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In this work we consider the inverse problem of the identification of a single rigid body
immersed in a fluid governed by the stationary Navier-Stokes equations. It is assumed that
friction forces are known on a part of the outer boundary. We first prove a uniqueness result.
Then, we establish a formula for the observed friction forces, at first order, in terms of the
deformation of the rigid body. In some particular situations, this provides a strategy that
could be used to compute approximations to the solution of the inverse problem. In the
proofs we use unique continuation and regularity results for the Navier-Stokes equations and
domain variation techniques.

1 Introduction and main results

Let @ =« RY be a bounded connected open set (N = 2 or N = 3) whose boundary 0Q
is of class W>®. Let 7 be a nonempty open subset of dQ and let us denote by 1, the
characteristic function of y.

We will consider the following family of subsets of Q, where D* is a fixed nonempty
set:

2 ={D <= Q :D is a simply connected open set,
oD is of class W>*, D c= D* <<= Q}.

In this paper we will deal with the following inverse problem:

Given ¢ and o in appropriate spaces, find a set D € & such that a solution (u, p) of the Navier-Stokes
problem

—vAu+u-Vu+Vp=0, V-u=0 inQ\D,
u=¢ on 0Q, (1.1)
u=20 on 0D,

satisfies the additional condition

o(u,p) - n=(—pld+2ve(u) n=a on 1y. (1.2)
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In (1.2), Id is the identity matrix, v > 0 is a constant (the kinematic viscosity of the
fluid) and e(u) is the linear strain tensor, given by

e(u) = %(Vu + 'Vu).

The interpretation of problem (1.1)—(1.2) is the following. We assume that a stationary
Newtonian viscous fluid fills an unknown domain Q \ D at rest. The velocity ¢ on the
outer boundary 0Q is given and we are able to measure on a part of 0Q the normal
stresses oo = a(u, p) - n, i.e. the force exerted by the fluid. Then the question is whether we
can determine D from Q, ¢ and o. From the practical viewpoint, we try to compute the
shape of a body around which a real fluid flows from measurements performed far from
the body.

A related problem was considered in Alvarez et al. [6]. Another similar but more simple
problem has been analyzed in Kavian [19]. There, instead of (1.1), one has

—Au=0 in Q\ D,
u=¢q on 04,
u=20 on 0D,

and the role of the additional information (1.2) is replaced by

ou
— =ao on J.

on

Other problems of this kind have been studied by several other authors [1, 2, 3, 4, 5, 7,
10, 11, 13, 20, 21].

Concerning the direct problem associated to (1.1), i.e. the determination of (u, p) (and
then o) from Q, D and ¢, we have the following result.

Theorem 1.1 Assume that D € & and ¢ € C'(0Q)V satisfies
/ @ -ndl =0. (1.3)
o0

e For each v > 0, (1.1) possesses at least one solution (u,p) that belongs to H'(Q \ D)N x
L*(Q\ D) and satisfies

C
ull 1oy < ;(V + Dllollcree) (1.4)

where C only depends on Q and D*.

e There exists vi = v{(2,D", |@llc1) > 0 such that, for v > vy, the solution of (1.1) is unique
(p is unique up to a constant ) and belongs to W (Q\D)N x L'(Q\D) for all r € [1,+00).
e Furthermore, the solutions of (1.1) satisfy o(u,p)-n € W=Y7(dQ) for all finite r.

This result is essentially well known, with a number of classical references for results

of this kind are [14, 22, 23, 28]. However, for completeness we will sketch the proof in
Appendix A.
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FIGURE 1. Deformations of D.

In the sequel, we will always assume that ¢ € C'(0Q)N satisfies (1.3) and v > v;.
Accordingly, for each D € 2, we can speak of the unique solution (u, p) of (1.1).

In the context of the inverse problem (1.1)—(1.2), the first property we will analyze is
uniqueness. Thus, let D' and D? be two sets in & and let us consider the Navier-Stokes
system

—VAU + WV +Vpi=0, V-u'=0 inQ)\ Di,
u =@ on 0Q, (1.5)
=0 on 0D,

for i=1 and i = 2. We have the following uniqueness result:

Theorem 1.2 Assume that ¢ € C'(dQ)N satisfies (1.3), ¢ does not vanish identically and
v > v;. Let D' and D? be two sets in @, let (u',p') be the solution of (1.5) and let us set
of = a(u',p') - n for i =1,2. Assume that

o =o° on Y. (1.6)

Then D' = D2

For the proof of this result, we will adapt an argument that can be found for instance
in Andrieux et al. [7] and Canuto & Kavian [12]. To this end, an appropriate unique
continuation property for Stokes-like systems will be required. Notice that the unique
continuation property we need is local in the sense that we do not know the behaviour
of the solution on the whole boundary; see more details in § 2.

We shall also be concerned by the way ¢ - n depends on (small) perturbations of D and
some related consequences. In order to represent the deformations of a set D € 2, let us
introduce

W, ={me W**R";R") : |m|ly>r <&, m=0 in Q\ D"},

where ¢ > 0 is small enough. For each m € #7,, we define a new domain D + m (see
Figure 1) by
D+m={zeR" : z=x+m(x),xeD).

It is then known that, if ¢ is small enough, for any D € 2 and any m € ¥ ,, one has
again D +m € 9 [27].
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For each m € #",, let us consider the “perturbed” Navier-Stokes system

—vAu(m) 4 (u(m) - V)u(m) + Vp(m) =0 in Q\ (D + m),

V-uim)=0 in @\ (D + m), (1.7)
u(m) = ¢ on 0Q, '

Thanks to Theorem 1.1, there exists exactly one solution (u(m), p(m)) of (1.7) that belongs
to W(Q\ (D +m))Y x L"(Q \ (D + m)) and satisfies a(u(m), p(m)) - n € W=1/7(0Q) for
all finite r.

Our aim is to deduce an identity of the form

a(u(m), p(m)) - n — a(u(0), p(0)) - n = Lm + o(m) on 7,
where L is a linear operator and
o(m)lm|yhe =0 as  [m|y2e — 0. (1.8)

In the sequel, for simplicity of the notation, the couple (u(0), p(0)) will be simply denoted

by (u, p).
We have the following result:

Theorem 1.3 Assume that ¢ € CY(Q)N satisfies (1.3), ¢ does not vanish identically and
v > vy. Assume that D € & and m € W, and let (u(m), p(m)) and (u, p) be the solutions of
(1.7) and (1.1), respectively. Then we have

a(u(m), p(m)) - n — a(u,p) - n = a(u'(m),p'(m)) - n +o(m) on 7, (1.9)
where o(m) satisfies (1.8) and (u'(m), p'(m)) is the solution of the linear problem

V-u'(m) =0, in Q\ D, (1.10)

—vAW (m) + (W' (m) - Vu+ (u- V)u'(m) +Vp'(m) =0, in Q\D,
{u’(m) +(m-Vyu € H{(Q\ D)V,

If, furthermore, ¢ is regular enough, for any P € C>(y)N satisfying
/w-ndf:O, (1.11)

we also have

(a(u(m), p(m)) - n—a(u,p) - n, P 1,)00
——v/( Gu aw dF + o(m), (1.12)

where (-,-)aq denotes the duality product in W~ 1/”’(89)]\’ x W @Q)N and (p, ) is the
solution of the adjoint system

py=ylr on 0Q, (1.13)

—vAp —(Vu)'y —(u-V)p +Vr=0, V-py=0 inQ\D,
p=0 on 0D.
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The first part of this result, i.e. the identity (1.9), was proved in Bello et al. [9] (see
Theorem 5 therein). We will present the proof of the second part in §5. Our main tools
will be domain variation techniques [9, 25, 27] and Green’s formula.

Notice that the boundary conditions on u'(m) are implicitly given in (1.10) by imposing
u'(m) + (m - V)u to belong to H{(Q \ D)V.

An immediate consequence of Theorem 1.3 is the following:

Corollary 1.4 Let the assumptions of Theorem 1.3 hold and suppose that ¢ is regular enough
and m = n+m' on 0D, where 2 € R and (m',n) = 0. Then, if P satisfies (1.11) and

/ ou % r 4o,

on On
we have
s o pm) n—oup) m )
ou v r
p On on

Remark 1.5 Notice that, in view of (1.9)—(1.10), for each m € # ", we can compute the
local derivative (u'(m), p’(m)) and thus the difference o (u(m), p(m))-n—o(u,p)-n on y up to
second-order perturbations. On the other hand, we see from (1.12) that the same quantity
can be easily computed using (y, ), which is independent of m.

Remark 1.6 Assume that ¢ is regular enough and we have already computed a first
regular approximation D to the solution of our inverse problem. Then, the associated
solution (i, p) and consequently &, = a(i, p) - n|, are known. Our goal now is to compute
a new (and possibly better) approximation of the form D 4+ m = D + in 4 m’, where
(m',n) =0 and 2 € R. From (1.12), for each i as in Corollary 1.4, we can write
ot 0
(o(u(m), pm) - n— 2 1) =—vi | = - Lasto(2),
p On On

where (y, ) is the solution of (1.13). So, the “good” strategy is to choose 4, if possible,
according to the formula

= —a,p1,)
’ / [ on oy , aw s
on on
Indeed, this is a way to ensure that, the projections of a(u(m), p(m)) - n,
direction of i coincide, at least at first order.

(1.14)

and of, in the

Remark 1.7 More generally, starting from an already computed candidate D to the
solution of problem (1.1)—(1.2), let us try to determine a better candidate of the form
D + m, where m - nly5 € M and M is a finite dimensional space. Let {f1,..., fs} be a basis

of M. Then we can write
d

m-onlop = aifi,

i=1
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for some a; to be determined. Let us introduce d linearly independent functions ip; € C(y)N
satisfying (1.11). Using again (1.12), we see now that

d
ol Op;
n—ay;1,)=— ; - . 1.1
(tatmh om0 =57, 1) ==y S [ s dskom - (113)
Consequently, a strategy to compute the coefficients g; is to solve (if possible) the system
of equations

d ~
Z(/ fiau’aw]ds> ai:_1<°{_&’wj1”>’
~ \Jop” On  0n v '

1<j<d,
where, for each j, (;,7;) is the solution of (1.13) corresponding to ¥;. A more detailed
analysis of the performance of this method and its application to the numerical solution
of the inverse problem (1.1)—(1.2) is under study and will appear in the near future.

The rest of this paper is organized as follows. In §2, we will give the formulation of
a unique continuation property and we will deduce some consequences, needed for the
proof of Theorem 1.2. Theorems 1.2 is proved in § 3. In §4, we present some comments on
other related (but different) inverse problems. § 1.3 is devoted to the proof of Theorem 5.
Finally, Appendix A deals with the proof of Theorem 1.1 (as well as other technical
results) and in Appendix B we give a sketch of the proof of the unique continuation
property we have mentioned above.

2 A unique continuation property

In this section, we will present a unique continuation property which will be used in the
proof of Theorem 1.2. Let G = RY be a bounded connected open set (N =2 or N = 3)
whose boundary 0G is of class W!*. Then we have the following result:

Lemma 2.1 Let O = G be a nonempty open set. Assume that a € L*(G)N, b € L*(G)N and
V-a=V-b=0in G. Then any solution (y,q) € H} (G)N x L2 (G) of the linear system

loc

{—vAy—l—(a-V)y—i—(y-V)b—i—Vq:O in G, 2.1)

satisfying y = 0 in O is zero everywhere, i.e. satisfies y =0 in G and q = Const. in G.
The proof of this lemma is similar, but not identical, to the proof of Proposition 1.1
in Fabre & Lebeau [16] (where b = 0, i.e. the authors do not include terms of the form

(v - V)b). For clarity, we give a sketch of the proof of Lemma 2.1 in Appendix B.
As a consequence of Lemma 2.1, we obtain the following result:

Corollary 2.2 Let I' = 0G be a nonempty open set. Assume that a € L*(G)N, b € L*(G)N

and V-a=V-b=0in G. Then any solution (y,q) € H'(G) x L*(G) of (2.1) that satisfies
y=0o0n0G and o(y,q)-n=0 on I is zero everywhere.
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Proof Let us fix a point xo € I' and a number r > 0 such that

B(xp;r)NnoG < TI'.

Here, B(xo;r) (resp. B(xo;r)) stands for the open (resp. closed) ball centered at xo of
radius r. Then we have

a(y,q)-n=0 on B(xp;r)N0G
and
y=0 on B(xp;r)N0G.
Let us set
G = GUB(xq;r).

Then we can define the couple (,§) € H'(G') x L*(G') by extending by zero (y,q) to
the whole set G/, i.e. by setting

L . (y,q), in G,
(¥, 9)(x) = {(0,0), in B(xo;r) NG

In this way, we obtain a solution (¥, ) of (2.1) in G’ which vanishes in B(x;7)NG* = G'.
By applying Lemma 2.1, we deduce that = 0 in G’ and § = Const. in G'. In particular,
we obtain that y vanishes in G. O

3 Proof of Theorem 1.2
Let D! and D? be two different open sets in 2, let (', p’) be the solution of the system
—vAU + (V) +Vpi=0, V-u'=0 inQ\Di,

u=¢ on 0Q, (3.1)
u =0 on 0D!

and let us set o = o(u',p’)-n fori=1,2.

Assume that (1.6) holds. Let us consider the open sets D'UD? € & and (° = Q\D! U D2.
Let @ be the unique connected component of (® whose boundary contains 0Q (recall that
D' and D? are subset of D*) and let us introduce

v=u'—u* and n=p'—p’
Then (v,m) € H(O)N x L*(O) and verifies

—VvAv+ (' -V + @ - VP +Vn=0, V-v=0 in0,
v=20 on 09,
g(v,m) - n=0 on 7.

We now apply the unique continuation result of Corollary 2.2 and we deduce that

v=0 1n O,
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I N
9

FIGURE 2. Shaded is D*\ D'.

that is to say,
u' =u? in 0. (3.2)
_ For instance, let us assume that D>\ D' is nonempty and let us put D3 = D? U (2 \
D')N(2\ 0)). By hypothesis, D*\ D! is nonempty. Moreover, 9(D*\ D) = I'' UT'%, where
' =9(D*\ D")noD! and I'*> = d(D* \ D') N dD? (see Figure 2).
In view of (3.1) and (3.2), the couple (u!,p') satisfies

—vAu' + -Vl +Vp' =0, V-u'=0 in D\ DI,
w=ut=0 on I'2
ul =0 on 'l

Of course, this implies u' = 0 in D? \ D'. Consequently, from Lemma 2.1 we deduce that
u' = 0in Q\ D', which is impossible because u' = ¢ on dQ and ¢ is not identically zero.
This implies that D\ D! is the empty set.

We can prove in the same way that the set D' \ D? is empty. Therefore, D! = D% [J

4 Some comments on other inverse problems for Stokes systems

In this section we shall consider other interesting related inverse problems. For them, it
will be seen that the previous uniqueness result is more difficult to establish. First, let us
simply change the information (1.2) by

Vp=§ on 7, (4.1)

where f is given. It is maybe difficult in practice to get an observation like (4.1) for the
real flow of a fluid. However, it will be seen below that the related inverse problem is
meaningful.

The new inverse problem is the following:

Given ¢ and f in appropriate spaces, find a set D € & such that a solution (u, p) of the Navier-Stokes
problem (1.1) satisfies the additional condition (4.1).

This is more complicated then (1.1)—(1.2). To clarify this claim, let us discuss uniqueness
in the context of the similar but simpler linear Stokes system

—vAu+Vp=0, V-u=0 inQ\D,
u=q on 0Q, (4.2)
u=20 on 0D,

together with the additional information (4.1). We have the following:
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Proposition 4.1 Assume that N = 2. If 0Q contains a non-empty open segment y', then we
have uniqueness for the inverse problem (4.2), (4.1).

Proof First, notice that it can be assumed without loss of generality that y’ is a vertical
segment. Otherwise, it suffices to perform the change of variables

x' =Rx+b, u(x')=Ru(RT(xX' —b)), pK)=pR"(x'—b)),

where R is an appropriate rotation matrix and b is an appropriate point in R2.
Let us argue as in the proof of Theorem 1.2. Thus, let D! and D? be two different open
sets in 2, let (i, p') be the solution of the system

—vAU 4+Vpi=0, V-u'=0 inQ\ Di,
u = on 0Q, (4.3)
u =0 on 0D!
and let us assume that
Vp' =Vp? on y.
Let us introduce u = u' —u? and p = p' — p?. Let us set G = Q\ D! U D? and let G be
the unique connected component of G° whose boundary contains 0Q. We have

—vAu+Vp=0, V-u=0 in G,
u=0 on 0Q, (4.4)
Vp=20 on y.

Applying the divergence operator to the first equation in (4.4) and taking into account
that V-u = 0 in G, we see that Ap = 0 in G and Vp = 0 on 7. Therefore, from the
well known unique continuation property of the Laplace operator, we deduce that p is a
constant in G.

Thus, u = u'

— u? satisfies:

{Au=0, V-u=0 inG, (45)

u=20 on 09.

Let G’ be a simply connected neighbourhood of y’. Since V-u = 0 in GN G/, there exists
a function y € H*(G N G') such that u is the curl of p, i.e.

u=Vx P = (621,0,—6@).
Thanks to (4.5), the following holds:

{A(wa)=0 inGNG, “6)

Oip=0»p=0 ony.

In particular, A(O,p) = 0 in GN G, O1p = 0 on y’ and 01(02y) = 02(01p) = 0 on y'.
Therefore, in view of the unique continuation property, we deduce that o, =0in GN G/,
so that we have u = (0,uz(x1)) in GN G'.
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But this implies that u = 0 in G. Indeed, from unique continuation applied to the
functions u; and O,u;, we first deduce that u is of the form u = (0,u3(x;)) in G. Since
u =0 on 0Q, there exists a nonempty open set where u = 0. Consequently, u =0 in G.

Now, arguing as in the last part of the proof of Theorem 1.2, it is easy to conclude that
D! = D2 O

From the previous proof, we see that uniqueness holds for the inverse problem (4.2),
(4.1) if Q and any couple of sets D' and D? satisfy the following unique continuation
property: if u € H'(G)? and (4.5) holds, then we necessarily have u = 0 in G.

Since this is true whenever 02 contains a nonempty open segment, we have the following
generic result:

Corollary 4.2 Let Q = IR? be a nonempty bounded open set. For any ¢ > 0 there exists
another open set Q, with Q, > Q and |Q,\ Q| < &, such that the inverse problem (4.2), (4.1)
in Q, satisfies uniqueness.

However, there exist open sets Q and sets D' and D? such that (4.5) does not imply
u = 0 in G. For instance, this happens when  is a ball. Indeed, let us assume that Q
is a ball of radius Ry and let us construct a non-trivial function yp = {(r) such that the
corresponding

u=Vxy= hd r)(Xz,—xl)

satisfies (4.5). Taking into account that {(r) is axially symmetric, we easily see that it
suffices to find nonconstant solutions of

~ 1 17)// ITJ/
L=
¥ (Ro) = 0.

=0 in (0,Ry), “7)

Thus, we can take for instance
2
¢v>=a(2—4%bg0,

where a € R, a + 0.

When Q is a ball, the uniqueness of (4.2), (4.1) is, to our knowledge, an open question.
Thus, we see that even for N = 2 only partial results are known concerning the uniqueness
of this inverse problem.

When N = 3, the situation is much more interesting and, obviously, less understood.
Of course, for the Navier-Stokes system (1.1) together with (4.1), the uniqueness of the
associated inverse problem remains open (for N = 2 and N = 3). Apparently, this is a
nontrivial and rather difficult question.

Let us now present some ideas concerning similar evolution problems. Let T > 0 be
given and let us consider the following inverse problem:
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Given the nonzero functions ¢, u® and o in appropriate spaces, find a set D € 9@ such that the solution

(u, p) of
u—vAu+Vp=0, V-u=0 in(Q\D)x(0,T),
u=q on 0Q x (0, T), 48)
u=20 on 0D x (0,T),
u(x,0) = u’(x) in Q\ D,
satisfies the additional condition
o(u,p)-n=ao on yx(0,T). (4.9)

We can try to follow the arguments in the proof of Theorem 1.2 in order to get
uniqueness for (4.8), (4.9). Thus, let D!, D? be two different open sets in Z and let (i, p)
be a solution of (4.8) associated to D = D' for i = 1,2. Let us assume that

o, pl) n=0W?p*) n=o on yx(0,T).

Let us set u = u! —u? and p = p! — p?. Then, again setting Go = Q \ D! UD? and G
the unique connected component of Gy whose boundary contains 0Q2, we have that the
couple (u, p) satisfies

u—vAu+Vp=0, V-u=0 in G x(0,T),
u=0 on 0Q x (0, T), (4.10)
a(u,p) - n=0 ony x(0,T).
Therefore, in view of the unique continuation property given in Fabre [15] we have u =0
in G x (0, T), whence u! = u? in G x (0, T).
Now, let us assume that D\ D! is nonempty and let us introduce D> = D>U((2\ D)N
(2 \ 0)). By hypothesis, D> \ D! is nonempty. Moreover, (D> \ D) = I'' U I'2, where
I''=9(D3\D"YNadD! and I'* = (D> \ D') N dD2. Then we find that

ul —vAu' +Vp' =0, V-u'=0 in (D>\ D) x (0, T),
u' =0 on (I''ur?) x(0,T), (4.11)
u'(x,0) = u®(x) in D3\ DL,

This is not in contradiction with the fact that u' = ¢ on 0Q x (0, T). But it suggests to
consider a new inverse problem:

Given the nonzero functions ¢, @, u°, o and & in appropriate spaces with ¢ + @, find a set D € @
such that

(1) The solution (u,p) of (4.8) associated with ¢ satisfies

o(u,p)-n=a on vy x(0,T). (4.12)

(2) The solution (@, p) of (4.8) associated with § satisfies

a(i,p)-n=a on 7y x(0,T). (4.13)
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We have the following:
Proposition 4.3 For the inverse problem (4.2), (4.12), (4.12), one has uniqueness.

Proof Again, let D' and D? be as above and let (i, p') and (@, p') be the solutions of
(4.8) for D = D' associated to ¢ and @, respectively. Then, arguing as before we find
that u! = u? and @' = & in G x (0, T), where G is the unique connected component of
Go = Q\ D! U D? whose boundary touches 0Q.

Now, let us once more assume that D2\ D! is nonempty and let us introduce D> =
D2U((Q\D)N(2\ 0)). By hypothesis, D3\ D! is nonempty. Moreover, d(D3\D') = I''UI'2,
where I'' = (D3 \ D')NdD! and I'2 = 8(D3\ D) NdD2 In (D3 \ D) x (0, T) we have
that both (u', p') and (@', p!) solve (4.11). Therefore, thanks to the uniqueness of solution
of (4.11) and the unique continuation property from Fabre [15], we must have

u'=a' in (Q\D!) x(0,T).
This implies ¢ = @, which is an absurd.
Arguing as before, this proves that D! = D2, m

We can also consider the inverse problem associated with the time-dependent Navier-
Stokes system

u+Ww-Viu—vAu+Vp=0, V-u=0 in(Q\D)x(0,T),
u=q on 0Q x (0, T),
u=20 on 0D x (0, T),
u(x,0) = u’(x) in Q\ D,

(4.14)

together with (4.12) and (4.13). In this setting, we can prove a uniqueness result of the same
kind provided we have the unique continuation property for the linearized Navier-Stokes
system and the uniqueness of solution of the nonlinear Navier-Stokes equations. This is
the case when the boundaries of Q and D and the data ¢ and u° are regular enough and
either N = 2 or u° is small enough.

5 Proof of Theorem 1.3

To prove the equality (1.9), we apply the domain variation techniques introduced in Murat
& Simon [24, 25] and Simon [27], and particularized in Bello et al. [9] to Navier-Stokes
systems. Notice that the main difficulty in seeing that the mapping m +— (u(m), p(m))
is differentiable stems from the fact that u(m) and p(m) are functions defined for x €
Q\ (D + m), a domain that depends on m. The right way to proceed is as follows:

e First, we introduce a suitable change of variables, we rewrite the equations satisfied by
(u(m), p(m)) in a fixed domain Q \ D and we prove the existence of the derivative of
the transported variable (u(m), p(m)) o (Id + m). This leads to the definition of the total
derivative of (u(m), p(m)) at 0:

(u(tm), p(tm)) o (Id +m) — (u,p)
t

(i(m). p(m)) = lim
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e Then, we prove the existence of the local derivative (u'(m), p’(m)) of the mapping m +—
(u(m), p(m)), which is defined as follows: For any open set w == Q \ D, we put

(u(tm), p(tm))lo — (U, p)lo
t

(' (m), p'(m))l, = lim
From [9], we have the following result:

Lemma 5.1 Assume that v > vi. Then

e The mapping m — (u(m), p(m)) o (Id + m), which is defined in ¥ ', and takes values in
H'(Q\D)N xL*(Q\D), is differentiable at 0, with (total ) derivative denoted by (i1(m), p(m)).
That is to say, there exists a linear continuous mapping m— (iu(m), p(m)) such that

(u(m), p(m)) o (Id 4 m) — (u, p) = (i(m), p(m)) 4 o(m), (3.1)

where o(m) satisfies (1.8).

e For each @ =< Q\ D, the mapping m— (u(m), p(m))|.,, which is defined in W , and takes
values in H'(0)N x L*(w), is differentiable at 0. In other words, m+— (u(m), p(m)) is locally
differentiable. The local derivative at O in the direction m is denoted by (u/'(m), p'(m)).

e Furthermore, (u'(m), p'(m)) is the unique solution of the linear system (1.10) and
(i(m), p(m)) = (u'(m), p'(m)) + (m - V)(u, p), (52)
where (u, p) = (u(0), p(0)).

In view of (5.1) and (5.2), taking into account that m(x) = 0 in a neighborhood of 00,
we find that

a(u(m), p(m)) - n—o(u,p) - n = o(u'(m),p'(m)) -n +o(m) ony.
This proves (1.9).

Let us now assume that ¢ is regular enough. Then the solution (u, p) of (1.1) satisfies
(u,p) € H*(Q \ D) x H'(Q \ D) and, thanks to the fact that

u'(m)+ (m- Vyu € H(Q \ D)V,

we have:
w'(m)=0 on 0Q and u’(m)=—(m-n)% on 0D;

see Remark A.1 in Appendix A.
Let p € C?*(7)N satisfy (1.11) and let (1, ) be the associated solution of (1.13). By
multiplying (1.10) by y and integrating by parts in Q\ D, using Green’s formula, we easily
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find that
0= / (=vAU' (m) 4 (u'(m) - V)u + (u - V)u'(m) 4+ Vp'(m)) p dx
o\D
= / ' (m)(—vAyp — (Vu)'y — (u- V)p + Vr) dx
o\D
+ (a(u'(m),p'(m)) - n,p 1, )00 — / u'(m) - (o(p,m) - n)ds.
oD

Consequently,

(o(u'(m), p'(m)) - n, 7 1,)o0

= / u'(m)(o(yp, ) - n)ds = —/ (m - n)a—u “(o(p, ) - n)ds.
oD n

oD g

On the boundary 0D, since u vanishes, we have

a—u~n— - %n-—ZN:G-u-—V-u—O
on _i=16n1_i=1”_ e

On the other hand, since y also vanishes on 0D,

ey n_2j=] iPj ]U’z”z—zan 3 yn,
whence
o(p,m) - n= vz—lﬁ +v(V-yp)n—mn.
Then,
Ou ou oy
W (o(p,m) - n) = v& n on 0D
and we obtain that
’ ’ — Ou aw
(o' (m),p'(m) - n,p 1,)og =—v [ (m- 3. an ds. (5.3)
oD n on

Now, using (5.3) in (1.9) and taking into account that o(u(m), p(m)) - n and o(u,p) - n

belong to W1/ (@Q)N, we get (1.12).
This ends the proof of Theorem 1.3.

6 Conclusions

We have considered the inverse problem of the identification

of a single rigid body

immersed in a Navier-Stokes fluid when friction forces are known on a part of the
outer boundary. We have proved a uniqueness result, we have established a formula that
provides the observed friction forces, at first order, in terms of the deformation of the

rigid body and we have presented a strategy that can be used
approximations to the solution.
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We have also considered other similar inverse problems (see §4). For some of them,
several open questions have been stated.

Appendix A Some technical results

For completeness, in this section we will present a sketch of the proof of Theorem 1.1,
which provides existence, uniqueness and regularity properties of the solution of (1.1).
For the proof we will use the standard Galerkin method and some properties of Sobolev
spaces.

As mentioned above, there are many classical references for these questions [14, 22, 23,
28].

Proof of Theorem 1.1
1. Existence: Assume that D € ¢ and ¢ € C'(0Q)" is such that [\, ¢ - nds = 0. For
simplicity, the usual norms in the space L>(Q\ D)V, H'(2 \ D*)V, ... will be respectively
denoted by || - [[r2, || - [la1, - - -

For any given regular domain @ = RV, let us set

V()= {ve H{(ON :V-v=0).
Then, for every o > 0, there exists @, with &, € H'(Q \ D*)V, that satisfies

V-®,=0 inQ\D",

=0 on 0Q,
=0 on 0D*

1D 10 57) < C(2, D7) @llcaq)
and

/ (u- V)P, - udx
Q\

o
for all u € V(Q \ D*) (see [17, 18]). Let us take

2
< OCHuHHl(Q\F)

@, inQ\D"
Q, = . (A1)
0  in the rest.
Then we have ¢, € H'(Q \ D)V,
/(u~V)d§a-udx < ofull?, (A2)
Q
and
@y )51 < C(Q, D)9l crag) - (A3)
Let us introduce F with F = vA®, — (@, - V)&, . Then
IFll g-10.5) < C(Q,D7)(v + D opllct (A4)
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We will look for a solution u of the system (1.1) of the form
u=w-+®,.
Observe that the couple (w, p) must satisfy

—VAW+ (W V)P + (P, - VIW+W-V)W+Vp=F in Q\D,
Veow=0 in Q\ D, (A5)
w=20 on 02 UOD.

Thus, it will be sufficient to show that there exists a positive constant o such that the
nonlinear system (A 5) possesses at least one weak solution, more precisely, a couple (w, p)
that belongs to V(Q \ D)¥ x L*(Q \ D) and satisfies the partial differential equations in
(A'5) in the weak or distributional sense. To this end, a standard Galerkin method can be
used.

Let {v1,0,...} be a basis of V(Q\ D)N. We set V,, = [v1,...,0,] (the space spanned by
v; for 1 < i< n). Then the n-th approximated problem is the following:

{V(an,VU) + ((Wn - V)Dy + (D - VIW, + (Wy - V)W, ,0) = (F,v) g (A6)

YoeV,, w,eV,.

As usual, in order to obtain the existence result, the key point is to prove a priori estimates
on the approximated solutions {w,},>1 . Taking v = w, in (A 6) we have

V[ Vw22 = / (W V)P, wadx 4 (Fowi) .
o\D

Thanks to (A 2), we deduce that

v 1
VIVwilE < 2l(VwallE: + 31Vl + 11 (A7)
Now, let us take o = % . Then, from (A7), we easily obtain
2 2
IVwallr2 < S 1F - (A8)

and, consequently, w, is uniformly bounded in V(2 \ D). In a classical way, this proves
the existence of a solution (w, p) of (A 5) that belongs to V(2 \ D) x L3(Q \ D).
Finally, from (A 8) and (A 4) we deduce that

C(Q.D%)
[IVull 2015y < f(v + Dllollcipa) -

Obviously, this proves (1.4). Therefore, (A S5) possesses at least one solution with the
desired regularity and estimate.

2. Uniqueness: Let us assume that there exist two solutions (u!,p') and (42, p?) of (1.1)
that satisfy (1.4). Let us set

u=u'—u* and p=p' —p*
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We have that (u, p) satisfies the following system:

—vAu+ (u-Vu' +@? - Vyu+Vp=0 in Q\ D,
Vou=0 in 0\ D, (A9)
u=20 on 0Q U OD.

By multiplying the first equation of (A 9) by u and integrating in Q \ D, we get
v|Vuli, = —/ (u-Vyu' - udx.
oD

Therefore, we have
vIIVul, < CIVu' |2 llull s ul s < CQ,D)|Vul | 12| Vul 7, . (A 10)

But, in view of the estimates (1.4) satisfied by u', we have

C(Q,D*
vl < S04 iglieea-

Combining this inequality and (A 10), we see that

v+1)
2

IVul7> < C(R,D7)| ¢l c1ae) I Vullz: -

Consequently, if v > v; for some vi = v{(2,D", |¢[|c150)) > 0, we necessarily have
Hvuuiz <0.

This proves the uniqueness of (u, p) (of course, p is unique up to a constant).

Now, notice that we can easily repeat the arguments in the previous point with a
function @ that satisfies @, € W' (Q \ D)V for all r € [1,+00). As a consequence, the
solution (w, p) of (A 5) satisfies

—VvAW+(w-V)w+Vp=F,

with
F=vA®, — (D, V)P, — (W V)Py + (P, - V)W € W I(Q\ D)V
for all r € [1,4+o00). From standard regularity properties of the Navier-Stokes system (sce

for instance [26]), we deduce that w € W," (@ \ D) and p € L'(Q \ D).
Therefore, if v > vy, (1.1) possesses exactly one solution (u, p) with this regularity.

3. Regularity of a(u,p) - n: Let us assume that v > v; and let us see that o(u,p) - n €
W1/ Q) for all r € [1,+%0).

Let us fix r. In view of well known results, it suffices to prove that a(u, p) € L"(2\D)V*V
and V- a(u,p) € L' (2 \ D)V; for instance, see [8].

But this is very easy to check. Indeed, we have (u,p) € W (Q \ D)N x L"(Q \ D) and
consequently a(u, p) € L'(2 \ D)V*N. On the other hand, V - ¢(u, p) = (u - V)u, whence we
also have V- a(u,p) € L' (Q \ D)V. O
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Remark A.1 Let us now assume that ¢ is sufficiently smooth. For instance, let us suppose
that ¢ € C*(0Q)". Then the weak solutions of (1.1) are in fact strong solutions, that is to
say, they satisfy (u,p) € W (Q \ D)N x W (Q \ D) for all r € [1,400), with appropriate
estimates. Indeed, we can assume in this case that ® € W2 (Q \ D)N. Then w = u — @ is,
together with p, a solution of a Stokes problem

—VvAw+Vp=F, V-w=0 inQ\D,
w=0 on 0Q U 0D,

where F € L'(Q \ D)V and 9(Q \ D) is regular enough. In view of the W?>'-regularity
theory for Stokes problems (cf. [8] and the references therein), we have (w,p) € W' (Q \
D)N x Wr(Q \ D). Obviously, this provides the same regularity for (u, p).

Appendix B Sketch of the proof of Lemma 2.1

As we already have mentioned, the proof of Lemma 2.1 is based on the ideas and the
arguments in Fabre & Lebeau [16]. The main difference is that, in Fabre & Lebeau [16],
b =0 and the proof does not hold in our case.

The proof will be composed of four steps. First, we recall an appropriate local Carleman
inequality from Fabre & Lebeau [16]. Then, using this Carleman inequality, we prove the
result of Lemma 2.1 but in a ball and for potentials a and b with sufficiently small L*
norms. Next, in the third step we will show the result in small balls and, finally, we will
conclude the proof.

Step 1: A local Carleman inequality.

Lemma B.1 Let U = RY be an open set, K = U a nonempty compact set, ay € C*(RN)
for 1 <j<s, 1<k<Nand ¢ € Z(RN). Let us set

s N
Lif =Y Y apdif; Vf=(f1,....fs) € LUY
j=1 k=1
and

N
(& = ©@p(x)?). bo(x.&) =2 &0,0(x) V(x.&)eUxRY

1 j=1

ao(x,&) =

N
J:
and let us assume that ¢ satisfies the following property:

Vo does not vanish in U, furthermore,

3Co > 0 such that dzap(x, <) - Oxbo(x, &) — Oxao(x, &) - Ocbo(x, &) = Co (B1)

for all (x,&) € U x RN such that ay(x, &) = bo(x, &) = 0.

Then, there exist constants C > 0 and hy > 0 such that, for any couple (y,F) € H}(U) x
L>(U)* satisfying supp (y) Usupp(F) = K and Ay — LiF € L>(U) and any h € (0,h;), one
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has:

/ez‘”/”(\y\2+h2|Vy|2)dx<C/ MR F? + hP|Ay — L F|?) dx. (B2)
K K

Step 2: A unique continuation property for small coefficients.
We will deduce here the result of Lemma 2.1 but for potentials with sufficiently small
norm.
Let us consider (2.1) in B(0;2), where B(0;r) will denote the open ball of radius r > 0
centred at the origin:
{—vAv+(a~V)v+(v-V)b+Vq =0 in B(0;2), (B3)
V-v=0 in B(0;2).

We have the following result, which is a modified version of Lemma 3.1 in Fabre &
Lebeau [16] (where b = 0):

Lemma B.2 Assume that a € L*(B(0;2))N, b € L*(B(0;2)N and V-a =V -b =0 in
B(0;2). Then there exists € > 0 such that, if

lale <e and bl <e,

any solution (v,q) € H'(B(0;2))N x L*(B(0;2)) of (B 3) satisfying v = 0 in B(0;1) is zero
everywhere.

Proof of Lemma B.2 Let (v,q) € H'(B(0;2))N x L?>(B(0;2)) be a solution of (B 3) satisfying
v = 0 in B(0;1). Since g = Const. in B(0;1), it is not restrictive to assume that it also
vanishes in B(0;1). Let us notice that Lemma B.1 can be applied in this context for some
appropriate choices of U, K, L; and ¢.

Indeed, let us choose ¢ > 0 and let us set

w

1
K={xe]RN : 4<|x<2—8}, U={xe]RN : 2<|x|<2}.

For 6 > 4, let ¢ € Z(IRN) be such that
o(x) = e vx e B0;2). (B4)

Arguing as in Fabre & Lebeau [16] we get

Oca0l,£) B, el ) Bcbul, ) > 165%¢ 2 (§ - 1)

Therefore, (B 1) is satisfied by this function ¢ in this open set U. Now, let us introduce a
function { € Z(K) such that

(=1 in l—e<|x|<2—2¢
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and we set
t=0, q=I{q, (B5)
where (v,q) € H'(B(0;2))N x L*(B(0;2)) is a solution of (B3). Obviously, we have
(#,3) € Hy(K)N x L*(K).
Using (B 3), we obtain that

—vAG+VG+V-(@b)=—(a-V)5+J, in K, (B6)

where J; € L(K) is given by
Ji=b V), —2vV{ - Vo—voAl + (a- Vv + qV{, (B7)
since V-v =0 in U. We take the divergence in the first equation of (B 3) and we deduce
Agq=—-V-((a-VIv+ @ -V)b)=—-V-((aV)v+ (Vv)b), (B8)

where we have used that
0i(v;0;b;) = 0;(0v;by),

which is a consequence of the identities V- v =V - b = 0. Then, taking into account (B 8)
we deduce that § satisfies

AG+V-((a-V)3)+V-(Vi)b) =J, inK, (BY)
with J, € Lz(Iz) given by

Jy=(a Vu-V{+V-((a- V) + V- ((b- V)
+ V(b V) +2V( - Vg + qAL. (B 10)

So, we are ready now to apply Lemma B.1. In fact, we will do this twice. More precisely,
let us first take s = N + 1,

N
Lif ==30uf = 370 Vf = (o froeensfiv) € LU,
=1

y =¥ and F = (g,0bk,...,0nbr). Thanks to (B6), we have (y,F) € H}(U) x L*(U),
Ay — LiF € L*(U) and supp (y) Usupp (F) = K. Applying Lemma B.1 we deduce that
there exist C > 0 and hy; > 0 such that, for any h € (0, h;), the following holds:

/ez("/h(|z7\2+h2|Vz7|2)dx< Ch/ (g + |bo|?) dx
K K

+Ch3/ oM (a - VB> dx + Ch3/ Mgy dx
K K
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with J; € L*(K) given by (B7). Thus, we also have
/ez‘/’/h(\ﬁ|2+h2\Vz7|2)dx<Ch/ 2012 dx + Ch3/ /M J 1% dx (B11)
K K K

for sufficiently small h, more precisely, for 0 < h < hy := min(hy, C(||a|| > + ||b]|2?).
Notice that J; is independent of h and has the same support than V{. This we will use
below.
To get a suitable estimates for the first term in the right hand side of (B 11), let us use
again Lemma B.1. This time, we take s = N,

Lif ==V-f Vf=(fi,....fn) € LX(U)",

y=gand F = (a-V)5+(VD)b. In view of (B 5) and (B9), we have (y, F) € H{(U) x L(U)V,
Ay — LiF € L*(U) and supp(y) U supp (F) = K. Therefore, thanks to Lemma B.1 there
exist C > 0 and h; > 0 such that

/ezw/”(|q|2+h2\vz1|2)dx<Ch/ e*/M(|(a - V)B> + |(VD)b|*) dx
K K (B 12)
—I—Ch3/ &>/ I, dx

K

for any h € (0, h3), where J> € L*(K) is given by (B 10).
Taking into account the inequality (B 12) in (B 11) we deduce that there exists a positive
constant Ry such that

/ OSP4+ 12 IVE) dx < Rok*(lall’, + []2) / oMV dx
K K (B13)
+/ez‘”/h(h3|J1|2+h4|.12|2)dx

K

for any h € (0, h4) with hy = min(h,, h3), where J; and J, are respectively given by (B7)
and (B 10). Notice that h4 can be chosen in the form:

hy = C min(1, ||a];2, |b]I:2).

Let us now assume that
1

N

lalle <e and |bl, <€, where € :=
Then, we deduce from (B 13) that
(512 + W \VEP) dx < C | M1 P+ 1)) dx B14
(19| Wl (h*|J1] 1J21%) (B14)
K K

for any h € (0, hy).

Finally, to conclude the proof, we will argue as in Fabre & Lebeau [16].

Since J; and J, (respectively given by (B 7) and (B 10)) have the same support than V{,
we obtain that J; and J, vanish outside the ring 2 — 2¢ < |x| < 2.
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We have from (B4) that ¢ is a radially decreasing positive function in U, so we have

AL 4 B P dx < T [ (B0 4 B4 R dx. B15)
( ) ( (
K K
On the other hand, we also have
/ V(B + B VE) dx > / (B> + 17| Vi) dx
K 1<]x]|<2-3¢ (B 16)

S kG / (1517 + K2 V5|?) dx.
1<]x]|<2-3¢
Combining (B 14), (B 15) and (B 16), the following is found:

/ (1517 + 2|V dx < Chlen(02-20)-0(2=3) / T3 dx, (B17)
1<|x]<2-3¢ U

where J; € LZ(I%) is independent of h. Using that ¢(2 — 3¢) — @(2 — 2¢) > 0 and passing
to the limit in (B17) as h — 0, we get

=0 in 1<|x<2—3e

As (B5) shows, we have = {v and, since { = 1 in 1 < |x| < 2 — 3¢, we finally deduce
that v = 0 in B(0;2 — 3¢). Since ¢ > 0 is arbitrarily small, we finally deduce that v vanish
identically. O

Step 3: A unique continuation for small balls.

We can now deduce a result similar to Lemma B.2 for not necessarily small coefficients
but in a small ball. More precisely, arguing as in the proof of Lemma 3.2 in [16], we
obtain from Lemma B.2 the following:

Lemma B.3 Let G be an open connected such that xo € G. Assume that a € L*(G)N,
be L*(G)N and V-a=V-b =0 in G. There exists ro > 0 such that, if 0 < r < rq, any
solution (v,q) € H'(G)N x L*(G) of (2.1) satisfying v = 0 in B(xo;r) vanishes in B(xo;2r).
Furthermore, ry can be chosen as follows:

. € € p
o = min N =, B18
’ (a|w b1l z) (B18)

where € is the constant given in Lemma B.2 and p is such that B(0;p) = G.

Step 4: Conclusion.
To achieve the proof of Lemma 2.1, we consider a solution (v, q) of (2.1) satisfying v =0
in Q.

We assume that B(xg; po) = Q and let X be another point in G. There exists 7 € C*([0,1])
with 7(0) = xo, 7(1) = X and such that (t) € G for all t € [0,1]. Let U =< G be a bounded
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open neighbourhood of ([0, 1]). There exists p; € (0, po] such that B(x;p;) = U for all

x € 7([0,1]). Let us set
. € € M
ro=min| ——,—— =— |.
(Ialo: [15]1o0 2)

In view of Lemma B.3, for r € (0,79) and any x € y([0, 1]), the equalities v =0 and n =0
in B(x;r) imply v = 0 in B(x;2r).
We fix now r with 0 < r < rg. It is then clear that

sup{t € [0,1] :u=0 in B(p(r);r) Vi<t} =1

Hence, v = 0 in B(x;r). O
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