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Abstract. This work is based on a numerical study of particle transport and dif-
fusion using ITER parameters. In particular, the effects of introducing a non-
monotonic safety factor (NMSF) in the case of a reversed magnetic shear are shown.
These results are compared with those found by using a monotonic safety factor
(MSF). Double internal transport barriers are detected influencing the transport
and diffusion of particles. The choices of the mode (m,n) and the m/n values play
a dominant role for the particle diffusion, which leads to an improvement of the
magnetic confinement.

1. Introduction

Among the improvements in plasma confinement performance observed in many
worldwide tokamak devices since the 1990s [1,2], a reversed shear (RS) or negative
central shear (NCS) regime is one of the most attractive concepts to prepare for
the next-generation burning plasma experiments. Therefore, most present major
tokamaks have been devoted to the study of this operation regime as an advanced
tokamak (AT) operation. In this respect, the ITER is an international tokamak
(magnetic confinement fusion) research proposal for an experimental project that
will help to make the transition from today’s studies of plasma physics to fu-
ture electricity-producing fusion power plants. The RS regime is characterized
by a negative or very low central magnetic shear region, and reduced thermal
transport to near-neoclassical values and reduced particle transport have been
observed in this regime. The reduction in the transport, caused by an internal
transport barrier (ITB) formed in the core plasma of the tokamak, is related to the
stabilization of micro-turbulences due to the sheared E × B flow and negative or
very low magnetic shear [3]. Therefore, reproducing or predicting the ITB plasma
through numerical simulations requires plasma transport models based on micro-
turbulence-suppressing physics. In the present numerical work, we will focus on
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the effects arising from the new profile of the security factor that allow us the
more realistic scenario of particle transport and diffusion compared with [3–6].
Our paper is organized as follows. In Sec. 2, we present the equations of motion
which describe the particle dynamics in a tokamak and their transformation into
mapping equations, which are solved numerically. In Sec. 3, we present different
numerical tests and compare with other works. We also compute the dependence of
the diffusion coefficient on the values of (m,n), qa and m/n. Finally, we end with
a conclusion section.

2. Motion equations and mapping

2.1. Transport model and motion equations

The simplified model of an equilibriummagnetic field [3–7] is used and the magnetic
field can be expressed as B = Bθeθ +Bϕeϕ according to the toroidal geometry, where
Bθ = (r/qR0)Bϕ with r and q being respectively the plasma minor radius and the
safety factor.
The equation of the guiding center in Gauss system units reads

dx
dt

= v‖
B
B

+ c
E⊗ B
B2 , (1)

where v‖ is the parallel velocity and the second term on the right of the equation
represents the drift velocity. The electrostatic potential φ that satisfies the relation
E = −∇φmay be written as the sum of the radial part supposed at equilibrium and
the fluctuating part φ = φ0 + φ̃. According to the model of the drift wave spectrum,
φ̃ takes the form

∑
mln φmln cos(mθ − lϕ − nw0t) with w0 being the lowest angular

frequency in the spectrum. From φ̃, we define the disrupted electric field Ẽ = −∇φ̃,
making the approximations Bθ � Bϕ and Br = 0. Equation (1) becomes like the
system using toroidal coordinates:

dr

dt
= − c

Br

∂φ̃

∂θ
,

r
dθ

∂t
= v‖

Bθ

B
+

c

B

∂φ̃

∂r
− c

Ẽr

B
, (2)

R
dϕ

dt
= v‖.

The first equation of (2) results when replacing φ̃, and taking into account the
following two properties of sine and cosine functions:

+∞∑
n=−∞

sin(nw0t) = 0,
+∞∑

n=−∞
cos(nw0t) = 2π

∑
n

δ(w0t − 2πn),

dr

dt
=

2πc

Br

∑
mn

mφmn sin(mθ − nϕ)δ(w0t − 2πn). (3)

2.2. The mapping

In order to simplify the resolution of the system above, we use the mapping ap-
proach that consists of reducing the number of variables and equations. For this,
we introduce the angle-action variables: J = r2/a2 and χ = mθ − nϕ, where a is
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the small radius of the torus, and we consider only one mode of the perturbation
(m,n); (3) then becomes

dJ

dt
=

2r

a2

dr

dt
=

4πc

a2B
mφmn sin(mθ − nϕ)

∑
n

δ(w0t − 2πn), (4)

dχ

dt
= m

Bθ

r.B

(
v‖ − c

Ēr

Bθ

)
− n

v‖

R
. (5)

We neglect the term Ēr . The integration of (4) and (5) with respect to the time tn
allows us to construct the mapping in its simple form:

Jk+1 = Jk +
4πc

a2 .B0

mφ

w0
sin(mθ − nϕ),

χk+1 = χk +
2πv‖

w0q.R
(m − nq). (6)

In order to introduce the reversed magnetic shear and the radial electric field,
we have used in our simulation the global mapping; in the following we give the
algorithm

Jk+1 = Jk +
4πc

a2 .B0

mφ

w0
sin(mθk − nϕk ),

χk+1 = χk + RK1(Jk+1) + RK2(Jk+1),

with

RK1(J) =
v‖(J)

2πw0qR
(m − nq(J)), RK2(J) = − cm

2πw0aB0

Ēr (J)√
J

and

v‖(J) =
√

2(ξt − e.φ0(J))(1 − λ.B0)/m;
here, ξt is the initial total energy, e is the particle charge, λ = μ/ξt , where μ is the
magnetic momentum, and φ0 is the equilibrium potential that satisfies the relation
Ēr (J) = −(∂φ0/∂r)|r=a

√
J .

In our simulations, we focus only on the reversed magnetic shear with a non-
monotonic safety factor (NMSF) that allows us to detect the formation of core
transport barriers, for which substantial improved confinement can be concluded.
The safety factor is expressed as

q(r) = qa(r2/a2)[1 − (1 + β′r2/a2)(1 − r2/a2)γ+1θ(1 − r/a)]−1 , (7)

with qa = Ipa
2/IeR

2
0 and β′ = β(γ + 1)/(β + γ + 2), where Ip, a, Ie, R0 and β′ are

respectively the total plasma current, plasma radius, external current, the magnetic
axis radius and the coefficient that describes the plasma current profile.
Our numerical tests are obtained using the ITER parameters with the following

values: a = 1.85 m, R0 = 6.35 m, the central magnetic field is taken as B = 5.2 T,
w0 = 1.93 × 105 , the disrupted modes are taken as m = 12, n = 6 and ξ = 167 eV;
with this form of the equilibrium potential φ0(r) = −φ0(1 − r2/a2) exp(1 − r/a);
because the function θ(1 − r/a) in (7) has no influence on the calculations, we have
taken it as the unity function. The values of β′, qa and γ are, respectively, 0.93, 5
and 2.8. The numerical results are the particle trajectory structures in the plane
(χ, r/a) found with the values of applied potential from 5 to 40 eV; these results
are plotted with those of [3–6] in Fig. 1 in order to make a comparison easier.
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Figure 1. Poincaré section in the plane (X, r/a) of 1000 particles with different values of
potential. Figures on the left are plotted with a non-monotonic profile of the safety factor,
those on the right with a monotonic profile.

3. The numerical results

3.1. Particle trajectory tests

The obtained numerical tests show the appearance of the so-called double internal
transport barriers [8]. These are displaced toward the outer regions of the toka-
mak with increasing values of the applied potential; these kind of barriers play a
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Figure 1. Continued.

potential role for decreasing the particle diffusion than the normal transport bar-
riers calculated by using the reversed monotonic profile of the safety factor.

3.2. The particle diffusion tests

The particle diffusion coefficients are computed for different values of applied
potential and compared to the ones of the monotonic profile of the safety factor [9,
10, 12]. Figure 2 shows the time evolution of the ratio of two diffusion coefficients
calculated with the NMSF and the monotonic safety factor (MSF); for any value of
applied potential the ratio Drrnmp/Drrmp (rnmp: reversed-non monotonic profile;
rmp: reversed monotonic profile) is always less than one. This means that in the
case of NMSF the particle diffusion is less than the case of MSF, and this important
result will contribute to improve the magnetic confinement.

3.3. The effects of (m,n), m/n and qa on the particle diffusion

In this subsection, we will study numerically the effect of small, moderate and high
perturbation mode values (m,n), their m/n values and the safety factor value at
the plasma edge qa on the diffusion coefficient. Figure 3 shows clearly the impact
of them/n value on the diffusion coefficient. In the first plot, the modes are chosen
for which the m/n value is close to 2; the obtained result tells us that the diffusion
decreases according to the perturbation mode values: for small values it takes the
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Figure 2. Time evolution of the ratio between reversed non-monotonic profile (rnmp) and
reversed monotonic profile (rmp) of diffusion coefficients.

value 0.12, for moderate values it reaches 0.07 and, for the high modes of the
perturbation, the diffusion coefficient decreases to the value 0.02. When m/n = 4,
both the small and moderate modes of the perturbation lead to roughly the same
values of the diffusion coefficient 0.12 and 0.11, and for the high mode the diffusion
coefficient reaches the value 0.02. These tests inform us about the impact of them/n
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Figure 3. Diffusion coefficient with different values of the mode (m, n) of perturbation; the
first plot corresponds to m/n = 1.66, 2.08 and 2. The second plot corresponds to m/n = 4,
both plots are calculated with a fixed qa (safety factor at the edge of the plasma).

value on the behavior of the particle diffusion; when this value is close to 2, there
are the small, moderate and high modes to be studied; whereas when m/n = 4,
we consider the fusion of small and moderate modes, since they lead to the same
diffusion coefficient value, and the high mode that leads to the small value of the
diffusion coefficient.
The plots in Fig. 3 are computed in order to confirm that there is no effect of

taking high values ofm/n (Fig. 4) and the variation of the qa values on the diffusion
of particles (Fig. 5), so what we can conclude from this simulation that the modes
of the perturbation (m,n) and their m/n values (only those less than seven) play
a fundamental role in the particle diffusion.

4. Conclusion

We have investigated the effects arising from introducing the NMSF in the case
of reversed magnetic shear on the transport and the diffusion of particles. This
investigation tell us that the profile used for the safety factor is more adequate
compared to the MSF for ITER. We have plotted the trajectories of particles and
computed the corresponding coefficients of diffusion; we have tested numerically
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Figure 4. The diffusion coefficient behavior when the shift between m and n becomes
important.

Figure 5. The particle diffusion coefficient calculated for different values of qa , with a fixed
mode of perturbation (m = 4, n = 1).

the effects of the mode (m,n), the parameter qa and them/n values on the diffusion
of the particles. In future work we will study the chaotic diffusion caused by the
magnetic chaotic field lines; for this we will use the superposition of a set of drift
waves with a new potential form.
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