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Building on a recent work, we consider a two-dimensional viscous fluid in the exterior
of a thin obstacle shrinking to a curve, proving convergence to a solution of the
Navier—Stokes equations in the exterior of a curve. The uniqueness of the limit
solution is also shown.

1. Introduction

We study the influence of a thin material obstacle on the behaviour of two-dimen-
sional incompressible viscous flow. The study of flow past a slender body is a classi-
cal problem in fluid mechanics and it presents a rich literature on experiments and
simulations, particularly around a flat plane (see, for example, [1,3,4,14,16,17]).
The goal of this work is to establish existence and uniqueness outside a curve. The
mathematical study of the problem of small obstacles in incompressible flows was
initiated by Iftimie et al. [5-7,12] and continued in [9].

Let £2. be a small connected and simply connected bounded open set in R2. In
all the above-mentioned papers, the initial data consist in the initial vorticity wq
and the circulation v of the initial velocity around the boundary of the obstacle.
Both wg (supposed to be smooth and compactly supported) and ~ are assumed
to be independent of . Given the geometry of the obstacle (2., the two previous
quantities uniquely determine the initial velocity field u§ (divergence-free, tangent
to the boundary and vanishing at infinity). With these initial data, the problem we
consider here is determining the limit of the solutions of the Navier—Stokes equations
in the exterior of {2. when the obstacle {2, shrinks to a curve as € — 0. The vanishing
obstacle problem for incompressible, ideal, two-dimensional flow when the obstacle
homothetically shrinks to a point was studied in [5]. It was proved therein that
the limit velocity satisfies a modified Euler equation containing an additional term,
which is a fixed Dirac mass of strength « at the point to which the obstacle shrinks.

In [9], the author treated the same problem in the case when the obstacle shrinks
to a curve I instead of a point. In this case, the additional term is of the form g, dr,
where dr is the Dirac mass of the curve. The density g,, is explicitly computed in [9]
and depends on the vorticity and the circulation «y. It can be seen as the jump across
I' of the velocity field that is divergence free, tangent to I', vanishing at infinity
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and with curlw in R? \ I'. The case of several obstacles, one of them shrinking to
a point, was treated in [12]. The two-dimensional viscous case where the obstacle
shrinks homothetically to a point was studied in [6], where it is proved that in the
case of small circulation the limit equations are always the Navier—Stokes equations,
and where the additional Dirac mass appears only in the initial data. This is due to
the fact that the circulation of the initial velocity on the boundary of the obstacle
vanishes for t > 0 when we consider the no-slip boundary condition.

Here we assume that the obstacle shrinks to a curve and we pass to the limit in
the Navier—Stokes equations in the exterior of this obstacle. We prove that the limit
equations are the Navier—Stokes equations in the exterior of the curve and they have
a unique solution in a suitable sense. As we shall see in § 2.2, the initial datum for the
limit velocity is not square-integrable since it behaves as z* /27|z|? at infinity. For
such an initial datum we define a solution of the Navier—Stokes equations as a vector
field verifying the equation in the sense of distributions and such that the difference
between the solution and a fixed smooth vector field behaving like x/27|z|? at
infinity has the regularity expected from a Leray solution (see definition 4.4 for the
precise definition).

More precisely, let {2, be a simply connected smooth bounded domain such that
(2. shrinks to a curve I" as € — 0 in the sense of §2.2. The aim of this paper is to
prove the following theorem.

THEOREM 1.1. Let wg and ~y be independent of € as defined above. Let u® be the
solution of the Navier-Stokes equations on II. = R? \ (2. with initial velocity u§
(see (2.5)) and denote by Eu® the extension of u® to R? with values 0 on (2.
Then {Euf} converges in L2 _([0,00) x (R?\ I')) to a solution of the Navier—Stokes

loc

equations in R2\ I' (in the sense of definition 4.4).

The initial vorticity of this limit solution is wy + g, and the initial velocity is
given by the relation
ug = Klwo] + aH,

with K and H defined in (2.9) and (2.10) depending only on the I" shape, and with
@ =7+ [wp. Then, this initial velocity is explicitly given in terms of wy and v and
can be viewed as the divergence-free vector field which is tangent to I', vanishing
at infinity, with curl in R? \ I equal to w and with circulation around the curve I’
equal to . This velocity blows up at the end points of the curve I" as the inverse
of the square root of the distance and has a jump across I'. In fact, one can also
characterize g, as the jump of the tangential velocity across I'.

Moreover, for such initial data, we also show that a solution of the Navier—Stokes
equations in R? \ I" (in the sense of definition 4.4, which means that the difference
between the solution and a fixed smooth vector field behaving like x*/27|z|? at
infinity has the regularity expected from a Leray solution) is unique (see proposi-
tion 5.1 for the precise statement).

The existence of solutions in the Navier—Stokes equations has been studied in
general domains in [2] for dimensions 2 or 3 for square-integrable data, and in [13] for
the dimension-3 and H'/? initial data. Kozono and Yamazaki [8] treated the case of
L% data, but for exterior domains which are smooth. A by-product of theorem 1.1
is the existence and uniqueness of solutions of the Navier—Stokes equations on R?\ I"

https://doi.org/10.1017/50308210508000632 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210508000632

Two-dimensional incompressible viscous flow 1239

in a case which is not covered in previous work. Indeed, the result of [2] does not
apply, because the initial datum of our limit velocity is not square-integrable at
infinity. Our extension from square-integrable velocities to velocities that decay
like 1/|x| is physically meaningful: it allows non-vanishing initial circulation around
the obstacle, something which can happen in impulsively started motion. On the
other hand, our initial datum wug satisfies the smallness condition of Kozono and
Yamazaki [8] (see (2.6)), but the domain R? \ I is not smooth, as required in [8].

The remainder of this work is organized as follows. In § 2 we introduce a family
of conformal mappings between the exterior of (2. and the exterior of the unit
disc, allowing the use of explicit formulae for basic harmonic fields and the Biot—
Savart law. Moreover, we formulate the flow problem in the exterior of a vanishing
obstacle and we study the asymptotic behaviour of the initial data. In § 3 we find a
priori estimates which will be used in §4 to prove compactness in space-time and
perform the passage to the limit stated in theorem 1.1. In § 5 the uniqueness of the
Navier—Stokes equations on the exterior of a curve is established.

For the sake of clarity, the main notation is listed in an appendix.

2. Flow in an exterior domain

2.1. Conformal mapping

Let D = B(0,1) and S = dD. In what follows, we identify R? with the complex
plane C.
We begin this section by recalling some basic definitions on the curve.

DEFINITION 2.1. We call a Jordan arc a curve C' given by a parametric represen-
tation C' : (s), 0 < s < 1, with ¢ an injective (one-to-one) function, continuous

n [0,1]. An open Jordan arc has a parametrization C : p(s), 0 < s < 1, with ¢
continuous and injective on (0, 1).

The Jordan arc is of class C™ (n € N*) if its parametrization ¢ is n-times con-
tinuously differentiable, satisfying ¢'(s) # 0 for all s.

Let I : I'(s), 0 < s < 1, be a Jordan arc. Then the subset R? \ I" is connected
and we will denote it by II. The purpose of the following proposition is to give
some properties of a biholomorphism T : IT — int D°. After applying a homothetic
transformation, a rotation and a translation, we can suppose that the end points
of the curve are —1 = I'(0) and 1 = I'(1).

PROPOSITION 2.2. If I' is a C? Jordan arc, such that the intersection with the
segment [—1,1] is a finite union of segments and points, then there exists a biholo-
morphism T : II — int D® which verifies the following properties:

(i) T=' and DT~! extend continuously up to the boundary, and T~' maps S
to I';

(ii) DT~ is bounded;

(iii) T and DT extend continuously to I' with different values on each side of I',
except at the end points of the curve, where DT behaves like the inverse of
the square Toot of the distance;
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(iv) DT is bounded in the exterior of any disc B(0, R), with I’ C B(0, R);

(v) DT is LP(II N B(0, R)) for allp <4 and R > 0.

The proof of this proposition can be found in [9]. Reading it, one understands
why we need the condition that the curve is supposed to be more than C* (in fact,
C1@ can be sufficient). Indeed, we need to find some continuity properties of the
first derivative of T', which is possible by the Kellogg—Warschawski theorem only if
I is sufficiently regular. We also recall the following remark from [9].

REMARK 2.3. If we have a biholomorphism H between the exterior of a bounded
set A and D¢, such that H(oco) = oo, then there exist a non-zero real number /3
and a bounded holomorphic function h : II — C such that

H(z) =Bz + h(2),
with

h'(z) = O(|Zl|2> as |z| = oo.

This property can be applied for the T" above, observing that T sends the exterior
of a bounded set B to int B(0,2)¢; hence 3T = Bz + h(z).

2.2. The evanescent obstacle

In this subsection we formulate a precise statement of the thin obstacle problem.
Many of the key issues regarding the small obstacle limit and incompressible flow
have been discussed in detail in [9], so we briefly recall some properties.

As in [9], we fix wg € CX(R?\ I'). Next, we introduce a family of problems,
parametrized by the size of the obstacle. We consider a family of smooth domains
(2., connected, simply connected and containing I', with sufficiently small e, such
that the support of wy does not intersect f2.. Let T, be a biholomorphism between
II. = R?\ (2, and D¢, satisfying the following assumption.

ASSUMPTION 2.4. The biholomorphism family {7.} verifies that
(i) Tz = T)/IT||| o= (11.) — 0 as € = 0,
(ii) det(DT 1) is bounded on D¢ independently of ,
(iii) for any R >0, |DT: — DT||13(8(0,r)ni1.) — 0 as € — 0,

(iv) for R > 0 large enough, there exists Cr > 0 such that |DT.(x)| < Cr on
B(0, R)°,

(v) for R > 0 large enough, there exists Cr > 0 such that |D?*T.(x)| < Cr/|z| on
B(0,R)°.

REMARK 2.5. We can observe that property (iii) implies that, for any R, DT, is
bounded in L?(B(0, R) N II.) independently of ¢, for p < 3. Moreover, condition (i)
means that 7. — T uniformly on B(0, R) N II. for any R > 0.
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Assumption 2.4 corresponds to [9, assumption 3.1], adding part (v) and strength-
ening property (i) therein. Before continuing, we give an example of an obstacle
family.

EXAMPLE 2.6. We consider 2. = T~ 1(B(0,1+¢)\ D). In this case, T. = T/(1+¢),
which verifies the previous assumption. In fact, taking proposition 2.2 into account,
|DT. — DT | 1o (B(0,r)nm.) — 0 for all p < 4, and, using remark 2.5, [D?*T.(z)| <
Cr/|x|? on B(0, R)¢, but we will not need such strong estimates. If I" is a segment,
then (2. is the interior of an ellipse around the segment.

We define I', = 9f2.. Moreover, we define by G° = G°(z,y) Green’s function of
the Laplacian in II., by K¢(z,y) = VG®(x,y) the kernel of the Biot-Savart law
on II. and we denote the associated integral operator by

[ Ko[f]= . K*(2,y)f(y) dy.

Let H®(x) be the unique harmonic vector field on I7. which verifies the condition

% H®.-ds=1,
I.

where the contour integral is taken in the counterclockwise sense. Both K¢ and H*
depend on T, and we recall the following explicit formulae found [9, § 3.2]:

(Te(m) _Ts(y))L (Ta(m) _Ta(y)*)L>

(2.1)

S _
K== g PIe >(|Tg<x>Ts<y>|2 [AGEEMEE

and

e b f(Te(2)*
H :%DTE(x)<W>, (2.2)

where T.(y)* = T:(y)/|T-(y)|?.
We recall from [5] that, given wy € C2°(R?\ I') and v € R, for € > 0, there exists
a unique ug such that

divug =0, curl ug = wo, % ug - ds =1,

€

ug is tangent to I and vanishes at infinity. Moreover, there exists a unique a such
that
ug = K¥[w§] + aH®. (2.3)

By Stokes’s theorem, we have that
a=v+m withm= wo dz
R2

(see the proof [5, lemma 3.1]).
Now, we require information on far-field behaviour. We know from [9, §2.2] that
| DT (x) T=(y) = Te(y)"|

NS T S T~ L) —~ T ] WY 2 o)
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By assumption 2.4(i) and (iv), and the form of T'(x) at infinity (see remark 2.3),
there exist R > 0 and C' > 0 independent of ¢ such that

|K[wo](x)| < C/|z[* and |HS(x)] < C/|z| forall [z| > R, (2.4)

since wy € C°(11,).

Let u® = us(z,t) = (u§(x1, z2,t),u5(x1, z2,t)) be the velocity of an incompress-
ible, viscous flow in II.. We assume that u® verifies the no-slip condition at any
positive time and u® — 0 when || — oo. The evolution of such a flow is governed
by the Navier—Stokes equations:

ou® —vAu® +u® - Vu® = —-Vp® in I x (0,00),
divu® =0 in I, x [0,00),
u® =0 in I'; x (0,00), (2.5)
lim |uf|=0 for ¢ € [0, 00),
|z|— 00
u(z,0) = uj(z) in II..

As uf is smooth, and therefore locally bounded, the behaviour at infinity given
in (2.4) allows us to observe that u§ € L*°°(II.)NLP(Il.) with p > 2. Global-in-time
well-posedness for problem (2.5) was established by Kozono and Yamazaki [8]. The
existence part of their result requires that the initial velocity uf satisfies a smallness
condition of the form

limsup R|{z € II. | |uj(x)| > R}'/* < 1. (2.6)
R—o0
Since uf is bounded, the supremum limit is always zero, for any € > 0. Uniqueness
holds without any additional conditions.
We conclude this subsection with the definition of a cut-off function family. Let
¢ € C**(R) be a non-decreasing function such that 0 < & <1, §(s) =1if s > 2
and &(s) = 0 if s < 1. Then, for A > 2, we introduce

N = N z) = @('TE@A” — 1). (2.7)
Due to the uniform convergence of T; to T' on bounded sets (see assumption 2.4(i)),
we note that the cut-off function #=* vanishes in a ball of radius Cy A and it is
identically equal to 1 outside a larger ball of radius Co A\, with Cy and C5 independent
of . Furthermore, the radii of the annulus where #** is not constant can be made
independent of ¢.

2.3. Asymptotic initial data

The aim of this section is to study the convergence, as ¢ — 0, of the initial
velocity fields u§. First, we introduce some notation. For each function f defined
on II., we denote by Ef the extension of f to R2, by setting Ef = 0 in II.. If
f is sufficiently regular and vanishes on 0f2., one has that VEf = EVf in R2.
If v is a sufficiently regular vector field defined on I7. and tangent to 0f2., then
div Ev = Edivv in R?. In particular, we have div Eu§ = 0 in R?.

The following lemmas are consequences of the case of an ideal fluid treated in [9].
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LEMMA 2.7. For 2 < p < 3, there exists C, > 0, which depends only on the shape
of I' and wo, such that || Eugl| e w2y < Cp.

Proof. By [9, theorem 4.4], we can state that || Eugl|1»(s) < C||EDT||1r(s) for any
S C R2. Then we can use remark 2.5 to observe that, for any R > 0, we can find
a constant C}, such that || Eugl|zs((0,r)) < Cp for p < 3. Recalling (2.3) and (2.4),
the desired conclusion follows, since the function = — 1/|z| is LP at infinity for

p> 2. O
LEMMA 2.8. We have that Eu§ — K|wo]+aH strongly in L2 (R?) ase — 0, where
K and H are defined as K¢ and H®, respectively (see (2.1) and (2.2)) by replacing

T. by T.

Proof. This result is a consequence of [9, §5.1], where it is shown that, in the case of
an ideal flow, ®°u® — u = K[w] + aH strongly in L2 ([0,7] x R?) with ¢° = &=*.

This was done in two steps: first proving that *u® — u strongly in L? _(R?) for each

loc
t > 0, and then, by the dominated convergence theorem, obtaining the convergence

in L ([0, T] x R?). Here the first step is sufficient to complete the proof. O
Henceforth, we set
ug = Klwo] + aH, (2.8)
with N N
1 T(zx)-T T(z)—-T(y)"
R (- EE T U DA T R
2 T(@) =T |T(x) = T(y)|
and

T 1
H= ;TDTt(x)((T())). (2.10)

By [9, proposition 5.7], we know that
(i)

(ii) up is continuous up to I'\ {—1;1}, with different values on each side of I,
)

(iii) up blows up at the end points of the curve like C'/+/|x — 1||z + 1|, which
belongs to LY for p < 4,

loc

up is continuous on R? \ I,

(iv) wug is tangent to the curve.

Moreover, the [9, § 5.2] states also that ug is a divergence-free vector field, vanishing
at infinity, with curlug = wo + gu,(s)dr in R?, where 6 is the Dirac function
of the curve I', and the g,, depends on wy and the circulation . One can also
characterize g, as the jump of the tangential velocity across I'. Then we know
that ug is bounded, except at the end points, where it is equivalent to the inverse
of the square root of the distance, and so ug verifies the smallness condition (2.6).

3. Velocity estimates

We start by introducing some functional spaces which embed the divergence-free
and no-slip conditions.
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DEFINITION 3.1. Let §2 be an open set in R?. We denote by V({2) the space of
divergence-free vector fields, the components of which belong to C2°(f2). The closure
of V(£2) in H*(£2) is denoted by V(§2), and its dual space by V'(§2). Finally, we
denote by H(£2) the closure of V(§2) in L?(£2). To simplify the notation, we also
set Vp = V(R2\ I') and Hp = H(R?\ I).

Since the initial datum wu§ does not belong to L? (u§ = O(1/|x|) at infinity),
we will remove the harmonic part at infinity. To this end, we define We(t,x) =
uf (t, r) — v°(x), where v° = aH*®**, with fixed A, chosen to be sufficiently large
so that the radii of the balls where @** vanishes, for each ¢ > 0, are large enough
to satisfy (iv) and (v) of assumption 2.4. This choice of X is possible because the
radii of these balls are O()). Without any loss of generality, we may assume in
addition that these balls contain 2.. Due to assumption 2.4 and (2.4), we can give
the following estimates on v°.

LEMMA 3.2. For \ fized (sufficiently large, independent of €),
(a) v¢ are bounded in L*(R?) independently of ¢,
(b) Vve are bounded in L*(R?) independently of e,

(c) Av® are bounded in L>(R?) independently of ¢ and supported in a compact
set independent of €.

Proof. We recall the following explicit formula for v°:

5 _ o e, t (TE("I"))L
(o) = o0t (),
with @ given in (2.7).

As @ vanishes in a ball of radius O()), conditions (i) and (iv) of assumption 2.4
guarantee that v° is uniformly bounded by C®*(x)/|T(z)| for sufficiently large \.
Since the function T behaves like Sz at infinity, the first estimate of the lemma is
a consequence of the fact that 1/|z| is L* at infinity.

Using that |T;| > 1, we obtain that

Te(z)| -1 3a |D?T,| |DT.|?
i [Te(@)] —1 DT.|? + —¢°* )
( X )’ T O\ T InePe

@
1>

< —

|Vv®| 5%

Taking into account the fact that the radii of the annulus where ¢** is not constant
can be made independent of e, assumption 2.4(iv) implies that the first term in the
above inequality is uniformly bounded with respect to x and &, and compactly
supported in a compact set independent of e. Parts (i), (iv) and (v) of assump-
tion 2.4 allow us to state that, for sufficiently large A, the second term is bounded
by C®=*(z)/|z|? (with a constant C' independent of ¢), which belongs to L?(R?).
This proves the second assertion of the lemma.

Finally, we note that AH® = 0 outside the balls where the $»¢ vanish, because
H® = V+In|T.(z)] = V' Re(lnT.(z)), with In7. a holomorphic function, so
AlnT, = 0. Then, since |T.(x)| > 1, for some constant C > 0 we have
[Te(z)| =1

T, -1
o (TR0 Japne oo + cler (T ) ion

Ave| < C
N .
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which is bounded in L®°(R?) uniformly with respect to ¢ and compactly supported
in a compact independent of €. O

LEMMA 3.3. We have that W§ = We(-,0) = K.[wo] + (1 — &) H. is bounded in
LP independently of € for 1 < p < 3.

Proof. This lemma can be established similarly to lemma 2.7 by using the fact that
W¢ behaves like 1/|x|? at infinity (see (2.4)), which belongs to L? for p > 1. O

In particular, W§ is bounded in L?, which will be useful in obtaining a priori

estimates for W¢ = u® — v°.

LEMMA 3.4. The vector fields W€ are bounded independently of € in
Lise([0,00); L*(12)) N Liy ([0, 00); H' (11:)).
Proof. We rewrite (2.5) for W¢ as
W —vAW® —vAv® + (W +0°) - VIW®
+ W .- Vo® 4+ 0% - Vo' =—-Vp® in Il x (0,00),
divWe® =0 in Il x [0, 00),
We(-,t) =0 on I x (0,00).
Indeed,
div W¢ = —divo®
=aH® -V

1
1o T. |TE|—1 T,
=-= DI.) @ DT.) =0.
%A(m? ) ( X ><|TE| ) 0

We multiply the equation above by W€ and integrate to obtain

1d

2dt

—/ [We. (We- Vo) +We- (’UE-V’UE)]dx—FV/ We . Av® dx
II. I,

€ IWelZe + v VWL

= / [vf - (W - VW) + 0% (v° - VW)]de +v [ W Av®dx
€ HE

SAWENLalVWe g2 llo®llpa + VW L2 0% [12s + v | WE 22 ]| Av®| 2.
Next, we use the interpolation inequality:
[Wellze < CIWE LIV We 2

with a constant C' > 0 independent of €. In the case of R?, this inequality can
be found in [10, ch. 1]. To obtain the corresponding inequality in II., one simply
extends W¢ to R? by setting it identically zero inside £2.. As W¢ vanishes on I%,
the extension has an H!'-norm in the plane which is identical to the H! norm of
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We in II.. Moreover, Av® is bounded in L? and v® is uniformly bounded in L*
independently of € due to lemma 3.2. Hence,

£ < CIWE|LL2INWE 32 0% | oo + VW2 |0 |24 + v WE 22 | Av® | 2
< L|VWE T + CL|WE |32 + Co

for some constants C; and C5 independent of €, so
d €112 €112 €112
EHW ||L2 +V||VW ||L2 < 201||W ||L2 +202

Gronwall’s inequality now gives, for any ¢ > 0,

t
C
EW s o [T (s ) e ds < G IWEO (3

Using the fact that the W¢(0,-) are bounded in L? independently of £ (see
lemma 3.3), we can rewrite (3.1) as

t
W2 (11, + VeQClt/ eI VWE(s, ) T2, ds < O, (3.2)
0

with a constant C. This completes the proof. O
We now deduce the main result of this section.
THEOREM 3.5. Let u® be the solution of (2.5). Then the following hold true.
(1) The family {Eu® — v°} is bounded in
L5, ((0,00); L2(R2)) (1 L. (0, 00); H' (B2)).

loc
(2) The family {VEu} is bounded in LE ([0, 00); L*(R?)).
(3) The family {Eu®} is bounded in
ioc((0,00); Lite (R?)) 01 i ([0, 00); L* (R¥)).

loc loc loc
Proof. The proof is based on lemmas 3.2 and 3.4. Indeed, part 1 follows from
lemma 3.4, while part 2 is a consequence of the same lemma and of lemma 3.2(b).
To prove part 3, we use again the interpolation inequality

£ enl/2 enl/2
W=l Laney < CUWEE2 Loy VW4T e

which ensures that W¢ is uniformly bounded in L{ ([0, 00); L*(IR?)). It suffices now

loc

to use lemma 3.2(a), which gives the uniform boundedness in L ([0, 00); L*(R?))
for u® (whereas Fu§ is not uniformly bounded in L (R?)). O

For each ¢ > 0, we know that div EW¢ = div Eu® = 0 on R?. Moreover, since
the supports of EW*® and Eu® are contained in II., we can rewrite the previous
theorem with the functional spaces of definition 3.1.

COROLLARY 3.6. Let u® be the solution of (2.5). Then the following hold true.
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(1) The family {Eu® — v¢} is bounded in L2.((0,00); Hr) N LE ([0,00); Vr).

loc loc
(2) The family {VEu} is bounded in LE ([0,00); Hr).

We will later use the following proposition on regularization of functions in
ngoc([()? OO); VF)
PROPOSITION 3.7. Let T € [0,+00) and f € L?([0,T); Vr). There exists a sequence
{fu} of divergence-free functions belonging to C>°((0,T)x (R?\I")) such that f,, — f
in L?([0,T), Vr).

Proof. In order to find this family, we start by regularizing in time, as in [15].
To this end, we multiply f by the characteristic function x[1/n,7-1/n) and then
regularize by a function p, (t) such that the size of the support of p,, is less than or
equal to 1/2n. Therefore, we obtain a family {p, * (X[1/n,7—1/n]f)} Which belongs
to C2°((0,T), Vr) and which tends to f in L?([0, T], Vr). Now, we will approximate
functions belonging to C°(Vr) by divergence-free functions C°((0,7) x (R? \ I)),
which will allow us to conclude due to a diagonal extraction of a subsequence.

As Vr is a separable Hilbert space for the scalar product H'(R?), Vr admits
an orthonormal base {e,}. Let ¢,m € V(R?\ I') be a sequence tending to e, in
H'(R?) as m — oo. Clearly, the family {¢, ,} is countable, and the vector space
generated by this family is dense in V. Therefore, by the Gram—Schmidt process we
can conclude that there exists an orthonormal base {é,,} of Vi with &, € V(R?\ I').
So, if f € C*((0,T7);V), we can write f = > ap(t)én(z) with «,, € C°((0,T)),
and we can choose

N
fn = on(t)én(x).
0

These functions belong to C°((0,T) x (R? \ I')). Moreover, g,(t) = [|f(-,t) —
fal B2 belongs to L1([0, 7)) (since lgn |z < A() fllz2or rty)?) and, for each

€ [0,T], {gn(t)} is a non-increasing sequence which tends to zero. Then, by the
Beppo Levi theorem, g, tends to zero in L'([0,7]), which means that f,, converges

to f in L2([0, T, H'(R?)). O

4. Passing to the limit

In this section, we prove that {Eu®} converges to a solution of the Navier—Stokes
equations on R?\ I" in the sense of distributions. It suffices to find a strong conver-
gence for the sequence {Fu} in L2 _([0,00) x (R?\ I)).

PROPOSITION 4.1. Let T > 0 and let O be a smooth open set relatively compact in
R2\ I". Then the sequence {Euf} is precompact in L>((0,T); H=3(0)).

Proof. We show that {Euf} is bounded in L>((0,T); L?(0)) and equicontinuous
as a function of (0, T) into H~2(0), which will allow us to apply the Arzela—Ascoli
theorem. Fix ¥, a smooth divergence-free vector field, compactly supported in O.
As the obstacle shrinks to the curve I', there exists o > 0 such that 2. N O = 0
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for all 0 < € < ep. For each interval (t1,t2) C (0,T), using (2.5) we see that

(Buf(t3) — Eu®(t1),¥) = /}Rz(Eug(tg) — Eu®(t1))¥dx

ta
= / ( Oy Eu’ dt) ¥ dx
R2 t1

to to
= — / Eu® - Vu¥drdt — 1// Vu*VV¥ dz dt
t1 R2

t1 R2

=1 + Is.
We first estimate I;. Using theorem 3.5, we deduce that

1| < 1Bu® || poe 0,720 I VEUE |2 (0, 10522 (0)) 1P || oo V/ [t2 — 1]
<O a2/ |tz — ta],

due to the Sobolev embedding H?(R?) < L*(R?). Next, we treat I:

[l2| < vIIVusllL2o0,m3;02 00 IV L2V [t — t1| < Ol g2/ |t — 1.

The above inequalities show that { Eu®} is equicontinuous as a function of time into
H=2(0).

Since { Eu®} is bounded in L>((0,7); L?(0)) by theorem 3.5, it follows from the
Arzela—Ascoli theorem that there is a subsequence of Fu® which converges strongly
in L((0,7); H-3(0)). O

We now improve the space-time compactness result, which is a direct consequence
of the previous proposition.

LEMMA 4.2. There exists a sequence such that {Eu®} converges strongly in

Lio([0,00) x (R*\ I)).
Proof. We know from theorem 3.5 that { Eu¢} is bounded in L?([0,T]; H'(0)), and
proposition 4.1 states that { Euf} is precompact in L>((0,T); H=3(0)). It follows
by interpolation that there exists a subsequence such that { Eu®} converges strongly
in L2([0,T] x O). By taking diagonal subsequences in the set of the compact subset
of R\ I' and in the time, we may assume that there is a subsequence which
converges strongly in L2 ([0,00) x (R%\ I)). O

loc

We will prove that the limits of the sequence { Eu®} are solutions of the Navier—
Stokes equations on the exterior of a curve in a suitable weak sense. The difficulty is
that Euf does not belong to L?(R?). So, as we did in corollary 3.6, we should keep
the harmonic part v°. Since we previously obtained a limit for EFu®, now we look
for a limit for v°. We recall that v® = aH.$%*, with H. and $** given by (2.2)
and (2.7). We also denote H and ®* as H® and & by replacing 7. by 7.

LEMMA 4.3. If we define v = aH®", then v. — v in L?

loc

(R?).
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Proof. For any compact K of R?, using the explicit formula of v® and v, we have

[[v* *U||L2(K)

T+ T+ T+
Jiit A <DTt e DTt + (@5,)\ o @07/\) DTt
2 |T:[? T[> T Nl 2y
T+ TJ- «
—||o°* | DT =% — DT* — — |5 — @0 L | DT :

Recalling that ¢* = 0 on a ball of radius C;\, we can conclude from assump-
tion 2.4(iii) and remark 2.5 that the first term tends to zero. For the second term,
we note that the cut-off function @ is Lipschitz, and by the explicit formula of &=
given in (2.7) we conclude that

|@6’)\(l‘) 7 @O,A(x” < (Sup |@/|)‘ |T5(£E)| - |T(l’)‘ ‘

A

Then, on the annulus (chosen independently of ) where 5* — % is not zero, the
previous term tends to zero due to remark 2.5. O

Therefore, we can formulate precisely the notion of weak solution to be used.

DEFINITION 4.4. Let ug be such that ug—v € Hp. We say that u is a weak solution
of the incompressible Navier—Stokes equations on R* x (R?\ I') with initial velocity
ug if and only if u — v belongs to the space

C([0,00);Hr) N L, ([0, 00); Vr)

and for any divergence-free test vector field 1 € C°((0,00) x (R?\ I")), the vector
field u satisfies the following condition:

/00/ (u- e+ [(u- VY] - u+vu-Ay)dzdt = 0. (4.1)
0o JrAD

Furthermore, divu = 0 in the sense of distributions, and u(-,t) — wug in the sense
of distributions as t — 0.

REMARK 4.5. In fact, if we prove that the vector field w verifies (4.1) for all
divergence-free test vector fields ¢ € C2°((0,00) x (R?\ I')), with u — v belonging
to L, .([0,00); Vr) N L2 ((0,00); Hr), then

dyu € L}, ([0,00), Vpo). (4.2)

Indeed, with lemma 3.2 and the interpolation inequality

1/2
llu = wllzazey < Cllw =il 2 IV (0 = 02y,
we note that u belongs to

Lio([0, 00); LY(R*\ 1))
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and Vu belongs to L2 ([0, 00); L*(R? \ I')). For each T' > 0, using (4.1) and theo-
rem 3.5 for each divergence-free function 1 € C°((0,T) x (R?\ I')), we have

(Oru, ) < (||U||2L4((0,T);L4) + vlIVullL20,0):L2) IVl 22 (0,7):22)
< ClYllz20,7):vr)
with a constant C' > 0. As the set of divergence-free functions belonging to
C((0,T) x (R*\ T))
is dense on L?([0, 7], Vr) (by proposition 3.7), the linear form

w»—>//6tu P

is bounded on L2([0,T],Vr), so (4.2) follows.

THEOREM 4.6. There exists one strong limit u of {Eu®} in L (]0,00) x (R*\ I))
which is a weak solution of the Navier—Stokes equations in R? \ I' in the sense of
definition 4.4, with initial velocity given by ug = K|wg] + aH.

Proof. By lemmas 2.8 and 4.3, we know that Fu§ — v° — ug — v in L% (R?).
According to theorem 3.5, ug—v belongs to L?(IR?). Moreover, Eu§—v°¢ is supported
in a smooth domain (HE); thus, we can approximate it by functions belonging to
V. Then, by a diagonal extraction, we obtain that ug —v € Hp.

Let 1 € C2°((0,00) x (R?\ ")) such that div 1 = 0. If we consider e small enough
such that the support of 1 does not intersect (2., we can rewrite the integrals on
II. as full-planar integrals, using the extension operator and multiplying (2.5) by
1. We obtain the following relation:

/ / (Bu® - e + [(BEu® - VY] - BEu® + vEu® - Ay)dadt = 0.
R2\T

Due to the convergence of Eu® to a vector field u in L2 ([0,00) x R*\ I') (see
lemma 4.2), we can pass to the limit ¢ — 0 and obtain that u satisfies (4.1).

Moreover, v¢ tends to v (see lemma 4.3) so, passing to a subsequence if necessary,
corollary 3.6 implies that u — v belongs in LIOC([ ,00); Vr) N LS ((0,00); Hr). The
incompressible condition is a consequence of the strong convergence of divergence-
free vector fields (lemma 4.2).

Now, we prove that u — v belongs to C([0,00); Hr). We know from corollary 3.6
that u—wv belongs to L?([0,T]; Vr) and from remark 4.5 that its derivative 9;(u—v)
belongs to L%([0,77; Vr). As

Vr = Hr =Hp = V5,
lemma 1.2 of [15, ch. ITI] (see also the Lions—Magenes theorem of interpolation [11])
allows us to state that u — v is almost everywhere equal to a function continuous

from (0,7T) into Hr and we have the following equality, which holds in the scalar
distribution sense on (0,7):
d

—Ju —v]? = 2(0(u — v),u —v). (4.3)

dt

Therefore, u — v € C([0,00); Hr).
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Furthermore, since Eu® converges to u uniformly in time with values in H, 2 (R?\
I') (by proposition 4.1), one has that Eu§ converges to u;—q in H,,?. On the other
hand, lemma 2.8 states that Eu§ converges to K[wo] +aH in LZ (R?). By unique-

loc
ness of the limit in H, l;g’, we conclude that ug = K[wg] + aH, which completes the

proof. O
5. Uniqueness for the limit problem
We now state the uniqueness result that completes theorem 4.6.

PROPOSITION 5.1. There exists at most one global solution in the sense of defini-
tion 4.4, verifying that the initial velocity is ug = Kwo] + aH.

Proof. Let u; and us be two global solutions of the Navier—Stokes equations around
the curve I with the same initial velocity ug = Kwo] +aH. By remark 4.5 we have
that the dyu; belong to L2 ([0,00),V}), for i =1,2.

loc

If we define @ = w; — ug, then, by proposition 3.7, for a fixed T" > 0 there
exists a divergence-free family {1, } in C°((0,T) x R? \ I') such that 1, — @ in
L2(0,T}: Vr).

Subtracting the equations satisfied by u; and ws, and multiplying by the test
function 1,,, we see that

T T
/ / 3td-¢ndxdt—u/ / - Ay, do dt
o JrRAI 0 JRAT
T
— [ ] @9+ (e V)] e, (5
0 JRAT
Using the interpolation inequality

1/2 1/2
|z zay < ClIE2 oy [IV65 | ot o

the right-hand side term can be bounded by
T
/0 liill s (|| s + uzll o) | Ve[ 2
T
<C / IVl 2 Va2 Nl o (sl s + e o)

T T T
14 v - 5
<5 [ 1Vl + 5 [ 19+ 0 [ b+ el

with constants C' and C; independent of T'. For the left hand-side term, by (4.3)
and because 4(-,0) = 0, we can write

T T T
0 R2\I" 0 R2\I" 0 R2\I"

T
= %Ilﬁ(-,T)IILa(R2)+/ / oyt - (1hy, — @) dax dt.
0 JRA\TI
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The last double integral tends to 0 as n — oo because d; @ belongs to L2 ([0, 00); Vi)
and v, converges to @ in L([0,T]; Vr).
In the same way, we have

T
— lim / / U - A, da dt
n—o0 Jq R2\T"

T
= lim / Vii - Vip, dz dt
0 JR2AT

n—oo

T T
:/ Vi Vidadt + lim/ / Vi - (Vip, — Vi) da dt
0o JrRAT 0 JrR2\TI

n—oo
= HVﬂH%Q([O,T],LZ(R?))a

because Vi belongs to L2([0,T); Hr) and Vb, converges to Vi in L2([0,T]; Hr).
This convergence also implies that

nh_{{.lo ||V¢n||2L2([o,T]xR2) = HVQH%?([&T]WQ)‘

Therefore, passing to the limit n — oo in (5.1) yields

T
(-, 717> < 201/0 Gl (lual7s + [luzllze)-

The latter equality holds for all 7' > 0, with the constant C independent of T.
Noting that the functions ¢ — [|a(-,t)||22, t — (lur(-,t) |74 + [Juz(-,8)]|34) and
te a2 (lur (L 0|7 + lua(- t)||74) are Ll ., we can apply Gronwall’s lemma
to obtain

(-, T)IIZ> <0,

which concludes the proof of uniqueness. O

Once the uniqueness of the limit velocity is established, and given that by theo-
rem 4.6 we know that from every sequence of solutions u® we can extract a subse-

quence converging in L2 ([0,00) x (R?\ I")), we deduce with a standard argument

that strong convergence in L2 ([0, 00) x (R?\ I")) holds without the need to extract
a subsequence. Theorem 1.1 is therefore completely proved.
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Appendix A. Notation

A.1. Domains

The following domains are used in this paper:
e D= B(0,1) is the unit disc;
e S=0D;
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I' is a Jordan arc (see proposition 2.2);
II=R2\T;

(2. is a bounded, open, connected, simply connected subset of the plane, such
as 2. - I'ase — 0

I'. = 042, is a C* Jordan curve;

II. =R?\ ..

A.2. Functions

The following functions are used in this paper:

wo the initial vorticity (CS°(I1));

y the circulation of uf on I'; (see §1);

u® the solution of the Navier—Stokes equations on I1;

T a biholomorphism between IT and int D¢ (see proposition 2.2);

T. a biholomorphism between II. and int D¢ (see assumption 2.4);
K¢ and H® as given in (2.1) and (2.2); K¢wo](z) = fHE K¢ (z,y)wo(y) dy;
@A a cut-off function (see (2.7)).

V($2), V(2), V'(£2), H(2), Vr and Hp are some vector spaces defined in defini-
tion 3.1.
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