact that Leray [13] and Hopf [10] prove the existence of the weak solution to
the Navier-Stokes equations (1.3) and (1.4). Because the boundedness of kinetic
energy provides a primary a priori estimate, it allows us to construct a weak solu-
tion (called nowadays Leray—Hopf weak solutions when we are restricted under
Navier—Stokes equations), and such weak solutions satisfy energy inequality. The
energy inequality can be regarded as weak solutions lacking sufficient regularity,
actually, if weak solution has sufficient regularity, it can satisfy the equal sign in
the energy inequality, i.e., energy equality. The classical result in this direct go back
to the Lions [15], which shows that if u is a weak solution to the Navier—Stokes
equations (1.3) and (1.4) in addition to satisfying

u e L*0,T; LY(R?)) (1.5)

then necessarily u obeys
t
)1 +2 [ IVur)f ar = ol for t € 0.7) (1.6)

Subsequently, Lions’s result was extended to the general case by Shinbrot [20],
precisely, they proved if

2 2
u € L"(0,T; L*(R?)) with = 4+ = =1 for s > 4, (1.7)
T S

then (1.6) is still valid, where their argument relies on the regularity result of
Serrin [19], which sates that a Leray—Hopf weak solution u is regular, furnished the
following criterion holds

. 2 3
ve L"(0,T; L*(R?)) with = + = =1 for s > 3. (1.8)
r s

Recently, Galdi [6] improved Lion’s result by a mollifying procedure and a duality
argument. Precisely, he showed that if u € Lioc, 0(R3 x (0, T))) is a very weak
solution (for details, please see definition 2.3), and satisfies (1.5), then necessarily
u obeys the energy equality (1.6). Later, Galdi’s result was extended to the general
case (1.7) by Berselli-Chiodaroli [1].

Turning to the standard 3D MHD equations, there is a large body of work on
various regularity criteria. For example, He-Xin[9] proved that if (u, B) is a weak

https://doi.org/10.1017/prm.2021.69 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.69

On the energy equality for very weak solutions to 3D MHD equations 1567

solution of (1.1), and u satisfies (1.8), then (u, B) is smooth in R? x (0, T, and of
course it satisfies the related energy equality:

HU(t)II§+HB(t)II§+2/O(IIVU(T)II§+HVB(T)Hi)dT:||uO||§+HBo||§ (1.9)

for all 0 < t < T'. For more results in this field, please see [2, 8, 16, 17, 21]. However,
there is a little literature on energy conservation criteria for the standard MHD
equations, the only reference, to our knowledge, is [12] where the author proved if
the pair (u, B) is a weak solution of the MHD equations and (u, B) fulfills energy
conservation criteria (1.7), then the energy equality (1.9) holds.

In the present paper, we, inspired by the argument of Galdi [6], will extend
energy conservation criteria of Galdi to MHD equations, and prove that if (u, B) €
L0, T; LY(R3)) is a very weak solution to (1.1), then it is actually in the
Leray-Hopf class. Thus the energy equality (1.9) holds. The main result of the
present paper is stated as
THEOREM 1.1. Let ug, By € L2(R?), and the pair (u, B) € L2 (R x (0, T")) be
a very weak solution of (1.1) in the sense of definition 2.3. If u, B are in
L40, T; LY(R®)), then the very weak solution pair (u, B) is, actually, in the
Leray—Hopf class. Thus it obeys the energy equality (1.9).

The rest paper of this paper is organized as follow. In §2, we give some pre-
liminaries. Section 3 presents the detailed proof of our main results. Finally, the
energy conservation theorem of weak solution to the standard MHD equation (1.1)
is provided in appendix A.

2. Preliminaries

2.1. Functional spaces

Let T > 0 and let X be a Banach space. We shall consider LP(0, T; X), 1< p< oo,
which is the space of functions from [0, T] into X, which are L? for the Lebesgue
measure dt. This is a Banach space endowed with the norm

o=

T
(/ lu(t)]% dt) if 1< p<oo, esssupgcrllult)|x, forp=oo.
0

For simplicity, we write || - || zo@s) = || - [, when © = R3. And the space W*?((Q)
is the usual Sobolev space, if u € W*P?(Q) we define its norm by
1
p
Z /|Do‘u|pdx if 1 <p< oo,
lullwer@) = q \jal<r’®
Z esssup | D%ul if p = oc.
|| <K
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As usual, we write W12(Q) = H'(Q), Wy*(Q) = HA(Q). Besides, we give the fol-
lowing spaces which are usually used when one investigates the mathematical theory
of Navier—Stokes equations:

Co0 () :={p € C(Q); divp = 0};
L(Q) := the completion of C77, (€2) under the norm of LY
Hj ,(€) := the completion of C§%,(€2) under the norm of W"?;
Dy = {p € C(R? x [0,T)) : divy = 0}.
Finally, we define t-anisotropic Sobolev spaces
W2 = {u € L, (R® x (0,7)) : u € WH9(0, T; LL(R?)) N LI(0, T; W>(R?))}.
Usually, one denotes by
A= 7PAD (21)
the Stokes operator in 2, where
P:LP(Q) — LE(Q) (1 <p < 0)

is the Helmholtz—Leray projection given by
when Q =R", and Ap is the Laplace operator under the Dirichlet boundary
condition. The domain of Stokes operator is D(A) = Hg ,(Q2) N W22(Q).

Next we give a basic theorem, which will be used in our proof.

THEOREM 2.1 [18]. Let Q2 be a smooth bounded domain in R®. Then there exists a
family of functions N = {a1, az, ag, ---} such that

(i) N is an orthogonal basis in L2();

(ii) aj € D(A) N C>(Q) are eigenfunctions of the Stokes operator, that is Aaj =
Aja; for all j € N with

D<A <A< A< <A<+ and \j — o0
(iii) N is an orthogonal basis in Hj , ().

2.2. The definition of weak solutions, the form 23, and the operator 25

First, we present the notion of energy weak solution of (1.1).

DEFINITION 2.2. The pair (u, B) € L>=(0, T; L2(R?)) N L?(0, T; W12(R?)) is
called as energy weak solution in R3 x (0, T') if
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(1) The pair (u, B) solves (1.1) in the distribution sense

T
/ /(u~8t<p—Vu-V<p—qu-<p+B~VB~<p)dxdt
0o Jms

= —/ up - (-, 0)dx
]R3

(2.2)
T

/ / (B-016—VB-Vé—u-VB-¢+ B Vu-¢)drdt
0 R3

_ —/ Bo - ¢(-,0) dz
R3

for all ¢, ¢ € Dy and ug, By € LZ(R?).

(2) Such solution pair (u, B) satisfies the energy inequality

lu(®)lI3 + I\B(t)||§+2/0 (IVu(n)I3 + IVB(7)I3) d < ([uoll3 + 1 Boll3)

(2.3)
forall0<t<T.

In the present paper, the main goal is to consider the energy equality of very
weak solutions to (1.1). To this end, we give the definition of very weak solutions
of (1.1) as follows

DEFINITION 2.3. We say that the pair (u, B) € LZQOC,U(]R3 x (0, T)) is a very weak
solution of equation (1.1), if

T
/ /(u-8t<p+u~A<p+u-V<p~u—B~V<p~B)dxdt:—/ uo - ¢(0) de,
0 R3 R3
T
/ /(B-8t¢+B-Aq{)+u-V¢)-B—B-V¢-u)dxdt=— By - ¢(0)dx
0 R3 R3

(2.4)

for some ug, Bg € L2(R3) and all ¢, ¢ € Dr.

REMARK 2.4. In fact, denote by I' = (u, B), I'y = (B, u) and ¥ = (p, ¢), we can
rewrite (2.4) as

3

T
/ /F~8t\I/+F‘A\IJ+u~V\I/~F—B~V\I/-F1d;z:dt:—/
0 JR3 R

with Ty = (ug, Bo), ¥o = (¢(z, 0), ¢(z, 0)).
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In order to deal with nonlinear term conveniently, we introduce a trilinear form
By. First, we define now a trilinear form on (H}(Q))? by setting

3
b(u,v,w) = Z / u;0jvjw; do = / u- Vv -wdx
gl Q

whenever the integral makes sense. Actually, from Hélder inequality and embedding
theorem,

/Q“'VU'de < lullps) [IVollz @ llwllza @) < llullmg o lollzy @ llwllz o)

so b is a trilinear continuous form on (Hg(2))%. In particular, if u € Hj ,(Q), we
can easily get by a direct calculation

b(u,v,v) =0, for all v € Hy(N) (2.6)

and
b(u,v,w) = —b(u,w,v), forall v,w € HJ (). (2.7)

In order to write (2.5) as a simpler form, we define a trilinear form B, on (Hj ,(£2))*

as
%0(@17 @27 (D?)) = b(u7 v, ’ZU) - b(Uv V» w) + b(ua ‘/a W) - b(U7 v, W)
for all ', ®2, & € Hj ,(Q). Here
o' = (u,U), @*=(v,V), ®° = (w,W).

Due to the continuous b, one derives that B, is trilinearly continuous on (Hg ,(£2))?.

This let us give a continuous bilinear operator B from Hj () x H ,(Q) into
(Hj,,(9) as
(B, 9?), 0%) = By(®', ®%, @%) for all ' € H} (). (2.8)

The definition of By, along with (2.6) and (2.7), gives

Bo(!, ¢%, d?) =0

for all ®' € H} (Q). 2.9
’Bo(q>17<1>27q)3):_%0(@17(1)37@2)} 0,0(£2) (2.9)

This yields an alternative form of weak formulation (2.5) as follows, which will
be used in the proof of the lemma 3.1. Precisely, if we choose ¢, ¢ € C§5, (R?), one
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can rewrite (2.2) as

0 (u, ) + (Vu, V) + b(u,u, p) — b(B, B, ) =0,
O (B, ¢) + (VB,V¢) + b(u, B,¢) — b(B,u,d) =0,

with (f, g) = fRS f - gdz, then this system can be equivalently rewritten as
0T, 0) + (VL,VU) + By (T, T, ¥) = 0. (2.10)

Using the operators A and B perviously defined, (2.10) is equivalent to the following
formula

O, + AT + B(I',T) = 0, (2.11)

i.e., (2.10) is a weak formulation of the problem (2.11).

Next we will introduce the standard mollifying techniques which will be used in
the proof of our main results. Let € > 0 be a sufficiently small parameter, we define
space and space-time mollifiers of h with h € L{ _(R® x [0, T)), respectively, by

loc
T
WO,y = [ kelw — )by, Vdy,  heo (1) = / jelt — $)h) (2, 5)ds,
R3 0
where
Je(r) ==€"j(r/e), k(&) =n""k(¢/e), (1.6) ERxR?

with j € C5°(—¢, €) and k € C§°(R3).

We conclude this section by introducing an essential lemma, which ensures that
the divergence of the approximate sequence is also zero when we approximate the
sequence to the initial condition of the divergence of zero.

LEMMA 2.5. For any v € HY(R3) N L2(R3), one can find an approxvimation
sequence vg € HY(Br) N L2(Br), where B is the ball with the origin as the centre
and R as the radius, and

Jim|[o = vg[|mi@s) = 0.

Proof. Let ¢ € C*(R) be a cut-off function with ¢(£) =1if [£| < 1, ¥(£) = 0if [£] > 2
and set ¢ (z) = ¢(%) From [5], we can get an unique solution wr € H} (Br2r)
(where Bror = {z|R < |z| < 2R}) to the problem

V-wg = —v- Vol

and wg satisfies

VRl 2@ a0 < cllv- VO L2800 (2.12)

with the constant ¢ independent of R. Moreover, since Vi = O(%) uniformly in

x, using Poincaré inequality and (2.12), one can get

HwRHLz(BR,zR) < ClRvaRHLz(BR,ZR) < C2HU||L2(]BR,2R)' (213>
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Then we set wr = 0 in the complement of Br 2 and define
7 =y 4+ wp

it is easy to check v € H&VU(BQR). Next, for any given € > 0, we can acquire a
sequence 7(¢) € C5% (Q2r) due to the mollifying techniques such that

|7 — o' |2 (Bor) < €
Therefore,

lv =79 l2 <[ = Tl|2 + |l — 2
<e+ (1= 9Pllz + wrll L2 @ 20)-

Because of (2.13) and the properties of 1%, when R is sufficiently large and e is
sufficiently small, we can make the right side of this inequality as small as we please,
namely,

v =79y — 0,as € — 0, R — oco.

Similarly, by (2.12) and the properties of ¥, when R sufficiently large and e
sufficiently small, one can obtain

Vv — V39|, < VT — VT2 + | Vo — VT2
<e+[|(1 = )Voll2 + [Vwrll2@p.m) + IV 02

— 0.

So, we can choose v = 79, which completes the proof of this lemma. O

3. Proof of theorem 1.1

To prove theorem 1.1, we first consider the following regularize problem related to
equation (1.1)

ow+a-Vw—F-VE =Aw—Vp+ fi,
OE+a-VE—3-Vw=AE+ fy, »inR?x(0,T),
divw = divE =0, (3.1)

w(-,0) =wy, E(-,0)=EyzeR3,

where «, 8 € C§%([0, T) x R®), wo, Eo € LZ(R?) and fi, fo € C3°((0, T) x R?)
with some T > 0. Note that using the same method as in remark 2.4, we can
rewrite equation (3.1) as

0P + AD +B(0,d) = f
divd = 0,

®(-,0) = (w(-,0), E(-,0)) =y z€R3

} in R® x (0,7) (52)

where ® = (w, E), f = (f1, f2), © = (a, §) and A is the Stokes operator defined
in (2.1).
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By a standard Galerkin technique, we can construct a energy weak solution of
(3.1). If @ is a weak solution in a bounded domain  C R? guarantees that at each
time t > 0 the function ®(¢) is an element of the infinite-dimensional space L2
spanned by the eigenfunctions of the Stokes operator. The Galerkin method allows
us to construct a weak solution ® as the limit of approximate solutions ®,, that
each time ¢ > 0 belongs to the finite-dimensional space P, L2 spanned by the first
n eigenfunctions,

P, L% :=span{ay,as, - ,a,} a; €N.

Here N is the basis given in theorem 2.1 and by P, we denote the projection
operator P, : L? — L2 defined by

P,o = Z(@,ai>ai,where a; €N. (3.3)

i=1

More precisely, we have the following technical lemma which plays a key role in
our proof of theorem 1.1.

LEMMA 3.1. (i) If (wo, Eo) € L2(R?), the Cauchy problem (3.1) ewists a unique
solution pair (w, E) such that

(w, E) € L>(0,T; L2(R*)) N L*(0, T; WH*(R?)), (3.4)

moreover

trrfgx](llw(t)\@ +E®)I3) +/ (IVw®I3 + IVE®)]3) dt
€0, T 0

. (3.5)
< ool + IBolB+ o [ QLA +1£20)13)
with some positive constant cg.
(ii) (Improved reqularity.) If (wo, Eo) € H'(R?) N L2(R3), then
w, E € W7 € C(0,T; H'(R?)). (3.6)

In addition, if wy, Eg =0, we have also (w, E) € Wf/; T X Wf/; T X
L3 (0, T; L*/3(R3)).

Proof. (i) We will prove the related result by using the standard Galerkin technique.
Let Br C R? be the ball of radius R centred at the origin, we consider the following
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problem

ow+a-Vw—p3-VE=Aw—-Vp+ fr
BE+a-VE—f -Vw=AE+ fo in Bgx (0,7) (3.7)
divw =divE =0

endowed with the initial-boundary value condition

w=FE=0, ondBgx(0,T);

(3.8)
U)(,O) = Wopg, E(,O) = EORil’l BR
where wg,,, Eo, € L2(Bgr) obey
Aim flwo —wop |2 =0,  lm [[Eo — Eop |2 = 0. (3.9)

Here the existence of wg,, Eo, can be ensured by lemma 2.5. Similarly, (3.7) can
be equivalently written as

0,0+ AD + B(0,d) = f

in Bp x (0,T 3.10
dw¢=0} rx (0,1) (3.10)
with

(I)|BIBR><(O,T) =0, and ®(z,0) = Do, x € Brg.

According to (3.9) we also have
}%liinm||¢>o — P2 =0. (3.11)

In the following, we will invoke the classical Galerkin method, coupled with ‘invad-
ing domains’ technique to explore the existence of solutions for (3.10) in the class
of (3.4).

Step 1. In this step, we will prove that the system (3.10) admits a solution at
least locally in time. To this end we consider the problem

atq)n + A(I)n + PnsB(eny (bn) = Pnf (312)

,,(0) = P, d,, (3.13)

for the form of functions ®,, and ©,,

where ai(x) € N is the basis of L?(Bg). To determine ®, we need to find the
functions ¢} (t). To get the desired result, we take the inner product of (3.12) in
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L? with ay, k=1, 2, ---n. Since (P,v, ai) = (v, ax) for every v € L?(R3) and 1 <
k < n, one derives

> (;tff?(t)awak> + Y (GO Aaj,ar) + Y (BE (s, ¢ (D)), ar) = (f, ax).
i=1 j=1 ij=1

Using the fact that the aj are eigenfunctions of the Stokes operator and are
orthonormal in L?(Bg) we therefore obtain a system of ODEs,

d
T OR () + Aei(t ZDWC )= fu, k=1,2---,n (3.14)
,j=1

where
Diji = (B(ai,a;5), ar) = Bo(as, aj,ar), fru(t) = (f(-,1),ar)

and ¢'(t) = (Oy, a;) is the coefficients of ©,,. To find initial conditions for ¢} we
take the inner product of (3.13) with ay, which yields

i (0) = (@oy, ar).

From the classical theory of ODEs, one immediately obtains (3.14) admits a unique

solution (cf, .-+, ¢) on some time interval [0, T},), from which we obtain the

corresponding solution ®,, of (3.12).
Step 2. We obtain uniform estimates on the solutions ®,, and hence show that
T, = T. We already know that ®,, exists at least on some time interval [0, T;,). Let
€ (0, T,,), we take the inner product of (3.12) with ®,(s) to get

(05Pr(5), Pr(s)) + (APy(5), Pr(s)) + (PaB(On(s), Pn(s)), Pn(s)) = (f, Pn(s)).

On the one hand,

(0.80(5), n(5)) = 5~ | Ba( 2o,
and
(AD,,(s), D, (s)) = (—PAD,,, D,) = (—AD,,,PD,) = (-AD,,D,)
= V() o)

On the other hand, the nonlinear term vanishes due to the definition of operator
B and div ©,, =0, i.e.,

<Pn%(®n> ‘I)n), (I)n> = <%(®n7 (I)n)a Pn‘I)n>
<%(@7la (I)n)a (I)n> = %O(@na <I)na (I)n) =0.

Therefore for all s > 0 we have

T a3 + VB3 = (. Ba(s)) (3.15)
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Now, integrating (3.15) from 0 to ¢, for all ¢ € [0, T},), along with (3.11), Sobolev
inequality and Cauchy—Schwartz inequality, yields

t t
1@ (0)]172 5 +/0 IV ()11 g, 7 < ||<I>o||§+co/0 IF(s)IIE dr < C (3.16)

with C independent of ¢ and n. In particular, (3.16) shows that |} (t)| < C= for all
k=1,---,nand t € [0, T;,) which in turn, by a standard technique on ordinary
differential equations, implies that the ¢ do not blow up at ¢t =7, and hence
T,, = T. In addition, from (3.16) we get

T
s 120 ()12, < H%II%+CO/ 1£(s)II% dr
te(0,T 0 °

and hence

T T
| IV @@ dr < 0l + o [ 151 ar (3.17)

Therefore we have shown that the approximate solution sequence ®,, is bounded
uniformly in L>(0, T; L*(Br)) N L*(0, T; Hy ,(Br)).

Step 3. We establish the uniform bounds on 9;®,, in L?(0, T; (H&G(BR))/). For
any ¢ € Hj ,(Bgr), we take the L? inner product of the Galerkin equation (3.12)
with ¢ to obtain

(0P, ) = —(A®p, p) — (PuB(On,wn), ) + (f, )
= —(A‘I)m@) < (@n,(I) ) > (fv )

To estimate the norm ||8t<I>n||(Hé (Br))'» Wwe need to estimate each term of the
right-hand side of the above equality. It is clear that

[(A®,,, )| = [(-PAD,, p)| = |[(=AD, + V@, )| = [(=AD,, ¢)]|
= [(V®n, V)| < [V@nll2@n) 1l 52 Br)

for some smooth @. On the other hand, by Holder inequality and the Sobolev
embedding theorem

|<%(@n7 o), Pn‘a0>| = |%0(@n> @, Pro)| H@n”LS(BR)||v®nHL2(BR)||P"'LSOHL6(BR)

<
< AVeull2@p) |1Paell iz 81
< clVenllre@ellollag @r)
and
5D <l g, I0lloem < lFll g g 0l mr
Therefore,

||3t‘l)n||(H1 @r) < cIVenlr2mg) + ||fHL5(]B )
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with the constant ¢ independent of n. From this, one immediately derives
T T T
| 10y a0 s < < | 9@ s+ [ 156, ds>

T
<c<||<1>o§+/0 ||f<s>|§ds>

where in the last inequality we have used the inequality (3.16).
Step 4. We extract a convergent subsequence and pass to the limit in the equation.
From step 2, there exists an absolute constant C' such that

”(I)n||L°°(O,T;L2(IBR))QLQ(O,T;H(%’G(]BR)) <G ||atq)n||L2(O,T;(H(}YU(IBR)),) <0

Therefore, by Aubin—Lions Lemma [18, theorem 4.3] one can find a subsequence of
{®,} (we still denote by {®,,}) such that

®,, — ®r, strongly in L*(0,T;L2(Br)) (3.18)
®,, — ®p, weakly star in L>(0,T; L2 (Br))
V®, — Vdg, weakly in L*(0,T;L*(Bg)) (3.19)

We now show that ®g is a weak solution of equation (3.10). It is enough to check
that for any fixed ¢ € D we have

T T T
_/ (@,aﬂ@)dw/ (V®, Vi) dt +/ (B(O, D), ) dt
0 0 0 (3.20)

T
= (B, 0(0)) + / (f. ) dt.

If we take the dot product of (3.12) with ¢, and integrate in space, then integrating
the second term by part yield, we get

Ok P, o) + (VOp, V) + (B(On, ©pn), ) = (f, »).

Integrating in [0, T') and using integrating by parts in the first term we obtain that

—/T(q>n,at<p)dt+/T(V@n,w)dH/T(%(en,q>n),<p)dt
0 0 0 (3.21)

= (Pog, (0)) +/0 (f, ) dt.

We pass to limit in (3.21), as n — oo. From the convergence (3.18) and (3.19) we
have

T T
/ (@10, Dyip) dt — / (®r, Drp) dt
0 0
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and
T T
/ (V®,, Vi) dt — / (VOr, Vo) dt.
0 0
To prove that
T T
/ (B(O,,8,), ) dt — / (B(O, Bp), ) dt
0 0
we notice that
B(O,,D,) —B(O,Pr) =B(0, —6,0,) +B(O0,D, — dg)

Hence we need to show that
T
/ (B(0, —0,,),p)dt —0
0
and

T
/ (B(O, P, —Pr),p)dt — 0.
0

From the bound (3.17) it follows that

1

T T
| / (B(0, — 0.8,),¢)di| < C / 10, — Ol V12l lls dt

T T
<Cy (/ II@n—@Hidt) (/ ||v<1>n||§dt> — 0.
0 0

Moreover, from the weak convergence of gradients in (3.19) it follows that

=

T
/ <8j(<I>n — (PR)Z'; @j(p2> dt — 0
0

asn — oo for all 1 <4, j < 3, as ©¢p; € L2 Hence

T
/ (B(O,®, — Pg),)dt — 0.
0

Therefore we obtain (3.20).

Step 5. We prove that (3.1) exists at least one weak solution.

From steps 1-4, we can find a weak solution @ of the equations (3.10). We extend
the functions ®p by zero outside Br and still denote such extended functions by
® . Note that due to the zero boundary conditions these extended functions belong
to Hj ,(R?) for almost every time ¢. The sequence {®} of weak solutions shares
many properties with the sequence of Galerkin approximations considered in the
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step 1-4. In particular, it follows from our method of construction that we have a
uniform bound

1 t
s1on(®lE + [ IV@alzas < C

with some constant independent of R. From the above bound we conclude that for
some subsequence of {®Pr} (which we relabel)

dr — Pweakly in L*(0,T; WH?(R?))

for some ® € L2(0, T; WH2(R3)). Furthermore, for all R > 1 the estimates on the
time derivative in step 3 shows

T T
| 10l ey ds<c<||¢>o||§+ / ||f<s)||§ds>

for some C' > 0 independent of R. Since (H(}yg)/(]B%R) C (H&ya)/(IB%M) forall R > M
with

[ - ||(H510)/(IBM) <|- ”(Hé’(,)/(IBR)?
then we have for all R > M
||6tq)R||L2(O,T;(Hé,U)'(]BM) + PRl 220,112 @A) < C-
Thus, by Aubin-Lions Lemma, for every M € N we can find a subsequence of
{®r} which converges strongly in L?(0, T'; L2 (Bj;)). Using the standard diagonal
argument we can choose a subsequence of {®r}, still denoted by {®r}, such that
dr — Pstrongly in L2(0,T; L*(Bys))

for every M =1, 2, 3---. It remains to show that the limit function ® is a weak
solution of the equation (3.1). To do this, take any test function ¢ € Dy where the

support of ¢ is contained in By, x [0, T') for a large enough M. Then for all R > M
we have

T T T
—/ (PR, 0:9) dt+/ (VORr, Vo) dt+/ (B(O,DR), ) dt
0 0 0

— (@0, 6(0)) + / (f.0) dt

where we have used the fact that @ is a weak solution of the equation (3.7)
in B x [0, T) and ¢ € Dy(Bgr). We pass to the limit as R — oo using the weak
convergence of V®p and strong convergence of ® in L2(0, T'; L?(Byy)), and prove
that @ is a weak solution of the equation (3.1) with the initial ®q.
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(ii) To improve the regularity of the solution, multiplying both sides of (3.12) by
PA®,,, and integrating by parts the resulting relations over Br, one derives

1d
< (1OlllL0,7;00 @) [VPnll2 + (| fI2) [PAD, |2
1 1
< 20N~ o rine oIVl + [F1)? + 5 [BAS, 3
1
SO (0,710 moy) I Vall2 + 11£13 + §||IP’A¢nII§
ie.,
d
EHV%II% + [PAD, 13 < 20017 = (0,712 moy) I VO3 + I 113), (3.22)

where we have used the fact © € L>(0, oo, L>°(R3)). From this, one immediately
obtains

d
&HV%H% < 2082 (0,730 oy V813 + 2] £13.
This, along with Gronwall’s inequality, yields for all ¢ € [0, T

t
IV, 3 < 01O~ oris oo (v, @) + [ 176)3ds) <c
0

Here, we have used the fact that |[[V®,(0)]13 < [|Po.|m: sy < oo. Next, we
integrate both sides of (3.22) from 0 to ¢, to gain

t
[ Ipaw,jgar<c.
0
Similar as above, dot-multiplying both sides of (3.12) by 9;®,,, one can gain

1d
—— VD, |2 + |0:®,]12 = —(P.B(O,,, w,),0,®,) + (f, 0, P,
5 g IVl + 1912013 = —~(PaB(©n,w0). 0:%0) + (£ 012) 3.23)

< (100l IVPallz + [ fll2)10:@y l2-
Using Gronwall’s inequality again, we get
t
/ 10,®,,]3dr < C.
0

This, together with (3.11), (3.16), and the well-known estimate
ID*@]|2 < C(IPA®2 + [|VE]2)

with a constant C' independent of R (for details, please see [7]), implies

T
/0 (10: 80 (1) 2 + | (1) 2y22) dr < C, (3.24)
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where the constant C' depends only on T, f, ||©|rxre, and ||®gl|2 and is there-
fore independent of n. Therefore, (3.24) implies @ € WQQ%, and from the classical
interpolation result in [14] we can get Wf% c O([o, T); HY(R3)).

Now, we consider the case ®3=0. By Holder inequality, (3.16) and © €
LA(0, T; LA(R?)), we have

‘%0(@7 (I)7 (p)l

B(O, D)4/ L4/ = Neoll 7 ar g amany
1% Nlzwssoriaersmey 70 [Pl L2 0,754 (%))

< Ol pso,1;pa @) IV L2 (0,02 R2))
< all®llzao,rre@ellflz20,7;02r2))
which implies, in particular, that
B(0,®) € L¥3(0,T; L3(R?)).
Therefore, from classical results of [5, theorem VIIL.4.1], the problem
0® = Ad —Vx + F, div® = 0in R® x (0,7),
®(z,0) =0, zeR3, (3.25)
with ' = B(0, ®) + £, has at least one solution ® such that
(®,Vy) € Wj/v;T x LY3(0,T; LY3(R?)).

However, by uniqueness of Stokes operator, see, for example, [5, lemma VIIT.4.2],
we must have & = &, which completes the proof of this lemma. [

We are now in a position to show theorem 1.1.
Proof of theorem 1.1. To obtain the desired result, we, in equations (3.2), first take
G(xvt) = (aw@) = (u(€)7B(e)) = F(e)(xvt)a f = (f17f2) =0
and
o = (u”, ByY) = T§
where u, B, ug, By are defined in Theorem 1.1. By lemma 3.1, equations (3.2)
admits a solution ®. = (w., E.) € W22:,1~ which fulfills for any pair (¢, ¢) € Dr

T
/0 As(w5~6t¢+we~A¢+u(e)~Vg0~w€ — B(ey- V- E.)dxdt

= —/ uge) - (0) du,

s (3.26)

/ / (E5'3t¢+E€-A¢+U(E)~VQZ/)-E57B(6)~v¢~w5)d$dt
0o Jms

= —/ Bl $(0) da.
]RS
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From (2.4) and (3.26) we infer that

T T T
/ (ufwe,ﬁtgaJrAcp)dtJr/ u~V<p~udtf/ B-Ve-Bdt
0 0 0

T T
— A Ue) V- wdt + /0 B(E) -V - E. dt
_ () _ 0
- ( 0 Ug, 90( ))

T T T
/(B—Ee,atqﬁ—i—Agb)dt—s—/ u-V¢~Bdt—/ B-Vé-udt
0 0 0

T T
—/0 u(6)~V¢-E6dt+/0 B - Vo - wdt

— (BS? = By, $(0)).

Using the same method as in remark 2.4, for any ¥ = (¢, ¢) € Dy, we can write
the above two equalities as

T T
/ (].—‘7@e,at\IJ+A\II+%(F(E),\I/))dt:7/ (%(F*F(E),\P),F)dt
0 0 (3.27)

— (To = I, w(0)).
On the other hand, according to lemma 3.1, the duality equation

0P+ AD +9B(0,0) = [T
div® =0,
®(z,0) = 0in R?

}in R? x (0, 00)

with
O(z,t) = F%;)(x,t) =T T-1t), ff(z,t)=—f(z,T-t),
admits a solution @, € Wf/é 7N sz% Now let Ac(x, t) = ®(T —t, x), then it

solves the final-value problem

(3.28)

HAN+AN+BT (), A)=VE—Ff, divA=0 in R®x(0,7),
A(z,T) =0, inR>

On the other hand, from the fact that Dr is dense in qu% ={ue qu”%, u(-, T)=0},
for details please see [6, lemma A.1], we can take ¥ = A, in (3.27) and use (3.28);
to deduce

/T(r ., fdt = /T(%(F T, ATy dt— (Do T A0).  (3.29)
0 0

Here we have used the fact fOT((F —®.), VE,)dt =0 due to divI = divd, = 0.
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In what follows, we need to pass to the limit e — 0 in (3.29) to finish our proof.
Indeed, by (3.5),

T
[Ac(0)]l2 < O/O ||f(t)||‘§ dt

with some constant C' independent of e. From this, we immediately derive
lim |(To — 7, Ac(0))] < lim [[To — T 2l Ac(0) ]2 = 0. (3.30)

Secondly,

T
/ (B =T, Ae),T)dt

0

(3.31)
ST =T llzao,ramenlIVAcl L2002 R2)) Tl L2 0,7520 (R3))

— 0, ase—0.

On the other hand, by (3.5), we can find a subsequence of {®.}, still denoted by
{®.}, such that as e = 0

d. — &, weakly in L?(0,T; WH2(R?))

for some ® € L>(0, T; LZ(R3)) N L?(0, T; W2(R?)). From this, we immediately
gain
T T
lim [ (C— @, f)dt= / (T — @, f)dt (3.32)
0

e—0 0

for any f € C5°(R3 x (0, T)). Finally, from (3.29)-(3.32) we conclude that

T
/ (T—o,f/)dt=0
0
which in turn, by the arbitrariness of f, implies I' = ®. Therefore,
['e L=(0,T; L7(R?)) N L*(0, T WH2(R?)),

then by theorem A.2, I" = (u, B) obeys the energy equality (1.9) in the time interval
[0, T. O
Appendix A. Energy equality of weak solutions of the MHD equations

In this part, we will give a proof of the energy equality of weak solution to the MHD
equations, for reader’s convenience. Before starting the proof, we give a technical
lemma as follows.
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LEMMA A.l. Assume @ be a weak solution of (1.1) with the initial value @y €

L?(R3). Then ® can be redefined on a set of zero Lebesgue measure in such a way
that ®(-, t) € L?(R3) for all t € [0, T) and satisfies the identity

(@(t),@(t))—(@o,q/(o)):/o {(‘WT%MQY))

= (VO&(7), V¥(7)) — (B(®(7), (7)), ‘I’(T)>} dr

(A1)
for all U € Drp.

The proof of this lemma can be found in, such as, [4, 20].

Now we present the following theorem, which is about the energy equality of
weak solutions of the MHD equations. Although its proof is classical, we can not
find it in the literature. I will present its proof for reader’s convenience.

THEOREM A.2. Let ® = (ug, Bo) € L2

2, and let ® = (u, B) be a weak solution of
(1.1) and (1.2). In addition,

2 2
O c L"(0,T;L*(R?)) forany = += =1, s>4 (A.2)
ros

then ® satisfies the energy equality
t
lu@)3 + B3 +2/0 (IVu(n) 3 +IVB()|3) dr = |luoll3 + [ Boll3  (A-3)

for allt €0, T).
Proof. Let ®' = (u?, BY) C D7 be a sequence such that
@' — &, strongly in L>(0,T; L2(R?)) N L?(0, T; W2(R*)) N L"(0, T; L*(R?)).

Thus, we can choose W(t) = (®%).(¢) in (A.1), where (-). is the standard time
mollifying operator, i.e. (®%)(t) = fOT je(t — 8)®@%(s)ds. Then, from lemma A.1 one
has

(@00, ). - (@a,(@9,0) = [ { (20). 222D — (var) vi@.r)
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and

(B.(B).) = (Bo. (B).0) = [ { (B, afg)e) (VB V(B))

(A.5)
— b(u, B, (B%).) + b(B,u, (Bi)e)} dr.

Note that, (2.7), along with the Hélder inequality and the interpolation inequality,
shows that when i — oo

/Ot b(u, u, (u') — ue) dr

/Ot b(u, (u')e — ue,u)dr

t
</0 ulls [V (e = ue) ll2ull- dr

t
; 2—1 r_1
</ alls IV ((u')e = ue) ll2flully™ > lullz ™ dr
0

< CHUHET(O,T;H(Rs))||(Ui)e — Uel| 20,7, w12(R3)
— 0,

where we have used the fact we€ L*(0, T;L2(R?)) N L%(0, T; WL2(R3)) N
L7 (0, T; L*(R?)). Similarly, we can also get when i — oo

+ ~0

/t b(B, B, (u')e —uc)dr
0

/t b(u, B, (B"). — B.)dr
0

and \fot b(B, u, (BY). — Be)dr| — 0. Therefore, let i tend to infinity in (A.4) and
(A.5), one has

(u, ue) = (uo, (uo)e)

¢
= / {(u, %u;) — (Vu, Vu,) — b(u, u, u,) + b(B,B,us)} dr,
0

(A6)
(B, Be) = (Bo, (Bo)e)

_ /Ot { (B, 6£f> — (VB,VB.) - b(u, B, B.) +b(B,u,B€)} dr.

In what follows, we need to pass to the limit € — 0 in (A.6) to finish our proof. In
fact, from the fact j. is even in (—e¢, €) and the basic properties of mollifiers,

/ot (u aa?) dr= /Ot /;Ww(w,u(f))dtdr
=—/0 (waaie) dr =0
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[ (32 oo [ [ #4050, pie

! 8BE)
=— B, dr =0,
[ (2%
t

t
liH(l) (Vu, Vu,) dT:/ (Vu, Vu)dr,
=0.Jo 0

and

t t
lim [ (VB,VB,)dr = / (VB,VB)dr.
0

e—0 0

Besides, the weak L? continuity of weak solution, along with the fact foe Jes)ds =
implies

1
(u(t), uc(t)) = /Oéje(S)(U(t),U(t —s))ds

= [ s (e )+ Cute) e = 5) = ule) ds
= w1 +0(0) = Slu(®)3 when ¢ —0.
Similarly, we also have when € — 0
(0, (o)) + (Bo, (Bo)e) = slluoll3 + 3 1 Boll3
(B(1), B(t)) — 3 IBWI3.

Now we turn to the nonlinear term in (A.6). Indeed, a simple calculation shows as
€e—0

t t
‘ / b(u, u, ue —u)dr| < / [u|ls|| Vu||2||we — wl|-dr
0 0

o1

t
<AHMMVWﬂm—um2

r_q
llue —ul|2 dr

< lullor o, o)) IVl 20,7502 (R3Y)

1
t s
2-1 (5-1) )
X ||Ue - u||L002(07T;L2(R3)) </0 HU’E - UHS2 SdT)

< ullor o500 @) IVl L2 (0, 7502 (R3Y) [ e

2—5 r—1
- u||L°°(0,T;L2(R3)) ||u5 - UHLT(O,T;LS(H@))
— 0.
Here, we have used the fact

u € L>=(0,T; LZ(R?)) N L2(0, T; WH2(R?)) N L™(0, T; L*(R?)).
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Similarly, as € — 0

t t t
‘ b(B,B,u. —u)dr +’/ b(u, B, B. — B)dr —|—‘/ b(B,u,B. — B)dr| — 0.
0 0 0

Thus, let € — 0 in (A.6), we deduce
t
a1 — [[uoll3 = 2/0 ~[IVu(7) |13 = blu, u,u) + b(B, B, u) dr
t
IBOIE = 15015 =2 | ~IVB(r)I = b(u. B. B) +b(B.. B) dr
This, along with the definition of 9B, yields
t
lu(®)]I3 + B3 + 2/0 (IVu(n)|3 +11B®)]3)dr
t
—— | Bo(@. @, ®)dr + uol} + | Bol
0

Since ®(-, t) = (u(-, t), B(-, t)) € HL(R3) for a.e ¢, we get by an approximation

technique

/Ot By (2(r), (r), B(r))dr = 0.
From which the desired result is obtained. (]
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