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LIFSCHITZ REALIZABILITY AS A TOPOLOGICAL CONSTRUCTION
MICHAEL RATHJEN AND ANDREW W. SWAN

Abstract. 'We develop a number of variants of Lifschitz realizability for CZF by building topological
models internally in certain realizability models. We use this to show some interesting metamathematical
results about constructive set theory with variants of the lesser limited principle of omniscience including
consistency with unique Church’s thesis, consistency with some Brouwerian principles and variants of the
numerical existence property.

§1. Introduction. In [22]and [23], Van Oosten shows how the Lifschitz realizabil-
ity topos can be viewed as a category of sheaves over a particular Lawvere-Tierney
topology constructed in the effective topos. Although a remarkable result, it has
some shortcomings:

1. The construction refers explicitly to computable functions and Lifschitz’s
encoding of finite sets. This makes it appear that the construction is unique to
the effective topos and cannot be carried out in other toposes.

2. The construction relies on many technical definitions and techniques from
topos theory.

3. The construction is not guaranteed to work predicatively.

In this paper we will give a new presentation of this result. Instead of topos
theory we work in the set theory CZF, which is regarded as a predicative theory for
mathematics. Instead of Lawvere-Tierney topologies, we will use formal topologies
and a predicative notion of topological model due to Gambino.

Aside from this difference in presentation, our results are more general than Van
Oosten’s in two ways (although the first of these does relate to some more recent
results by Lee and Van Oosten in [11]).

Firstly, instead of considering just one formal topology, we will consider an
infinite family of formal topologies £, for each natural number n > 2, with the
original Lifschitz realizability model just corresponding to the formal topology L£,.
The topologies L, correspond to certain variants of the lesser limited principle of
omniscience, LLPO, which were first studied by Richman in [19], and are denoted
LLPO,,. We will use these models to give a new proof of a theorem due to Hendtlass
and Lubarsky in [9]: LLPO,;; is strictly weaker than LLPO,,. This answers
positively a question raised by Hendtlass: is there a variant of Lifschitz realizability
that separates LLPO,, from LLPO,,;?
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LIFSCHITZ REALIZABILITY AS A TOPOLOGICAL CONSTRUCTION 1343

Secondly, we identify axioms, IP ~ v that hold in the McCarty realizability model
V(K1) that suffice to carry out internally the construction of the formal topologies
L, we will use in the models. This can be done entirely in CZF +MP + 1P - .,
without any explicit reference to computable functions. This enables us to easily
generate variants of Lifschitz realizability by simply checking that the same axioms
IP - v hold in other realizability models. By using realizability with truth in this
way we will show that the theories CZF + MP + LLPO,, have certain variants of the
numerical existence property. By using realizability over /C; in this way we will show
that CZF + LLPO is consistent with certain (but not all) Brouwerian continuity
principles.

A more traditional version of Lifschitz realizability for CZF + LLPO + CT, similar
to that in [5] can be recovered by a two step process of interpreting the topological
model V(#2) in the McCarty realizability model V' (K, ). itself constructed in CZF +

MP as illustrated below.
Theory | CZF+MP CZF +MP CZF +MP
+LLPO + CT} +IP]:2NN + CT()
— —
Model y(£2) V(K1) 4

§2. Constructive set theory. We will consider the intuitionistic set theories CZF
and IZF, as described for instance in [1] or [2].

We will use the following set theoretic formulations of Markov’s principle and
Church’s thesis.

DErINITION 2.1. Markov’s principle, MP, is the following axiom. Let o : N — 2
be a function. Then,

= (IneN)a(n)=1 — (@GneN)ahn)=1.

DEFINITION 2.2. Church’s thesis, CTy is the following axiom. Let ¢(x,y) be any
formula. Then, writing {e}(n) to mean the result of running the eth Turing machine
with input 7,

(VneN)(@m eN)¢p(n.m) — (JeeN)(VneN)p(n.{e}(n)).

Church’s thesis for functions, CT) is the axiom that every function from N to N is
computable.

We recall the following definitions and theorems on finite sets, as appear in [2,
Chapters 6 and 8]. The theorems will often be used implicitly while working with
finitely enumerable sets.

DEFINITION 2.3, A set X is finite if for some n € N there exists a bijection from n
to X.

A set X is finitely enumerable if for some n € N there exists a surjection from # to
X.

THEOREM 2.4 (CZF). Suppose that ¢(x1. ....x,) is a formula of arithmetic, where
all quantifiers are bounded, and the only free variables are amongst xy. ..., x,. Then we
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1344 MICHAEL RATHJEN AND ANDREW W. SWAN

can prove the following instance of excluded middle.
(VX1 eoenxp €N) @1, X)) Vo (X1s . X).

ProoOF. See [2, Theorem 6.6.2]. =

THEOREM 2.5 (CZF). “The Pigeonhole Principle for Finitely Enumerable Sets.”
Let A be a finitely enumerable set. Every injective function f : A — A is also a
surjection.

Proor. See [2. Theorem §.2.10]. o

THEOREM 2.6 (CZF). “The Finite Axiom of Choice.” Suppose A is a finite set, B
is any set, and R C A x B is a relation such that (Va € A)(3b € B) (a,b) € R.
Then there is a function f : A — B such that for all a € A, {(a. f (a)) € R.

ProoF. See [2. Theorem 8.2.8]. —
We can also prove a finite version of LPO:

THEOREM 2.7 (CZF). For every finitely enumerable set X and every f : X — 2,
either there exists some x € X such that f(x)=1or forallx € X, f(x)=0.

Proor. Show by induction on # that if there is a surjection n — X then the result
holds for X. -

§3. Formal topologies and Heyting valued models of CZF.

3.1. Basic definitions. We recall the basic definitions of formal topology and
Gambino’s Heyting valued interpretation of CZF. For details see [8]. The basic idea
here is that to each formula in set theory, we assign an open set, which we think of
as the “truth value” of the formula. We use Gambino’s presentation of topological
models since it can be formalised in, and provides models for CZF.

DreriniTioN 3.1, If (S, <) is a poset, and p is a subset of S, we write p | for the
downwards closure of p. That is,

pl = {xeS|@yep)x<y}.

DEFINITION 3.2, A formal topology is (S. <.<) such that (S, <) is a poset, and
< 1is a (class) relation between elements and subsets of S, such that

1. ifa € p, then a < p;

2. ifa<band b« p, then a < p;

3. iffa<1pand (Vx € p)(x<iq), then a<1¢; and
4. ifa<tpand a<iq. then a< | pNlgq.

DEeriNITION 3.3, Let S := (S, <.<) be a formal topology. A set-presentation for
Sis a (set) function R : S — P(PS) such that

a<1p+ (JueR(a))ucCp.

If (S. <.<) has a set-presentation, we say it is set-presentable.
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DEFINITION 3.4, Let S := (S, <,<) be a set presentable formal topology. We
define the nucleus of S to be the following class function j : P(S) — P(S). For
pPCS.

J(p):={aeS|a<p}

We extend j to an operation, J, on subclasses of S by

J(P):=|J{i(w) v C P}.

DErINITION 3.5. We say a formal topology (S, <.<) is proper if for all a € S,
—a <. (Or equivalently if j(()) = 0.)

DErFINITION 3.6. Let S = (S, <, <) be a set presentable formal topology. The class
V' (S) is defined inductively as the smallest class such that f € VS) whenever f is a
function with dom( /) C V(S) and forall x € dom( /), f (x)isa <-closed subset of S.

For each sentence ¢ in the language of set theory with parameters from V'S, we
assign a <-closed class denoted [[¢]], which we define by induction on formulas as
follows. For bounded ¢, [[¢]] will be a set.

We first define a complete Heyting algebra structure on the class of <i-closed
classes as follows. For P and Q <i-closed classes,

T:=8,
1L :=J(0),
PAQ:=PNO.

PVvQ:=J(PUQ).
P—sQ:={aeS|lacP—acQ}

\/ P: ::J(U Px>,

xeU xeU
N Pei= (] Px.
xeU xeU

We define the interpretation of atomic sentences ¢ € b and a = b by simultaneous
induction on a and b:

a€cb:= \/ b(c)A[a = ]

cedom(b)
a="hb:= /\ a(c) = [ecebl A /\ b(c) —[[c €b].
cedom(a) cedom(b)

We then extend this to all formulas as below.
[L]:= L.
[¢ Ayl =MD Ty
[oVyl:=0eVIy]
[¢ — wl:=[el — vl
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[Gxea)el:= \/ [4].

x€edom(a)

[Vxea)el:= N [4]

x&dom(a)

=\ [¢1

xev(S)

A ¢

xev(S)

We write V(S ) = ng to mean [[¢]] = T. For a collection of formulas, @, we write
S) = ® tomean V'S = ¢ for all ¢ € @.

TueEOREM 3.7 (Gambino). Let S be a set presentable formal topology. Then
(8) = CZF.

ProOOF. See [8]. -

3.2. Some absoluteness lemmas. For some of the results later, it will be important
that under certain conditions statements that hold in the background universe also
hold internally in the topological model and vice versa. To this end, we prove a series
of absoluteness lemmas below.

First note that any set x can be viewed as an element of V(S), % as follows.

dom(x) :=

X.
X(y):=T forall y € x.

LemmA 3.8. In the below, let ¢ and y be any formulas, possibly with parameters
from V'),
1. We can prove in CZF that for any set x. [¢($)]| = T holds for all y in x if and
only if [(WVy € ) p(») = T holds.
Mol Syl if and only if [¢ — w = T.
NN =T andlwll =T ifand only if [¢ Aw]=T.
. For proper formal topologies. [ L] = 0.
Af Py ex)[e(PN =T then[By € £)p(¥)1=T.
Aol =T or[wll=T then[oVy] =T.

Proor. For 1, 2 and 3 note that joins and implications in the Heyting algebra on
<-closed classes are exactly the usual joins and implications for the Heyting algebra
of subsets of a set. 1, 2 and 3 follow by the basic properties of Heyting algebras.

4 is just by unfolding definitions.

For 5, note that we have

[Gye®)g¢()]=1J (U [[¢(ﬁ)]]) :

yeXx

(o) NNV, I "SI ]
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However, we also have

Ule(mncs (U [[¢(ﬁ>]]).

YEX YEX

Then 5 easily follows.
One can then prove 6 by a similar argument. -

LemMA 3.9. Suppose that (|, [¢(X)]) € [w]. Then [((3x)p(x)) — y]=T.
Suppose that [¢]|V I[w] CxDl.- Then[¢Vwy — x=T.

Proor. Suppose that (|, [¢(X)]) € [w]. Then we have

J(U[[qs()en]) < J(IvD).

However, [y is already <-closed, so J ([w]]) = [w]. But then it easily follows that
[(3x)¢(x)] < [w] and so [((3x) p(x)) — w1 =T.

The other part can be proved by a similar argument. -

LemMA 3.10. Let x and y be sets and let z € V') Then,

[[Zegy\}HZ:fc\/z:f/]]:T. (1)
HZGL/J\XH(EIwEfc)ZGw]]:T. (2)

PrOOF. WEe first check (1). Unfolding definitions we have that both [[z € @]]
and [z = X Vz = J] are equal to j([z = XJU[[z = 7). It easily follows that (1)
holds.

We now check (2). Unfolding definitions we have the following.

[[ze@c]]—j(UU[[z—w]O,
[[(awe;%)zew]]—]'(Uj(U[[z—w]])).

vVEX wev

By monotonicity of j and union we have [[z € @cﬂ C(3w € %)z € w]. We now
check [[z € Jx]] 2 [(Fw € X)z € w]. By axiom 3.2 of the definition of formal

topology. it suffices to check that |, .. (U, e,z =01) € j(Uper Upe, llz =@1)-
Leta € U, e, j(Uye,llz =@1). Then for some v € x. we have a € j (U, ¢ [z = @])-
But now a € j ([, ey Upey [Z = W] by monotonicity of j. as required. -

Lemma 3.11.  The natural numbers are absolute, in the following sense.
[Vu)[ueN o @D=uvBveNu=vUu{oD)]]=T.

ProoF. First note that [(Vu € N)un{u} € N] = N, y[#U {ii} € N] but this is
equal to T by Lemma 3.10 and the fact that {u} Uu € N for every u € N. We also
easily have [[() € N]. But we have now shown one half of the bi-implication:

[Vu)[ueN = @=uv@GeN)u=vU{o})]]=T.
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Now assume that for some v € N, a € [[u = 6 U{0}]. Then using the soundness
of the laws of equality, we have [u = 0 U{0}[N[oU{0} € N]] C [[u € N]. Hence
a € [lu € NJ|. But we now apply both parts of Lemma 3.9 to deduce

[Vi)[ueN«— @=uv@GeNu=vU{o})]I=T
which is the other half of the bi-implication we require. -

LemMA 3.12. Suppose that (S, <,<) is a proper formal topology. Then equality
and membership are absolute for the natural numbers in the following sense. For
every m.n € N, we have that either [m =a]l=T or [m=na]l=0, m =n if and
only if [m=n]| =T, either [m e a]l=T or [m € i =0 and m € n if and only if
[men]=T.

Proor. These are proved simultaneously by induction on n and m. o

LemMA 3.13.  Finite tuples are absolute, in the following sense. We can show in CZF
that for every set x and every n € N and every set z,

[zex’ < zef"]=T.
Proor. This can be proved by induction on 7. .

LeEMMA 3.14. Let x be a set. Then function application for N* is absolute, in the
sense that for f €N, z € xandn €N, f(z)=nifandonly if [ f(£) =] =T.

PRrOOF. Note that the formula f (£) = /i is equivalent to the following
(Vw € f)(Vo e £)(Vu e N)w = (v,u) —u=n.
This is clearly absolute by the previous lemmas. -

REMARK 3.15. In [8] it is stated that all restricted formulas are absolute. This is
not provable in IZF or CZF, since the converses to parts 3.8 and 3.8 of Lemma 3.8
do not hold in general and atomic formulas are not in general absolute. The double
negation formal topology provides a counterexample, as do the formal topologies
L, considered in this paper. Also note that properness is necessary to show that 1
is absolute.

§4. LLPO and LLPO,,.

4.1. An alternative formulation of LLPO. We will first show how LLPO can be
formulated in terms of the poset N, defined below. This formulation will motivate
the definition of the formal topology as the simplest one making LLPO true in the
topological model (based on an observation of Van Oosten in [22]).

DerINITION 4.1, Let N, be the set of decreasing binary sequences, i.c.,
Noo :={a:N=2| (Vi < j)a(j) <ali)}.

We will consider N, as a poset with the pointwise ordering, i.e., o < f if for all
icN, a(i) < pi).
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ProposiTioN 4.2, If o, € Ny, then the join oV f exists and is defined pointwise,
ie,fori eN

(aVp)(i) = ali)vpi).

Hence, if F is a finitely enumerable subset of N, then \/ F exists and is defined
pointwise.

The top element of N, is the function constantly equal to 1. We’ll write this
function as 1.

LeEmma 4.3. For all @ € Ny, we have -—a=1— a = 1.

PrOOF. Suppose =—a = 1. For each i € N, we have that a(i) is either 0 or 1. But
if a(i) = 0, then we would have -« = 1, contradicting ——a = 1. Hence (i) = 1 for
allieN,andsoa =1. -

Lemma 4.4. Assume Markov’s principle. Suppose that F C Ny, is a finitely
enumerable set such that \ F # 1. Then for some oo € F, e # 1.

PrOOF. Suppose A F # 1. Then by Markov’s principle, there is some n such
that A F(n) = 0. However, we now clearly have a(n) = 0 for some o € F (since
{a(n) | « € F} is a finitely enumerable set of natural numbers), and hence a # 1. -

LemmaA 4.5. Assume Markov’s principle. Suppose that F C Ny, is a finitely
enumerable set such that for each o € F, o # 1. Then \/ F # 1.

PrOOF. Since F is finitely enumerable, we can write F = {av, ..., o }. By Markov’s
principle we have for each i, n; such that o;(n;) = 0. Take N := max, n;. Then we
have that (\/ F)(N) = 0 and therefore \/ F # 1. =

Recall that LLPO is usually formulated as below.

DEerFINITION 4.6. The lesser limited principle of omniscience (LLPO) is the
following axiom. Let o : N — 2 be a binary sequence such that for all i,j € N,
if a(i) = a(j) =1 then i = j. Then either for all i € N, a(2i) =0, or for all
i eNa(2i+1)=0.

We now obtain the equivalent presentations of LLPO below.

ProrosiTION 4.7.  The following are equivalent:

1. LLPO;

2. foralla,f €Ny, ifavf=1,thena=1o0r f=1;and

3. for all inhabited finitely enumerable sets F C N, if \/ F = 1, then there exists
a € F such that o = 1.

ProOF. Toshow 1 =2 leta,f € N, besuchthataVff=1.Thendefiney :N—2
as below.

1 ifi=2j.a(j)=landa(j+1)=0;
p()=11 ifi=2j+1B(j)=1and f(j+1)=0:
0 otherwise.

Then by applying LLPO to y, we can show either o =1 or f = 1.
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Now to show 2 =1, let y : N — 2 be such that for all i, j if y(i) = y(j) = 1, then
i = j. Define o and £ as follows.

ali) = 1 forall j<iy(2j)=0:
|0 forsome j <iny(2j)=1.
i) = 1 forall j <iy(2j+1)=0;
|0 forsomej<iy(2j+1)=1.

Then one can easily check that oV f = 1, and if @ = 1 then y(2i) = 0 for all i, and
if #=1then y(2i +1) =0 for all i.

Finally note that 2 is a special case of 3, and that 3 follows from 2 by showing by
induction on n that the result holds for all F that admit a surjection n — F. o

4.2. Generalising to LLPO,,. In[19], Richman considered for each n > 2 a variant
of LLPO, that he denoted LLPO,,. These axioms were also studied by Hendtlass and
Lubarsky, who showed (amongst other results) that LLPO,, 1 is strictly weaker than
LLPO,,. In this section we show that like LLPO, LLPO,, can also be formulated
using N..

DerINITION 4.8. Let n > 2. LLPO,, is the following statement: Let o : N — 2 be a
binary sequence such that for all i, j € N, a(i) = a(j) = 1 implies i = j. Then there
is some k with 0 < k < n such that for all i, a(in + k) = 0.

REMARK 4.9. In|[3] Akama, Hayashi, Berardi and Kohlenbach studied a separate
hierarchy of variants of LLPO, denoted X — LLPO. They show (amongst other
results) that for each n, 29| — LLPO is strictly stronger than X — LLPO. Another
variant of Lifschitz realizability (relativised to A? functions) was used for one of

their separation results.
We now give the equivalent formulation using N.

ProPOSITION 4.10. Let n > 2. The following are equivalent:

1. LLPO,,.
2. Let oy, ...,a, € Nog be such that for all i, j with1 <i # j <n,o;Voj=1.Then
there exists i € {1,....n} such that a; = 1.

PrOOF. Similar to the proof of proposition 4.7. o

We now aim towards another characterisation of LLPO,, analogous to part 3 of
proposition 4.7 that will be useful later.

DermNiTION4.11.  For each n, we define the set of n- trees by the following recursive

definition.
1. There is an n-tree nil.
2. If we have a list of n-trees 71, ..., T, and a list of decreasing sequences «. ..., o, €
Noo. then Tr(T1, ..., T, a1, ....c0,) is an n-tree.

DEerFINITION 4.12. An n-tree is defined to be good according to the following
recursive definition.
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1. nilis good.
2. Tr(T;: ;) is good if for any 1 <i # j <n, o;Voj=1 andforany 1 <i<n,
if ; = 1 then T; is good.

DEFINITION 4.13.  An n-tree is defined to be very good according to the following
inductive definition.

1. nil is very good.
2. Tr(T;; ;) is very good if it is good, and for some 1 <i <n, a; =1 and T; is
very good.

THEOREM 4.14. LLPO,, is equivalent to the statement that every good n-tree is very
good.

Proor. We first assume that every good n-tree is very good and deduce LLPO,,.
Let i, ....a, € N be such that for any 1 <i # j <n, o; Va; = 1. Then note that
we can form a good n-tree Tr(nil: ;). If Tr(nil; ;) is very good, then for some i,
a; = 1, as required.

For the converse, we assume LLPQO,, and prove by induction that for every n-tree,
T, if T is good then T is very good.

For nil, this is clear.

For T = Tr(T;:«;), assume that T is good. Then for 1 <i # j < n we have
a; Vo = 1. Hence, for some i, o; = 1 by LLPO,. Since T is good and o; = 1, we
have that 7; is good. But by induction we may assume now that 7; is very good.
Hence, T is also very good. -

DEFINITION 4.15. LLPO,, is the following statement. Let (,) : NxN — N be a
surjective pairing function, and let o : N — 2 be a binary sequence such that a(i) = 1
for at most one n. Then for some k € N, and for all n € Na/(k.n) = 0.

PROPOSITION 4.16. LLPO, is equivalent to the following statement. Let (o;);en
be such that oa; € N for each i € N. Suppose further that for i # j, o; Vo = 1. Then
for some i, a; = 1.

4.3. Absoluteness results for n-trees. We next show how to encode n-trees as
functions N — N.

DEFINITION 4.17. Let T be an n-tree. We define the shape of T, S(T) € N as
follows. Assume that we have a standard way of encoding lists of natural numbers
as natural numbers such that encoding and decoding can be done in a primitive
recursive manner and the code for a list is greater than each of its elements, and
write this using brackets ().

1. S(nil) is defined to be ().
2. S(Tr(T;; ;) is defined to be (S(T4). .... S(T,)).

We define the data for 7, D(T) € 2N as follows.

1. D(nil)(j):=0forall j € N.
2. We define D(Tr(T;: ;) as follows. For any j € N, j can be written uniquely as
either 2nk +2i or 2nk +2i +1 where 0 < i < n. We define

D(Tr(T;:0;))(2nk +2i) := o, (k):
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D(Tr(T;: o)) (2nk +2i +1) := D(T;) (k).
LEmMMA 4.18. There are primitive recursive functions b, c, f, gy and g such that an
n-tree T is good if and only if
VI<b(S(T)) (c(I.S(T))=1— (VieN)D(T)(f(1,S(T),i))=1) —
(Vi € N)~(D(T)(go(/.S(T).i)) =0AD(T)(g1(1.S(T).i)) = 0).

Proor. We define b(S(nil)) to be 0. We can then take c. f.go.g1 to be anything
(e.g., constantly equal to 0).
We now deal with the case T = Tr(7;; o;). We define

(3)

b(S(Te(Ty. .... Ty 0y, ..., 00 Zb Y4+n(n-1).

Now given [ < b(S(Th. ..., Ty: 0, ....cr,)) we have one of the following two cases
(and we can decide which in a primitive recursive manner).
1. For some (unique) 0 </ly<nmand 0<7/, <n-1.1=3",b(S(T;)) + nl
+(h-1).
2. Forsome 1l <k <nand0</!' <b(S(T})). ! = Zl 1b(S(T,-)) + [, and this
is unique when we require furthermore that k is the greatest such value.

For case 1, we take ¢(/,S(T)) := 0. The value of / now makes no difference, so
we take it to be constantly 0. Now write /{ for /; if /; <lpand I, +1if [y > [ (so that
in any case we have 0 < /| < n and Iy # [{). We define

go(1.S(T).i) := 2ni +2ly;
1(1,S(T),i) :=2ni +21{.

(This corresponds to ensuring that o, Vay = 1)

For case 2, we define ¢(1.S(T')) := 1. Let I’ and k be as in the description of case
2. We split into cases on whether or not ¢(S(7%)) = 1. If ¢(S(T})) = 1, then define

f(1.S(T),2i) :=2ni + 2k;
S(,S(T).2i + 1) :=2nf (", S(T}).i) + 2k + 1.
If ¢(S(Ty)) # 1. then define
f(1.S(T).i):=2ni +k.
In either case, we define

g0(1.8(T).i) := 2ngo(I". S(Tp).1) + 2k + 1
g1(1.S(T).i) :=2ng1(I". S(Ti).i) + 2k + 1.

(This corresponds to ensuring that if oy (j) = 1 for all j then T}, is good.) -

THEOREM 4 19 Let o : N — N. Then the statement “f is the code of a good tree” is
absolute in V'S)_ for any proper formal topology S.

PrOOF. Note that if / is a primitive recursive function, then the formula f (n) =m
is equivalent to one built from bounded universal quantifiers, conjunctions, | and
implication, and hence is absolute. Note that formula (3) is built from formulas
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of this form together with function application, bounded universal quantification
implication and negation. Hence it is absolute. We showed in Lemma 4.18 that the
statement that « codes a good tree is equivalent to this formula and so that is also
absolute. B

LEmMmA 4.20. There are primitive recursive functions b and f such that for any
n-tree T, T is very good if and only if there is | < b(S(T)) such that for all i €N
D(T)(f(1.S(T).i)) = 1. Furthermore, assuming Markov’s principle, if for all | <
b(S(T)). there exists i € N such that D(T)(f(1.S(T).i)) =0, then T is not good.

ProOOF. For T =nil we define 5(S(T')) to be 0, so we can take f(/.S(nil),i) to
be anything.
For T =Tr(Ty, ....Ty: 0. ....a,), we define

b(S(T)) = Y B(S(T:))
i=1
Then, note that for / < 5(S(7)), / can be written as

=% b(S(T;))+1I'.

M~

i=1

where 0 < k <n and 0 <!’ < b(S(T})) and this is unique if we require the greatest
such k.

Then splitting into cases depending on whether the input to f is odd or even, we
define

fF(1.S(T).2i) :=2ni +k:
F(LS(T).2i +1) :=2nf (I'. S(T).i) + 2k + 1. 4

COROLLARY 4.21 (CZF +MP). For any n-tree T, and any list of n-trees Ty, ..., Ty,
we have

1. If T is good, then the double negation of “T is very good” is true.
2. Suppose the following statement is false: T; is very good for every 1 <i <k.
Then for some 1 <i <k, T; is not good.

ProoOF. Note that part 1 follows directly from Lemma 4.20.

‘We now show part 2.

Suppose that it is false that 7; is very good for every 1 <i < k. We define a finite
sequence ay 1. ..., x € Ny using f from Lemma 4.20 by,

a,i(j) = f(0.8(T7). /).

Note that we cannot have «; = 1 for all 7, since then each T; would be very good.
Hence by Markov’s principle. there is some 7y such that ay ;, 7# 1. We then define oy ;
by

a0, (/) i # o,

ai(j) = f(1,S(T7).j) otherwise.
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Then, repeating the same argument as before. we find i; such that ay; # 1. We
continue this process until reach n such that i, = 5(S(7;,) — 1. At this point, we have
found j such that f(/,S(T;,).j) # 1 for every I < b(S( T;,)) and hence can apply
Lemma 4.20 to show that T is not good. -

§5. Some special cases of independence of premisses. In this section we define a
family of variants of independence of premisses (IP). The motivation for this it that
it allows us to easily state some special cases of IP that hold in certain realizability
models and are needed to construct the formal topologies we will use later.

DEFINITION 5.1. Let ®(x,y) be a formula with only x and y free variables and
¥(z) a formula with only z as a free variable. We will think of P’ as a class, and write
z € ¥ to mean W(z). We think of @(x,y) as a class of pairs and write (x,y) € ® to
mean ®(x,y).

Write IPg w for the following axiom schema. For any formula ¢,

(x.)e® — (Vuey)(Fwe¥)p) - (Vuex)(Fve¥)(ucy —a)).

LEMMA 5.2. Let X and Y be definable sets. By viewing them as classes in the usual
way, we can define 1Pg x and 1P y. If there are (provably and definably) functions
f:X—>Yandg:Y — X such that f og =1y, then IPg x implies IPg y.

PrOOF. We want to show
(x.y)e® — (Vuey)(FveY)p) - (Vuex)(FveY)(uecy—9)).

So assume that x,y € ® and ((Vu € y)(Jv € Y) ¢). Note that we can define a formula
@' (u,w) equivalent to ¢(u, f (w)) and show

Vuecy)FweX)e'

This is because for every u € y, we have some v € Y such that ¢(v), but we can then
take w to be g(v). Then since f(w) = f(g(v)) = v, we have ¢(u, f (w)).
Now applying IPg_y. we have

Vuex)FweX)(ucy—¢')
Taking v to be f(w). we have
NVuex)(FveY)(ucy—o¢)

But we have now proved IPg, y, as required. -

5.1. The schema IP £ . We now come to the special cases, IPx . of IPg y
that we will need to construct the formal topologies later.

DEerFINITION 5.3. Let n € N. Define F, to be the class of pairs (x.y) where x
is of the form {aj, ...,a,} where aj. ...,a, € Ny, such that for any 1 <i # j <n,
a;Voj=1land y =xnN{l1}.

Then viewing N as a class. we define IP . v according to definition 5.1.
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It is important to note that IP v implies several variants, that will also be used
throughout this paper. Where it is clear from context, we will write that we invoke
IP - v when we actually mean one of the variants listed below.

ProPOSITION 5.4. 1P \w implies 1Pz, N, 1Pz 1iqomy. IP 7, 7, and TP £, 157,
where we write List(X) for the set of finite lists of elements of X and T, to mean the
set of n-trees.

ProOF. One can easily define suitable functions to apply Lemma 5.2. For n-trees
we use the “shape and data” encoding from Definition 4.17. -

LEMMA 5.5. LLPO,, implies IP £,y for any ¥ (and in particular LLPO,, implies
Pz ).

PrOOF. Suppose that x = {a. ....a, } where o; Va; =1 for i # j and such that
for all u € x N {1} there exists v € ¥ such that ¢(u.v).

By LLPO,,, we know that a; = 1 for some i. However, this implies that 1 € uN {1},
so there must exist v € ¥ such that ¢(1,v). Note that we trivially have that u = 1
implies ¢(u.v). and so we have now proved this instance of IP £, . n

5.2. IPx yn in V(KCq). We now check that IP - v actually holds in the most
basic realizability model for set theory, ¥V (K;), developed by McCarty in [14]. The
proof uses a key idea that is already implicit in Lifschitz’s original presentation of
Lifschitz realizability [12] and also appears the newer versions by Van Oosten [21].

LEMMA 5.6 (CZF +MP). 1Pz v holds in V (K1 ). In fact. a more general version
holds. Let ® be the class of pairs (x.y) with x any subset of NN and y = x N {1}
(writing 1 for the function constantly equal to 1). Then IPg v holds in V (Ky).

ProOF. Note firstly that we can show in CZF that for any f € NY, -—f =1
implies = 1. Hence, we can replace y by { f € x | -—f = 1}.
We are given ag.a; € K such that

ao - (Vu € x)u e NV,

arlFVuex)——u=1—-FveNY)¢
and need to construct computably b € K| such that

blF(Vuex)(FvweNY)——u=1—¢.

Note that for any formula w, we have ¢ IF =y for some ¢ € K; if and only if ¢ IF -y
for every ¢ € K. Hence, if ¢ IF =—u = 1 for some ¢ € Ky, then O IFu = 1.

Now let (d.u) € x. Note that (aopd ) is a code for a total computable function.
We define a new computable function as follows. Given input 7, in parallel, run the
following two algorithms.

First algorithm: For each m in turn, evaluate (aod )om. If (aod )om # 1, then halt
and return 0. Otherwise, continue running.

Second algorithm: Try to evaluate a;d0. If this is successful, then try to evaluate
(a1d0)gn. If this is successful, then halt and return (a;d0)on.

Let n € K. Suppose that neither of these algorithms halts. Then in particular,
for all m, (aod)om = 1. However, we would then have 0 |- =——u = 1 and so a;d0
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must be defined, with (a;d0), a total computable function. This implies that the
second algorithm halts successfully, giving a contradiction. Hence by MP one of
the algorithms must halt, and so we get a total computable function. Note that we
did this uniformly in d, so in fact we have by € K; such that for each (d,u) € x. byd
denotes and is a total computable function defined as above.

Now define b such that for every d € K,

bd = p(bod)(iZ.(ald0)1).

Note first that for any (d,u) € x, bd |, since bod | and for any term ¢z, 1z.z denotes
(evenif t does not). Furthermore, as shown above, (bd ), is always a total computable
function. In particular, we have ((bd )y, (bd)y) € NN, where (bd ), is the function in
V(K1) represented by (bd ). and NN is the standard implementation of NN in V' (1C;).

Now suppose that for some ¢ € K, ¢ IF =—u = 1. In particular, this implies that
for every m, (apd )om = 1. Then the first algorithm above never halts. Hence we must

have that for every n, bodn = (apd0)on, and so byd = (apd0),. But, we also have

(a1d0); I+ ¢[v/(aod0)o]. Therefore we have established that

(bd)ic IF @[v/byd]
and so
blF(Vuex)FveN)—u=1-¢

as required. Finally, note that we constructed » uniformly in a, so we do indeed have
a realizer for the implication

(Vuey)FveN)g) - (Vuex)FveN)(uey—¢)). 4

5.3. IP £, v inrealizability with truth. We now do the same thing for realizability
with truth. For this to work we this time need to assume that IP~ v holds already
in the background universe (which was not needed for V' (K;)).

LemMA 5.7. (CZF +MP +1P - ). TPz v holds in the realizability with truth
model V* studied in [16].

ProOOF. Let VV* be the realizability with truth model from [16]. We will construct,
for each instance y of IP -~ a closed application term 7, such that 7,, I, .
Recall from the proof of lemma 5.6, that each instance of IP - is equivalent to
a formula of the following form.
(VxeF)((Vuex)—u=1—FveN)¢) =

(Vuex)FveN)—u=1-4¢). (4

Finding a realizer for this formula amounts to

1. Showing that the implication is true
2. Constructing « such that whenever

bk, (Vx e F)(Vuex)~—u=1— (FveNV)¢) (5)

https://doi.org/10.1017/js1.2021.1 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.1

LIFSCHITZ REALIZABILITY AS A TOPOLOGICAL CONSTRUCTION 1357
ab is defined, and
ablF, (Vuex)(Fve N )=—u=1-¢. (6)

To show 1, we simply apply IP - v in the background.

For 2, let b be asin (5). We need to construct a realizer as in (6). Since the formula
is of the form (Vu € x) y. we need to show (Vu € x°)(Fv € N¥)=—u =1 — ¢° and
construct ab such that for any (d,u) € x,

abd Ik, (Fv e NV) ==y =1 — ¢.

For the truth part, we once again apply IPx v in the background. For the
realizability part, we follow the same proof as for Lemma 5.6 to construct a total
computable function f.

Finally, we need to construct a realizer for

——u=1-¢[v/f]

Since, this is an implication, it once again consists of both a realizability part and
a truth part. However, by [16, Lemma 5.10] we have that if ——u° =1 is true, then
0 Ik, =—u = 1. Hence, we can apply the proof used in Lemma 5.6 for both parts,
and therefore the same realizer constructed there still works for this case. -

THEOREM 5.8. Let T be one of the theories CLF, CZF + REA, 1ZF, 1ZF + REA.
Then T +MP +1Px v has the numerical existence property and is closed under
Church’s rule.

Proor. Using Lemma 5.7, the proof of [16, Theorem 1.2] now applies here.

5.4. IP £ v infunction realizability models. We now check that the same axioms,
IPx . also hold in function realizability models.

LEMMA 5.9 (CZF +MP). There is a € Ky such that the following holds. Suppose
that B € Ky is such that for all y € Ky if y(n) = 1 for all n € N, then By |.. Then,

1. af |.
2. Forally € Ky, afy |.

3. If y(n) =1 for all n €N, then (By | by assumption and) afly = By.

Proor. We define « so that for each £, aff is as follows.

1 if m; # 1 for some i <k,
B(n.my,....m;)) otherwise.

ap((n.my....my)) =

Note that there is such an « since this is clearly continuous in  and any continuous
function is representable in ;. Also, note that by unfolding the definition of
application in K, and applying MP one can show that « is as required. -

LEMMA 5.10 (CZF +MP). Let VT be the function realizability model from [15].
Let ® be the class of pairs (x,y) with x any subset of NN and y = x N {1} (writing 1
for the function constantly equal to 1). Then IP g, (and hence also TP . N for each
n) holds in VE.
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PrOOF. One can easily use Lemma 5.9 to adapt the proof of Lemma 5.6 to work
over /C,. =

§6. The topological models (L), We now define the topological models.
In this section, we will assume a fixed n throughout, and refer to n-trees simply as
trees.

6.1. Definition of £,,. In this section we define the formal topologies that we will
use for the topological models and check that they are in fact formal topologies.
The basic idea is to use the formulation of LLPO, in terms of trees to produce
the simplest formal topology where LLPO,, holds in the respective topological
model, even when it does not hold in the background universe. This is based on the
observation of Van Oosten in [22] that the Lifschitz realizability topos is the largest
subtopos of the effective topos where an axiom equivalent to LLPO in the presence
of Church’s thesis holds.

DEFINITION 6.1.  Let T be a tree. Then we define the cover from T, Cover(T) C {0},
inductively as follows.

1. Cover(nil) = {0}.

2. Cover(Tr(Ti: ;) = ;{0 € Cover(T;) | o; = 1}.

LeMMA 6.2. Let T be a good tree. Then 0 € Cover(T) if and only if T is very good.

ProOOF. We show this by induction on trees.

For T =nil, we have both 0 € Cover(T) and T is very good. so the result is clear.

Now suppose that T = Tr(T;:0;). If T is very good then for some i, o; = 1 and
T; is very good. However, if T; is very good, then 0 € Cover(T;) by the induction
hypothesis, and so, we have 0 € Cover(T). We have shown that if T is very good
then 0 € Cover(7). Now suppose that 0 € Cover(T). Then for some i, o; = 1 and
0 € Cover(T;). The latter implies 7; is very good by the induction hypothesis, and
so by the former T is very good, as required. -

PRrOPOSITION 6.3 (CZF +MP). Let T be a good tree. Then we have =—0 € Cover T .

PRrROOF. Suppose that T is a good tree and that 0 ¢ Cover(T'). Since 0 ¢ Cover(T),
we have by Lemma 6.2 that T is not very good. Then by corollary 4.21 we have
that T is not good, giving us a contradiction. Hence we have =—0 € Cover T as
required. -

DErFINITION 6.4. Let S, < be the poset with S = {0}. Define the relation < as
follows. 0 <1 p precisely if Cover(T') C p for some good tree, T. Write £, for the tuple
(S, <.<1) (we will show that this is a formal topology).

LEMMA 6.5 (CZF +MP). L, satisfies axioms 1, 2 and 4 in the definition of formal
topology.

ProOF. 1 and 2 are clear. It remains to prove 4, that is, that whenever 0 < p and
0<¢q,wehave 0<ipngq.

Fix a good tree, T. We will show by induction that for any tree S, there is a tree
R such that Cover(R) C Cover(T )N Cover(S), and that if S is good then R is also
good.
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For S =nil, we just take R to be 7.

Now suppose that S = Tr(S;; ;). Then we have for each i, a tree R; such that
Cover(R;) C Cover(T)NCover(S;) and R; is good if S; is good. Define R to be the
tree Tr(R;; ;). Suppose that 0 € Cover(R). Then for some 1 < i < n we must have
a; = 1 and 0 € Cover(R;). Since Cover(R;) C Cover(T )N Cover(S;), we also have
0 € Cover(S;) and 0 € Cover(T'). But, now recalling that «; = 1, the former implies
0 € Cover(S). Hence, Cover(R) C Cover(T) N Cover(S).

Now suppose that S'is good. Then we have that forany 1 <i # j <n.a;Vo; =1.
Also, for any i, if a; = 1, then S; is good. But this then implies that R; is good.
Hence R is also good.

We can now easily deduce axiom 4. -

THEOREM 6.6 (CZF +MP +1P - ). L, is a formal topology.

ProOF. We have already shown in Lemma 6.5 that axioms 1, 2 and 4 hold. It
remains to show that axiom 3 holds. That is, whenever 0 < p and p </¢, we have
0<gq.

Fix ¢ C {0}. We show the following by induction on trees. Let T be a tree. Suppose
that T is good and whenever 0 € Cover(T') we have 0 <1¢g. Then there is a good tree
S such that Cover(S) C g.

First assume T = nil. Then 0 € Cover(T), and so we have 0 < q. Let S be any
good tree such that Cover(S) C g.

Now assume that T = Tr(7}; ;). Assume that T is good and whenever 0 €
Cover(T) we have 0 <1¢. Since T is good, we have that for any 1 <i # j <n,
a;Vaj=1.Let 1 <i <n besuch that o; = 1. Then T} is good, and Cover(T;) C
Cover(T). The latter implies that whenever 0 € Cover(7;) we have 0 <1¢ and so we
may apply the induction hypothesis, to show there exists S such that Cover(S) C g.

However, we can now apply IP ~ n to find foreach 1 <i <n. atree S; such that if
a; = 1 then S; is good and Cover(S;) C ¢. Define S to be Tr(S;: ;). Then whenever
i is such that a; = 1, we have that S; is good, and so S must be good. Suppose that
0 € Cover(S). Then for some i we have o; = 1 and 0 € Cover(SS;). Hence also 0 € g.
But we have now shown Cover(S) C ¢ as required. -

6.2. Some basic properties of £, and y (La),

LeMMA 6.7 (CZF +MP). IfLLPO,, is true, then we have

1. V' &n) is isomorphic to the class of all sets, V.
2. V\En) = ¢ if and only if ¢ is true.

Proor. By LLPO,,, we know that every good n-tree is very good. Hence, in this
case L, reduces to the trivial formal topology, where for every p C {0}, 0 < p if and
only if 0 € p. The result clearly follows. B

LemMaA 6.8 (CZF +MP + 1P ). For each j € N, let p; be a subset of {0}.
Suppose that 0 <\ ;cy p;j. Then there is some finite set J C N such that 01U ¢, p;-
(That is, L, is countably compact.)

ProoF. We show by induction on trees, that for every tree 7. if T is good and
Cover(T) C U jenPj then there exists a finite set / C N and another good tree S

such that Cover(S) C U, ¢, p;-
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For T =nil, we have 0 € Ujeij and so for some j € N, 0 € p;. Hence we can
just take J :={j} and S =nil.

Now suppose T = Tr(T;: ;). Note thatif 1 <i < nis such that o; = 1, then T; is
good and Cover(T;) C Cover(T) C |,y p;- So by the induction hypothesis, there
is a finite set J and a good tree S such that Cover(S) C | ;e pj- Hence we can
apply IP - v to find for each 1 <i <. a finite set J; C N and a tree S; such that
if ; = 1 then S; is good and Cover(S;) € U, p;- We then take J := |J;_, J; and
S :=Tr(S;: o;) and note these are as required. -

LemMA 6.9 (CZF +MP +1P - ). Suppose that V\5) |= (3j € N) ¢(j). Then
there is some finite J C N such that V&) = (3j € J) ¢ (j).

PRrOOF. Apply Lemma 6.8 with p; := [¢(;)] for j € N. o

The following lemma will be key to showing later that certain choice axioms and
existence properties hold. It appears to be related to the constructions developed by
Lee and Van Oosten in [11, Sections 4 and 5]. We will return to this point in §8.1.

LemMA 6.10 (CZF+MP +1IP - ). Let 1 <k <nand for each j €N, let p; be
a subset of {0}. Suppose that 0t ;cy p; (relative to L,). Suppose further that for
every J C N such that J is finite and |J| > k we have (¢, p; = 0.

Then for some j € N there exists a good [1]-tree, S such that Cover(S) C p; (where
[#] means round up I to the next integer).

Proor. We show by induction on trees that for every n-tree, T, if T is good
and Cover(T) C | ;pj. then there exists j € N and an []-tree S such that
Cover(S) C p;.

For T'=nil, we have 0 € |,y p;. Hence for some j € N-we in fact have 0 € p;.
We can then take S to be nil.

Now suppose that T = Tr(T;: o).

Suppose that a; = 1. Then T; is good and Cover(7;) C |, p;. So there exist j € N
and S a good [£]-tree such that Cover(S) C p;.

Hence we can apply IP» v to find for each 1 <i <n, j; € Nand an [ ]-tree S;
such that if o; = 1 then S; 1s good and Cover(S;) C p;;,.

Now suppose that [{j; | 1 <i < n}| > k. Let I C {l.....n} be such that
I ={Jji|1<i<n}|=|{ji|i€l}| (whichexists by finite choice and decidability of
equality for N). By assumption, (Nics pi = 0. Suppose that forall i € I. o;; = 1. Then
we would have that each S, is good but (), ; Cover(S;) = 0, giving a contradiction
by Corollary 4.21 and Lemma 6.2. Hence by Lemma 4.4, for some i, o; # 1. Let
i" € I'\{i}. Since o; # 1. we vacuously have o; = 1 implies that Cover(S;) C p;,.
Hence we may “replace” j; with j .

By repeating the above argument we may assume without loss of generality that
in fact

(il 1<i<n}|<k.

Write J for the set {j; | 1 <i <n}.
Now note that we have
Y Kilji=j} =n

jeJ
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Note that if / € Nis such that / < [#]. then / < £. To show this, see that we can find
p.q € N with 0 < ¢ < k such that n = pk + ¢ by Euclid’s algorithm. We can then
split into cases depending on whether or not ¢ = 0, by decidability of equality for
N.Ifg=0.then/ <[] =£.1f¢>0.then/ <[] -1 < #. So in either case / < %.

Hence. if we had [{i | j; = j}| <[] forall j € J, this would imply 3, , [{7 | ji =
J} <% -k =n. giving a contradiction. Hence. for some j € J we must have |{i | j; =
J} > T[%1. Choose suchaj.and I C {i | j; = j} with |[I| = [{] and an enumeration
of I. Then let S be the [#]-tree Tr((oy)ies: (Si)ier). Since T is good and S; is good
when o; = 1, S must also be good. Now suppose 0 € Cover(S). This implies that for
somei €1, a; =1and0 € S;. Butthenalso 0 € p;. So Cover(S) C p; as required. -

REMARK 6.11. Note that in the above lemma we do not have 0 < p; relative to
L,. because we require a good n-tree S, such that Cover(S) C p;. but have only a
good [ 7 ]-tree. We do however have -—0 € p;.

LEmmaA 6.12 (CZF+MP+IP}-}1NN). Suppose that for each j € N, p; is a subset
of {0} such that 0 <<\, p; and that for all j # j' € N we have pj N\ p; = 0. Then
Jor some (necessarily unique) j € N we have 0 € p;.

Proor. This is a special case of Lemma 6.10 with k = 1. —

LeMMA 6.13 (CZF +MP +1P - ). Suppose that V5 |= f € NN. Then for
someg NN, V) = f =g

Proor. We define g : N — N as follows. Let / € N. For each m € N, set p,, :=
[/ (1) = m]. Note that for m # m’, we have p,, N p,» = 0. so we can apply Lemma
6.12 to find m such that 0 € [ (/) = ri1]]. We take g(/) to be this m.

Note that by construction we have V4 = (vl e N) (1) = f(I). and so V(&) |=

g=171. B
LeMMA 6.14 (CZF+MP +1P . ). Suppose that V€)= F :NN — N. Then for
some G :NN N, V() 2 F=G.

ProoOF. First note that by Lemma 6.13 we can show that NV is absolute, in the

sense that in ¥ (én) we can show that NV is the set of functions N — N. However, we
can now apply the same proof as in Lemma 6.13 to get the result. -

LEMMA 6.15 (CZF +MP +1P - ().
y £ = MP

PrOOF. Suppose that f € V(&) is such that V(&) = f € 2V A —=(3x €
N) f(x) = 1. Then by Lemma 6.13 there is g : N — 2 such that V(£») |= ¢ = f. Note
that =—(3x € N) g(x) = 1 is equivalent to =(Vx € N)&(x) = 0 and so is absolute.
Hence we can apply MP in the background to find m € N such that g(m) = 1. But
then V(¢ |= (3x € N) f(x) = 1. Therefore MP holds in V" (£n), .

6.3. LLPO,, in v (£4) | The motivation for the definition of L, was to try to write
down the simplest topology where LLPO,, holds in the topological model. We now
check that in fact it really is the case that LLPO,, holds in ¥ (“»). Note that we don’t
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need to assume LLPO, holds in the background for this to work, although we did
need IP - . even just to construct the topological model.

LEMMA 6.16 (CZF +MP +1P - ).
y (1) = LLPO,.

PrROOF. Suppose that f € V(£n) is such that internally in ¥ (£»), f is a function
N — 2 such that /(i) = 1 for at most one i. Then by Lemma 6.13 there must be some
(unique) g : N — 2 such that V(£7) |= ¢ = . Then by Lemma 3.8 we must have that
also g(i) = 1 for at most one i. We now define a tree by setting for 1 <k <n,

a(i):=1-max(g(ni’' +(k-1)))
i'<i
and then define
T :=Tr(nil,....nil; ., ....qu).
We clearly have that 7 is a good tree and by Lemma 3.8 we know

Cover(T) C U [(Vx €N) f(xn+ (k1)) =0].

1<k<n
Hence
e = \/ (vx eN) f(xn+(k-1))=0.
1<k<n
But we now have that ¥ (¢) = LLPO,, as required. =

6.4. Bounded existential formulas and countable choice in V (£n), Although
countable choice fails in each V(£n) | there are weaker variants that we define below
that do hold. To formulate them, we first define some notation for certain bounded
existential formulas.

DEFINITION 6.17. Let ¢ be a formula. We write (35"x) ¢ as shorthand for the
following formula.

BxeN)¢ A (Vaxa €N [ Al #x) == \ox)
i#] i
Informally, this says that there exists a witness of ¢(x) in N, but given any X C N

with |X|=n+1 it is false that every element of X is a witness of ¢(x). In other
words ¢(x) has at least one, but at most n witnesses.

DEerINITION 6.18. We define the following variants of the axiom of choice. Let X

be any set.

1. Write AC , for the following principle. Let ¢(x.y) be a bounded formula
(that may have parameters). Suppose that we have (Vx € X)(3=Ky)o(x,y).
Then there is a function f : X — N such that for every x € X, ¢(x. f(x)).

2. Write AC¥ ;. for the following principle. Let ¢(x.y) be a bounded formula
(that may have parameters). Suppose that we have (Vx € X)(3=Ky) o (x,y).
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Then there is a function f : X — N such that for every x € X, there is a good
m-tree, T such that if T is very good then ¢(x. f(x)).

3. Write ACY ;. for the following principle. Let ¢(x,y) be a bounded formula.
Suppose that we have (Vx € X)(3=Fy)¢(x.y). Then there is a function f :
X — N such that for all x € X, ==¢(x, f (x)).

PRrOPOSITION 6.19 (CZF +MP). Let X be any set. For all m.k € N with m.k > 2,
andallm’ < m,

ACy, = ACY, = ACY, = ACy;.

ProoF. For (ACy ;, = ACY ). note that AC'y , is easily a special case of ACy ;.

For (ACY ; = AC')?/,(), given any good m-tree T, we can generate a good m’-tree
by “choosing m’ branches at each level.”

For (AC’)’}T,c = ACYy ). we just apply Corollary 4.21. =
LemMA 6.20 (CZF +MP +1P - (w+ACny). Let n.k e Nand2 <k <n. Then

yen = actk!.

ProOF. Let x € N and suppose that 0 € [(3=Fy)4(%.y)]. Then we have by
unfolding the interpretation of formulas in ¥ (£7) and the definition of 3= that,

0<JIo(£.01

ieN

and for every list 7y, ..., i1

N (6.1 = 0.

1< j<k+1

Hence, applying Lemma 6.10 with p; := [[¢(%.1)]. we have that for every x € N
there exists y € Nand a good [ 7 |-tree S such thatif S'is very good then 0 € [o(x.9)1-
Now applying ACy y we get a choice function f : N — N. That is, for every x € N,

~

there exists a good [ ]-tree S such that if S is very good then 0 € [¢(%. f (x))]]. For
each x € N, let g € NN be a code for the tree S as above. Then the statement that g
codes a good tree is absolute by Theorem 4.19, so also holds internally.

Also, the statement that g codes a very good tree is equivalent to a formula of
the form (3x € N) w(x). where v is negative by Lemma 4.20. Hence by Lemma

~

3.9 the statement “ ¢ codes a very good tree implies ¢(%, f(x))” must also hold
internally. -

Finally, we define another variant of choice that will also hold in our model. This
will be denoted Herbrand choice, since it also holds in the Herbrand topos developed
by Van den Berg in [20].

DEeFINITION 6.21. We refer to the following principle as HACy  or Herbrand
choice. Let ¢(x,y) be a bounded formula (that may have parameters). Suppose that
we have (Vx € X)(3y € N)¢(x.y). Then there exists a function f from X to the set
of finite subsets of N, Py, (N), such that for all x € X there exists m € f(x) such
that ¢ (x,m).
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One can easily show HACy y can be alternatively formulated as follows.

PrOPOSITION 6.22 (CZF). HACy v is true if and only if the following holds. Suppose
that we have (Vx € X)(3y € N)g(x,y). Then there exists a function f: X — N such
that for all x € X there exists m < f (x) such that ¢(x.m).

LemmA 6.23 (CZF +MP +1P - v+ ACy ).
y n) = HACy .

PROOF. Suppose that V(£7) = (Vx € N)(3y € N)¢(x.y). Then for every n € N,
we have V(£ |= (3y € N) ¢(72.y). By Lemma 6.9 there exists a finite set J C N such
that V(&) = (3y € J)¢(f.y). Hence also there exists N € N such that V(£n) |=
(3y < N)¢(A.y). By ACyn. we deduce that there is a function f: N — N such
that foralln e N, V&) = (3y < jf(;)) ¢(7,y). Finally by absoluteness, we deduce
V' (£n) = (Vx e N)(Jy < f(x))$(x.»). and thereby V£n) = HACy . -

§7. Applications.

7.1. Consistency of Church’s thesis with LLPO,. A hallmark of Lifschitz
realizability, from Lifschitz’s original model for arithmetic in [12] onwards is that
it satisfies both Church’s thesis and LLPO. We will recover the result from [5]
that Church’s thesis and LLPO are compatible over IZF. Moreover, we will show
something even stronger. Certain variants of the axiom of countable choice are
compatible with Church’s thesis and LLPO, and as n increases, we can show that
successively stronger forms of countable choice are compatible with Church’s thesis
and LLPO,,.

Lemma 7.1 (CZF +MP +CT)).
V(E”) ': CT..

PrOOF. By Lemma 6.13 it suffices to show that for every f € NV, the statement
that f is computable holds in ¥ (£*). For any f, we have by applying CT, in the
background that there exists e € N such that = {e}. Forevery i € N, the statement
that /(i) = {e}(i) is of the form (3x € N)@(x) where ¢ is primitive recursive.
Since this holds in the background universe we must also have for each i, ¥ (£7) =
£ (i) ={6}(7). Therefore V£n) = (Vx € N) f(x) = {&}(x). Therefore V") |= CT,
as required. -

THEOREM 7.2. Assume that CZF is consistent. Then for each n € N, the following
theory is consistent.

CZF+MP+LLPO, + A\ ACIL +HAC +CT,.
2<k<n

Assume that 1ZF is consistent. Then for each n € N, the following theory is consistent.

IZF+MP+LLPO, + A\ ACLL +HAC +CT,.
2<k<n
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ProoF. Let T be either CZF or IZF and assume that T is consistent. It is already
known that in both cases MP does not change the consistency strength. (IZF is
the same consistency strength as ZF by the main result in [6] and CZF is the same
consistency strength as CZF +LPO by [17])

So we have that 7'+ MP is consistent. Then so is the theory T+ MP + CT, +
IP - v by working in the McCarty realizability model ¥ (K;) and using the main
results in [14] and [18] together with Lemma 5.6.

However we now get the result by building the model ¥ (£#) in T+ MP + CT, +
IP - v and applying Lemmas 6.15, 6.16, 6.20, 6.23 and 7.1. -

In [19]. Richman gave a proof in Bishop style constructive mathematics that for
each n, LLPO,, is inconsistent with the statement that all functions are computable
(that in fact this is even true for LLPO,,). Richman’s argument does not hold in
CZF or even IZF, as is already clear from the earlier Lifschitz realizability model
in [5]. However, it turns out that the only obstacle is an implicit use of countable
choice, and one can use ACy, to carry out Richman’s argument, as follows.

THEOREM 7.3. For each n € N, the following theory is inconsistent.
CZF +LLPO, + CT; + ACy,,.

Proor. For each i.j € N with j < n. we define a; ; € N as follows. ; ;(k) is
equal to 0 if the ith Turing machine with input i has halted by stage k with output j,
and «; (k) is equal to 1 otherwise.

Note that for any i and for any /. ;' < n with j # j’ we have a; ; V a; 7 = 1 (since
the ith Turing machine on input i can have at most 1 output). Hence we can apply
LLPO, to show that for some j <n,o; ; = 1.

Now we can apply ACy, to find a function f : N — n such that for each i,
——a; ¢(;) = 1. (In fact this implies that o; ;(;) = 1. but we don’t need this.)

Now apply CT; to find e € N such that for all i, {e}(i) = f(i). In particular,
the eth Turing machine with input e halts with output f (e). Hence, for sufficiently
large k we have a, /(,)(k) =0 and so a, /() # 1. However. f (e) was chosen so that
——a, () = 1. Therefore we get a contradiction, as required. -

Hendtlass and Lubarsky showed in [9] that LLPO,,, is independent of LLPO,,
over IZF + DC using topological models. We obtain here a similar separation result.

COROLLARY 7.4. For each nLLPO,,. | does not imply LLPO,, over IZF + MP +
CT + AC&; + HACK .

ProOF. 1ZF +MP + CT, + ACy, + HACy y + LLPO,,1 is consistent by The-
orem 7.2 and proposition 6.19 but IZF + MP + CT, + ACy, + LLPO,, is not by
Theorem 7.3. -

In addition we get the following corollary by the same argument.

CoroLLARY 7.5. ACy, does not imply ACy,,, over 1ZF + MP + CT, +
LLPO, ; + HACyy.

Proor. 1ZF + MP + CT,; + LLPO, ;| + HACyx + ACy, is consistent by Theo-
rem 7.2 and proposition 6.19 but IZF +MP + CT, + LLPO,, ;| + AC,,, is not by
Theorem 7.3. B
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7.2. Existence properties.

THEOREM 7.6. Let T be one of CZF or 1ZF. Let ¢(x) be a formula with one free
variable, x. Suppose that

T+MP+LLPO, F (3jeN)o(j).
Then there is a finite set J C N such that

T+MP+LLPO, + \/¢()).
JjeJ

PrOOF. Suppose that
T+MP+LLPO, F (3jeN)o(j).
Then we have by lemma 6.16 that
T+MP+IP. v+ V) = (3 eN)g()).

Fix a primitive recursive encoding of finite sets of naturals as naturals. Then by
Lemma 6.9, working in 7+ MP + 1P~ v we can prove that there exists a natural

number encoding a finite set J such that V(%) = (3 € J)¢(j). Now applying
Theorem 5.8 and absoluteness for primitive recursive formulas we have a finite set
J C N such that

T+MP+IP. v+ V= \/ 6()).
jer

By Lemma 5.5 we have in particular that,

T+MP+LLPO, + V) =\/4()).
JjeJ

Finally we apply Lemma 6.7 to get

T+MP+LLPO, + \/¢()). 4
JjeJ

THEOREM 7.7. Let T be one of CZF or 1ZF. Let n.k € N and k < n, and let ¢(x)
be a formula with one free variable, x. Suppose that
T +MP +LLPO, + (35Fx) ¢(x).
Then for some j € N we have
T +MP+LLPO, - ——¢()). (7)
T+MP+LLPO 1+ (j). (8)

ProOF. Suppose that 7 + MP + LLPO, - (35¥x)¢(x). Then we have by
Lemma 6.16 that

TH+MP+IP. o V) = (355 (x).
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Hence, applying Lemma 6.10 with p; := [¢(/)]. and writing Good(T') to mean T
is a good [ 7] tree and VeryGood(T) to mean T is a very good tree,
T+MP+IPL v F (3 €N)(3T) Good(T) A )
VeryGood(T) — (V“” = ¢>(f)>.
We now apply lemma 5.8 to find j € N such that
T+MP+IPz v F  (3T)Good(T) A (10)
VeryGood(T) — (V(L”) = ¢(i)) )
By Lemma 5.5 we have in particular that,
T+MP+LLPO, +F (3T)Good(T) A (11)
VeryGood(T) — (V(E") = qS(i)) )
However, we also have by Lemma 6.7 that

T+MP+LLPO, I (VjeN) (V&) =6())) = 6()).

Finally, we deduce (7) by Corollary 4.21 and deduce (8) by Theorem 4.14. -

CoROLLARY 7.8. Let T be one of CZF or 1ZF. Let n.k € N and k < n, and let
®1. ...k be sentences. Suppose that

k
T+MP+LLPO, - \/ ¢:.
i=1

Then for some 1 < i < k we have
T +MP + LLPO, - ——¢;,
T +MP+LLPO|’]E'| F ;.

COROLLARY 7.9. Let T be one of CZF or 1ZF. Let n € N and let ¢(x) be a formula
with one free variable, x. Suppose that

T +MP +LLPO, - (3'x € N) ¢(x).
Then for some j € N we have
T+MP+LLPO, - ¢(i)
Proor. This is a special case of (8) in Theorem 7.7 taking k := 1. -

By contrast, we see below that none of these theories can have the full numerical
existence property.

THEOREM 7.10. The numerical existence property does not hold for any consistent,
recursively axiomatisable extension of CZF + LLPOQO,.

PrOOF. Let T be a consistent recursively axiomatisable extension of CZF +
LLPO. In fact, a similar proof works for any theory 7T that interprets enough
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first order arithmetic to state LLPO,, and carry out the constructions used in
Godel’s incompleteness theorem. However, for convenience we will use definitions
and notation from set theory.

Assume that we are given a bijective pairing on N with primitive recursive pairing
and projection functions, which we write as (,). ()o and (); respectively, and let Pr
be a primitive recursive provability predicate.

Construct by diagonalisation a formula ¢ (n), where n is the only free variable and
such that

T+ (Yn eN)(¢(n) < ((Vm €N)((m)o=nAPr((m)."¢(n)") (12)
3m" <m) Pr((m'),.7¢((m")o)™))).

Write w(n.m) for the formula

y(n.m) = ((m)o =nAPr((m)1."¢(®)") — (13)
3m" <m) Pr((m');.7¢((m")o)"))).

Now define for each n € N, o, € N, as follows

on(l) = 1 forallm <[l y(nm),
" 10 otherwise.

So that we can apply LLPO, we first show that for all n # n’ we have o, V i,y = 1.
For any / € N, assume for a contradiction that a, V o, (I) = 0. Without loss of
generality we may assume / is the least such number (since w(n,m) is primitive
recursive and so decidable). By the minimality of / we must have either -~ (n./) or
- (n’.l). However, we cannot have both of these since this would imply (/)g = n
and (7)o = n’. Hence we have without loss of generality (/) = n and since o,/ (/) =
0 and w(n’.l), there must be some /' </ such that —w(n’.!’). In particular we
have Pr((/")1."¢(({")o)™) but also for all m < [, =Pr((m)1."¢((m))7), giving us a
contradiction. Therefore, o, V o,y = 1 as required. o

We can now apply LLPO, to show that T F (3n € N)a, = 1. Note that this
implies T F (3n € N) ¢(n).

Now if we assume that the numerical existence property holds for 7" then there
must be some n € N such that T - ¢(n). So there must be m such that (m); codes a
proof for ¢((m)g) (by taking (m)y = n). Since the provability predicate is decidable,
without loss of generality we can take m to be the least number such that (m);
codes a proof for ¢((m)y). By the minimality of m we have that for all m’ < m,
—Pr((m’)1.¢((m")o)). But this is a Ay sentence, so by absoluteness for A sentences
we have

T+==3m" <m) Pr((m’)1.¢((m")o)).
Again by absoluteness of Ay sentences, we also have

T = (m)o = (m)o A Pr((m)1."¢((m)o)").

Hence we have T  —¢((m)g). contradicting that T + ¢((m),) and the consistency
of T. Therefore the numerical existence property must fail for 7. =
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COROLLARY 7.11. For every n, there is a formula with one free variable, ¢(x),
such that 1ZF + LLPO, +MP - (3x € N) ¢(x) but for every formula w(x), 1ZF +
LLPO, +MP ¥ (3'x € N)p(x) Aw(x).

ProoOF. Let ¢(x) be the formula from the proof of Theorem 7.10. If IZF +
LLPO, +MP - (3 x € N) ¢(x) A w(x) was provable, then by Corollary 7.9 there
would be some j such that IZF +LLPO, +MP F ¢(j) Ay (/). But in particular this

gives IZF + LLPO, + MP + ¢( J ) contradicting Theorem 7.10. -

In [7], Friedman showed that for every recursively axiomatisable extension
of Heyting arithmetic the disjunction property implies the numerical existence
property. He further remarks, without proof, that thereis a Ag extension that satisfies
the disjunction property but not the numerical existence property. As a corollary of
the above results, we obtain a reasonably natural example of a l'lg theory with the
disjunction property but not the numerical existence property.

COROLLARY 7.12. Assume classical logic in the meta theory. The theory T =
M, IZF +MP + LLPO, (i.e., the set of formulas provable in 1ZF + MP + LLPO,
for every n) has the disjunction property.

PrOOF. Suppose that T+ ¢V . Then, for each n, IZF+MP +LLPO;, F ¢V y.
Hence either IZF + MP + LLPO, - ¢ or IZF+MP +LLPO, F w. Let X :={n €
N|IZF+MP+LLPO, ¢} and Y :={n € N|I1ZF+MP+ LLPO, I ¢}. X and
Y are downwards closed subsets of N such that X U Y = N. By classical logic we
therefore have either X = N or Y = N. Without loss of generality, say X = N. Then
we have that for every n,

IZF + MP + LLPO, |- ¢.
But we have now shown the disjunction property for this theory. -

THEOREM 7.13. The theory T := ("), 1ZF + MP +LLPO,, (i.c.. the set of formulas
provable in 1ZF +MP + LLPO,, for every n) does not have the numerical existence

property.

PrOOF. Note that the statement (3n € N) LLPO,, can be formalised in set theory
and holds in each IZF + MP + LLPO,, for each n. However, for each n, we have seen
that IZF + MP + LLPO,,, | does not prove LLPO,,, so it is not provable in 7. Hence
T proves (In € N) LLPO,, but does not prove LLPO,, for any n, so the numerical
existence property fails. -

7.3. Consistency of Brouwerian continuity principles. Recall that the fan theorem
and bar induction are defined as below.

DEFINITION 7.14. Write 2* for the set of finite binary sequences. If o : N — 2 is
an infinite binary sequence, write a(n) for the finite binary sequence of length n
obtained by restricting a.

A subset R of 2* is a bar if for every o : N — 2, there exists some # € N such that
a(n) € R.

A bar, R, is uniform if there exists n € N such that for all o : N — 2, there exists
m < n such that a(m) € R.
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The fan theorem, Fan is the axiom that every bar is uniform.

A subset R of N* is a bar if for every o : N — N, there exists some 7 € N such that
a(n) €R.

A bar, R, is monotone if whenever s € R and s is a finite binary sequence extending
s, then also s’ € R.

If s and ¢ are finite binary sequences, write s x ¢ for the concatenation of s and z.

Monotone bar induction, Bl);, is the following axiom. Let Q C N* be such that
there is a monotone bar R with R C Q and Q has the property that whenever

s*(n) € Qforallnalsos e Q. Then () € 0.

PROPOSITION 7.15 (CZF +MP). Let VT be the function realizability model from
[15]. Then MP holds in V.

Proor. This can easily be checked by applying MP in the background and noting
that there is a continuous functional that takes as input « : N — 2 such that there
exists n with a:(n) = 1 and returns the first # such that a:(n) = 1. -

LemMA 7.16 (CZF +MP +1P - v + Fan).
y(£n) = Fan,

PrROOFE. Let R € V(£ be such that the statement that R is a bar holds in ¥/ (£#),
We first construct a set R’ in the background universe and check that R’ is a bar.
Let R’ be the set of o € 2* such that V£7) |= (3¢’ € R) o’ < 6.

To show that R’ is a bar. let @ € 2. Then V(£ = (37 e N)&(j) € R. since R is
internally a bar in_V(L”). Hence by lemma 6.9, there is a finite set J/ C N such that
V(&n) = (37 € J)&(j) € R. Then set N := max.J. We clearly have a(N) € R’, and
so R’ is a bar.

We can now apply Fan in the background universe to find m such that for every
a € 2N there exists / < m such that a(/) € R’. But we now have V(£ |= (3x <
m)a(x) € R as required. =

LEMMA 7.17 (CZF + MP + 1P i +Bly).
V(En) 1= Bl

PROOF. Suppose that R,Q € V'(£7) are such that in V(£7) the following holds:
R C Q0 C N*, R is a monotone bar and whenever Q contains every immediate
successor of o € N*, it also contains o. We first define external versions of R and Q

follows:
as rollows R — {O’ c N* ‘ V(L") ':6' ER};
0 :={oeN |V |=se0}

Note that we can easily show R’ C Q' C N* and that R’ is monotone. To apply
BI,, in the background, it only remains to check that R’ is a bar and that for any
o € N* if Q' contains every immediate successor of ¢ it also contains .

To check that R’ is a bar. let / : N — N. Then V' (£n) = (3x € N) f (x) € R. Hence

by Lemma 6.9, there is a finite set J C N such that ¥/ (£n) = Vies f(]) € R. Then

set N := max.J. By monotonicity we have that for each j € J, V£n) = 7(j) € R —
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F(N) € R. So we deduce that V£n) = f(N) € R and so f(N) € R'. Therefore R’
is a bar as required.
Now let ¢ € N* be such that for all m € N, ¢« (m) € Q. Then by absoluteness,
we have V'(£n) = (Vx € N) 6 % (x) € Q. Therefore, V£ =6 € Qandso o € Q'.
We can now apply BI,, in the background to deduce that () € Q’. Therefore
V(£n) = () € Q. So we have confirmed Bl holds in ¥ %) as required. .

LemMa 7.18 (CZF +MP + 1P v + Cont(NV.N)).
v £n) 1= Cont(NN,N).

PrOOF. Suppose V£#) = F : NN — N. Then by Lemma 6.14 there is G : NN — N
such that V&0 = F = G. Let oo € NV, By Cont(N".N) in the background, there
exists j such that for any f € NY, @(j) = () implies G(a) = G(f). However, by
absoluteness we then have V(47 = (Vf e NY) a(j) = f(j) — G(a) = G(B). But we
no(vﬁv Elave that in V(¢ G and so also F are continuous. We deduce Cont(NN,N) in
| Z8UEN -

LemmaA 7.19 (CZF—i—MP—i—IP}-mNN +AGC;). Letn.k e Nand?2 <k < n. Then

(Ln) [
e EACK .

Proor. By adapting the proof of lemma 6.20 and applying AC, in the
background. -

LemMA 7.20 (CZF +MP +1P - v+ AC»).
V(ﬁ'l) ': HACNN.,N'

Proor. By adapting the proof of Lemma 6.23 and applying AC, in the
background. -

THEOREM 7.21. Assume CZF is consistent. Then for each n, so is the following
theory.

CZF +CC+Fan+AC, +RDC+MP + 1P . (14)

Assume CZF + MP + REA is consistent. Then for each n, so is the following theory.

CZF +REA +CC+ Bl +AC; + RDC+MP +1P 1 . (15)

Proor. Using Proposition 7.15 and Lemma 5.10 one can easily adapt the proof
of [15, Theorem 9.10] to show this. -

THEOREM 7.22. If CZF is consistent then for each n, the following theory is also
consistent.

CZF+MP+ A AC/L! +HACs +LLPO, + Cont(N".N) + Fan.  (16)
2<k<n
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If CZF + REA is consistent then for each n, the following theory is also consistent.

CZF +MP + /\ ACLfi_]k +HAC y + LLPO,, + Cont(NV.N) +BI,,. (17)
2<k<n '

PrOOE. We build ¥ (£#) in the theory (14), which is consistent by Theorem 7.21.
We then have that ¥ (£7) models (16) by Lemmas 6.15, 7.19, 7.20, 6.16, 7.18 and
7.16. To add monotone bar induction we also apply Lemma 7.17. —

(There is already a similar result for LLPO over second order arithmetic due to
Van Oosten in [21, Section 5].)
1
CoroLLARY 7.23. CZF + MP + A, ., AC

Cont(N",N) + Bl does not prove LCP or ACyp ,.
PROOF. CZF+MP+ A\, _, ACLL! + HAC 1y + LLPO, + Cont(N".N) + BI,
is consistent, so it suffices to show CZF + LLPO, +LCP and CZF +LLPO,, +
Cont(NY,N) + ACyu , are not.

In both cases, we show the theories are inconsistent by first noting that there is a
surjection F : NN — {(ay, ....a,,) €N | o; Va; = 1, for i # j}. defined as follows.

+ HACyy + LLPO, +

~J0 a(k’)=i modn+1where k' <k least s.t. au(k’) # 0,
|1 otherwise.

(F(a))i(k)

By LLPO,,. there is 1 < i < n for each a € N¥ such that (F(«a)); = 1. Let a be
such that (F(a)); = 1 for all i. By LCP there is some i.k € N such that whenever
Blk)=a(k), (F(B)); = 1. However, we can now easily find 8 such that (k) = a(k)
but (F(f3)); # 1 to get a contradiction. Similarly, we can use ACy , to get a function
G : NN — N such that for all ., (F(e))(a) = 1. contradicting Cont(N",N). -

§8. Connections to other formal systems.

8.1. Connections to topos theory. The £, considered in this paper appear to be
strongly related to the local operators in the effective topos previously considered
by Lee and Van Oosten in [11], specifically to the local operators corresponding
to finitary sights. We expect that in fact these local operators can be obtained by
carrying out the construction of £, in the effective topos. The realizability model V'*
corresponds to the topos RT(K,) (as described, for example, in [23, Section 4.3]).
Since we only require computable functions, one might expect our constructions to
work also in the relative realizability topos RT(KREC,K,) (see [23. Section 4.5]). The
realizability with truth model is related to the topos (Eff | A) obtained by gluing
along the inclusion functor from Set to Eff. Putting this all together, we make the
following conjecture.

CONJECTURE 8.1. Some of the local operators in Eff considered in [11] have
counterparts in the toposes RT(KC2), RT(KREC K5) and (Eff | A).
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(We again point out that Van Oosten has already shown that the original Lifschitz
realizability model has a counterpart in RT(K,) (see [23, Section 4.3]) and for g-
realizability (an ancestor of realizability with truth) (see [21. Proposition 3.5])).

8.2. Connections to type theory. A form of Lifschitz realizability for homotopy
type theory has been developed by Koutsoulis [10] based on a preprint of this paper
together with other techniques.

We also expect that some of the results of §7.2 manifest in extensional type theory
as follows.

DEerNITION 8.2, Let I' be a context in type theory. We say that I" has propositional
canonicity for N if whenever I'F ¢ : N, there is some #» € N and a term p such that
'k p:Idy(t.n).

Suppose we are working in a variant of type theory that has a propositional
truncation operator (such as type theory with brackets, as in [4]). In such theories
there are two different ways of formalising LLPO depending on whether or not we
use the propositional truncation operator || - ||. We call these LLPO_.. and LLPO,,
and define them as follows.

LLPO, = 1_[ H(a(m)zl—i—a(n):l — m=n) —

a:N—2 \ m.n:N

<<1:N[a(zn) = o) + (!:N[a(zw 1) = o))

LLPO, = 1_[ H(a(m):l+a(n):l — m=n) —
a:N—2 \ m.n:N

(Ha(Zn) = 0) + (Ha(Zn +1) = 0)
n:N n:N

By adapting the proof of Theorem 7.10, we have,

THEOREM 8.3. The context (x : LLPO,) does not have propositional canonicity
for N over any variant of type theory for which it is consistent (that is, there is no term
of type L in context (x : LLPO,)) and such that the set of judgements is computably
enumerable.

However, we expect by analogy with the results in this paper that the following
holds.

CONJECTURE 8.4. The context (x : LLPO\) has propositional canonicity for N
over type theory with bracket types, as studied by Awodey and Bauer in [4], or similar
systems studied by Maietti in [13].
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