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Abstract

A comprehensive dynamic modeling and actuator torque minimization of a new symmetrical three-degree-of-
freedom (3-DOF) 3-PRR spherical parallel manipulator (SPM) is presented. Three actuating systems, each of which
composed of an electromotor, a gearbox and a double Rzeppa-type driveshaft, produce input torques of the manip-
ulator. Kinematics of the 3-PRR SPM was recently studied by the author (Zarkandi, Proc. Inst. Mech. Eng. Part
CJ. Mech. Eng. Sci. 2020, https://doi.org/10.1177%2F09544062209388006). In this paper, a closed-form dynamic
equation of the manipulator is derived with the Newton—Euler approach. Then, an optimization problem with kine-
matic and dynamic constraints is presented to minimize torques of the actuators for implementing a given task. The
results are also verified by the SimMechanics model of the manipulator.

1. Introduction

Due to the direct proportional relationship between joint torques/forces of a manipulator and its con-
sumed energy, minimizing the torques/forces required for a task would inevitably reduce the power
consumption of the manipulator. For this reason, some scholars have addressed torque/force minimiza-
tion of robot manipulators. The main approaches are (i) trajectory planning of the manipulator [2, 3, 4],
(ii) actuation or kinematic redundancy [2, 5, 6, 7]. For instance, Park et al. [2] proposed an optimiza-
tion procedure to optimize both the end-effector trajectory and actuating torque distribution of a 2-DOF
redundantly actuated parallel mechanism. Segota et al. [3] studied torque minimization of a two 6-DOF
robotic manipulators cooperating and carrying a weight in a point-to-point trajectory using evolutionary
algorithms. Yao et al. [6] added a drive to change the passive constraint branch of a SUPS/PRPU parallel
manipulator into the redundant actuation branch and optimizes the driving torque of the parallel manip-
ulator. The letters R, P, U and S denote a revolute joint, a prismatic joint, a universal joint and a spherical
joint, respectively, and underline denotes an actuated joint. They showed that adding the redundant actu-
ation branch can reduce the peak value of other non-redundant branch driving forces and improve its
dynamic performance. Boudreau et al. [7] developed an optimization approach to minimize the actua-
tor torques of a 3-PRPR planar parallel manipulator when following a specified trajectory and proved
that the redundant manipulator requires smaller torques compared with those of the non-redundant
counterpart.

Several three-degree-of-freedom (3-DOF) spherical parallel manipulators (SPMs) have been pro-
posed and their mechanical properties have been studied before; see for instance [1, 8, 9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19, 20]. But, in the case of torque minimization of 3-DOF SPMs, the literature is so
limited. To the best knowledge of the author, the only work that addressed this issue was presented by

© The Author(s), 2021. Published by Cambridge University Press.

https://doi.org/10.1017/5026357472100062X Published online by Cambridge University Press


https://doi.org/10.1017/S026357472100062X
https://orcid.org/0000-0002-1538-6829
mailto:zarkandi@gmail.com
https://doi.org/10.1017/S026357472100062X

476 Soheil Zarkandi

Base

. Moving Platform :

Curved Guide 7. Gear Box 11. Piston

. Proximal Link 8. Input Shaft 12, Rzeppa Joint
. Distal Link 9. Output Shaft 13. Rzeppa Joint
. Electromotor  10. Cylinder 14. Prismatic Joint

Figure 1. A 3D CAD model of the star-shaped base 3-PRR SPM.

Saafi et al. [5] in which an optimal torque distribution approach is studied for a redundant 3-RRR SPM
with haptic capabilities.

Dynamic modeling (or dynamic analysis) plays an important role in investigating mechanical behav-
ior of parallel manipulators. The result of the dynamic analysis can be applied for computer simulations,
calculating joint reaction forces and moments, sizing links, selecting bearings and actuators, vibration
analysis, motion planning and real-time control strategies. Dynamic analysis of parallel manipulators
has two branches [12]: (i) the inverse dynamic analysis in which the desired trajectory of the moving
platform and the mass distribution of each link is given, and the aim is to find actuator torques to generate
the trajectory and (ii) the forward (or direct) dynamic analysis in which initial actuated joint positions
and velocities, applied actuated torques, applied external forces to the moving platform are given, and
the aim is to find the resulting motion of the moving platform.

Many methods have been proposed to formulate dynamic equation of parallel manipulators such as
the Newton-Euler method [21, 22], principle of virtual work [9, 10, 11, 12], Euler-Lagrange method
[24], Kane’s method [19, 25] and some other methods [26, 27, 28]. Essentially, all the methods for
obtaining dynamic equations of motion have their own advantages and disadvantages [23]. The ease of
use of the various methods differs and depends on the type and complexity of the manipulator structure.

A small number of works have been done on dynamic analysis of 3-DOF SPMs, and most of them
are based on the principle of virtual work [9, 10, 11, 12]. Staicu [9, 10] analyzed the inverse dynamics
of 3-RRR (or Agile wrist) and 3UPS+S SPMs using the virtual work principle and recursive matrix
relations. Akbarzadeh et al. [11, 12] used the virtual work principle and the concept of link Jacobian
matrices for the inverse and direct dynamic analyses of a Star-Triangle SPM.

A novel 3-PRR SPM was recently introduced by the author [1], and its kinematics and workspace
were analyzed in detail. A 3D CAD model of the 3-PRR SPM is shown in Fig. 1. The manipulator
has a symmetrical architecture with an equiangular star-shaped base and an equilateral triangle-shaped
moving platform. Three identical PRR legs connect the base to the moving platform. The base itself
consists of three curved guides on which proximal links of the PRR legs move freely through curved
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Figure 2. Kinematic model and unit vectors of the star-shaped base 3-PRR SPM.

prismatic joints. Distal links of the PRR legs are connected to the proximal links via revolute joints.
Each of these revolute joints is actuated by an actuating system having an electromotor fixed to the base,
a gearbox and a double Rzeppa-type driveshaft [1]. The driveshaft is composed of an input shaft, an
output shaft and two intermediate shafts (a cylinder and a piston) connected to each other through two
Rzeppa joints and a prismatic joint.

The 3-PRR SPM has closed-form solutions for the inverse and forward position kinematics problems,
leading to eight working modes and eight assembly modes, respectively [1]. In contrast to the traditional
3-DOF SPM with 3-RRR topology [8, 18, 20, 29] in which all the joints are of revolute (R) type and the
first R joint of each leg is actuated, in the 3-PRR SPM, the first joint of each leg is a curved prismatic
(P) joint, and not actuated. This especial structure admits several superiorities of the 3-PRR SPM; for
instance, it has no forward kinematic singularity in its workspace for a wide range of rotation of the
moving platform around its central axis. Moreover, the uniquely acceptable working and assembly modes
of the manipulator can be easily tracked during its motion [1].

The main contribution of this paper is actuator torque minimization of the 3-PRR SPM for a given
task. To this aim, first, a complete dynamic modeling of the manipulator is developed via the Newton-
Euler method, and actuator torques of the manipulator are calculated. Then, through a constrained
optimization problem, an optimum design of the manipulator is determined with minimum values of
actuator torques required for the task.

2. Description of the 3-PRR SPM and notations

A kinematic model of the symmetrical 3-PRR SPM is represented in Fig. 2. Three curved guides of
the star-shaped base located on the surface of a sphere. The guides are concurrent at point C, and the
angle between them is 277/3. Throughout this paper, we take subscript i = 1, 2, 3 in a cyclic manner.
Subscripts “mp” refers to the moving platform, subscripts “pro,i” and “dis,i”” refer to the proximal link
and distal link of the ith PRR leg, and subscripts “cyl,i”, “pis,i”” and “sh,i” refer to the piston, cylinder
and intermediate shafts of the ith driveshaft, respectively. Point A; (B;) locates at the intersection of the
axis of actuated (passive) revolute joint of the distal link A;B; and central arc of the curved solid bar of
the same link, see Fig. 6. It is assumed that the moving platform, the proximal link and the distal link of
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the ith PRR leg move on the surface of three concentric spheres. Centers of these spheres are coincident
with the center of the sphere of the star-shaped base at point O. The ith proximal link rotates around the
unit vector normal to the plane of the ith curved guide, which is given as

n; =[cosy; siny; 017 (D

where Y| =2n/3, Y = —27/3 and 13 = 0. Rotation of the ith proximal link around n; is given by angle
Bi €10, Bax] which is the angle from Kk to u;. Two unit vectors w; = [u;, u;17 and v; = [vi, Viy vie]”
represent rotation axes of the first and the second revolute joints at A; and B;, respectively. Unit vector
Wi = [Wir, Wiy, w;-]" is perpendicular to the plane passing through vectors u; and v;. The angle between
u; and v; of the ith distal link is shown by «. Angle 0; is the rotation angle of the actuated revolute joint
at A;, and is the angle from n; to w; around u;. Angle ; is the rotation angle of the second revolute joint
at B; and is equal to the angle from the plane passing through u; and v; to the plane passing through v;
and v;; modulo 3 [1]. The angles B;, 6; and n; are taken positive if measured counterclockwise around
n;, u; and v;, respectively.

The central point S of the moving platform is chosen as its operating point. Unit vector s = [s sy s;]”
is along 5§ Angle y of the moving platform is the angle between s and v;.

A fixed coordinate frame O-xyz is attached at the centered point O, while its z-axis is along the vector
5_6)' , and its y-axis locates in the plane passing through the arc of the third curved guide and point O.
Three unit vectors i, j and k are considered along the x, y and z axes, respectively. All the above unit
vectors pass through the center of rotation, that is, point O, of the manipulator.

The author [1] showed that the inverse position kinematics of the 3-PRR SPM leads to two solutions
(or working modes) for 6;, while the orientation of the moving platform is known. On the other hand,
the forward position kinematics of the manipulator gives eight solutions (or assembly modes) for the
orientation of the moving platform, when the rotation angles 6; are given. Two simple techniques were
also presented in ref. [1] to find unique and acceptable working and assembly modes of the 3-PRR SPM.
Therefore, unique postures of the manipulator can be easily traced during its motion.

3. Local coordinates frames and rotation matrices of the moving links

A local coordinate frame O—X,,yYmpZmp is attached to the moving platform (Fig. 2), whose z,,, axis is

along a vector 5_’?, and the y,,, axis locates in the plane passing through s and v3. Three unit vectors i,
Jmp and k,,, are defined along the x,,, y,,, and z,,, axes, respectively; thus s =k,,,. Pose of the moving
platform with respect to the base coordinate frame O-xyz is completely determined by three successive
rotation angles (or Euler angles[30]) ¢., ¢, and ¢, around the fixed x, y and z axes, respectively, while ¢,
¢, € (—m,m]and ¢, € [-7/2, 7/2]. Therefore, the rotation matrix of the moving platform with respect
to the base platform will be formed by multiplying the corresponding rotation matrices as follows:

CPLPy  CPSPySPx — SPCPx  CPSPyCPx + SPLSP
Rmp = | SQCQy  SPSPySPx + COCPx  SPSPyCPx — CPSPy 2)
—SQy CPySPx CPyCPx

where c(.) and s(.) stand for cos(.) and sin(.), respectively. We can also define the rotation matrix of the
moving platform based on unit vectors iy, jmp and K,,, as follows:

Rmp = [imp jmp kmp ]T (3)

As a result, the first, the second and the third columns of R,,, in Eq. (2) represent unit vectors i,
Jmp and Kk, respectively.

Two additional coordinate frames O—X,,0,iVpro,iZpro,i A0d O—Xyjs. iVais,iZdis,i are defined for the prox-

imal and distal links of ith PRR leg of the manipulator, respectively (Fig. 3). In the coordinate frame
O—Xpro,iVpro,iZpro,i» the Zpr i and X, ; axes are along u; and n;, respectively. In the coordinate frame
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Figure 3. Local coordinate frames and unit vectors of the ith kinematic chain of the 3-PRR SPM.

O—Xgis,iYais,iZdis,i> the Zgis,; and xg;s; axes are along w; and —w;, respectively. The y,,, ; and yg;s,; axes
are determined by the right-hand rule. Three unit vectors i,, ; (iis.i)s Jpro,i (ais,i) and Ky, ; (Kgi;) are
considered along the X, i (Xais,i)s Ypro.i Vais,i) and Zpro,i (Zais,i) axes, respectively.

Using coordinate frames O—Xp,o,iYpro,iZpro,i aNd O—Xais iVais,iZdis,i» the 3x3 rotation matrices of
proximal link and distal link of the ith PRR leg are defined respectively as

Rpro,i = [ipro,i jpro,i kpro,i] = [ni u; X n; ui] (43-)

Risi = [disi  Jaisi  Kaisi] =[=Wi wixu; ] (4b)

The ith double Rzeppa-type driveshaft is also shown in Fig. 3. The Rzeppa joints locate at points D, and
E;. The axis of input (output) shaft of the driveshaft is parallel to k (u;). Unit vector e; = [e;, e, e 1T is
along the common axis of the cylinder and piston of the ith driveshaft. For the ith double Rzeppa-type
driveshaft, a local coordinate frame D;—x;,y:.Zi, iS attached at point D; (Fig. 3), while the x;, axis is
along the vector e;, y;, axis is along the vector e; x kK, and the z;, axis is determined by the right-hand
rule. Since the cylinder and piston of the ith driveshaft has no rotational motion with respect to each
other, we can define a common rotation matrix for these two links, as follows:

Ry, = [ei e; xk e; x (e; x k) ] )
lle; x K[| [k x (e; x K)|

Using the above rotation matrices, positions of mass centers of the moving platform (c,,,) and the
proximal link (c,, ;) and distal link (cg;,;) of the ith PRR leg (Fig. 4) are determined respectively as

—

Ty = O0Cpp =R, T (6a)
H _

Yproi = Ocpro,i = Rpro,irpra (6b)
é _

Taisi = OCuisi = Rais iTais (6¢)

where 1, I, and rg; are position vectors of mass centers of the moving platform, proximal links
and distal links in the local coordinate frames O—X,,YimpZmp> O—Xpro,i¥pro,iZpro,i A0d O—Xais i Vais,iZdis,i»
respectively.
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Figure 4. Mass centers of the moving platform, the ith proximal and distal links and of the ith actuating
system.

Positions of mass centers of the cylinder and piston of the ith double Rzeppa-type driveshaft (Fig. 4)
are obtained by the following relations, respectively:

—

Feyi = Occyl,i =d, + lcylei (7a)
—

Lpisi = Ocpix,i =38 — lpisel' (7b)

where d; = [d;y diy di;]" and §; = [8;1 8,y 81" are
d;, = O_D), =[—dsiny; dcosy; h’ (8a)
—> —_—
8i = OEl = l'pro,i - Eicpro,iui (Sb)

and /., (i) is the distance between point D; (E;) and mass center ce,; (Cpis,;). Stroke of prismatic joint
—
of the ith driveshaft is represented by ¢; = ”D,E,-

, and unit vector e; is given as

—
[ Hb—l[_«j)lH 18; —d;ll

©))

4. Velocity analysis and jacobian matrices
4.1. Jacobian matrices of the manipulator

Referring to Fig. 2, the angular velocity of the moving platform, ®,,,, can be calculated through angular
velocities of links of the ith PRR leg, as follows:

0B +wb; + Vil = Oy (10
Dot multiplying both sides of Eq. (10) by n; x v; and rearranging the resultant equation gives
n! (u; x v)b; + (m; x v) 0, =0 (11)
Writing Eq. (11) for i = 1, 2, 3, and assembling the resultant equations into a matrix form yields

Jin® 4 Jind @y =0 (12)
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where § = [él 6, é3 17 is the velocity vector of the actuated joints, and J;,, and Jj,4 are the inverse
and forward Jacobian matrices of the 3-PRR SPM, respectively, as follows [1]:

_an(ul X Vi) 0 0

Jimw = 0 n} (u; x v7) 0 (13)
L 0 0 n} (uz x v3)
(g x vy)"

Jiwa = | (my x vp)T (14)
L (n3 x v3)"

4.2. Jacobian matrix of the moving platform
To find the Jacobian matrix, J,,,, of the moving platform, Eq. (12) is rewritten as

@yp = Jpd (15)
where

Jmp = _J;ViiJinv (16)

4.3. Jacobian matrices of the ith PRR leg

For the proximal link of the ith PRR leg, first, the parameter f; is calculated through dot multiplying
both sides of Eq. (10) by u; x v;, which gives

0] (u; x Vi) = (u; X V) @y a7
Therefore
. (wxv) e,
pi= ﬁ (18)
The ith proximal link rotates about unit vector n;, so its angular velocity can be expressed as
Wpro,i = niBi (19)
Introducing Bi and w,,, from Egs. (18) and (15) into Eq. (19), and doing some manipulations, yields
@proi = Jpro.0 (20)

where J,,.; is the 3x3 link Jacobian matrix of the proximal link of the ith PRR leg, as
nix(ui X vi)TJmp
niy(ui X Vi)TJmp (21)

niz(ui X Vi)TJmp

Jproi = 7, <
n! (u; x v;)

The ith distal link rotates about unit vector u;, and its angular velocity can be expressed by
Wis,i = Oproj + W;6; (22)
Introducing ®,,,; from Eq. (20) into Eq. (22) yields

@aisi = Jais.i0 (23)
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where J 45, is the 3x3 link Jacobian matrix of the distal link of the ith PRR leg, as
Uidix(1-3)
Jaisi = Jproi + | iyLis1-3) (24)
uizliva-3)

and 1;(1—3) denotes the ith row of 3 x3 identity matrix 133.

4.4. Jacobian matrix of the ith intermediate shafts

The cylinder and piston of the ith driveshaft (Fig. 4) have a relative translational motion with velocity
g;e;. They also have two common rotational motions, one of which is around point D; with angular
velocity ; and another one is around the axis of the ith driveshaft with angular velocity 6;e;.

The velocity of point E; can be obtained in terms of velocities of the ith proximal link and of the ith
driveshaft, as follows:

VEi = @Wppoi X LY (25)
Vi =qiw; X € + g€ (26)

Equating right-hand sides of Egs. (25) and (26), and then substituting w,,,; from Eq. (20) into the
resultant equation results in

me,ié x 8 =qjw; x € + g;e 27)

Since w; has no component along the axis of the shaft, we have e; X (w; X €;) = w;, and cross multiplying
both sides of Eq. (27) by e; yields

@i = (1/g:)(€; X (Jpro8 x 8))) (28)
From linear algebra, we know that
ax (bxc)=(a"c)b—(a’b) (29)
Considering relation (29), we can rewrite Eq. (28) as follows:
i = (1/g)((€] 8T 109 — (€] Tpro19)8:) (30)
or
@i =Joi® (31)
where
el J b
Joi = (1/6)(€] 8)Jproi — (1/1) | €l Jproibiy (32)
e J i

The total angular velocity of the ith intermediate shafts is determined as

@y = @; + Oe; (33)
Substituting ; from Eq. (31) into Eq. (33) results in
Wgpi = 0 (34)
where
eixlixa-3)
Joni =Joi + | enlixa-3) (35)
eilix1-3
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Equation (33) can be rewritten for the cylinder and piston of the ith driveshaft as

®eyti = Joy1.i9 (36a)
Wpis,i = ins,i(:) (36b)

where
Joyti = Ypisi = Tsn,i (37)

5. Acceleration analysis

In acceleration analysis of the 3-PRR SPM, the relations between angular accelerations of the moving
links and acceleration of actuated joints @ =[6, 6, 65 ] are determined.

5.1. Angular acceleration of the moving platform
Differentiating both sides of Eq. (10) with respect to time yields
0B+l + 0 x wib; + viii; + wf; x vy = ®pp (38)
To elingnate angular accelerations of the passive curved prismatic joint and the passive revolute joint,
that is B; and 7j;, both sides of Eq. (38) are dot multiplied by n; x v;, which simplifies to
u!l (n; x v)f; + (m; x u)"(n; x v)Bib; + (w; x vi) (m; x v, = 0'0,{1,,(11[ X V;) (39)
To obtain the passive joint rate 7;, both sides of Eq. (10) is dot multiplied by n; x u;, as
v (m; X u)n; = @), (n; x ) (40)
Therefore

O (ni X ui)T(’)mp
1

o xu)Ty; 1)

Substituting 7;, ,3,- and w,,,, from Eqs. (41), (18) and (15) into Eq. (39) and writing the resultant equation
fori=1, 2, 3, leads to the acceleration equation of the manipulator as follows:

Jin®+ 20+ J500,y =0 (42)
where
Q 0 0
=0 @ 0 (43)
0 0 93
with

(X v) T X ) 4 (X w)" 000 x Vi) (0 % V)

Q=
H,T(ui X V;)

(44)

Therefore, the angular acceleration of the moving platform is obtained in terms of 0 and 6, as follows:

@ = Tormp1 0 + T 20 (45)

where
Jormp,1 = Jmp (46a)
Jompa=—J fjvldﬂ (46b)
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5.2. Angular accelerations of proximal and distal links of the ith PRR leg
To calculate f;, both sides of Eq. (38) is dot multiplied by u; x v;, which gives

W x v B + (w; x vi)' (n; x ) Bib; + 0 = (w; x Vi)Td)mp 47)
Thus
§i = (u; X V)T 6, (i x v (; x u;) 46 — Oim; 48)
(w; x v)Tn; (u; x v)Tn; (w; x v)Tn;

The ith proximal link rotates about unit vector n;, so its angular acceleration will be
Oproi =1if; (49)
Substituting ,6, and then B,-, Ni, ®pp and @, from Eqs. (48), (18), (41), (15) and (45) into Eq. (49) and
rearranging the resultant equation gives ®,,,; in terms of 0 and 0, as follows:
Oproi = Jiproi1 8+ T proi 20 (50)

where the 3 x3 matrices J; pro,i,1 and J; ;2 are obtained in Appendix A. The angular acceleration of
the ith distal link is obtained as

@dis.i = Dproi + i0; 1)
Substituting ®,,,,; from Eq. (50) into Eq. (51) yields o, in terms of 6 and 6, as follows:
@isi = Tordisi 0+ Toaisi 20 (52)

where the 3x3 matrices J; 4is;i1 and J,.q4is.i2 are given respectively by

Ui lin(1-3)

Jodisit =Joproit + | Uiplixa-3 (53a)
Uiz L (1-3)

Jcb,dis,i,Z = Jd),pm,i,Z (53b)

5.3. Angular accelerations of the ith intermediate shafts

Angular accelerations of the cylinder and piston of the ith driveshaft around point D; and around their
common axis are represented by ®; and 6;e;, respectively. Differentiating Egs. (25) and (26) with respect
to time and equating the resultant equations yields

Oproi X 8 + @proi X (Wproi X 8)) =2q;0; X € + qi®; X €; + q;®; X (wW; X &)+ §;e; (54)

The angular acceleration ®; has no component along the axis of the ith intermediate shafts, and we have
e; X (w; X ;) = ;. As aresult, through cross multiplying both sides of Eq. (54) by e;, we can find ®;, as

®; = (1/gi)(€; X (Wproi X 8;) + €; X (®proi X (Wproi X 8;)) — 2G;0; — gi€; X (0; X (w; x €;))) (55)
Dot multiplying both sides of Eq. (27) by e; yields
Qi = 8i X el‘Tme,ié (56)

Substituting ©;, @p,i, ®pro; and g; from Eqs. (31), (20), (50) and (56) into Eq. (55), and doing a
rearranging leads to ®; in terms of § and 0, as follows:

6 = Jii.1 0+ Jii 20 (57)
where J,;; 1 and J,;;» are obtained in Appendix B. The total angular acceleration of the ith intermediate
shafts is

g = @; + be; (58)
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Figure 5. A moving platform of the 3-PRR SPM and its differential volume dv,,.

After substituting ®; from Eq. (57) into Eq. (58), and doing a rearranging, we get
Wi = Jirshi10 + Jo 29
where
eixlix-3)
Josnin =Join + | eylixa-3

eilix1-3

Josniz =Joi2

485

(59)

(60a)

(60b)

Consequently, we can obtain angular accelerations of the cylinder and piston of the ith driveshaft in

terms of 6 and 0, as
(bcyl,i = Joi),cyl,i,l6 + Joi),cyl,i,Zé
d’pis,i = Jcb,pis,i,lé + Jcb,pis,i,Zé
where
Joreviin = Jopisit = Josni

Joreviio = Jopisi2 = Josni2

6. Masses and inertia properties of the 3-PRR SPM

(61a)

(61b)

(62a)
(62b)

In the following sections, ia, a € {mp, pro, dis, cyl, pis} is inertia matrix of the link a in the local

coordinate frame attached to its mass center, and m, is mass of link a.

6.1. Mass and inertia properties of the moving platform

The detailed explanations of the following formulations for m,,, r,, and imp are presented in
Appendix C. Figure 5 shows the equilateral triangle-shaped moving platform of the manipulator. The

mass of the moving platform is calculated using the following formula:

3/3 2 .

_ 2
My = ) Pinp Ty tmp SIN™ Y
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where ?mp is the radius of the moving platform spherical plate, #,,, is the thickness of the moving platform
spherical plate, and p,,, is the density of the moving platform. The position vector of the mass center of
the moving platform in O—x,,,y,pzm, frame is given as

l_.mp = [)_Cmp .)_}mp Zmp ]T (64)
where
Xonp = Ymp =0 (65a)
.33 s
Zmp = mmppmp rmp tmp Sln2 14 (65b)

As well, the 3x 3 inertia matrix imp is

]xx,mp Ixy,mp Ixz,mp
imp = IXYJ”I’ Iyy,mp IYZJ"I’ (66)

Ixz,mp Iyz,mp Izz,mp

where

33 4 , 33 4 . V32 .

Lecmp = EVN Ponp ¥y Tnp sin* y + e Pp T tip sin? y + 1—6,omp P p tip sin® y (67a)

Lyymp = Loemp (67b)
3v3 4 ,

Lymp = ?pmp T pup tmp sin* 14 (67¢)
33 4 ) J3 o2 )

Ixy,mp = Tpmp rmp tmp SlI'l2 y + E,Omp rmp tn31p SlI'l2 Y (67d)

1
Ixz,mp = Lyzmp = §Izz,mp (67e)

Subsequently, the inertia matrix of the moving platform in the base coordinate frame O-xyz is
calculated as

Imp = RmpImpRyTnp (63)

6.2. Mass and inertia matrix of the ith distal link
The detailed explanations of the following formulations for my;, Ty and 1, are presented in
Appendix D. Figure 6 shows the distal link of the ith PRR leg of the manipulator as a curved solid
bar with arc radius ?d,-x and cross-section radius r.;. The mass of the distal link is

Mais = 7 puisT ey T dis O (69)

where pg;; is the density of the distal link. rg; will be

l_.dis = [ Xuis )_)dis Zdis ]T (70)
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Figure 6. The ith distal link of 3-PRR SPM and its volume differential dv ;5.

where

Xgis =0 (71a)
2 ~2 1 )

_ TTPLisV. T g — COoS &

Fuig = T ‘,’ﬂd( (71b)

LS

2 22

_ TTPLisV. T ;.. SIN O

Zgpy = P es T TRE (71c)
Mygijs

The 3x 3 inertia matrix id,;? is given by

Ixx,dis Ixy,dis ]xz,dis
Idisz Ixy,dis I_vy,dis Iyz,dix (72)

Ixz,dis Iyz,dis Izz,dis

where
-3
lxx,dis = npdisrcz-s T gis @ (733.)
~3 (o  sin2«
Iyy,dis = npdisrfs Fas | =+ (73b)
2" 4
I ) ?3 a  sin2o (730)
z.dis = T PdisT s is \ 7 —
22,di PdisTes T gis 2 4
Ixy,dis = Iyy,dis (73d)
Ixz,dis = lzz dis (73e)
Iyz,dis =0 (73f)

Consequently, the inertia matrix of the ith distal link in the base coordinate frame O-xyz is calculated as

Liis,i = RaiLais Rl (74)

6.3. Mass and inertia matrices of the other moving links

Other required quantities in dynamic analysis of the manipulator are masses 1,,,, Mcyi, Mpis, Mass center

positions I, [, and I,;; and inertia matrices L, icy; and i,,,-‘v. These quantities are obtained from the
CAD model of the corresponding link in SolidWorks software.
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Table 1. The identified parameters of Stribeck’s friction in the curved prismatic joints [32].
F. F F, Vs §
0.1151 0.1759 0.66493 0.005 1.00

Inertia matrices of the proximal link and of the cylinder and piston of the ith driveshaft in the base
coordinate frame O-xyz are calculated, respectively, as

T
Ipro,i = Rpro,ilproRpm,i (75a)
and
Icyl,i = Rsh,i [icyl + mcyllgy[ (efei13x3 - eielr)] RSj;’l,i (75b)
Livi = Ry [Lois + mpis(qi — Lyis)” (€] €135 — ei¢] )| R, (75¢)

7. Dynamic equation of the 3-PRR SPM

In Section 9, values of internal moments between links are constrained to avoid large deflections of
the links. To this aim, the Newton—Euler approach is adopted here to formulate the dynamic equation
of the 3-PRR SPM, and the internal moments between links are computed necessarily. It is assumed
that the gravitational forces are the only external forces acting on the proximal and distal links of the
manipulator. The magnitude of frictional moment between the ith proximal link and its curved guide is
computed using the Stribeck’s formula [31, 32] as

5. 16
rpro,iﬁi
Vs

Tf,pm,i = Fc + (F_) - Fc)e

+ erpro,i/éi Tpro,i (76)

where 7, = ||rpm,,'| ,and F., Fy and F, are coefficients of Coulomb friction, static friction, viscous
friction, respectively. Moreover, vy is called Stribeck velocity and exponent £ is a given constant. The
values of these parameters are given in Table I.

Taking moments about the reference point O, Euler’s equation for the intermediate shafts of the ith
driveshaft will be

Tacz,ik + Tdis,sh,i + MeyiTeyii X G+ MpisTpisi X § — MeyTeyii X Aeyli — MpisTpisi X Apis i

_Icyl,i(‘)cyl,i - Ipis,i(‘)pis,i — Wyl X Icyl,iwcyl,i — Wpjs; X Ipis,i(*)pis,i =0 (773)
Let 77, and 7y, > be magnitudes of frictional moments of the revolute joints at A; and B;, respectively.

Euler’s equations for the proximal and distal links of the ith PRR leg are, respectively, as
Tdis,pro,i - ‘Ff,pro,ini + Tf,i,lui + mprurpro,i Xg— mprorpro,i X apro,i - Ipro,i(’-)pro,i - wpro,i X Ipro,iwpro,i = 0
(77b)

Tip.dis,i — Tdis,shi — Cdisproi — TrilWi + Tri2Vi + MyisTaisi X § — MaisTaisi X Agis,i

—Luis, i ®ais.i — @ais,i X Laisi®gis,i =0 (77¢)
where g = [0 0 —9.81]7 is the vector of gravitational acceleration, and Tap.i» 4, b € {mp, pro, dis, sh} is

the internal moment that link a of the ith leg acts on its link 5. Taking moments about point O, Euler’s
equation for the moving platform becomes

3 3
Text + MypTp X & — E Tmp.dis,i — E TrioVi— MypTyp X Ay — Imp(;)mp — @y X Imp(’)mp =0 (78)

i=1 i=1
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where 1,y is the external moment acting on the moving platform. We obtain T, 4;s,; from Eq. (77¢) and
introduce it into Eq. (78), as follows:

3 3
Ter + MyypLmp X & — MyppLiyp X Ay — Imp(-omp — Wy X Imp(omp - E Tdis,pro,i — E Tdis,sh,i
i=1 i=1
3 3
- E T+ E (MyisTisi X & — MyisTaisi X Agdis,i — Lais, i ®ais,i — ®ais.i X Lais,i04is,i) =0 (79)
i=1 i=1

Then, we obtain Ty g,; and Ty, pro,; from Egs. (77a) and (77b), and introduce them into Eq. (79) which
yields

3 3
E Tact,[k + Text — E Tf,pm,ini + mmprmp Xg— mmprmp X amp - Impwmp - (‘)mp X Imp(l)mp
i=1 i=1
3
+ E (mcylrcyl,i X g + MpisKpisi X § + MproXproi X § + MgisT gis,i X g)
i=1
3
- E (mcylrcy],i X Ayl i + MyisKpis,i X Apis,i + MyroXproi X Apro,i + myisXgis,i X adis,i) (80)
i=1
3
- E (Icyl,i(bcyl,i + Ipis,id)pis,i + Ipm,i(bpm,i + Idis,i(bdis,i)

i=1
3

- E (wcyl,i X Icyl,iwcyl,i + wpis,i X Ipix,iwpis,i + wpro,i X Ipro,iwpro,i + wdis,i X Idis,iwdis,i) = 0
i=1

Where the acceleration of mass centers of the manipulator’s moving links are given by

A =0 XTI + 0 X (0 XT,) (81)

» 299 < 293 ¢ #99 G

while subscript k € {“mp”, “cyl,i”’, “pis,i”, “pro,i”, “dis,i” } . Finally, substituting ,,,, @,r0,i» ®gis,i» ®cyi.i»
Dpis.ir Opps Oproi> Vdis,i» Deylis Wpis,;i and a, from Eqs. (15), (20), (23), (36), (45), (50), (52), (61) and (81)
into Eq. (80) and doing a rearranging leads to the closed-form dynamic equation of the 3-PRR SPM in
terms of § and é, as follows:

1(6)0 + C(0, 6)0 + T(0) + Toey =0 (82)

where Taer = [Taer1 Tact2 ‘L’aag]T is the vector of actuator torques. Moreover,

3
I(e) = K_l ImpJa'),mp,l + Z (Ipro,iJ(b,pro,i,l + Idis,iJa'),dis,i,l - Icyl,iJcb,cyl,i,l + Ipis,in),pis,i,l) + Gl
i=1

(83a)

3
C(G, 9) - K71 Imde),mp,Z + Z (Ipro,iJa'),pm,i,Z + Idix,iJcb,dix,i,Z - Icyl,in),cyl,i,Z + Ipis,iJu'),pis,i,Z) + G2
i=1
(83b)
3
TO =K' (" Dt G ¥ Moy X 8 (830)
+ Zi:l (mprorpro,i X g+ MyisTaisi X § + MeyiTeyli X & + MyisKpis,i X g)
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with 3x3 matrices G| and G, given in Appendix E, and

000
K=|0 0 0 (84)
111

1(8) and C(8, 8) are 3x3 the inertia and Coriolis matrices of the manipulator, and T(0) is the 3x 1 vector
of the external moment and the gravitational forces.

8. Dynamic dexterity of the 3-PRR SPM

Dynamic dexterity of a high-speed manipulator can be interpreted as the ability of changing acceleration
(or deceleration) by actuator forces/torques [33]. Conventionally, the condition number of the inertia
matrix of the dynamic equation is proposed to evaluate the dynamic dexterity of manipulators when the
difference between the easiest direction and the hardest direction is the main issue [34]. For the 3-PRR
SPM, the condition number of the inertia matrix is defined as

I<ig= 2" <o (85)
OT,min

where o1 4y and oy, are the maximum and minimum singular values of the inertia matrix I(0) at a
given configuration of the manipulator. In order to bound 7y, one may consider its inverse value, that is
1/k1, which is defined as dynamic conditioning index (DCI) and ranges between 0 and 1. Particularly, in
a pose where DCI is equal to 1, the manipulator has a dynamic isotropy, indicating that the acceleration
of the moving platform is insensitive to variation of actuator torques. In contrast, if DCI is equal to 0,
small changes of actuator torques lead to a big change of the acceleration of the moving platform. In
other words, the less the DCI is the more shock the moving platform experience during the motion of
the manipulator.

DCI of the 3-PRR SPM is plotted in Fig. 7 for three sets of «, y and ¢, showing that the manipulator
has a larger dynamic dexterity near the central region of the workspace than at its boundaries. Thus,
DCI should also be considered in the design process of the manipulator, so that the moving platform
avoids the workspace boundaries as much as possible.

9. Torque minimization of the 3-PRR SPM

In order to reduce actuator loads, the magnitude of the maximum torque experienced by the manipulator
actuators should be minimized. To this aim, a constrained optimization problem is presented to find an
optimal design of the manipulator for a given repetitive task, while the values of actuator torques are
minimal. The above formulations are programmed in Matlab software. Moreover, to verify the math-
ematical results, dynamics of the manipulator are also simulated using the SimMechanics toolbox of
Matlab software.

The following relations define the orientation of the moving platform as the function of time

@(t) =m /8 rad
@y(t) =0rad (86)
@, (t)=trad

where 0 <t <2m s. If it is assumed that the moving platform moves on a surface of a sphere with

a radius of unity (?mpz 1 m), then with relations (86), point S of the moving platform moves on a
circle centered at point C' (0, 0, 0.924) with radius 0.383 m (Fig. 8), and returns to its initial location
after 27s.
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Figure 7. DCI of the 3-PRR SPM for (a) @ = 25°, y =8.5° ¢, =0° (b) o =22°, y = 10°, ¢, = 30°,
(c)a=17°y =12° ¢, = —40°.

Figure 8. The given circular trace of point S of the moving platform.

The objective function to be minimized is defined as

3 2 2
f(X) _ Zi:l (Tact,i,min + Tacz,i,max)
6ty

87)

where Ty imin (Tacr.imax) 1S the minimum (maximum) value of t,.; along the circular path, and 7,y is
the maximum allowable value of actuator torques. Here we take t,; = 100 N.m. Note that 0 < f(x) <
1, and the closer the value of f(x) is to zero, the smaller the values of actuator torques are along the
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circular path. The actuator torques Tucs,imin and Tycr,imax depend on values of parameters m,,, Ly, majs
and I, and also on the positions of gearboxes, that is, d and & (Fig. 4). As represented in Egs. (63),
(66), (69) and (72), the first four parameters depend on y and «, and 4 is a known dimension of the
gearboxes. Thus, for the optimization problem, we take x = [y, «, d]” as the vector of design variables.
These design parameters should be between their minimum and maximum allowable values:

Ctl:ymin =< Y = Ymax (883)
Cloimin <o < Omax (88b)
CtS:dmin = d = dmax (880)

The following kinematic constraints [1] should also be considered during the design of the manipulator.
The inverse position kinematics should have a real solution for each leg of the manipulator; this leads to

Ct4Z(Aiz — Clz + Eiz) >0 (39)
where [1]
A; = sin ¥y V] Ry 1x1-3) — €08 Y1V Ry o(1-3)
Bi ="V'R,p3x(1-3) (90)
Ci=cosa

with R, i»(1-3) denoting the ith row of matrix R,,, in Eq. (2), and "'v, representing vector v; in the local
frame O—X,pYmpZmp, such that

My;=[cosy;siny siny;siny cosy ]’ oD

For each point in the workspace, the stroke of the ith curved prismatic joint should be between 0 and its
maximum allowable value, 8,,.,:

Cts: 0 = :31' = ﬂmax (92)

To eliminate any void in the workspace of each PRR leg of the manipulator, the following constraint
equation is imposed:

Ctg: o < /= (93)

To avoid leg interferences between distal links, the below conditions are also considered fori = 1, 2, 3:

cty: o} >« or ;| > o modulo 3 94)

where «] = Z(u;,p;) and o | = Z(u;, p;;1) and p; is a unit vector along the intersection line of the
planes passing through distal links A;B; and A, +1B;4; modulo 3 (Fig. 9). The method to compute ¢ and
a;,  are presented in Appendix F.

The smaller angle between axes of the driving and driven shafts of a Rzeppa joint should be less
than its maximum allowable value, 1,,,,. For two Rzeppa joints of the ith actuating system at D; and E;
(Fig. 10), this condition is written respectively as

ctg: )"Di < )"max (953)
Clg: )‘«Ei < )"max (95b)

where Ap; = Z(k, €;) and Ag; = Z(u;, €;). It is assumed that the kinematic conditioning index (KCI) and
DCI satisfy minimum values during the motion of the manipulator, such that

ctio: KCI > kcimin (96a)
cty1: DCI > dcigin (96b)
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Figure 9. The intersection line of the planes passing through distal links A;B; and A;;1Bit
modulo 3 [1].

Figure 10. Axis angles of the ith double Rzeppa-type driveshaft: (a) lower Rzeppa joint at D; and (b)
upper Rzeppa joint at E; [1].

KCl is the ratio of the smallest to the largest singular values of the Jacobian matrix J,,,, at a configuration
of the manipulator [1]. The larger the kci,,;, is, the farther the point S is from singularities [1]. Moreover,
the larger the dci,,;, is, the nearer the point § will be to the central region of the manipulator workspace.

To avoid large deflections in intermediate shafts of the driveshafts and distal links, the moments
inserted on these links are constrained respectively as follows:

ctia: (Taer,iK + Tais,oni)’ € < 100 N.m (97a)
cty3: (Tmp,dis,i - Tdis,sh,i)Tidis,i = 100 N.m (97b)
Ctyy: (Tmp,dis,i - Tdis,sh,i)deis,i < 100 N.m (97C)

where the moments Ty ¢, and T, g ; are calculated from Eqgs. (77) easily. In addition, the actuator
torques should be less than 7, along the circular path, namely

Ctys: Tact,i < Tall (98)

Using the objective function in Eq. (87) and design constraints (88)—(98), the constrained optimization
problem of 3-PRR PPM is formulated as follows:

Minimize f(x) (99)

subject to ctj,j= 1,2,3,...,15 (100)
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Figure 11. Rotation angles of actuated revolute joints for non-optimal (NOD) and optimal (OD) designs.
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Figure 12. Torques of actuators for non-optimal (NOD) and optimal (OD) designs.

The moving platform and distal links are made up of aluminum alloy with uniform densities p,,, =
pais = 2810 kg/m?3. Other geometrical and mass properties of the manipulator are given in Appendix G.

In the first step, we solve inverse dynamics of the manipulator with architectural parameters: y =
8.5°, a =25°,d =0.5 m. It is assumed that no external moment acts on the moving platform (T, = 0).
To calculate the actuator torques, Eq. (82) is rewritten as

Toer = —1(0)8 — C(6, )0 — T(0) (101)
Rotation angles of actuators 6; for this non-optimal design (NOD) are computed as functions of time

using the inverse position kinematic analysis [1], as presented in Fig. 11; then velocity and acceleration
vectors 0 and 0 are computed using Egs. (15) and (45) as

0=1J, 0 (102)
6 = J;,lrnp,l (me - J;,lmp’le),mp,Zé (103)

Now, we can compute all terms on the right-hand side of Eq. (101), which leads to time history of t,,
as shown in Fig. 12.

In the second step, we consider the optimization problem with y ;= 10°, ¥ e = 30°, ot = 10°,
Upax = 45°, dppin = 0.35 m, d,r = 0.60 m, B, = 60° and A, = 45°. Values of other geometrical and
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Table II. Values of Tjmin (N.m), T; max(N.m) and f(x) (N>.m?) for non-optimal and optimal designs of

3-PRR PPM.
DeSign tYPe T act,1,min Tact,1,max Tact,2,min Tact,2,max Tact,3,min T act,3,max f (x)
Non-optimal design ~ —41.85 97.76 —28.17 42.97 —20.24 60.23 0.30
Optimal design —20.47 59.26 —20.51 24.92 —17.13 37.43 0.12

X 5.178e+004
¥Y: 01203

-1 0 1 2 3 4 5 6 x10*
OFE

Figure 13. Convergence graph of the optimization process for the best result.

KCI and DCI

3
Time (s)

Figure 14. KCI and DCI of the optimal design of 3-PRR SPM along the circular path.

mass properties are the same as the ones used in previous step. The PSO algorithm [35] is applied here
to minimize the objective function f(x). The optimization problem is solved for different values of kci,,;,
and dcii, € {0.3,0.35, 0.4, 0.45, 0.5, 0.55}. The best result of 15 independent runs is f(x) = 0.16 for
ket i = 0.45 and dci,y;, = 0.4. The corresponding values of design parameters are y = 12.02°, o =21.69°,
d =0.54 m. Convergence graph of the optimization process is shown in Fig. 13 revealing that the GEO
algorithm yields the best result after 5.178 x 10* objective function evaluations (OFE). Time histories of
rotation angles and actuator torques for this optimal design (OD) are also represented in Figs. 11 and 12.
As well, the resultant values of T, i min» Tacr.imax and f(x) for both optimal and non-optimal designs are
also listed in Table II. Comparing these values, one can see that the values of Ty imins Tacrimax and
f(x) have decreased significantly after optimization. KCI and DCI are plotted in Fig. 14 for the optimal
design revealing that KCI > 0.45 and DCI > 0.4 along the circular path.
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Figure 15. SimMechanics model for forward dynamics of the 3-PRR SPM.
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Figure 16. The given, calculated and simulated traces of point S of the moving platform.

To further verify the results, outputs of the inverse dynamic analysis (i.e., the calculated actuator
torques in Fig. 12) of the optimal design are applied as the input for the forward dynamic analysis. To
this aim, we rewrite Eq. (82) as

0=—I""(0)(toer + C(0, 9)0 + T(6)) (104)

Initial conditions of actuators (at # = 0) are obtained using the inverse position kinematic analysis [1]
and Eq. (102), as follows:

6,(0) = —0.18 rad, 6,(0) = —0.07 rad, 65(0) = —0.01 rad
6,(0) = 0.23 rad /s?, 6,(0) = 0.81 rad /s, 65(0) = —0.09 rad /s>

The SimMechanics model for the forward dynamic analysis is presented in Fig. 15. With the above-
calculated actuator torques and initial conditions, the terms on the right-hand side of Eq. (103) and
consequently 0 is calculated. Then, we can compute new values of 6 and 6 through the integration of 0.
With the obtained value of 0, the unique and acceptable pose of the moving platform is identified using
the method presented in ref. [1]. This process is repeated to obtain orientations (¢, (t), @,(1), ¢.(7)) of
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the moving platform during motion. As a consequence, the trace of point S of the moving platform can
be obtained by the following relation:

s(t) = [Rmp,13(t) Rmp,23 () Rmp,33 (1) ]T (105)

where R, ;3(¢) for i = 1, 2, 3 denotes the third column of matrix R,,,,. The given and calculated traces of
point S along with the trace obtained by the SimMechanics model are plotted in Fig. 16. Investigating
the results in Fig. 16 reveals that the calculated trace of point S by the forward dynamic analysis is
coincident with the trace obtained by the SimMechanics model. This verifies correctness and efficiency
of the presented dynamic modeling of the star-shaped base 3-PRR SPM. However, there is a slight
difference of 0.012 m between a radius of those two traces and of the given trace. This variation is due
to the simplifications which were made in calculating inertia matrices of the moving platform and distal
links.

10. Conclusion

This paper addressed dynamic analysis and torque minimization of a novel symmetrical 3-PRR SPM.
After description of the manipulator structure, the local coordinate frames and rotation matrices were
established for its moving links. Complete velocity and acceleration analyses were performed to obtain
velocity and acceleration of the manipulator moving links in terms of 0 and 6. The dynamic equation of
the 3-PRR SPM was formulated in a closed form using the Newton—Euler method. It was shown that the
Newton—Euler approach is an efficient method to find values of internal moments between links of the
manipulator. A constrained optimization problem was also presented to minimize actuator torques, while
the moving platform of the manipulator moves along a given circular path. Many kinematic and dynamic
constraints including KCI, DCI and internal moments between links were considered. The closeness of
given trace of point S of the moving platform to the trace obtained by mathematical and SimMechanics
models verified correctness and efficiency of the proposed dynamic modeling. The author hopes that the
present study provides a robust framework for future research in areas of control and motion planning
of the proposed 3-PRR SPM.

Funding. This research is not funded by a specific project grant.

Conflict of Interest. The author declares that he has no conflict of interest.

References

[1] S. Zarkandi, “Kinematic analysis and optimal design of a novel 3-PRR spherical parallel manipulator,” Proc. Inst. Mech.
Eng. Part C J. Mech. Eng. Sci. (2020). https://doi.org/10.1177%2F0954406220938806.

[2] S. Park, J. Kim and G. Lee “Optimal trajectory planning considering optimal torque distribution of redundantly
actuated parallel mechanism,” Proc. Inst. Mech. Eng. Part C J. Mech. Eng. Sci. 232(23), 4410-4419 (2018).
doi:10.1177/0954406217751818.

[3] S. Baressi Segota, N. Andeli¢, 1. Lorencin, M. Saga and Z. Car, “Path planning optimization of six-degree-of-freedom
robotic manipulators using evolutionary algorithms,” Int. J. Adv. Rob. Syst. (2020). doi:10.1177/1729881420908076.

[4] A.K. Gillawat and H. J. Nagarsheth Human Upper Limb Joint Torque Minimization Using Genetic Algorithm. In: Recent
Advances in Mechanical Engineering, Lecture Notes in Mechanical Engineering (H. Kumar and P. Jain, eds.) (Springer,
Singapore, 2020). https://doi.org/10.1007/978-981-15-1071-7_6.

[5] H. Saafi, M. A. Laribi and S. Zeghloul, “Optimal torque distribution for a redundant 3-RRR spherical parallel manipulator
used as a haptic medical device,” Rob. Auto. Syst. 89, 40-50 (2017). https://doi.org/10.1016/j.robot.2016.12.005.

[6] J. Yao, W. Gu, Z. Feng, L. Chen, Y. Xu and Y. Zhao, “Dynamic analysis and driving force optimization of a 5-
DOF parallel manipulator with redundant actuation,” Rob. Comput. Integr. Manuf. 48, 51-58 (2017). https://doi.org/
10.1016/j.rcim.2017.02.006.

[7] R. Boudreau, J. Léger, H. Tinaou and A. Gallant, “Dynamic analysis and optimization of a kinematically redundant planar
parallel manipulator,” Trans. Canad. Soc. Mech. Eng. 42(1), 20-29 (2018). https://doi.org/10.1139/tcsme-2017-0003.

https://doi.org/10.1017/5026357472100062X Published online by Cambridge University Press


https://doi.org/10.1177%2F0954406220938806
https://doi.org/10.1177/0954406217751818
https://doi.org/10.1177/1729881420908076
https://doi.org/10.1007/978-981-15-1071-7_6
https://doi.org/10.1016/j.robot.2016.12.005
https://doi.org/10.1016/j.rcim.2017.02.006
https://doi.org/10.1016/j.rcim.2017.02.006
https://doi.org/10.1139/tcsme-2017-0003
https://doi.org/10.1017/S026357472100062X

498

[8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]

[18]
[19]
[20]
[21]
[22]
(23]
[24]
[25]
[26]
[27]
(28]
[29]
[30]
[31]
[32]
[33]
[34]

[35]

Soheil Zarkandi

C. M. Gosselin and J. Wang, “Singularity loci of a special class of spherical three-degree-of-freedom parallel mechanisms
with revolute actuators,” Int. J. Rob. Res. 21(7), 649-659 (2002). doi:10.1177/027836402322023231.

S. Staicu, “Recursive modeling in dynamics of Agile wrist spherical parallel robot,” Rob. Comput. Integr. Manuf. 25(2),
409-416 (2009). https://doi.org/10.1016/j.rcim.2008.02.001.

S. Staicu, “Dynamics of the spherical 3-UPS/S parallel mechanism with prismatic actuators,” Multibody Syst. Dyn. 22,
115-132 (2009). https://doi.org/10.1007/s11044-009-9150-x.

J. Enferadi and A. Akbarzadeh Tootoonchi, “Inverse dynamics analysis of a general spherical star-triangle parallel
manipulator using principle of virtual work,” Nonlinear Dyn. 61(3), 419-434 (2010).

A. Akbarzadeh and J. Enferadi, “A virtual work based algorithm for solving direct dynamics problem of a 3-RRP spherical
parallel manipulator,” J. Intell. Rob. Syst. 63, 25-49 (2011). https://doi.org/10.1007/s10846-010-9469-9.

T. Sun, Y. Song, G. Dong, B. Lian and J. Liu, “Optimal design of a parallel mechanism with three rotational degrees of
freedom,” Rob. Comput. Integr. Manuf. 28(4), 500-508 (2012). https://doi.org/10.1016/j.rcim.2012.02.002.

L. J. Puglisi, R. J. Saltaren, G. R. Portoles, H. Moreno, P. F. Cardenas and C. Garcia, “Design and kinematic analysis of
3PSS-18S wrist for needle insertion guidance,” Rob. Auto. Syst. 61(5), 417-427 (2013).

G. Wu, S. Caro, Sh. Bai and J. Kepler, “Dynamic modeling and design optimization of a 3-DOF spherical parallel
manipulator,” Rob. Auto. Syst. 62(10), 1377-1386 (2014).

Y. Zhaon, K. Qiu, Sh. Wang and Z. Zhang, “Inverse kinematics and rigid-body dynamics for a three rotational degrees of
freedom parallel manipulator,” Rob. Comput. Integr. Manuf. 31, 40-50 (2015). https://doi.org/10.1016/j.rcim.2014.07.002.
H. Khoshnoodi, A. Rahmani Hanzaki and H. A. Talebi, Kinematics, “Singularity study and optimization of an inno-
vative spherical parallel manipulator with large workspace,” J. Intell. Rob. Syst. 92, 309-321 (2018). https://doi.org/
10.1007/s10846-017-0752-x.

G. Wu and Sh. Bai, “Design and kinematic analysis of a 3-RRR spherical parallel manipulator reconfigured with four-bar
linkages,” Rob. Comput. Integr. Manuf. 56, 55—65 (2019). https://doi.org/10.1016/j.rcim.2018.08.006.

J. Enferadi and K. Jafari, “A Kane’s based algorithm for closed-form dynamic analysis of a new design of a 3RSS-S spherical
parallel manipulator,” Multibody Syst. Dyn. 49, 377-394 (2020). https://doi.org/10.1007/s11044-020-09736-y.

H. Saafi, M. Amine Laribi and S. Zeghloul, “Forward kinematic model improvement of a spherical parallel manipulator
using an extra sensor,” Mech. Mach. Theory 91, 102-119 (2015). https://doi.org/10.1016/j.mechmachtheory.2015.04.006.
S. Zarkandi, “Kinematic and dynamic modeling of a planar parallel manipulator served as CNC tool holder,” Int. J. Dyn.
Control 6(1), 14-28 (2018).

S. Pedrammehr, B. Danaei, H. Abdi, M. T. Masouleh and S. Nahavandi, “Dynamic analysis of Hexarot: Axis-symmetric
parallel manipulator,” Robotica 36(2), 225-240 (2018). doi:10.1017/S0263574717000315.

S. Zarkandi, “Inverse and forward dynamics of a 4RSS+PS parallel manipulator with one infinite rotational motion,” Aust.
J. Mech. Eng. (2020). doi:10.1080/14484846.2020.1714352.

O. Altuzarra, A. Zubizarreta, I. Cabanes and C. Pinto, “Dynamics of a four degrees-of-freedom parallel manipulator with
parallelogram joints,” Mechatronics 19(8), 1269-1279 (2009). https://doi.org/10.1016/j.mechatronics.2009.08.003.

M.-J. Liu, C.-X. Li and C.-N. Li, “Dyamics analysis of the Gough—Stewart Platform manipulator,” IEEE Trans. Rob. Autom.
16(1), 94-98 (2000).

J. Gallardo, J. M. Rico and A. Frisoli, “Dynamics of parallel manipulators by means of screw theory,” Mech. Mach. Theory
38(11), 1113-1131 (2003).

A. Akbarzadeh, J. Enferadi and M. Sharifnia, “Dynamics analysis of a 3-RRP spherical parallel manipulator using the natural
orthogonal complement,” Multibody Sys. Dyn. 29(4), 361-380 (2013).

K. Sugimoto, “Kinematics and dynamic analysis of parallel manipulator by means of motor algebra,” ASME J. Mech., Trans.
Autom. Des. 109(1), 3-7 (1987).

S. Zarkandi, “A new geometric method for singularity analysis of spherical mechanisms,” Robotica 29(7), 1083-1092 (2011).
https://doi.org/10.1017/S0263574711000385.

Euler angles, Wikipedia, The Free Encyclopedia, https://en.wikipedia.org/w/index.php?title=Euler_angles&oldid=
996258926 (accessed January 23, 2021).

R. Stribeck, “The key qualities of sliding and roller bearings,” Zeitschrift des Vereines Seutscher Ingenieure 46(38), 39
(1902).

X. Tu, Y. F. Zhou, P. Zhao and X. Cheng, “Modeling the static friction in a robot joint by genetically optimized BP neural
network,” J. Intell. Rob. Syst. 94,2941 (2019), https://doi.org/10.1007/s10846-018-0796-6.

T. Yoshikawa, “Dynamic Manipulability of Robot Manipulators,” [EEE International Conference on Robotics and
Automation (ICRA), vol. 2 (1985) pp. 1033-1038.

J. Wu, J. Wang, T. Li, L. Wang and L. Guan, “Dynamic dexterity of a planar 2-DOF parallel manipulator in a hybrid machine
tool,” Robotica 26(1), 93-98 (2008). doi:10.1017/S0263574707003621.

X. Hu, R. C. Eberhart and Y. Shi, “Engineering optimization with particle swarm,” Proceedings of the 2003 IEEE Swarm
Intelligence Symposium, Indianapolis, USA (2003) pp. 53-57. doi:10.1109/S1S.2003.1202247.

https://doi.org/10.1017/5026357472100062X Published online by Cambridge University Press


https://doi.org/10.1177/027836402322023231
https://doi.org/10.1016/j.rcim.2008.02.001
https://doi.org/10.1007/s11044-009-9150-x
https://doi.org/10.1007/s10846-010-9469-9
https://doi.org/10.1016/j.rcim.2012.02.002
https://doi.org/10.1016/j.rcim.2014.07.002
https://doi.org/10.1007/s10846-017-0752-x
https://doi.org/10.1007/s10846-017-0752-x
https://doi.org/10.1016/j.rcim.2018.08.006
https://doi.org/10.1007/s11044-020-09736-y
https://doi.org/10.1016/j.mechmachtheory.2015.04.006
https://doi.org/10.1017/S0263574717000315
https://doi.org/10.1080/14484846.2020.1714352
https://doi.org/10.1016/j.mechatronics.2009.08.003
https://doi.org/10.1017/S0263574711000385
https://en.wikipedia.org/w/index.php?title=Euler_angles&oldid=996258926
https://en.wikipedia.org/w/index.php?title=Euler_angles&oldid=996258926
https://doi.org/10.1007/s10846-018-0796-6
https://doi.org/10.1017/S0263574707003621
https://doi.org/10.1109/SIS.2003.1202247
https://doi.org/10.1017/S026357472100062X

Robotica 499

Appendix A
Considering ;3, Ni» @mp and @y, in Egs. (18), (41), (15) and (45), the terms at the right-hand side of Eq. (48) become
The first term:

(l.l,' X Vi)T(Ja'),mp,lé + J(;)mpZe)
(u; x v)'m

0= Jopr0i1 0+ 3 029 (A1)

where
T
i (U X Vi) Jio mp,1

1
niy(ui X vi)TJo},mp.l (A2)

Joproil = —————
PR (g x vi) Ty

ni;(w; X Vi)TJo'J.mp,l

nix(ui x Vi)TJa'J,mpZ
1 T
Jd),pm,i,z = (1/(11[ X Vi) ni) ni)‘(ui X Vi)TJa'),mp,Z (A3)
niz(ui X Vi)TJu'),mp,Z

The second term:

(w; x v)T(m; x u) (% ;)T 3,0 ; ) :
— Lixa—3n;=J; .0 A4
(u; x vi)T'm; n] (u; x v) ix1=3/00 =T pros2 (A
where
Nixlix(1-3)
T Ty 4
2 (u; x v) (0 x ;) [ (@ X V)" Jgp0
> = ivLix(1— AS
J(u,pm,l.Z (ui « v,-)Tn,- n,-T(lli < V[) RiyLix(1-3) ( )

niz1ix(1-3)

The third term:

1 (n; x ui)TJmpé A 3 ;
— 1i 1 _30n; =] .0 A6
(ui X Vi)Tni ( (ni X ui)TVi ix(1-3)V1 Jw,pm,l,Z ( )
where
e nixlix(1-3)
1 (m; x u;)" Jp0
3 i i p
9 iy = — . 1 _ A7
Jw.pro,z,z (u x Vi)Tni ( (n; % u,-)Tv; iy Lix(1-3) (A7)
nizlix(1-3)
Note that
Jd),pm.i,l = me,,' (AS)
where Jp,; was defined before in Eq. (21), and J;, pro,i2 is computed as follows:
3
Jcb,pm,i,Z = Z Jla('),pm,i.2 (A9)
k=1

Appendix B
Considering relation (29), Eq. (55) is rewritten as
w;=(1/g) ((e,-TSi) Wpro,i — (e,-T(hpro,;) 8:) + (] (0pros x 8:)) Wproi — (e;Twpm,i) Opro,i X 8
=240 + g; (] w;) w; x ) (B1)

Now, substituting @p,;, ®pr,i» ®; and g; from Egs. (20), (50), (31) and (56) into Eq. (B1), the terms at the right-hand side of this
latter equation are summarized as follows: The first term:

(1/i)(€] 8:)6pr0i = (1/i) (€] 8) (T proi1 O + Jopro.i28) = Tiyi 10+ T, 20 (B2)

where
J(lbi,] = (1/g1)(e] 8)Jé pro,i1 (B3)
lebi,2 =(1/g)(€l 8)J o proi2 (B4)
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The second term:

—(1/qi)(€] Gpro.)8; = —(1/q)el Jirproi1O + T proi 28 = I3, 16+ 33,0 (BS)
where
[ il oproin |
i =—01/g) | 8iyel Jorproia (B6)

T
L ‘Sizel' Jci),pru,i,l i

i ‘sixe,-TJd),pm,i,Z T
B =—1/a) | 8el Jopmiz (B7)

T
L 8[2,3[ Ja'),pro,i,z |

The third term:

(1/gi) (€] (@pro.i X 8)@proi = (1/qi)(€] Jproi® X 8:)Ipro® =T, ,0 (B8)
where
T2 = (/€] Jproi® x 8:)Jpro (BY)
The fourth term:
—(1/4:)(€] @pro.)@proi % 8 = —(1/qi)(€] Tproi)Ipro.i8 x 8; =T} ,0 (B10)
where
(e,TJpro,ié)(me,i,bdl—3)51'1 — Jpro,izx(1-3)0iy)
20 =—1/a) | (€ Tproi®Tproi3x1-38ix — Iprovi.i x(1-3)8i2) (B11)
(e,-TJpro,ié)(me,i,l x(1-3)0iy — Jproi2x(1-3)8ix)
The fifth term:
—(2/)Gi®i = —(2/q)(3; x €)' Jproi9)J0i0 = T3, 50 (B12)
where
Ji0=—2/a)(®; x ) Tproi0)J i (B13)
The sixth term:
(e] w)w; x e = (€] Jui9)J0if x e; =S, 10 (B14)

where
(G,TJwié)(Jmi,ZXuA)eiz — Juwizx(1-3)eiy)
Jg),-,z = (eiTJmié)(Jmi,’jx(lfB‘)eix —Joiix(1-3)€iz) (B15)
(€ Joi®)Jor1x(1-3)€iy — Joiox1-3¢ix)
Finally, J;;1 and J;;» are computed by the following relations:

Joi1 =J5 1 + 35, (B16)

6
Joiz=Y I, (B17)
k=1

Appendix C

Figure C.1 shows the projection of the moving platform on the xy plane.
Regarding Figs. 5 and C.1, equations of the lines, constituting boundaries of the moving platform projection on the xy

plane, are:
yi=—(Tupsiny)/2 n
V2= «/§x+ ?mp sin y (C2)
V3= —«/§x+ ?m,, sin y (C3)
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Figure C.1. Projection of the moving platform on xy plane.
Using these boundary equations, the mass of the moving platform in Eq. (63) is calculated through the following triple integral:
Tptup/2 T mpsiny V3= mpsiny)/3
Mpp = /:// pmpdvmp = Pmp f / . / . dxdde
Fmp—tmp/2 J—(r mpsiny)/2 \/g(}'*’mpsm v)/3
3f ~2

=P T o sin? y (C4)

where differential dv,,, = dxdydz denotes an infinitesimal volume of the moving platform. Then, components of the position vector
Iy in Eq. (65) are obtained via the following integrals:

_ 1

Ty = —— / f / Dy =0 (C3)
mmp

) 1

Ymp = —— /// ypmpdvmp =0 (C6)
My

3f -3
/// 2PmpdVimp = ,omp mp Tmp sin? y (C7)

The first array of an inertial matrix imp in Eq. (67a) is calculated by the following triple integral:

Tupttup/2 [ Tmpsiny —V/30= T psin y)/3
Lo mp = /f (}2 +z )pdvmp = Pmp / / / (yz + zz)dxdydz
r

Zmp =
Myp

mp=tmp/2 S =(Fupsiny)/2 JVB— T mpsin y)/3
33 o W3 o, 32 a3
- 32 pmp mp sin 14 tmp + Tpmp rmp smy tmp + Epmp rmp smy t;np (CS)

Other arrays of the matrix im,, are computed in a similar manner using the following triple integrals:

Iyy.mp = // (XZ + Zz)Pdep (C9)

Lymp = f / f &%+ pdvyy (C10)
Lymp = / / / 2 pdvip (C11)
Ly = / / / ¥ 0dvnp (C12)
Lygmp = / [ / x2 pdvyy (C13)
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Appendix D
According to Fig. 6, the volume of each differential of the curved solid bar of the ith distal link is obtained as
dvgis =7l Taid @ (D)

Therefore, the mass of the distal link in Eq. (69) can be calculated using the following triple integral:

o
o~ o~ 5 ~
Mjs = / / / PisdVdis = Pdis / Treg T ais d 0= T Pgistey T dis @ (D2)
0

Similarly, components of the vector rg;s in Eq. (71) are calculated as

_ 1
Xdis = / / [ YPdisdvais =0 (D3)
Mdis
1

~2
2
- pdis ¢ ~ .~ ~ ~  wpgist> T g (1 — cos )
Yais = — / / [ YPuisdvais = == f (7 dis Sin @ )2, 7 g d 0=~ (D4)
Mdis Mgis Jo Mdis
2
_ 1 pais ¢ ~ ~ ~ ~ TpgistA T sina
Zdis = 2PuisdVais = —— (7 i €08 0 )72 T gis d o= —2es _dis T (D5)
Mdis Myis J© Mis

Moreover, arrays of inertia matrix id,-s in Eq. (73) are computed as follows:

2, 2 S P T B N EolE, 2 3
Lo dis = / / " + 2 pdisdvdis = T PdisTes T dis /O (7 gis Sin” & + 1 4 cO8™ & )d =T Pdisres T gis o D6)
~ L) ~ o~ ~3 (a sin2«
Iyy,dix = // (x2 + Z2)pdixdvdi,\' = ”Pdisrgs T dis / T dis C052 adoa= ”Pdis"?x T dis <5 + 4 ) (D7)
0
~ @2 o~ A~ ~3 (a sin2«
Izz,dis = // (XZ +y2)pdisdvdix = ﬂpdisrcz»s I dis / ( T gis San o )d o= ﬂﬂdisrcz-s T gis (E - 4 ) (DS)
0

IXY»diS Z/// Zzpdisdvdi: :Iyy,dix (D9)
Ixz,dis = f/f y2pdisdvdis :Izz,dix (D10)
Ly dis = / / / X% paisdvais =0 (D11)

Appendix E
With a,;, in Eq. (81) and the algebraic relation (29), the term n,,pXp X @, in Eq. (80) becomes
MupTp X Ap = MpTip X (@pp X Tpp) + My X (@pp X (@pp X i)
= Myp@pp — mm,,(r,ﬁpd),,,p)rmp — mm,,(r,{,pwmp)(wmp X Tp) (E1)
After substituting @, and @,,, from Egs. (15) and (45), the right-hand side of the above equation will change to
MnpTmp X Ay =T, mp. 10 Tismp 20) = Moy (F i .10+ T mp 200
= My (01, Tnp )T ® X 1) (E2)
Eq. (E2) can be summarized in a matrix form as
MypTp X Ay = mmmep,lé + mmmeplé (E3)
where
rmp,xrz,;de),mp,l
Gup,t =Jomp.1 — rmp,yrz,;szb,mp,l (E4)

T
Tmp,z rmpJ(i)vm!’,]
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rmp,xr,],;p-]d),mp,Z (r;mepo)(rmp,szp,Zx(173) - rmp.mep,3><(173))
Gmp,2 = Jci),mp,Z - rmp,yr,ap-]z}),mpl - (r;p\]mpo)(rmp,x‘]mpﬂ><(173) - rmp,szp,lX(lf?S)) (E5)
rmp,zrzy‘,p-]ti),mpl (rg,p«]mpe)(rmp,y«]mp,l x(1-3) — rmp,mep,Zx(lff)))

The above procedure can be easily repeated for other similar terms in Eq. (80) which results in

MeyiTeyti X eyt i = MeyiGeyt i1 + MeyiGeyli2 (E6)
MpisTpis,i X Apis,i = mpistis,i,l + mpistis,i,Z (E7)
MyroXpro,i X Acyl,i = mproGpro,i,l + mpmGpro,i,Z (EB)
MyisTais,i X Adis,i = MaisGais,i,1 + MaisGais,i2 (E9)

where 3x3 matrices Gpo,i,1, Guis,i,1. Geyiyt and Gy are obtained through replacing subscripts “mp” in Eqgs. (E4) and (E5)

9 G

with “cyl,i”, “pis,i”, “pro,i”” and “dis,i”, respectively. Finally, matrices G| and Gpare given as

G = _mmpGacc,mp - mproGacc,pro,i - md[sGacc,dis,i - mcylGacc,ryl,i - mpisGacc,pis,i (E10)

Gy = _mmchar,mp - mprchor,pm,i — maisGeor disi — mcy/Gcar,cyl,i - mpi.chor,pis,i (E11)

Appendix F

Unit vector p; = [pix piy piz]" is located in the plane passing through vectors u; and v;, and also located in the plane passing
through vectors u; 41 and v;41 (Fig. 9), so we can write

p/ (i x v)=0 (F1)
P! (Wit X Vis1) =0 (F2)
Eqgs. (F1) and (F2) can be rewritten as
b1pix + bapiy +b3pi; =0 (F3)
bapix + bspiy + bepiz; =0 (F4)
where
by = UjyViz — UizViy, by = —ujxviz + uizvix, by = UjxViy — UiyVix
by = Uit 1yVit1z = Uit1 2Vitly> b5 = —Uip1 xVitlz T Uit 1 Vit x> D6 = Uit 1 xVit 1y — Uit1 yVitlx (F5)

Equations (F3) and (F4) constitute a system of two linear equations in three unknowns g, g;y and g;;, which can be solved in

terms g;; as
Piz(babe — b3bs)
o SRk Fo6
Pix brbs — baba (F6)
iz(b3by — b1be)
= Pi 4 1 F7)
b1bs — byby
On the other hand, for the unit vector p;, we have
Pr+ph+p=1 (F8)

In this paper, we take p;; > 0, so Eq. (F8) gives the value of p;,, as

Pie=/1 =P} =P}, (F9)

With Egs. (F6), (F7) and (F9), the unique position of vector p; is obtained for a given configuration of the manipulator.

Subsequently, the smallest angles between p; and u; and ;4 1, that is, ozl/. and "‘z{+1 , are obtained as

o = Arccos (pTu;) (F10)

o =Arccos @ 1) (F11)
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Appendix G
Given geometrical properties:
T =1, T gig=0.92 m, £, = 0.008 m, re; = 0.018 m

Loyt =0.19 m, Ly = 0.21 m, E;Cpro; =0.09 m, 1 =0.18 m

and given mass properties:

[0.68 045 0.08]

Mey = 0.4kg, Iy = | 045 059 0.35 kg.m’

[ 008 035 0

[0.56 041 0.06 ]
mpyis =0.3kg, Ly = | 041 046 037 | kg.m?

006 037 0 |
043 031 0

Mpro = 0.1kg, Tpro =[0 0 0.87217m,L,,p=| 0.31 041 0.15 | kgm?
0 015 054
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