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Abstract

In 1945-1946, C. L. Siegel proved that an n-dimensional lattice A of determinant det(A) has at most m"
different sublattices of determinant m - det(A). In 1997, the exact number of the different sublattices of
index m was determined by Baake. We present a systematic treatment for counting the sublattices and
derive a formula for the number of the sublattice classes under unimodular equivalence.
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1. Introduction

Let Z denote the set of all integers and let E” denote the n-dimensional Euclidean
space. If aj, ay, ..., a, are n independent vectors in E", then the discrete set

A={ZZiaii ZiEZ}

is called an n-dimensional lattice generated by the basis {a;, a,,...,a,}. If the
basis vectors are expressed as a; = (a;1, dp, - .-, Qin), then the absolute value of the
determinant of

aip app o A

dz; dxp - Ay
A=

apl Ap2 - dpp

is called the determinant of A. Usually, it is written as det(A). In fact,
det(A) = vol(P),
where P is the parallelepiped defined by

P:{Z/ll-a,-: OS/L’SI}-
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2] Sublattices of a lattice 51

A subset A* of A is called a sublattice if it is also an n-dimensional lattice. If
{by,bs,...,b,}is abasis of A*, where b; = (b;1, b, ..., b;,), then

bi = d,-1a1 + dizaz + -+ di,,a,,, dij eZ.

Let B denote the n X n matrix with elements b;; and let D denote the n X n matrix with
elements d;;. Then
B=DA

and therefore
det(A™) = m - det(A),

where m is the absolute value of the determinant of D. Usually m is defined as [A : A*]
and is called the index of A* in A.

The structures and representations of sublattices have been studied by many authors
including Minkowski, Siegel, Cassels, Hlawka, Rogers, Schmidt and Gruber. Many
results and their applications can be found in classic references such as [6, 11, 12, 17,
22]. Particular sublattices have been studied in [3-5, 7, 8, 19, 20].

Let A be an n-dimensional lattice and m a positive integer. Let f,,(m) denote the
number of different sublattices of A with index m and let g,(m) denote the number of
different sublattice classes of A with index m under unimodular equivalence.

Clearly, an n-dimensional lattice is both a free abelian group and a free module over
Z. Counting the subgroups of a group is a classic topic in algebra (see the classic books
[15, 21] and papers such as [9, 13]). However, the particular lattice case was neglected
and explicit formulae for f,(m) were achieved only in 1997.

In 1945-1946, Siegel gave a series of lectures on geometry of numbers at New York
University. His lecture notes [22] contained the first upper bound for f, (i), namely

fum)y <m”™. (1.1)

Since the lecture notes were published only in 1989, this result and many others were
neglected. In 1959, Cassels [6] presented some basic results about the structures of the
bases of the sublattices. In 1997, Baake [2] deduced the following formula based on a
recursion,

= > dd)...d" (1.2)

dids.dy=m

Remark 1.1. The formula (1.2) may be much older since its generating function is a
product of zeta functions. Let A be an n-dimensional lattice and define

ta(s) = ) )
m=1

mS
Lubotzky and Segal [15] presented six proofs for
A =4()(s=1)---L(s —=n+1).

Nevertheless, the formula for f,(m) was not given there and no earlier reference has
been located.
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Clearly, both Cassels and Baake were unaware of Siegel’s work. Assume that

(3] (e73

m=p...p,,
where the p; are prime numbers. Baake’s formula was simplified by Gruber [10] as

17 j+n 1

fulm) = ]_[ [

i=1 j=1 P—1 i=1 j=1 P~

n—-1 _j+a; _ 1

In particular, when p is a prime, it is interesting to notice that

L@ =1+p+--+p"!

and
L) =1+p+---+ph.

Let k be a positive integer and let p,(k) denote the number of partitions of k into n
parts. In other words, p,(k) is the number of the integer solutions of

X +xp+--+x,=k,
X1 2x32--2x,20.

The partition function p,(k) has a long history (see Andrews and Eriksson [1]).

The purpose of this paper is to present a systematic treatment on counting and
classifying sublattices. First, we present a detailed proof of (1.2). Then we prove
the following classification theorem.

Tueorem 1.2. If m = p{' ... p;’, where the p; are prime numbers, then

4
gn(m) = l_[ DPn(@i).
i=1

CoroLLARY |.3. When m = p1p; ... pe, where py, pa, ..., pe are distinct primes,
gn(m) = 1.
For large m = 2% and fixed n,

(logy m)"”!

&l ~ =Dt

2. Siegel’s upper bound

Siegel’s upper bound (1.1) was obtained in 1945-1946 but only published in 1989
in his lecture notes written by Chandrasekharan [22]. So, this beautiful result has
been neglected. For this reason, we reproduce it here. First of all, let us introduce a
well-known basic lemma which can be found in every book on lattices.
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Lemma 2.1. Let {ay,ay,. .., a,} be a basis of an n-dimensional lattice A. Assume that
uj, Uy, ..., U, are n linearly independent vectors in E" with

u; = u;ja) +upay +---+uya, i=1,2,...,n

Then {uy,uy,...,u,} is also a basis of A if and only if U = (u;;) is an n X n unimodular
matrix.

TueoreMm 2.2 (Siegel [22]). Assume that A is an n-dimensional lattice and m is a
g
positive integer. Then A has at most m"™ different sublattices of index m, that is,

2
fu(m) <m™ .
Proor. Assume that {a;,a,,...,a,} is a basis of A. If A* is a sublattice of A of index
m with a basis {u;,u, ..., u,}, then
u; = u;ja; +upay +---+uua, i=1,2,....n, (2.1)

where all the u;; are integers and det(u;;) = +m. For convenience, we denote the
n X n matrix (u;;) by U. If A® is another sublattice of A of index m with a basis
{vi,v2,...,V,}, then

V,=vja; +vpay +---+vppa, (=1,2,...,n, (22)

where all the v;; are integers and det(v;;) = +m. We denote the n X n matrix (v;;) by V.
From (2.1) and (2.2), the matrix that transforms {v;, v,,...,V,} into {u;,u,,..., u,}is
UV~'. In other words, if W = UV~! = (wy;), then

u; = w;j vy +wpvy + -+ Wy, vy, i=1,2,...,n.
Now, we proceed to show that if
Uij = Vij (mod m)

foralli, j=1,2,...,n,then A" is identical with A®. Clearly, mV~!is an integer matrix.
Since U = V (mod m),

mW =mUV~' = mVV~" =mE = O (mod m),

where E is the n X n unit matrix and O is the n X n zero matrix. This means that all
elements of mW are divisible by m and therefore all elements of W are integers. On
the other hand,

m

det(W) = det(UV™") = +— = +1.
m

Thus, W must be a unimodular matrix and, by Lemma 2.1, A* is identical with A®.

This shows that there are at most m possible values for any element of U such that
the corresponding sublattices of A are different. Since U has n? elements, the total
number of possibilities for U is m™ . In other words,

Jalm) < ng

and the theorem is proved. O
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3. Sublattices of given index

In 1907, Minkowski [17] studied the relation between the bases of a three-
dimensional lattice and its sublattices. His result was generalised to arbitrary
dimensions (see [6] and [11]) as follows. Assume that A* is a sublattice of an

n-dimensional lattice A. If {u;,u,,...,u,} is a basis of A*, then A has a basis
{a;,a,,...,a,} such that
u;, =u;a +upay +---+uza;, i=1,2,...,n,

where u; > 0 and 0 < u;; < u;; for all j < i.
It is rather unexpected that the following inverse of this result is also true (see [6]

and [11]).
Lemma 3.1 (Cassels [6]). Assume that A is an n-dimensional lattice with a basis
{a;,a;,...,a,}). If A" is a sublattice of A of index m, then A* has a basis {u;,uy,...,u,}
satisfying

W; = uja; +upay + -+ + ua;, i=1,2,...,l’l
and

m=upu ... U,
where u;; > 0 and 0 < u;; < uj; for all j <i.

Clearly, this lemma provides a means of counting the number of the different
sublattices of given index m. To do the explicit counting, we need another simple
result.

Lemma 3.2. Assume that A is an n-dimensional lattice with a basis {a;,a,, . ..,a,} and
m is a positive integer. Let uy,y,...,u, be n linearly independent vectors satisfying

u; =u;a; +upa +---+uza;, i=1,2,...,n

and
m=upuxy...uU,

where all the u;; are integers, u; > 0 and 0 < u;; < ujj for all j<i. Let vi,va,...,V,
be n linearly independent vectors satisfying

V;=vja; +vpay +---+v;a;, i=1,2,...,l’l

and
m=vi1vaa ... Vo,

where all the v;; are integers, vi; >0 and 0 < v;; <vj; for all j<i. Let A* be the
sublattice of A generated by {uy,uy,...,u,}and let A* be the sublattice of A generated
by {vi1,Va,...,V,}. Then the two sublattices N* and A*® are identical if and only if

Uiy = vij, lﬁjfiﬁi’l.
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Proor. The if part is obvious. Now, let us prove the only if part.

Let U denote the n X n matrix with elements u;;, i, j=1,2,...,n, where u;; =0
for all j > i. Let V denote the n X n matrix with elements v;;, i, j = 1,2,...,n, where
vij = 0 forall j > i. Define

W=UV"=(w;)). (3.1
It is easy to see that A* = A® if and only if W is a unimodular matrix.

By (3.1),

WV ="U. (3.2)

By comparing both sides of (3.2) for uy,, uj p-1, - - ., i1,
WiV + Wiavay + o+ WiV, = 0,
WiVia—1 + WiaVo 1 + - + WiV o1 = 0,

ey

w1Vl + wiavep + 0o+ WiVl = Upg

and thus
Win = Wip-1 =+ =wpp =0,
WiLViL = Upi.

Repeating this process for uy;, us;, . . . , iy successively,

{W,‘jZO, i<j§l’l, (33)

wivii =uy, i=1,2,...,n.

If W is a unimodular matrix, all its elements are integers; it follows by (3.3) and the
assumption
m=upux...Uyy =V11V22 ... Vun

that
Wil =Wy = =wy, = L (3.4)

Then, by comparing both sides of (3.2) for uyy, uss, ..., Unn-1,
Witl,iVii ¥ Vieli = Uir1i» 1= 1,2,...,n—1. (3.5)

If Wi+1,i ¢ 09 by (35)9

Wir1,iVii = Ui+1,i = Vit l,i»

which contradicts the assumptions that O < u;y1; < u;; = vi; and 0 < viyp; < vy, Thus,

Wit =0,
Uir1,i = Vi+l,i
foralli=1,2,...,n—1.

Inductively, assume that
Wiji =0
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holdsforl1 < j<k—1<n-1landi=1,2,...,n— j. By comparing both sides of (3.2)
for ujr;, i =1,2,...,n — k, in the same way as for (3.5),

W,‘+k,,’:0, i=1,2,...,n—k.

Consequently, if W is a unimodular matrix, it must be the n X n unit matrix. In other

words, if A* = A®, then U = V. |
By studying the algebraic structures of the submodules, it can be shown (see [18])
that

Famy =" d- fu1(d). (3.6)

dlm

In 1997, Baake [2] deduced from (3.6) that
fmy= > ddy--dr, (3.7)

d]dQ"'d,,=m

In fact, Baake’s formula can be easily deduced from Lemmas 3.1 and 3.2. Gruber [10]
did realise this connection and simplified (3.7). However, he neglected the fact that
Lemma 3.2 needs a proof.

Tueorem 3.3 (Baake [2], Gruber [10]). If m = p{" p)> ... p}‘, where the p; are distinct
prime numbers and the a; are positive integers, then

; j+n 1

fmy= 3 didsdy = ﬂﬂ

dydydy=m i=1 j=1 P,]_l i=1 j=1 Pf -1
RemARrk 3.4. Noticing that
j+n—1 j i j i
P =D/ -1 <p! and  (pI=1)/(p] - 1) = pi,

one can easily deduce that
m" < f,(m) <m".

Comparing with Theorem 2.2, it is interesting to see that Siegel’s upper bound is far
from the exact value of f,,(m).

4. Classification of sublattices

Let A be an n-dimensional lattice in E” and let A* and A® be two sublattices of A.
We say that A* and A® are equivalent if there is a linear transformation o satisfying
both

o(A) =

and
oA =A

Then, for convenience, we write A* ~ A®. Clearly, a linear transformation o~ satisfies
o(A) = A if and only if o corresponds to a unimodular matrix.
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ExampLe 4.1. Let A = Z? with e; = (1,0) and e, = (0,1). Let A* be the sublattice
generated by u; = e; and u; = 2e; and let A® be the sublattice generated by u; = 2e,
and u, = e,. It is obvious that A* # A®. Let o denote the linear transformation
determined by o(e;) = e, and o(e;) = e;; it can be verified that o(A) = A and
o(A*) = A°. Thus, A* ~ A°.

It is shown in Gruber [11] that, if A* is a sublattice of A, then A has a basis
{a;,a,,...,a,} and A" has a basis {uy, u,,...,u,} such that

w; = u;a;, i= 1,2,...,71, (41)

where the u;; are positive integers.

From Martinet [16, page 26]: ‘Let M be an R-module and let M’ be a submodule
of M, both having the same rank n. (When R = Z, this amounts to saying that
[M : M’] < 00.) There then exist a basis B = {e, e»,...,e,} for M and nonzero elements
ai, as, ..., a, of R such that B’ = {a,e;,ase,,...,a,e,} is a basis for M’, and q; divides
ai_1 for 2 < i <n’. This implies that u; divides u;_; ;1 in (4.1).

For completeness, we restate this result next and give a detailed proof.

Lemma 4.2. If A* is a sublattice of A\, then A has a basis {a,,ay,...,a,} and A* has a
basis {u,uy, ..., u,} such that

u; = u;a;, 121,2,...,1’1,

where all the u;; are positive integers satisfying w;; | u;—1,—1 for 2 <i<n.

Proor. Assume that {e;,e»,...,e,}is abasis for A and {v,V»,...,V,}is a basis for A*.
Then

V,=vVvji€1 +Vvper+ -+ vie, i=1,2,...,n (4.2)
For convenience, let X denote the n X 1 matrix with elements X1, X2, ..., X, and let X

denote the n X n matrix with elements x;;. Then one can rewrite (4.2) as

V = VE. (4.3)
Suppose that {u;, u,, ..., u,} is another basis for A* such that
V=UT, (4.4)
where U, is an n X n unimodular matrix and {a;, a,, ..., a,} is another basis for A such
that
E = UA, (4.5)

where U, is an n X n unimodular matrix. Then it follows by (4.3), (4.4) and (4.5) that

U=U;'VUA. (4.6)
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For a given integer matrix V there are unimodular matrices U; and U, such that

uy O -+ 0
1 0 wupy -+ 0
Ul_ VU2 = . . . . s
0 0 - uy
where u;; | u;_1 ;-1 for 2 <i < n (see, for example, [14, Ch. 14]). Then, by (4.6),
u; = u;a;, i:1,2,...,l’l.
The lemma is proved. O

LevmMma 4.3. Assume that N* and A* are two sublattices of an n-dimensional lattice A.
If{uy,uy,...,w,} is a basis of N* and {ay,a,, ... ,a,} is a basis of A such that

w; = u;a;, i:1,2,...,n,

where the u;; are positive integers satisfying u;; | ui—1;—1 for 2 <i<mn, and
{vi,va,...,v,} is a basis of A* and {b1, by, ..., b,} is a basis of A such that

Vi=V,'ib,', i=1,2,...,n,

where the v;; are positive integers satisfying vi; | vi—1i—1 for 2 < i < n, then A* ~ A°® if

and only if
ui=vy, i=12,...,n
Proor. Suppose that u; = v; for i = 1,2,...,n. Let o be the linear transformation
defined by
o@)=>b;, i=12,...,n
Then

o(w) = o(u;a;) = u;b; = v;

fori=1,2,...,n and thus

o(A") = A°.
On the other hand, if A* ~ A® with a suitable o, then
U=UA, (4.7)
V = VB, (4.8)
o (T) = WV, 4.9)
o(A)=TB, (4.10)

where u;; = 0 fori # j, v;; = 0 for i # j and both W and T are unimodular matrices.
It follows from o (A*) = A®, (4.7), (4.8), (4.9) and (4.10) that

a’(ﬁ) = UO'(K),
WV = UTB,
V=w'UTB=VB
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and thus

V=w'UT. (4.11)
But (4.11) implies that V = U (see [14, Ch. 14]) and Lemma 4.3 is proved. O

Proor or Taueorem 1.2. Recall that

ar @2

(473
m=p; p,...p,,

where the p; are distinct prime numbers. It follows from Lemmas 4.2 and 4.3 that
g,(m) is the number of the factorisations

m=dd,---d, (4.12)
satisfying d; | d;j_y for2 < j<n. If
dj=p"
then .
Bij = a,
; ! (4.13)
2Pz 2P0

fori=1,2,...,¢ Clearly, (4.13) has p,(a;) solutions and (4.12) has exactly [] pn(a;)
factorisations. Thus,

¢
gu(m) = [ | pate.
i=1
Theorem 1.2 is proved. O

Proor oF CoroLLARY 1.3. Itis well known (see [1]) that
n—1
nl(n— 1D

Corollary 1.3 follows immediately from Theorem 1.2. O

Pak) ~

RemARrk 4.4. Assume that A is an n-dimensional lattice with a basis {a;,a,,...,a,}.
When m = pyp> - - - p¢, where p1, pa, ..., pe are distinct primes,

4
fm =]

n—1
i=1 j=0

p

and
gn(m) = 1.

That is, all the f,(m) sublattices of index m are equivalent to each other under
unimodular transformations. In particular, all of them are equivalent to the sublattice
with a basis {ma;,a,,...,a,}.
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Remark 4.5. It is interesting to compare the values of f,(m) and g,,(m) for small n and

m.

m 213|456 1|7 8 9 10 | 11 12 | 13
Hpmy |31 4 | 7|6 |12 8 |15 | 13 | 18 | 12 | 28 | 14
Sfs(m) | 7| 13 | 35|31 |91 | 57| 155 | 130 | 217 | 133 | 455 | 183
gm | 1|1 ]2 |1 1 1 2 2 1 1 2 1
gm)y | 1|1 |2 |1 1 1 3 2 1 1 2 1
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