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Growth of frequently hypercyclic
functions for some weighted Taylor shifts
on the unit disc

Augustin Mouze and Vincent Munnier

Abstract. For any « € R, we consider the weighted Taylor shift operators T, acting on the space of
analytic functions in the unit disc given by T, : H(D) - H(D),

f(z) = kZ: axz" o T () (2) = a1 + kZ: (1+ %)aakﬂzk.

We establish the optimal growth of frequently hypercyclic functions for T, in terms of L? averages,
1 < p < +o0. This allows us to highlight a critical exponent.

1 Introduction

Let D denote the open unit disc {z € C : |z| < 1} of the complex plane. If 0 < r < 1and
f is an analytic functionin D (i.e., f € H(ID)), we set

My f) = (5 [ pa0) (15 p < o),
Mo )= sup [f(re").

0<t<2m
In the same spirit, for any holomorphic polynomial g, let us define, for all p > 1,

1 27 ; 1/p ;
lalp = (5; [, la(e*)rd6) " and gl = sup [q(e")]

Moreover, for all p > 1, p’ will stand for the exponent conjugate to p, i.e., 1—1) + 1% =1L

For any f in H(D) and any z in I, we will write f(2) = Y450 axz*. For all & € R, we
consider the sequence (w,(«)) defined as follows:

wo(a)=1 and w,(a)-= (1+ l)“ forn>1.
n

We deal with the following (polynomial) weighted Taylor shifts acting on H(ID)
endowed with the topology of uniform convergence on compact subsets:
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Growth of Frequently Hypercyclic Functions 265

T, H(D) — H(D), f(2) = axz* — Tu(f)(2) = > wi(a)agnz".

k>0 k>0
Notice that T is the classical Taylor shift acting on H(ID) [4]. In [14], the author shows
that the operator Tj is frequently hypercyclic. Actually, for any « € R, T, is frequently
hypercyclic. Let us recall that an operator T : X — X, where X is a Fréchet space, is
said to be frequently hypercyclic if there is a vector x € X such that for every non-
empty open set U c X, the lower density of the set N(x,U) :={neN: T"x e U} is
positive (i.e, d(N(x,U)) =liminfy_ 0o #{1<n < N:n e N(x,U)}/N > 0). Sucha
vector x is called frequently hypercyclic. This natural new concept of hypercyclicity
was introduced in 2004 by Bayart and Grivaux [1, 2] and has been the subject of many
developments since then. We refer the reader to [3] or [10] and the references therein.
In particular, the following result is a crucial tool used to exhibit a lot of examples of
frequently hypercyclic operators.

Theorem 1.1 (Frequent hypercyclicity criterion) Let T be an operator on a separable
Fréchet space X. If there is a dense subset Xo of X and a map S : Xo — X such that, for
any x € Xy,

(1) X ,s0 T"x converges unconditionally,
(i) .50 S"x converges unconditionally,
(iii) TSx =x,

then T is frequently hypercyclic.

In our context, a straightforward application of the frequent hypercyclicity crite-
rion yields the frequent hypercyclicity of the operators T, for all a € R. Indeed, let X,
be the set of polynomials with coefficients in Q + iQ. Clearly, the set X is a countable
and dense subset in H(ID). Now we apply Theorem 1.1. First observe that condition
(i) is clearly satisfied, since for any polynomial f, T f = 0 if the integer # is strictly
greater than the degree of f. Moreover, if we consider the map S, : Xo — X, given by
Y4 biz* > Y9, br(wi(a)) 25, condition (iii) is obviously satisfied. Finally, for
f(z) = £4_, bizk, forall 0 < r < 1, we easily get

sup|Syf(2)| < (n+1 ol T max |bj|,

SpISL(2) <+ 0 max o)
which gives condition (ii). Thus, the operators T, are frequently hypercyclic for all
aeR.

Now we are interested in the growth of frequently hypercyclic functions for the
Taylor shifts T,, @ € R. Such results have been achieved in the case of frequently
hypercyclic functions for the differentiation operator on H(C). We refer the reader
to [5, 6] and the references therein. Recently, in [11], the authors obtained the optimal
growth in terms of average L?-norms of frequently hypercyclic functions f € H(ID)
for the Taylor shift Tg. The result is stated as follows.

Theorem 1.2 ([11])  We have the following assertions.

(i) Given 2 < p < +oo, there is a frequently hypercyclic function f € H(D) for the
Taylor shift Ty satisfying the following estimate: there exists C > 0 such that for
every0 <r<l,
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C
M,(r,f) < .
This estimate is optimal: every frequently hypercyclic function f € H(D) for the
Taylor shift T, satisfies
limilnf(\/l —rMy(r,f)) > 0.

(i) Givenl< p <2, there is a frequently hypercyclic function f € H(ID) for the Taylor
shift Ty satisfying the following estimate: there exists C > 0 such that for every

0<r<l,
C
Mp (1’, f) < m .
This estimate is optimal: every frequently hypercyclic function f € H(D) for the
Taylor shift T, satisfies

lirP_)ilnf((l— r)l/P'Mp(r,f)) > 0.

A version of this statement in the case p =1 was also given. A natural question
that arises is the following: what is the slowest possible growth for a frequently
hypercyclic vector f for the operator T,? Here, we exhibit a critical exponent from
which the growth of frequently hypercyclic functions changes from polynomial to
logarithmic behavior, and then becomes bounded on the whole unit disc. Summing
up, the following theorem is our main result.

Theorem 1.3  Let o € R. The following assertions hold:
(i) Forany2< p < +oo, there is a frequently hypercyclic function f in H(D) for T,
satisfying the following estimates: there exists C > 0 such that for every 0 <r <1,
C(1-r)*2 ifa<1/2,
M,(r, ) <{Cy/|log(1-71)| ifa=1/2,
C ifa>1/2.
These estimates are optimal: every frequently hypercyclic function f in H(D)

for Ty is bounded from below by the corresponding previous estimate depending
on a.

(ii) For any 1< p <2, there is a frequently hypercyclic function f in H(D) for T,
satisfying the following estimates: there exists C > 0 such that for every 0 <r <1,

C(l—r)a_# ifa<1/p’,
M,y(r, f) < C|log(1—r)|% ifa=1/p’,
C ifa>1/p'.

These estimates are optimal: every frequently hypercyclic function f in H(D) for
T, is bounded from below by the corresponding previous estimate depending
on a.
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(iii) Thereis a frequently hypercyclic function fin H(ID) for T, satisfying the following
estimates: there exists C > 0 such that for every 0 < r <1,

C(l-r)*1 ifa<l/2,
Mo (7, f) <5 Cllog(1-71)| ifa=1/2,
C ifa>1/2.

For a #1/2, these estimates are optimal: every frequently hypercyclic function f
in H(D) for T, is bounded from below by the corresponding previous estimate
depending on «.

Finally, we deal with the case p =1 to obtain a similar statement that extends the
result for the Taylor shift T given in [11] to the weighted Taylor shifts Ty, for all & € R.
We refer the reader to Proposition 4.1 and Theorem 4.4.

The paper is organized as follows: in Section 2, the minimum growth of frequently
hypercyclic functions for T, is established. To do this, we use several well-known
inequalities, such as the Jensen inequality, the Hardy-Littlewood inequality, or the
Hausdorff-Young inequality. In Section 3, inspired by the ideas of [6], using Rudin-
Shapiro polynomials, we will show by a constructive proof that these minimum
estimates of the growth of frequently hypercyclic functions are attained. In Section 4,
we deal with the case p = 1.

Throughout the paper, whenever A and B depend on some parameters, we will use
the notation A $ B (resp. A 2 B) to mean A < CB (resp. A > CB) for some constant
C > 0 that does not depend on the involved parameters apart from p and a.

2 On the Growth of the Frequently Hypercyclic Functions

Let o € R. We establish some results concerning the blowing-up in terms of L? -norms
of a frequently hypercyclic function in H(DD) for the weighted shift operator T,. We
begin with the case 2 < p < +co.

Proposition 2.1 Let2< p < +oo, a € R and f € H(D). Assume that f is a frequently
hypercyclic vector for Ty. Then, for all 0 < r < 1, the following estimates hold:

(1-r)*: ifa<1/2,
My(r, f) 2 {\/|log(1—7)| ifa=1/2,
1 ifoa>1/2.

Proof ~ We write f(z) = ag + Y s, axk™*z*. Since f is frequently hypercyclic, there
exists an increasing subsequence (1) c N with positive lower density such that, for
all k>1,|Ty*f(0) -3/2| = |an, —3/2| <1/2, which implies that |a,,| > 1. Moreover,
since the sequence (ny) has positive lower density, there exists C > 1 such that k <
ny < Ck. Let us consider a positive integer [ > 1. For any r e [1-27/,1-27(*)],
Jensen’s inequality and Parseval’s Theorem imply

[M,(r, )]* 2 [Mp(1-z*’,f)]2 >y | (1-271)%*,

2a
k>1 k
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Thus, we deduce

LR G0 M
Pl o1 (Ck) k=1
1 ifa>1,
21207200 if g < 1,
log(2') ifa=1.

To conclude, it suffices to observe that for all I > 1, if we have r € [1 - 27,1~ 27(*D],
then1—r <27/ <2(1 - r). Thus, we deduce for any % <r<l,

1 ifa> 3
My(r,f)2{(1-r)*2 ifa <l »
[log(1-7)] ifa=

Using a similar method, we obtain the following estimates for the case p € (1,2).

Proposition 2.2 Let 1< p<2, acR and f ¢ H(D). Assume that f is a frequently
hypercyclic vector for Ty. Then, for all 0 < r < 1, the following estimates hold:

A-n*7  ifa<1/p,
My(r, f) 2 {|log(1-r)|7 ifa=1/p’,
1 ifa>1/p’,
S R
with s+ =L
Proof We write f(2) = ag + Y 4s; axk~*z*. Since f is frequently hypercyclic, there
exists an increasing subsequence () c N with positive lower density such that, for
all k> 1,|Ty*f(0) —3/2| = |a,, —3/2| <1/2, which implies that |a,, | > 1. Moreover,
since the sequence () has positive lower density, there exists C > 1 such that k <

ny < Ck. Let us consider a positive integer / > 1.
Case o + }%: from the Hausdorft-Young inequality (we refer the reader to [7]), we

get, for any rin [1 - 27l1- 2—(l+1)]’

(My(r )] 2 [M, (1—2",f)] Ll ey

k>1 kap
> Z| nk| (1 2 l)nkp
k>1 nk
Thus, we have
CkP 2I . 1
" Z(l 27" ~Z e’ 1 ifa>
s (Cl)y«’ 20=apDl g < 1%.
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Hence, we obtain
1 if plac > 1,
Mp(r’ f) Z a—i, . 7
1-r)"» ifpla<l

Case o = %;: we use a Hardy-Littewood inequality [7, Theorem 6.2] to obtain for

anyre[1-27",1-2"0+D],
_ _2 _ N
[Mp(r, )P 2 [Mp(1=27, )] 2 S ek 7 (14 k)P2 (1-27)"
k=1
Thus, we have

(M, 1)) 2 [y =27, ) 2 3 el gy
1 Pk

_1\Ckp 1
(-2 2 !
S 3 2 log(2).
Ck kzk 8

k>1 =1

Hence, we obtain

M,y (r.f) 2 [log(1-1)|7. n

3 Proof of the Main Result

3.1 Definitions and Notation

The proof of Theorem 1.3 follows the construction given in [6]. In particular, we use
the so-called Rudin-Shapiro polynomials (combined with the de la Vallée-Poussin
polynomials), which have coefficients +1 (or bounded by 1) and an optimal growth
of sup-norm (ultra-flat polynomials). Let us recall [6, Lemma 2.1], which records the
result of Rudin-Shapiro [12].

Lemma 3.1

(i) For each N=>1, there is a trigonometric polynomial py=Yrq
enxe®® where ey = +1forall 0 < k < N — 1, with at least half of the coefficients
being +1 and with

Ipn|p < 5\/ﬁforp €[2,+o0].

(ii) For each N >1, there is a trigonometric polynomial p%, = Y2 1 ay re'*? where
g poty Pn k=0 9N,
lan,k| < 1forall 0 < k <N -1, with at least | & | coefficients being +1 and with

[pxlp <3NYP for pe[1,2].

We keep the notation adopted in [6]. For any given polynomial g with g(z) =
Z‘;:O bjz) with by # 0, we denote d = deg(q) and [gq|n = Z}izo |bj|. We set 2N =
Uks1 Ak where for any k > 1, Ay = {Zk(Zj -1);je€ N}. Denote by P the countable
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set of polynomials with rational coeflicients and let us also consider pairs (g, I) with
g € P and ! € N satisfying | q|» < I. Let us consider an enumeration (qx) of P and a
sequence (I ) tending to +oo such that | g | < Ix. Clearly, (qx ) is a dense set in H(D).
Hence, for any k > 1, we set dy = deg(qy ), and we have

lgile < Ik for every k > 1.

In our context, for any «a € R, we will also need to modify the family of polynomials

) as follows: for any positive integer k > 1, we set g (z Zd" “b(k)zf (we omit
q Yy P g gk 0J

the dependance on « in order to keep some readable notation).
Let « be a real number and let p € (1, 00]. For all integers n >0, we set I, =
{2",...,2"" —1}. Next, for k > 1, let us define the integers

ap =1+ [max (lidimax(“’o), dy + max(3,3 + a)l; + max(a,0)l; log(1+ dk))J,
ap =1+ [max (lfldfl max(e0) g+ max(3,3 + a)lf + max(a, 0)]; log(1 + dk))J.
We set fy = Y450 Pn,« Where the blocks (P, ) are polynomials defined as follows,
using Rudin-Shapiro polynomials given by Lemma 3.1,
0 if n is odd,

(3.0 P,a(z) =40 ifneAand 2" < ay,
Zz"Qn(Z) ifneArand 2" > ay,

with for n € Ay,

k

)= XA

jel,
where the sequence (c](k)) denotes the sequence of the coeflicients of the polynomial
givenby z > p s (%) (2).

o
We also set f; = 3,5, P, , where the blocks (P, ,) are polynomials defined as

follows, using the de la Vallée-Poussin polynomials given by Lemma 3.1,

0 if n is odd,
(3.2) P:)a(z) =40 ifne ‘Ak and 2"*1 < (x;:’
z Q;(Z) ifne Ay and on-1 > (xl’:’

with, for n € Ay,

Qi(z) = X i e,

Je€l,

where the sequence (c(k)) denotes the sequence of the coeflicients of the polynomial
given by z — p o) (z ) (2).

A comb1nat10n of Lemma 3.2 (resp. Lemma 3.3) below with the triangle inequality
will ensure that the function f, (resp. ;) belongs to H (]D)) Observe that, if we denote
the polynomial z P 2 (z“") (resp.z — p By (2% )) by g (resp. g¢)> we have, for

3
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all 1< p < +oo, gkl = Hp = Hp (resp. |g; [y = Hp 1 ”P) Finally, for any integer

n, let us denote (¢, (k)) the sequence defined as follows

5 (k) = {k"‘ ifkeI,i,

otherwise.

3.2 Growth of Specific Functions: the L?—case for 1< p < +o0

In this subsection, for all 1 < p < +o00, we are going to construct specific functions
f € H(D) and we shall study their growth. We will appeal to a strong form of the
Marcinkiewicz Multiplier Theorem (we refer the reader to [8]) to deal with all the
cases except for the critical cases (i.e., & = 3 when p >2and a = [% when 1< p <2)

where we will use a Paley-Littlewood decomposition or a method of interpolation to
conclude. We begin this section with some useful lemmas.

Lemma 3.2 Forany2 < p < +oo,any0<r <1landanyneN, we have
MP(r) Pn,a) S 2"(%_“)r2".

Proof Let2 < p < +o0.Let nbea positive integer. Without loss of generality, we can
assume that n belongs to the set A for some k > 1. Let rbein (0,1). Since r = M,(r,-)
is increasing, we get

My (1, Pua) <7 Qullp-
Then the polynomial Q, can be viewed as a trigonometric polynom1al obtained by
an abstract convolution operator on T, given by (ck)xs0 ~ (¢4 ( ])c oo )j>0 (where
(c (k)) denotes the sequence of the coefficients of the polynomial Pl qk) Now, we

are going to apply the Marcinkiewicz Multiplier Theorem [8, Theorem 8 2 p.148]. To
do this, observe that we have, for any [ > 1,

sup ¢ (j)| < sup|¢n (j)] S 27"

jeh jeln
S‘;P ZI: |9 (j+1) = ()] < EI: | (j+1) = dn()] 27"
Jjeh Jeln

Hence, taking into account the choice of a; and Lemma 3.1, we get

”Qn Hp S zin“HPLZZ;‘JHPH‘ijoo

[on
< s lk(l+ dk)max(tx,O)
Ok

$2nGm),
Finally, we obtain the desired estimate

My(r,Pyy) §2"G7012" n
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Lemma 3.3 Foranyl<p<2,any0<r<1,andanyneN, we have
My(r Py o) £ 2777

Proof  The proof is similar to that of Lemma 3.2. Let 1 < p < 2 and n be a positive
integer. Without loss of generality, we can assume that n belongs to the set A for some
k > 1.Letrbein (0,1). Again, combining the Marcinkiewicz Multiplier Theorem with
Lemma 3.1 and the choice of &}, we obtain
. _ . 5 ol 2"\ < 1
1Qul, <2 WHPLEJ lplldilleo <2 ”“(E)P L (1+ dy)mex(@0) ¢ 97 Grme),
% k

Finally, using (3.2), we deduce the desired estimate. ]

Now we are ready to obtain the rate of growth of the aforementioned functions f,
and f;. We begin with the case 2 < p < +o0.

Lemma 3.4 Let2 < p < +oo. Forall 0 < r <1, the following estimates hold:

(1-r)*z ifa <1/2,
My (7, fo) S {V/Ilog(1=71)[  ifa=1/2,
1 ifa >1/2.

Proof Let2< p < +oo. Let us recall that fy = 3,50 Pn,«- First, we deal with the
case a > 5. Combining Lemma 3.2 with the triangle inequality, we obtain, for any r
in (0,1),

Mp(r, fa) <> Mp(r:Pua) S Y, 212" <
nx0 nx0
Then we treat the case « < 3. Combining Lemma 3.2 with the triangle inequality and
the integral comparison test, we get, for any r in (0,1),

My(r, fo) € 3T Mp(r, Pog) $ 327G < (1-1)%73,
n>0 n>0
Finally, for the case a = 1, we have by a corollary of the Paley-Littlewood decom-
position (we refer the reader to [8, Theorem 5.3.1]) and the integral comparison test
VOo<r<l,

=
=

My fo) 5 (8 My aa) ) 5 (2 77)

n20 n>0
S V| log(1-1)|. ]

Next we deal with the case 1 < p < 2. The following result holds.

Lemma 3.5 Letl< p <2. Forall0<r <1, the following estimates hold:

1-n"7"  ifa<1fp,
My(r, f5) S |log(1—r)|% ifa=1/p,
1 ifa>1/p’.
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Proof Let1< p<2. Letusrecall that f; =,y P, ,. Then, applying Lemma 3.3,
we obtain by the triangle inequality, for any 0 < r < 1,

1 _ n
My(r, f1) < S My(r, PE L) s 2" 92
n>0 n>0

Therefore, using a straightforward estimate or the integral comparison test, we get,
forany 0 <r <1,

e
Mp(r,f;)S 1 B ifpla>1,
1-r)*"" ifpla<l

Finally, we deal with the case a = 1%: first we have by the classical L? Bernstein
inequality
My(r, (Pr)) $2"Mp(r, P} ,) $ 277
By an easy calculation, we deduce
" 1
My(r (f&)) s 12" § 17—
n>0 1-r

Hence, [9, Theorem 2] gives the following conclusion, for any 0 < r <1,
My (r, f7) % log(1= )] .
3.3 Growth of Specific Functions: the L case

This part is based on the use of a weighted Bernstein inequality for the case « < 0. Then
we proceed to an induction based on a fine control of derivatives, since the multipliers
we are dealing with are extremely localized for the case a > 0. Nonetheless, to deal
with the critical case given by a = %, we need to exploit the flatness of the Rudin-
Shapiro polynomials.

We begin this section with some useful estimates of the sup norm of the aforemen-
tioned polynomials P, 4.

Lemma 3.6  For any a < 0 and any integer n > 0, we have

Moo (7, Pyg) § 27792

Proof Let a <0. Let n be an integer such that n belongs to Ay for some k > 1.
Then, using the form of the polynomial P, ,, Lemma 3.1, and a fractional Bernstein’s
inequality (see [13, Theorem 19.10 and Remark 19.5]), we obtain

n 2”
Moo(7,Pua) $27"%7% [ =1
ok
Finally, the choice of «ay ensures that
Moo (1, Ppo) S 27202, =

Then we complete the previous proof to obtain the following lemma.
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Lemma 3.7 For any a € R and any integer n > 0, we have
Meo(r, Pag) 527G,

Proof Inthecase a < 0, the proof comes from Lemma 3.6. Assume now that a > 0.
First, we deal with the case 0 < a < 1. We keep the notation of Section 3.1. Let n > 1 be
an integer and assume that n belongs to A for some k > 1. Then we write

uj uj .
Poo(z)= ) 22 and P, (2)=) —LZ7"
jeln jeln

Since & — 1 < 0, it follows from the proof of Lemma 3.6 that
Moo(r, P, ) s 27" ((a=D=2),2"1

We deduce, for any § e Rand any 0 < r < 1,
fo 0P (te®)dr gfo P (te'®)|dt

< p-n((a=D-}) /’tz"fldt
0

e

|P,,,a(rei0)| =

Finally, we obtain )
Moo (7, Pyg) $2"G794%,

The general case (given by « > 0) follows by a straightforward induction on [ > 0,
which is the order of differentiation with [ < ¢ <[ + 1L |
Now we are ready to estimate the rate of growth of the aforementioned function f,.
Lemma 3.8 For all 0 < r <1, the following estimates hold:
(1-1)%2  ifa<l/2,
Moo (1, fo) Sq|log(1-1)| ifa=1/2,
1 ifa>1/2.

Proof Let us recall that f, =Y ,., Pnq. Taking into account Lemma 3.7, we
obtain—along the same lines as the proof of Lemma 3.4— on one hand, for a > % and
for any rin (0,1),

Moo(r,fo) < 3 Moo (1, Paa) 5 32 27G7977" <1,

n>0 n>0

on the other hand, for a < % and for any r in (0,1),

Meo(r, fu) €3 Moo (1, Pae) $ 3 2"G79r2" < (1- )72,

nx0 n=0

Finally the case a = 1/2 is easy: Lemma 3.7 implies

Moo(r, f1) € Moo(r, P 0) S 217

n>0 n>0

and the estimate ¥, 7> < |log(1 - r)| gives the conclusion. ]
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3.4 Frequent Hypercyclicity

In this subsection, we are going to prove that the functions f, and f, given by Section
3.1 are frequently hypercyclic vectors for the weighted Taylor shift operator Ty, a € R.
The construction of these elements and the proof of this crucial fact are an adaptation
of the ideas given by Drasin and Saksman in the case of Mac-Lane differentiation
operator [6].

Lemma 3.9 We keep the notation of Section 3.1. For p>2 (resp. 1< p <2), the
function f, (resp. fr) is a frequently hypercyclic vector for the operator T,.

Proof  Sincethe prooffor f, is very similar, we only prove the frequent hypercyclic-
ity of f, for the operator T,,. We do not repeat the details for f;: it suffices to replace
ay and Pz by a and pl*z,.,lJ and to adapt the proof.

3

o
Let k be a large enough integer. Let us consider n € A such that 2"™' > a;. We
consider B, the set of s in [2", 2"*'] n N such that the coefficient z* in the polynomial

zznp[ﬂj(z“*) is equal to 1. We denote by Tj = {s:s €B,, ned, 2" > (xk}.
%k

According to Lemma 3.1, we have

2r #({2m, ... 2 #({2",...,2"2 -1
en,» 2 b _#({ D
100Ck IOOCk 3006k

Since the elements of A are in arithmetic progression, we finally obtain that T has
positive lower density.

Then let o be a real number and let k be in N. Now let us consider s € B,, with
n € Ay satisfying 2" > a;. We are going to prove that

< 1
sup |T3(f)(2) - (2 5 7
\z|=1—i k
provided that k is chosen large enough. This will allow us to obtain the frequent hyper-
cyclicity property of T, using the properties of the enumeration (g, I ). Therefore,
to do this, we choose an even integer n > 1and s € B,,. Let us write s = 2" + may for

some m € {0,...,[2::J} with

zznplﬂj(z“k) =+ 125+ o,
K

By the choice of ay, the next block of coefficients is dissociated from the present
one because of the condition ay + di < 2ay. Hence, using the form of the polyno-
mials gy and the definition of T,, we have that the first d; Taylor coeflicients of
T;(f«) are precisely those of gi. Notice again by the choice of aj (or «) that the
Taylor coefficients of TS (f,) of index j with s + dj +1< j <s+ (max(3,3+a)) I} +
max(e, 0)lx log(dy) are null. Moreover, since 7 is an even integer, by the construction
of each block P,, all the coefficients having indexes lying in [2"*!,2"*% — 1] are also
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null. Indeed, the last index that belongs to B, is bounded from above by 2" + 2"~! +
dy < 2"*! (by the choice of n such that 2" > 2a; > 2d}). Therefore, we can write

(k)
c ,
Ti(f) (@) —qe(2) = Y, =57~
jr<j<antiol (j-9)
AN
+ ! —27 = 81(2) + S2(2),
j=2n+2 (] - 5)

+o00

where ji = s+ (max(3,3 + «)) I} + max(a, 0) I, log(1 + dy). By the construction of
fa» we observe for any j € [ jx, 2" — 1] n N that all the coefficients ¢"® coincide with
the coeflicients of g} possibly multiplied by some coefficient bounded by 1. Therefore,
we obtain, for any j € [, 2""" — 1] NN, the following estimate:

6501 < Nl < 71
Hence, we get, by the triangle inequality and from the basic inequality 1 — ¢ < e™* for
t>0,
1/
up [S1(z)| < dmax(“ 01, > max((j—s)™ 1)(1 - —)
lel=1-7- 2 I

Sd;;naX(a)O)lk Z max(j_"‘,l)efi.

j2jk=s

For « > 0, thanks to the inequality /3 <1-e™", for 0 < t < 1, we get

sup |S1(2)| < difly Z e ’k < dk—lkle_(3+vc)lk alog(l+di) o 2 3
1= s —et/h I

In the same spirit, for a < 0, we get, for all k large enough,

- 1
sup |81(Z)|<lk Z j -a, zk <lk(3l ) « p=3l <l

zl—f >jr—s k
Jjzj

using an integral comparison test.

Now we deal with the sum S,(z). Combining the growth of f, given by Section
3.3 with Cauchy formula’s along the radii r = 1-1/j, we get, for any j > 1,

|C§k)| < ijxx ma—x(j%—txﬂ-:, 1) < jmax(%ﬂe,u)’

where C, >0 only depends on p and 0<e <1 (which allows us to take into
account the logarithmic factor for the case o = %). Since we have both 2"*! > 4a >
4max(3,3 + a)l, which implies 2" > 4a; > 4max(1, &)I7,and {j—s:j> 2"} c
{j>2"*"}, we obtain, provided that k is large enough again,
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1 1\/J
sup [S2(2)| S Z jmax(—a,O)(j +S)max(5+s,v¢)(1 _ _)
|Z|=1—i jan+t Ii

< Z jmax(%+s,%+£—a,a)e—i
j22n+1

+o00 ¢
max(1+e, lre—a,a) —7-
< (2T, e kdt.
4

max(L,a)l}

Taking into consideration the different cases, an easy calculation leads to the following

inequality:
sup [S5(2)] S lf(“)’fllf(a)e—4max(1,a)1k < l’
|z\:1—i X
with S(a&) = max (1/2 + £,1/2 + € — &, &) . This finishes the proof. -
3.5 Final Step

Now we are ready to prove Theorem 1.3. To do this, it suffices to combine Lemma 3.9
with:

e Proposition 2.1 and Lemma 3.4, in the case 2 < p < +o0;

e Proposition 2.1 and Lemma 3.8, in the case p = +o0;

e Proposition 2.2 and Lemma 3.5, in the case 1 < p < 2.

Remark 3.10 For p = +oo and a = 1, there is still a question: what is the optimal
growth of a frequently hypercyclic vector for T1? According to Proposition 2.1, such
an element f satisfies, forany 0 < r <1, Moo (7, ) 2 1/|log(1 - r)|. On the other hand,
Lemmas 3.8 and 3.9 ensure that there exists frequently hypercyclic vector f for Ty such
that, for any 0 < r <1, Moo (7, f) S |log(1 - 7).

4 The Case p=1

To conclude, let us consider the case p = 1. First it is easy to obtain the following
estimates. The proof follows the ideas of Proposition 2.1. The case « = 0 was already
known [11].

Proposition 4.1 Let a € R and f € H(D). Assume that f is a frequently hypercyclic
vector for T,. Then, for all 0 < r < 1, the following estimates hold:

(1-r)“ ifa <0,
M(r,f)21{-log(1-7r) ifa=0,
1 ifa>0.

Proof We write f(z) = ag + Y41 axk~*z". We argue as in the beginning of the
proof of Proposition 2.1 to find an increasing subsequence (ny) c N satisfying k <
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ny < Ck with C > 1such that forall k, |a,, | > 1. Let us consider a positive integer [ > 1.
For any r € [1-27',1-27(*D], we apply Hardy’s inequality to obtain

Ml )2 m(1-27, ) > 3 128 -y

k1
Ck
1-27

> |a”k1| (1 B 2-1)”k > ( )

P o1 (Ck)ert

5 (1-r) ifa <o,
23 k2 {-log(1-r) ifa=0, ]

k=t 1 if o > 0.

On the other hand, for a = 0, we established the following result (see [11]), which
gives in some sense the optimality of the estimate of Proposition 4.1. In the following,
for any positive integer , the notation log; will stand for the iterated function logo--- o
log where log appears [ times.

Theorem 4.2 ([11])  For any 1 > 1, there is a frequently hypercyclic function f € H(D)
for T satisfying the following estimate: there exists C > 0 such that for every 0 <r <1
sufficiently large,

M(r, f) < C|log(1-r)|log, ( —log(1-r)).

For « # 0, we are going to combine the ideas of [11] with those of Subsection 3.3 to
obtain a similar result. Let [ > 1. We also set f; = 3, P, , where the blocks (P, ,)
are polynomials defined as in (3.2), with

ap =1+ [max (u, dy + max(3,3 + a)l; + max(a,0)l; log(1+ dk))J ,
where uy is chosen such that log,, , (a}) > Ik.
Lemma 4.3 We have for any a € R, for all n € N, and for any r € (0,1),
My(r, Py o) S 127"

Proof = We argue as in the proof of Lemmas 3.6 and 3.7. First, let & < 0. Then, by the
maximum principle, we can write

2n
M(r, P, ) < 271/ Qi (re')|dt

(41) - % f

Let us consider the trigonometric polynomials

- ](k;n (re”)j’zn ‘dt.
jeln

n,x(e’g) = 2]7“ J(k;,.r] 2eii% and V, (6'9) = Z C](k;nrj 2" giif

jel, Jjel,
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Observe that
(4.2)

Zj’“cy_(;n(rew)j’? _ e’izneUn,a(eie) and qZ,k(eie) _ e’iznOVn(eie).
jel,

From (4.1), (4.2), and the fractional Bernstein’s inequality (see [13, Theorem 19.10 and
Remark 19.5]), we get

Mi(r.P,,) <77 |Unaly s 7727000V, 1= 227008 g .
Thus, using Lemma 3.1, we obtain
(4.3) My(r, PLg) s % 27"y,

Now let us consider the case « € (0,1]. Since we have, for any r € (0,1),
Pra(re )= | [T (Br) (e )]
< [T1Pr) ey = [T (e,
we deduce, by integrating this inequality and using (4.3) with =1 <0,
M(r,PLy) S fo M (8, P; ) )dt S 27D fo 27 s ¥ 2
The general case follows by an easy induction on m with m < ¢ < m + 1. ]

We are ready to prove in a certain sense the optimality of Proposition 4.1.

Theorem 4.4 Let a € R. For any | > 1, there is a frequently hypercyclic function f; €
H(D) for T satisfying the following estimate: there exists C > 0 such that for every 0 <
r < 1sufficiently large

C(1-r)*log,(~log(1-r)) ifa <0,
My(r, f) < {Cllog(1-r)|log,(~log(1-r)) ifa=0,
C ifa>0.

Proof The case a = 0is given by Theorem 4.2. In the following, for / > 1, we denote
by A, the smallest integer so that forall n > A, log,(n) > log,, (ax) (with2"™! > ay).
Then, for any j large enough, the use of Lemma 4.3 and the inequality (1-¢) < e,
for 0 < t <1, leads to

1, 1,
M, (1— E’f“) < ZMl(l— Z,PW)

nx1
1 n-1
< 1- — 27"
T3
2" >y
<log,, (ay)A;2" max(0,-a) > ey log,(n).
n>Aj
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For a > 0, the last sum is bounded by

> e’znfjilZ’”“logl(n) < ) 27" log,(n) S 1.

n>Aj n>A;

For a < 0, we can write

i j+1 i
e’ ! l.T"‘"logl(11) < e “2’””‘logl(n)
n>A; n=Aj
+ > e’2n7j712’"“logl(n)
nxj+2

j+l

<log,(j+1) > 27"
n=1

+27(*De > e 2 g log,(m+j+1)

m2x1
<log,(j+1)2-UDe
+27U % Jog (j+1) > e 2" 27 (m + 1)

m>1
$ 277 log, ().
We deduce
log,(j)277/% ifa<o0,
1 ifa>0.

M- 5. s{

Hence, we obtain for any 1 - 5; < r <1 - 57 (with j large enough),

. 1, log,(j)277/% ifa<o0,
M‘(r’f"‘)SMl(l_zi“’f'x)g{l ifa> 0.

. Jlog; (=log(1-7)) (1-r)* ifa<0,
" if a > 0.

To obtain the frequent hypercyclicity of the vector f; for the weighted Taylor shift T,
it suffices to mimic the proof of Lemma 3.9. ]

Remark 4.5 For p =1and a < 0, the following problems remain open: does there
exist a frequently hypercyclic function g, € H(D) for the Taylor shift T, such that

limsup, , ((1-7)"*Mi(r,gs)) <+oo if @ <0 or limsup,_, (%) < +oo if
a=0°?
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