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In this paper, we study an adsorption model arising in the dynamics of several surfactants
at the air-water interface, where the Langmuir isotherm is employed for modelling the
time-dependent surface concentration, providing a nonlinear dynamical boundary condition.
Existence of a weak solution is proved by using the Rothe method for a semi-discrete
problem in time. After obtaining some a priori estimates and passing to the limit in the time
discretization parameter, we conclude that the original Langmuir problem has a bounded
solution. An uniqueness result is also given.

Key words: 76T10, 76A20, 76M20, 76M 30, 92C45

1 Introduction

Here we focus on the diffusion-controlled model arising in the surfactant behaviour at the
air-water interface, using the so-called Langmuir isotherm and a finite diffusion length,
as it has been addressed in [2,16], and has huge applications in the chemical industry
(see, for instance, [5,6,13] and the references therein). Diffusion is the mechanism that
mainly governs this dynamic process since adsorption is assumed to be instantaneous and
prescribed by the Langmuir isotherm, which defines a nonlinear relationship between the
surface and subsurface concentrations.

From the mathematical point of view, this process is modelled by the diffusion partial
differential equation in one spatial dimension, coupled with the Langmuir isotherm by
means of a boundary condition at the subsurface, the unknowns being both the bulk
and the surface concentrations. This adsorption model yields a non-standard parabolic
problem in terms of a nonlinear dynamical boundary condition for which an existence
result is provided here. Uniqueness is also proved using a technique previously introduced
in [11] for the process of washing contaminants.

Several mathematical investigations have been carried out concerning the different
models involved in this problem. The analysis of the problem taking into account the
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linear Henry isotherm was earlier considered in [9] for the diffusive model and in [10]
for the mixed-kinetic one. The mathematical and numerical analyses of the Langmuir—
Hinshelwood model for the mixed-kinetic adsorption model are provided in [8]. Moreover,
several numerical methods have been used in order to approximate their solutions (see
[14,15] and the references therein). The new contribution of our work is to prove an
existence result for the diffusive model including the derivative of the Langmuir isotherm
into the boundary condition at the subsurface. We also prove that this solution makes
sense from the chemical point of view since it is bounded between zero and the so-called
bulk concentration.

The outline of this paper is as follows. In Section 2, we describe the mathematical
model and we introduce the variational formulation of the problem. The existence of a
bounded weak solution is proved in Section 3 by using the Rothe method, an intermediate
problem (for which the existence of a unique weak solution is obtained applying Brouwer’s
fixed-point theorem), a priori estimates and passing to the limit. The uniqueness issue is
solved using some arguments already introduced in [11], as the integration in time of the
respective variational equations and the definition of adequate test functions.

2 The mathematical model and the variational formulation

In this section we introduce the mathematical framework arising in the modeling of several
surfactants at the air-water interface. Indeed, when a new air-water interface is formed,
the surfactant molecules tend to migrate onto the interface in order to reduce its surface
tension. The analysis of the dynamic surface tension is then closely related to molecular
transport, assuming here a lattice-type model where the surfactant surface molecules do
not interact with their lattice neighbours or with the vacant sites. Hereafter we refer the
bulk as the spatial interval [0,[] occupied by the surfactant, the subsurface being located
at x = 0 (see [9] for further details). Denoting the concentration of surfactant, at time
t € [0, T and point x € [0,[], by &(t, x), and the time-dependent surface concentration by
I'(t) and taking into account the Fick’s law, we consider the diffusion partial differential
equation:

oe o%e

t(ts X) —D axz

5 (tLx)=0, t>0, xe(0,), (2.1)

together with the boundary conditions (see [2]):

o¢ - dr

D a(t,O) = ?(t), t>0, (2.2)
ct,ly=cp, t>0, (2.3)
and the initial conditions:
Z(Os X) = EO(x)a X € (Oa l)a (24)
r0)=rT,. (2.5)

In equations (2.1)—(2.3), D is the diffusion coefficient and the positive constant ¢, is the
bulk concentration. Besides, in equation (2.4), ¢y(x) is a function defined in [0,[] which
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equals ¢, on x = [, and I'( in equation (2.5) stands for the initial surface concentration,
being zero for a fresh surface. We remind the reader that the time-dependent surface
concentration, I'(t), is also an unknown of the system, so an additional condition is
needed in order to close the problem. As we said previously, we consider the well-known
and classical Langmuir isotherm (see [2]):

KL Z(ta O)

F(t) = me,

t =0, (2.6)
where I, is the maximum surface concentration and Ky is the Langmuir equilibrium
adsorption constant. Note also that boundary condition (2.2) together with (2.6) involve
the time derivative of the solution at the boundary, introducing then a dynamical boundary
condition. Notice that from (2.4)—(2.6) the following compatibility condition is needed:

K1 % (0)

Io=1r,—L"07
0T T M KL %(0)

For the sake of clarity in the presentation and without loss of generality, hereinafter we
assume that the constants D,Ky and I',, are equal to 1 and we define the nondecreasing
Lipschitz function F : R — IR as follows

zZ
— ifz =0,
Fz)={1+z " ° (2.7)
0 if z <O.
Notice that a primitive to F given by
_Jz—=In(1+2z) ifz>=0,

H&)‘{o if z <0, (28)
is nondecreasing and convex. Therefore, using (2.7), boundary condition (2.2) can be
written as

ot d(F o &(t,0

p &0y = WO (2.9)

0x dt

We remark that equation (2.9) determines a nonlinear dynamical boundary condition
due to the function F coming from Langmuir isotherm (see [12,20] and the references
therein).

Now, in order to obtain a homogeneous boundary condition in the bulk and simplify
the calculations, we define a new variable ¢ = ¢ — ¢;, and then problem (2.1), (2.3)—(2.5)
and (2.9) can be written as follows:

d 02

é@m—éémmza t>0, xe(0), (2.10)
oc _d(F o (c(t,0) + ¢p))
= (60) = = . >0, .11)
c(t,) =0, t>0, (2.12)
(0,x) = co(x), x € (0,0), (2.13)

where ¢o(x) = To(x) — cp.
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We now obtain the variational formulation of problem (2.10)—(2.13). We write H =
L*(0,1), with (-,*)y and || - |5 its scalar product and its corresponding norm, respectively,
defined by (see [1]):

!
mwm=/JWMWMx ol = (v,0) % Vo,w,€ H.
0

Moreover, let V be the closed subspace of H!(0,!) given by
V ={veH01I);vl) =0}

On this space V' we consider the inner product and the corresponding norm given by

"ov  ow

(@)= [ S0 ol = (o) Vo e V.
o Ox  ~0Ox

Note that || - | g1(os) and || - | are equivalent norms and so there exists a positive constant

C, such that

lollgion < Celvlly, YveV. (2.14)

As usual, we denote the dual space to V by V' and the duality pairing of V and V' by
{-,-)y'xy. In what follows, we use the space ¥~ = L*(0, T; V) and

W(O,T)={ve"/; Zl;e“%’}.
It is well known (see [19]) that #'(0,T) < ¥~ < L*0,T;H) < v’ and #(0,T) c
%([0, T]; H). Finally, we denote by 7o : H'(0,]) — IR the trace operator given by yo(v) =
v(0). From the continuity of the trace operator, it follows that

[po() < Cy[lv]lv, (2.15)

for all v € V' with C = ||y0ll 2(v,r). Moreover, we assume the following hypothesis:
(H1). The initial condition ¢y belongs to V and —€ < ¢y < 0 a.e. in (0,]), where € is a
positive constant.

Now, assume that ¢ is a smooth function which solves problem (2.10)—(2.13) and let v
be a smooth function such that v(t,/) =0 a.e. t € (0, T'). Multiplying equation (2.10) by v,
integrating in (0,/) and using integration by parts, we obtain

oc

&(t, 0)v(t,0) =0,

I I
oc oc ov
/0 &(t,x)v(t, X)dx —I—/O &(t, x)a(t, x)dx +
for a.e. t € (0, T'). Using equation (2.11), we find that

d(F o (c(t,0) + ¢3))
dt

I !
/ %(t, x)o(t, x)dx + / a—c(t, x)a—v(t, x)dx + v(t,0) =0, (2.16)
0 a[ 0 ax ax

for a.e. t € (0, T). Integrating now in (0, T'), we have the following weak formulation of
problem (2.10)—(2.13).
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Problem Py,. For a given ¢y € H, find a function ¢ € #7(0, T') such that F(yo(c(t)) + ¢cp) €

H'(0,T), and
/OT <2j(z),u(t)>wv dr + /()T((C(t),v(t)))df

I /T d(F (yo(c(t)) + cb))yo(v(t)) dt =0, Yve v, (2.17)
0 dt

¢(0) = co. (2.18)

We remark that the initial condition (2.18) makes sense since the inclusion #°(0,T) =
%([0, T]; H) is satisfied.

3 Existence and uniqueness results

In this section, we use the Rothe method of semi-discretization in time (see [18]) in order
to prove the existence of solution to Problem Py,. The scheme of the proof is as follows:
the first step is to consider the semi-discretization in time of problem (2.16) and show that
this problem has a unique solution; secondly, using this solution, we construct piecewise
constant and piecewise linear in time functions and then, using some estimates of these
functions and passing to the limit, we arrive at the existence result.

First of all, before dealing with the proof of existence, we introduce the following
technical lemma gathering the properties of functions F and H that will be useful later.

Lemma 1 Functions F and H, defined in (2.7) and (2.8 ), respectively, satisfy the following
properties:

F(z)z — H(z)
(F(z1) — F(z2))(z1 — z2)

0, VzeR, (3.1)
(F(z1) — F(z2))*, Vzi1,z € R. (3.2)

A\

Proof Taking into account the definitions of functions F and H given by (2.7) and (2.8),
respectively, (3.1) is trivially obtained for z < 0. Otherwise, if z is nonnegative, we define
the function

G(z) = F(z)z — H(z),
and then, we have G(0) = 0 and G € %'([0,0)]. Moreover, for z > 0, G'(z) = (l—iz)z =0
and, therefore, G(z) = G(0) = 0.
Thus, property (3.1) follows. Now, taking into account that F is nondecreasing and
1-Lipschitz, it follows that, for all zy,z; € R,

(F(z1) — F(22))(z1 — 22) = |F(z1) — F(22)| |21 — 22| = (F(z1) — F(22))’,

and property (3.2) is obtained. O

Now, we prove the following preliminary result.
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Lemma 2 Assuming that cs_1 € V and © > 0, there exists a unique function c¢s € V such
that, for all v eV,

1 . . _ i
/ (¢ — 1) oo n F(yo(es) +¢b) — F(yo(cs—1) + ¢») so(t) + Ocs v, o (33)
0 T T o Ox Ox
Moreover, if —€ < ¢;_1 <0 ae. in (0,1) then
—C < <0 ae in (0,1), (3.4)

¢ being a positive constant.

Proof Existence. The proof of the existence of a solution to the nonlinear problem (3.3) is
based on the study of an intermediate problem, followed by the application of Brouwer’s
fixed point theorem (see [7]).

Intermediate problem. For a given ¢;_; € V, 1> 0 and ¢* € R, find ¢ € V such that, for
allv eV,

T '))0(1)) + o & &dx =0. (35)

/1 (c=e) g F+ ) = Fiolesr) + ) oc o
0 T

The existence of a unique solution to problem (3.5) can be straightforwardly proved
applying the Lax-Milgram theorem, by taking into account that the bilinear mapping

I I
a(u,v) = / uvdx + 1 / a—u %dx
0 0 Ox Ox

is continuous and coercive in V, and the functional

!
L(v) = /O eo1 vdx + (FGolest) + cn) — F( + ¢5)) 70(0)

belongs to V.

Now, we define the operator G : IR — R given by G(c*) = yo(c), where ¢ € V is the
unique solution to problem (3.5) corresponding to ¢*. Moreover, for the operator G, we
find that G maps [—M, M] into itself, where

_ Cy CeHcs—l HH + C[2]
- ’
T

M

C, and C, being the trace constant and the norms equivalence constant (see (2.15) and
(2.14), respectively).

Indeed, in order to prove that G maps [—M, M] into itself, we take ¢ € V' as a test
function in (3.5) and we get

! l d 2 l R
[ [o(55) a= [ecicdrs (e + e = Fie + el
0 0 0
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Using the Holder and trace inequalities and the fact that |[F(a)— F(b)| < 1, for all a,b € R,
and taking into account that the first term of the previous equality is nonnegative and
(2.14), we have

2
tllelly < Celles—illulclly + Culicllv.

Now, dividing by |c|y and using the trace inequality again, we obtain

[Po(0)] < Cir =M.

Ce”csfl HH + Clr
T

In order to be able to apply Brouwer’s fixed point theorem, we have to show that

G is a continuous operator. For that purpose, let us consider {c;}men = R such that
{chmen — ¢*inR and, for each ¢, m € N, let ¢,, be the solution to the problem:

I _ * _ n
/ (Cm CS*l) de + F(cm + Cb) F())O(6871) + Cb) 'y()(l))
0 T T
+ ' o a—vd 0, YwelV. (3.6)
o Ox Ox

Subtracting (3.6) and (3.5) and taking v = ¢, —c € V as a test function, we get

/0 (em—cPdx+1 /0 (a(c’gx . ) dx = (F(¢" + c5) — F(¢fy + cp)70(em — ©).
Since the first term of the previous equality is nonnegative, it follows that
tlen — el < F(ey, 4 cp) = F(¢™ + c)l [yo(em — ).
Using the trace inequality (2.15) we obtain
gz lio(en = OF < IF(E + ) = FI¢ + @)l o(em =)L

Finally, taking into account that F is 1-Lipschitz, we have

Ctzr * *
[vo(cm — €) < 7 ¢ |-

Since |¢;, —c¢*| — 0 we get the continuity of G. Therefore, Brouwer’s fixed-point theorem
guarantees the existence of a fixed point of G, i.e. there exists an element ¢* € [—M, M]
such that G(¢*) = ¢* and the result follows.

Uniqueness. Let us assume that there exist two solutions, ¢! and ¢2, to problem (3.3). We
subtract the resulting two equations obtained for ¢; = ¢! and ¢, = ¢2, respectively, and
' —¢2 € V as a test function, then

take v = ¢
Lo Lo (el — ) 2
/0((: —c) dx—l—‘c/o <ax> dx

+(F (0 (c!) +¢p) = F (y0 (¢2) +¢p))yo (¢} — ) =0. (3.7)
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Since F is nondecreasing, all terms in the left-hand side are nonnegative. Therefore, we
can conclude from (3.7) that all its terms are equal to zero, and then c!(x) = ¢3(x) for
x € (0,1).

In order to prove (3.4), we take v = ¢ = max{c;,0} € V as a test function in (3.3) to
get

1 L roeh\?
/o(cs*)2d><+(F(m(cg+cb)—FWo(Cs—l)+cb”’”°(‘fs+ ’“/o ( ) .

Ox
I
= / 51 cldx.
0

Notice that, if yo(c]) = 0, then the second term of the previous equation disappears.
On the contrary, if yo(cT) is positive then yo(c;) is positive. Moreover, since ¢;_; < 0 a.e.
in (0,1) and ¢,_1 € V < €([0,1]) (see [17]), it follows that yg(cs—1) < 0. Then, due to the
nondecreasing behaviour of function F we know that F(yo(cs) 4 ¢p) — F(po(cs—1) +¢p) = 0.
Therefore, in both cases, the left-hand side of the previous equality is nonnegative, while
the right-hand side is nonpositive and we can conclude that ¢/ = 0 ae. in (0,1). Thus
¢s < 0ae. in (0,1).

Finally, we take v = (¢; + ¢)~ = max{0,—(¢; + ¢)} € H!(0,]). Notice that v(l) =
max{0, —(cs() + €)} = max{0,—C€} = 0, then v € V and it can be taken as a test function
in equation (3.3) to obtain

!
/0 (es — es—1)(es + €)7dx 4 (F(yolcs) + cn) — F(yoles—1) + co))yolcs + &)~

Lldle,+0)\

By using the hypothesis —€ < ¢;_; in (0,1) we have

l
/ (cs - Csfl)(cs + Q:)_dx = / (Cs - CS,I)(CS + Q:)_dx <0.
0 [e;<—C€]

Moreover, if yo(cs) < —€, then yo(cs + €)~ > 0 and yo(cs) < yo(cs—1). Taking into account
that F is nondecreasing we get F(yo(cs)+c¢p) < F(yo(cs—1)+cp). Hence, all terms in equation
(3.8) are nonpositive and then (c; + €)~ = 0 a.e. in (0,/) and, consequently, —€ < ¢, a.e.
in (0,1). O

Now, regarding ¢y as the solution to problem (3.3) at time t = s we define the following
piecewise constant and piecewise linear in time functions.

Definition 3.1 Assuming that ¢y € V, let ¢y be the solution to problem (3.3) at time

t =s,s € N. Then, for (0,T] = Uf=1((s — 1)z, s7], with t = T/K and K € N, we define
the piecewise linear and piecewise constant in time functions

oo [0, T] >V
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given by
Co(t, x) == cs(x), (3.9)
ety x) = (s— i) co(x) + (i s+ 1) ei(x), (3.10)

for x € (0,]) and (s — 1)t <t < st, s = 1,...,K. Moreover, we define F; : [0,T] —» IR as
follows:

Fi(1) := (S— i) F(yo(cs—1) +¢p) + (i —s+ 1> F(yo(cs) + cp), (3.11)
for(s—1)r<t<st,s=1,...,K.

Remark 1 Note that

Ot ) gy = S =10 (3.12)
ot T
%(t) _ F(oles) + ) —TF(”/O(CH) + Cb), (3.13)

for x € (0,]) and (s— 1)t <t <st,s=1,...,K, and problem (3.3) can be written for a.e.
t €(0,T) in the form

1 | A~
0c, dF; 0, v
- ) L —dx = : 14
; atvdx-l— I yo(v) + | ox axdx 0, YoeV (3.14)
Note also that
i —2 = (t —s) (o — s 1) = (t —s> o O (3.15)
T T ot

forxe (0,))and s— 1)yt <t<st, s=1,...,K.

Definition 3.2 Regarding the functions F and H defined in (2.7) and (2.8), respectively,
for s=1,...,K, we define
¥
M, = | Sdx+ FGuole) + n)oles) + o) — HGoles) + o)
0
and
Ny = epF(po(cs) + cp).

We have the following energy decay property.

Lemma 3 Assuming that co € V, it follows that

I 2
Ms-i-r/ <acs> dx < M;_1+c¢p, s=1,...,K, (3.16)
0 6x

MK_NKg"'ng_ngMsfl_stlg'”SMO_NOa (317)
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where ¢, € V, s =1,...,K, are the solutions to problem (3.3). Moreover,
acn
Z x<Mo+cp s=1,....K, (3.18)

and
M, <My+cp, s=1,....K. (3.19)

Proof Taking v = ¢, as a test function in problem (3.3), we get, for s=1,...,K,

! Frdes )’
[ = e (Fote + e = Fontecn + enoten +< [ (52 ) e =o.
0 0 X

Furthermore, using the fact that x(x — y) > (x> — y?)/2, for x,y € R, in the first term of
the latter expression, we have, for s =1,...,K,

12 1 2
/ - / L+ (FOoles) + ) — Flules) + ) o(es) + ¢ — c1)
0 2 0

L 70e\ 2
—H/O (E)):) dx <0. (3.20)

Keeping in mind that

(F(po(cs) + cp) — F(yolcs—1) + cp))(volcs) + cp) = F(yolcs) + cp)(yolcs) + cp)
—F(o(cs—1) + cp)(yolcs—1) + ¢cp)
+F(0(cs—1) + ¢) ((yo(es—1) + ¢5) — (yolcs) + b)), (3.21)

and, since the primitive H of F, defined in (2.8), is convex, we get (see [7])

H(yo(cs—1) + cp) — H(yolcs) + ¢p) < F(yolcs—1) + cp)(po(cs—1) — yo(cs)). (3.22)

Taking into account (3.21) and (3.22) in (3.20), we obtain, for s =1,...,K,

I o2 Ie2
[ Sax— [ St + Futed + ol + o) = Flan(emn) + enlioleer) + o
0 0

H(yo(cs—1) + ¢p) — H(yo(cs) + ¢p) — o F(o(cs) + ¢p) + cpF(po(cs—1) + ¢b)

I 2
+r/ (acs) dx <0.
0 aX
Therefore, it follows that, for s=1,...,K,

! 2
M;— M, 1 — Ng+ N;_; + T/ <6acs> dx <0, (3.23)
0 X
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and we find that, for s=1,...,K,

I 2
M, —{—r/ (2;5) dx < My_1 — Ns_1 + N;. (3.24)
0

We remark here that, since we have F(z) € [0,1) for all z € R, we get 0 < N, < ¢, for
s=1,...,K, and, from (3.24), we conclude that

1 2

dcy

Ms+r/ (a‘;) Ax <M, | +N, <M, | +¢p, s=1,... K. (3.25)
0

Thus, (3.16) holds. Moreover, from (3.23) and taking into account that its fifth term is
nonnegative, we get

MS_NSSMS—I_NS—D SZI,...,K,

and (3.17) holds. Also, from (3.23) we have

! 2

0

MS—NS—l—r/ (cs> dx < My_1 — Ny_q, s=1,...,K,
0 6x

and adding the term t Zf;ll fol (%)zdx to both sides of the latter inequality, it follows that

s 1 2
dcy
M~ Ny +1) /(ai) dx <Mo—No, s=1,... K.
n=1 0

Finally, considering that Ny € [0,¢,],s =0,...,K, we obtain, for s =1,...,K,

N 1 2
de
M +1) /(‘") dx < Mo — No + Ny < Mo + Ny < My + ¢y (3.26)

Note that we can guarantee that M; > 0 taking into account that its first term is
nonnegative and using (3.1). Thus, from (3.26) we obtain (3.18) and (3.19). O

We have the following a priori estimates.

Proposition 1 Assuming the hypothesis (H1) with € = ¢}, then functions ¢, and ¢, defined
in (3.9) and (3.10), respectively, are bounded in the space L*(0, T ;H'(0,1)). Moreover, c,
is bounded in H'(0, T;H) and F,, defined in (3.11), is bounded in H'(0, T) independently
of 1. Furthermore,

le: — Er”iz(o,r;y) <G Tza (3.27)
Iyo(ce) = po(@) 17201y < CaT (3.28)

where Cy and C, are real positive constants independent of 7.
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Proof First, we prove that ¢, is bounded in L?(0, T;H'(0,1)). Indeed, by definition we
have

T
~ 112 ~ 2
HC’C”LZ(O,T;H) = /0 Hcr(t)HHdt

22/(_ </ cr(t,x))zdx) dt
i /( Wl ( / cS(x))zdx> dt. (3.29)

Using property (3.1) and Lemma 3, we know that

(. 2
/@%&M&Mﬁ% s=L...K,
0

and thus,
1
/ (cs(x))2dx < 2(Mo + ), s=1,....K. (3.30)
0

Keeping in mind (3.29) and (3.30), it follows that
HCTHLz(O TH) Z/ (2Mo + 2¢p) dt = (2Mo + 2¢p)TK = (2Mo + 2¢,)T. (3.31)
(s—1)t

Moreover, considering inequalities (3.18) and (3.31), we have

T
~ 112 ~ 2
”CTH]_}(O,T;Hl(O,[)) =/0 ”Cr(t)HHl(oJ)dt

K

st i . 2e. 5
- 32:1: /(sm (/o (cs(x)dx +/0 (ax(x)> dx) dt

K 1 2
<(2M0+2cb)T+Zr/ (2‘;(@) dx
s=1 0

< (2Mo + 2¢)T 4+ My + ¢p.

Thus, we can conclude that &, is bounded in L*(0, T; H'(0,1)) independently of 7. The
following step is to show that ¢, is bounded in L?(0, T;H'(0,1)) as well. Indeed, by

definition we get
t
(S—> Cs—1 + ( —S-I—l)

T T
2 2
leel2aran = / o0 2dt = /
0 0

Regarding that f(x) = |x|? is a convex function and for (s — 1)t <t < st, s = 1,...,K,

2

dt.
H
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we get that 0 < s — £ < 1, then

T
el Za0.:m) </0 ((s— i) les—illz + C — s+ 1) Ics|§1> dt
T i [
:/0 ((s—i)/o(cs_1(x))2dx+ <£_S+1)/0(CS(X))261X) dt

Now, using inequality (3.30), we have

HcTHLzOTH) Z/ ((s— ) 2(Mo + ¢cp) + (i —s+1> 2(M0+cb)> dt

K ST K
=Z/ 2AMo + cp)dt = 2(Mo +¢5) Dt
s—1 (s—1)t s=

=2(My+cp)T.

Using the same arguments, we also get

acr

dt

dc. |IP / /T ( z) d¢s <t ) 3 ||
= = s — — + | - —=s+ 1] =
Ox {2070 Jo 0 T/ Ox T 0x
K ST l I
t O0cs—1 t Oc
< §s— - ‘ (x)) dx +<—s+1>/<
;/p—m (( T)/o ( Ox 0

a);(x))zdx> dt
=3[ (Seo) e 53 [ (Be) o X3 [ (B0 o

T, we obtain

H

and, using (3.18) and keeping in mind that t <

In order to prove that ¢, is bounded in H'(0, T;H), it is enough to show that aa(z
is bounded in L?(0, T; H) since the boundedness of ¢, in L*(0, T;H) has already been
proven. Taking v = ¢, —c¢,—1 € V as a test function in (3.14), we get, for a.e. t € (0, T) and
s=1,...,K,

0c¢;, 2
ox

1 1
< 3lellf + 5(Mo+ )+ 5(Mo + ) < HcoHV + Mo + .
L2(0,T;H)

: ac‘c dF ! @cs a(cs — 6571)
o Gt( — Cs— 1)dx+7yo( —cs1) + A &T x = 0.
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Then, considering (3.12) and (3.13), it follows that, for a.e. t € (0,T) and s = 1,...,K

/l (cs _:S_])z dx + F(yo(cs) + ¢p) _TF(VO(Cs—l) +cp)
0

Yolcs — €s—1)

: % a(cs - Cs—l)

| Bx o dx =0.

2

Using the fact that x(x —y) > 5 — %, for x,y € R, in the third term of the previous
equality, we have, for s =1,...,K,

L. _ . . p) — F(yolc g
/ (cs ;S*I)zdx N F(yo(cs) + cp) TF(/O(Csfl) + Cb)VO(Cs )
0

I 2 I 2
1 aC; 1 acvfl
2 ¥ < - : . 3.32
o (E) e (%) @ (332
Now, using (3.2), we obtain, for s =1,...,K,

/l (cs - Csfl)z dx + (F(VO(CS) + C},) — F(’VO(Csfl) + Cb))z + / <acs) dx
0 T T

Ox
! 1 aCS_1 2
< — .

Adding the term

i ( /1 (e =, (FGolen) +p) = Flrolenr) + cb))2>
0

T T
n=1

to both sides of the previous inequality, we find that, for s=1,...,K,

Z/ —Cn_t) d +Z F(yo(cn) +cp) — (Vo(cn—1)+cb))2

T
n=1

I 2 ! 2
1 [/ 0c, 1 /3¢y
| = < ~ | — ) dx.
+ 2(ax) ws [3(5) o
Then, since all terms of the left-hand side are nonnegative, it follows that, fors =1,...,K,
(Cn Cn— 1 /l 1 aCO :
~ = d 3.33
> / 5 (52 o (3.33)

s . ) — F(vnlc . l L 2
3 (Flula) +0) = Finla) + @) /0 ;(fﬁw) dx. (3.34)
n=1

T Ox

A
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Therefore, using (3.12) and (3.33) we have

2 K ST ! de 2
= dt = / / <T(t, x)> dx dt
’ L2(0.T:H) /0 ; (=1 Jo \ Of
K ST l 2 K i )
(Cs - Cs—l) / (Cs — cs—l)
= ———dxdt = T — " dx
; /(s—l)r/O (2 Z:’ 0 72

dco leolly
< =—
/ ( 0x ) dx 2
and the result follows.

Moreover, regarding F; and keeping in mind (3.13), we obtain

T T
dF.
Pl = [ 0P+ |

2
D
K ST
Z/( N ((S—> IF(yo(cs—1) + cp))* + (—s+ >|F(V0(Cs)+cb)|2> dt

+ 3 /ST (F(yo(cs) + b)) — F(yo(cs—1) + c))?
(s—1)t

72

0c,
ot

Oc,

-0

dt.

Taking into account that |F(z)| < 1, for all z € IR, and applying (3.34), we get

- : F s —F(y o— 2
IF o) < Z 430 Flole) ) = Flnles) £ )

2

! 2 2
1 (0co leolly

<T (= =T
+/02(6x> dx =T+

Note also that

T
~ 112 ~ 2
er — C’L’HLZ(O,T;H) = / Hcr(t) - Cr(t)HHdt
0

ST 2 i
- ; /<sl)r C’ B S> /0 (es(x) — ot (x))*dx dt
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and using (3.33) we get

T
HC‘L'_C‘EHLZ()TH) < ?

where C; = ||co|? /6. Finally, we find that

T
Ip0(e(6) = 0@ ()1 20,7y = /0 [70(ce(t)) — o(&:(1)|*de

K ST 2
-2 /(—1) (i B S> (oles) = oles-—1))dt

s=1
‘L'2
3

f: (volcs) —Vo(% 1))2.

s=1

By using hypothesis (H1) for € = ¢, and Lemma 2, it follows that —c, < ¢

s=1,...,K. Hence, we have
—cp < yolcs) <0, s=1,...,K,

and then
0 < yoles) +cp < ¢y s=1,...,K.

Considering the definition of function F and (3.36), we have, for s=1,...,K,

(F(yo(cs) 4 ) — F(yolcs—1) + c))(polcs) — yolcs—1))

_ ( voles) +ep  yoles—1) + ¢
I+yolcs) +ep 1+ 7yo(cs—1) +cp

_ (v0(cs) — p0(cs—1))?
(1 +o(cs) + )1 + yolcs—1) + cp)

> (vo(cs) — poles—1))?
(14 ¢p)?

)Goles) = o(es-1)

and, using this inequality in (3.32), we obtain, for s=1,...,K,

(3.35)

< 0 for

(3.36)

(3.37)

! 2 2 ! 2 2
(Cs — Csfl) (VO(CS) B VO(Csfl)) / 1 acs / 1 665 1
d (58 < | 5 dx.
/0 o YT T i rar T hal\e) S haley )

Adding the term

s—1

(Cn Cn— 1 (VO((fn) VO(Cnfl))z
2 (/ R Y >

n=1
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to both sides of the previous inequality, we get, for s =1,...,K,
Cn—l) (VO(Cn —J0(ca-1))? / "1 (0
Z/ d+z Trar )25 dx

n=1
11 aC() 2
< - | — .
\/oz(ax>d"

From this inequality, we have, for s=1,...,K,

L (polea) — volea1)) _ (L4e)* ! [Beo\’
Z T < 2 /0 <6x) ax,

n=1

and using this expression in (3.35), we conclude that
Ip0(ce) = 0@ 17200,y < Ca7,
where C, = (82 ¢ 2. O
The following theorem establishes the existence of a unique solution to Problem Py .

Theorem 3.3 Assuming that hypothesis (H1) holds with € = ¢y, then there exists a unique
solution to Problem Py with the regularity

ce H'(0, T;H)NL*0,T;H'(0,1)),
F(yo(c) +c5) € H'(0,T),  F(y0(c(0)) + ¢5) = F(po(co) + c).
Moreover, this solution also satisfies

—cp < c(t,x) <0 ae inQr=(0,T) x(0,1). (3.38)

Proof Existence. The estimates of Proposition 1 and the reflexivity of the space L*(0, T; V)
lead to the existence of a function ¢ € L?(0,T;V) such that, for a subsequence (not
relabelled),

¢, — ¢ weakly in L*(0, T; V), (3.39)
¢, — ¢ weakly in L*(0,T; V). (3.40)

Notice that the weak limits of these sequences coincide in L*(0,T;H) due to (3.27).
Moreover, the estimates of Proposition 1 establish that the sequence ¢, is bounded in

0

W ={ueLX0,T;V); —Lt‘ € L20,T; H)).
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Since W is reflexive, there exists an element cx € W and a subsequence, still denoted by
7, such that

¢, — cx weakly in W.

That is, we have

Oc | 0¢ Seaklyin LX0.T:H).  (341)

¢; — ¢« weakly in L2(0, T; V), T o

By the convergence (3.40) and the uniqueness of the weak limit we deduce that ¢ = ca.
Furthermore, using the Lions-Aubin Lemma (see [19]) with By = V and B = B; = H and
taking into account that the embedding V' — H is compact, we get

¢, — ¢ in L*(0, T; H). (3.42)

Moreover, since H < (H'(0,1)), there exists a subsequence of ¢, (still relabelled by 1)
weakly convergent to ¢ in

Wi = {ue L*0,T;H'(0,1)); % € L*(0, T;(H'(0,1)))}.

Taking into account the following space (see [17]):

Ju(x) —u(y)|

we40,1) =ue H; l
Ix — y[ts

€ L*((0,1) x (0, l))},

for % < ¢ < 1 and using the Lions-Aubin Lemma again, with By = H'(0,1), B = W#2(0,1)
and B; = (H'(0,1)) and regarding that H'(0,1) — W?%2(0,l) is compact (see [17]) and
W&2(0,1) < (H'(0,1)), we have

¢, — ¢ in L2(0, T; W#(0,1)).

Now, taking into account that the trace operator is linear and continuous (see [4]), we
obtain

7o(ce) = oc) in L*(0, T).
Besides, using (3.28) we find that

90(Z;) = y0(c) in L*(0, T). (3.43)

Since F, is bounded in H'(0, T) and this space is reflexive, we can extract a subsequence
of 1, still denoted by 7, such that, for some F. € H'(0, T), we get

F, — F. weakly in H(0, T). (3.44)
Due to the fact that the inclusion H'(0, T) < L*(0, T) is compact, it follows that

F. — F. in L*(0, T). (3.45)
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Moreover, taking t € ((s — 1)t,s7), s = 1,..., K, and using
Fo(t) = F(yo(€:(1)) + cp)

= (S - i) F(yo(cs—1) +cp) + <i —s+ 1) F(yo(cs) + ¢p) — F(yolcs) + ¢cp)

= (t - s> (F(po(cs) + cp) — F(polcs—1) + ¢p)),

T

together with (3.34), we get

T
HF-: - F(VO(ZT) + Cb)HiZ((),T) = /0 |F‘c([) — F(VO(ZT(I)) + Cb)|2dt
K ST ¢ 2
= ; /(SI)T (T — 5) (F(yO(Cs) + Cb) — F(VO(qu) + Cb))zdt

(F(yo(cs) + ) — F(po(cs—1) + )’

|
(1~
W a

s=1

K
12 F(yo(cs) + ¢p) — F(yoles—1) + ¢p))* _ 5 llcolld
_ < )
3 ; T t 6

Then, letting 1 — 0, we deduce
F.—F(y(¢)+c) >0 in L*0,T),
and using (3.43) and (3.45), we find that Fx = F(y¢(c)+¢p) a.e. in (0, T') and, consequently,
F, — F(yo(c)4+¢p) in L*0,T). (3.46)

Taking v € ¥, and integrating (3.14) from t =0 to t = T, we obtain

T rae T 4F T oz, dv
 pdxdt ‘ d ¢ dxd
/o/oath —i—/o tyo(v)t+/0 /axax t=

Using (3.39), (3.41) and (3.44) and passing to the limit when 7 — 0,

/ /7” dt+/ dF(Vo() v)dt+/ /gj%d df =0

for any v € 77, and therefore (2.17) holds. Moreover, let us take v € ¥~ independent of ¢,
that is to say v(t, x) = v(x), using integration by parts and considering the definition of ¢;
given in (3.10), we get, for a.e. t € (0, T),

/ (6@6‘;@):0) dt = (c.(t),v)g — (cz(0),v)g = (c:(2),v)g — (co,v)H. (3.47)
0 H
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Furthermore, using (3.42) we have
c(t)y— c(t) in H, forae te(0,7T).

Thus, passing to the limit in (3.47), taking into account (3.41) and integration by parts,
we obtain

0= (@non = [ (Sion) de= oo~ om,
for a.e. t € (0, T'). Therefore
(c(0) — co,v)g =0, YoeV,

and, since V is dense in H, (2.18) holds a.e. in (0, /).
Note also that, using integration by parts, we have

/ | (1) dt = F(0) ~ F0) = F0) ~ FGo(co) +). for ac. 1€ 0.7)
0

Besides, using (3.46), passing to the limit in the previous expression and applying integra-
tion by parts, we get, for a.e. t € (0, T),

FOelt) + ) = FGolc(0) +) = [ SFOEDE ) g

= F(yo(c(1)) + ¢p) — F(o(co) + ).
Thus, the previous expression yields
F(70(c(0)) + ¢5) = F(y0(co) + ¢p). (3.48)

Using (3.27) and (3.42), we deduce that

¢ —c¢ in L*Qr).
Then, for a subsequence (see [1])

¢; —>c ae. in Qr. (3.49)
By using hypothesis (H1) with € = ¢, —¢p < ¢5(x) < 0 ae. in (0,/) and then, by
construction, —¢, < ¢; < 0 also holds a.e. in Q. Thus, keeping in mind (3.49), we get
(3.38).
Uniqueness. In order to prove the uniqueness of solution to Problem Py, we proceed

using several arguments already introduced in [11] which are detailed here for the reader’s
convenience. We consider y € V' and we define

Ur,n(t7 X) = @r,n(t)w(x)’
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where
1 if t € [0,7],
Pea(t) = qn(r—0)+1 ifte[rt+1],
0 ifte[r-l-%,T],

for € (0, T) and n € IN. Since v,, € ¥~, we can use it as a test function in equation (2.17)

to get
dc
[ {(Swa) it [ (oo

4 /T d(F(yo(c(t)) + ¢p))
0

dt Po(Ven(t)) dt = (3.50)

Notice that v,, € H'(0,T;V) and therefore, using Theorem 11.5 in [3] and taking into
account that v, ,(T,x) = 0 for a.e. x € (0,]), the first term of the previous expression
reads, for all T € (0, T),

T , T
/O <2;(t),vm(t)> dt = —/0 (c(t), ag;"(t)ﬁxw — (¢(0), ven(0)m

V'xV
r+%
= / (et )i di — (co, )t (3.51)

Furthermore, using integration by parts, considering ¢.,(T) = 0 in the third term of
equation (3.50) and taking into account expression (3.48), we obtain, for all = € (0, T),

T AdF T doen
| AR oot = = [ Futeton + e ) 521
—F(y0(co) + ¢b) yo(¥) @eu(0)
r+%
- / n FGo(c(t) + ¢) 70(0) di — F(o(co) + ¢) 70(). (3.52)

Therefore, taking into account (3.51) and (3.52), equation (3.50) reads

1

T+1 T +l
/ (c(t) ) ndt + /0 @enl0) (c(0), ) dt + / 0 F(o(c(t) + c) 7o) di

= (co, W) + F(yo(co) + cp) yo(w), Ve e (0,T). (3.53)

Now, let ¢; and ¢, be two solutions to Problem Py . Subtracting the resulting equations
obtained from the previous expression for ¢ = ¢; and ¢ = ¢, we get, for all t € (0, T),

r+% r+%
/ (c1(t) — cx(6), ) ndt + /0 (c1(0) — ex(t), W) penlt) dt

r+%
+/ (F(yo(e1(1) + co) = F(yo(ca(t)) +cp)) nyo(yp) =0, Yy e V.  (3.54)
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Taking into account that ¢y, ¢c; € #7(0,T) < ([0, T];H) (see [18]) and using the mean
value theorem, we have, for t* € [t,7 + %],

1:+,17
/ (e1(t) — ex(t), ) ndt = (e1(8") — ea(t), ) (3.55)
We notice that
r-‘r%
/0 (c1(0) — c2(0), ) prnt) dt

T
-/ X(O,H-i) ((€1(0) = ex(0. ) en(e) dr (3:56)

where x(0,7 + %) denotes the characteristic function over the interval (0,7 + %). Now, we
define a sequence of functions given by

0= (0 1) (@0 = a0l Do €N

We remark that f, € L1(0,T) for each n € N, and the family of functions f,, n € N,

satisfies
fa(t) — f(t), ae. t € (0, T),
where
F(©) = 200, 7)((c1(t) — ea2(1), )
and
Ifa(®)] < g(t), ae. t €(0,T), (3.57)
with

g(t) = ((c1(t) — e2(1), ).
Then, applying the Lebesgue dominated convergence theorem, we can conclude that
feLY0,T) and

‘H»,l] T
/0 ((Cl(t)_CZ(I)alp))(Pr,n(t)dt_)/0((Cl(t)_c2(t)aw»dt' (3.58)

Moreover, considering that F(yo(ci(t)) + c») € H'(0, T) = %([0, T]), for i = 1,2, and using
the mean value theorem, it follows that, for a given ™ € [r,7 + %],

r+%
/ (Flo(ct(t) + ) — F(yo(ea(t) + c)) np(0) de

= (F(yo(c1(£™)) + ¢5) — F(po(ca(t™)) + ¢5)) w(0). (3.59)

Therefore, passing to the limit when n — oo in (3.54) and taking into account (3.55),
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(3.58) and (3.59), it follows that, for all y € V and for a.e. 1 € (0, T),
(c1(r) — c2(0), w)u + / ((c1(t) — ea(t), ) dt
0
+(F(po(ci(7)) + ¢p) — F(yo(ca(t)) + ¢5)) w(0) = 0. (3.60)

Now, we fix 7 € (0, T') and we take v = cy(t) — ¢z(7) in (3.60) to obtain

l T
/ (c1(t, x) — cofx, x))zdx + / ((c1(t) — ca(2), c1(t) — ca(n))) dt
0 0

+(F(po(c1(7)) + ¢p) — F(yo(ca(t)) + ¢p))(vo(c1()) — yolca(t))) = 0.

Since F is nondecreasing, the last term of the previous equality is nonnegative, and then,
for ae. 7 €(0,T),

lei(r) = eal) |13y

/ / (acl(t — %(t )) <acl(r,x) — aCz(r,x)) dxdt <0. (3.61)
Ox ox

Taking into account aai — % L*(0, T; H), we define the function
X X

B(0) :=/O (acl( -2 ))

which belongs to W2(0, T; H) (see [19], page 104), and satisfies

dﬁ( )= dct dcy
dr Ox H

Thus, we deduce (see Chapter III, Corollary 1.1, in [19]),

1d d
0l = (Fose)

// (a“ a”())ds (‘Zj()—a”( ))

Therefore, taking into account the Fubini Theorem (see Theorem IV.5 in [1]), we can
change the order of the integrals and then replace the previous equality in estimate (3.61)
to obtain, for a.e. T € (0, T),

1d
ler(®) = 2l + 5 Z1B@IE <0,

Integrating from O to T, we have

T 5 1 Td )
/ le1() — 20 de + / L) <o,
0 2 0 d‘E
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and therefore

T
| et = @l + 318001 <0

Consequently, ¢; = ¢, a.e in Qr. O

4 Conclusions

A model was used to describe the dynamics of several surfactants at the air-water
interface taking into account the Langmuir isotherm to tackle the time-dependent surface
concentration. It introduced a nonlinearity at the boundary terms involving the time
derivative of the solution. Existence of a bounded weak solution was obtained by using
the Rothe method for a semi-discrete problem in time, and an uniqueness result was also
stated.
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