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1. Introduction

Let G be a p-adic reductive group and H a closed subgroup. A smooth, complex-valued
representation (7, V) of G (henceforth simply a representation 7 of G) is called
H-distinguished if there exists a non-zero linear functional £ on V such that

L(rxh)v)=Lv), heH,veV.

Distinguished representations play a central role in harmonic analysis of homogeneous
spaces (see, for instance, [5]) and in the study of period integrals of automorphic forms,
special values of L-functions and characterization of the image of a functorial transfer.
Inspired by the work of Sakellaridis and Venkatesh [36], much attention is given to the
case where G/H is spherical and in particular, if G/H is a p-adic symmetric space.

In this work we focus on the symmetric space G/H where G = U, = U, (E/F) is the
quasi-split unitary group in 2n variables with respect to a quadratic extension E/F of
p-adic fields and H = Sp,, (F). The following is conjectured in [6, Conjecture 3].

Conjecture 1 (Dijols—Prasad). An L-packet of irreducible representations of U, that
is associated to an Arthur packet on U, contains an Sp,,(F)-distinguished member
if and only if its base change is an irreducible representation of GLj,(E) that is
Sp,, (E)-distinguished.

We remark that base change is a functorial transfer (in particular, a finite to one map)
from irreducible representations of Uj, to irreducible representations of GL,,(E) that
takes tempered representations to tempered representations. (See § 10.2 for the definition.
In [32] the transfer is referred to as standard base change.) The fibers of the base change
map form the L-packets of irreducible representations of Us,.

In particular, it is expected that no tempered representation of Up, is Sp,,(F)-
distinguished. (It is well known that no tempered representations of GLy, (E) are Sp,, (E)-
distinguished.) For cuspidal representations this is proved independently in [6] and in [25].
In fact, more generally, if w is an irreducible representation of U,, with non-trivial
partial cuspidal support then 7 is not Sp,, (F)-distinguished. (To say that 7 has trivial
partial cuspidal support means that for a realization of 7 as a subrepresentation of a
representation induced from cuspidal representations on a standard parabolic subgroup,
this parabolic subgroup is contained in the Siegel parabolic subgroup.)

Since a similar vanishing result holds for period integrals of cuspidal automorphic
representations, a natural approach to local non-distinction, at least for the discrete
series, is a globalization argument of invariant linear forms as in [36, §16]. It would
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be interesting to see if invariant linear forms on discrete series representations can be
globalized in our context (i.e., realized as local components of the period integral of some
cuspidal automorphic representation). However, we do not know how to generalize the
argument of loc. cit. to our setting. Instead, we apply the Moeglin—Tadié¢ classification
of discrete series [28] and show that many discrete series (and tempered non-discrete)
representations of U,, are not Sp,,(F)-distinguished. Exhausting the entire tempered
spectrum, however, will require different methods.

We further study distinction for an interesting family of non-tempered representations,
namely the base change fiber of the class of Speh representations of GLj,(E). Recall
that Speh representations are the building blocks of the unitary dual of general linear
groups [39, Theorem D]. In particular, we exhibit L-packets of irreducible representations
of Uz, with no Sp,,(F)-distinguished member that transfer under base change to
irreducible representations of GL,(E) that are Sp,,(E)-distinguished. This does not
directly contradict Conjecture 1 since those L-packets are not expected to be associated
to Arthur packets.

We now formulate the main results of this work. Moeglin and Tadié¢ classified in [28]
the discrete series representations of classical groups in terms of certain combinatorial
data. In particular, to an irreducible discrete series representation w of Up, they attach
a triple (mweusp, Jord(mw), ;). If the partial cuspidal support meusp of 7 is non-trivial, as
remarked above, m is not Sp,, (F)-distinguished. We therefore focus our attention on
representations 7 with trivial partial cuspidal support. For the definition of the other
components of the triple in this case, see §6.1. We only remark here that Jord(sr) stands
for a certain finite set of pairs (p, a) attached to = where p is a conjugate (with respect to
E /F) self-dual cuspidal representation of GL,, (E) for some m € N and a¢ € N and with our
assumption that 7w has trivial partial cuspidal support we may think of €, as a function
from Jord(m) to {£1}.

Theorem 1. Let m be an irreducible discrete series representation of Ua, with trivial
partial cuspidal support. Assume that there exists p such that the set

Jord, () ={a € N: (p, a) € Jord(m)}
is mot empty and at least one of the following three properties holds:
(1) t is odd;
(2) x2i—1 > x2i +2 for some i <t/2;
(3) €x(p,x142) = €x(p, X141)-

Here, we write Jord,(m) = (x1,...,xk) where x; > -+ > xi, and let t =1 if k =1, and
t <k be such that €x(p,xi) # €x(p,xi+1), i =1,...,1 =1 and ex(p,x;) = €x(p, Xr+1),
otherwise. Then m is not Sp,, (F)-distinguished.

As explained in §10.2.6, the L-packet of an irreducible discrete series representation
of Uy, is determined by Jord(w). We emphasize that in the above theorem condition (2)
gives non-distinction for entire L-packets.

We further remark that in light of [14, Proposition 3.1] we obtain, in particular, that no
irreducible generic discrete series representation of Uy, is Sp,, (F)-distinguished and the
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same holds for the strongly positive discrete series. (In fact, a strongly positive discrete
series with generic partial cuspidal support is generic.) However, it was proved in [1§]
more generally that no generic irreducible representation of U, is Sp,, (F)-distinguished
applying standard techniques of invariant distributions.

To formulate the next result we recall the definition of a Speh representation. Let
d,m e N, n=dm and § an irreducible essentially square-integrable representation of
GL4(E). The Speh representation U (8, m) is the Langlands quotient of the representation
of GL,(E) parabolically induced from

1—m
2

Idet| "7 5 ® |det] T8 ® - - - ® |det] 2.

We recall that when n is even, the Speh representation U (8, m) is Sp, (F)-distinguished
if and only if m is even (see, for instance, [26, Theorem 10.3]).

For a representation 7w of GL,(E) we view m as a representation of the Siegel Levi
subgroup of U, and denote by m x 1y the representation of Uy, parabolically induced
from 7.

We remark that if an irreducible representation of GL,,(E) is in the image of base
change then it is, in particular, conjugate self-dual.

Theorem 2. Let m = U(8,m) be a Speh representation of GLy,(E) that is conjugate
self-dual.

(1) If m is odd (i.e., if m is not Sp,,(E)-distinguished) then m is in the image of
base change if and only if § is so (if and only if the Langlands parameter of §
is conjugate symplectic in the sense of [10, §3]). In this case, there is a unique
wrreducible representation of Ua, that transfers to m under base change and it is not
Sp,,, (F)-distinguished.

(2) Ifm is even (i.e., if  is Sp,, (E)-distinguished) then there is a unique representation
wo of Uy, that transfers to w under base change. Suppose further that w X 1g is
irreducible. Then, o is Sp,, (F)-distinguished if and only if m is divisible by 4.

The condition that m x 1y is irreducible is explicated in Corollary 6. A Speh
representation is a special case of a ladder representation (see §8.3). In fact, Proposition 9
is a generalization of Theorem 2(2) to ladder representations.

Since any irreducible representation of Up, occurs as a unique irreducible quotient of
its standard module, a step toward classification of the distinguished smooth dual, is
the classification of distinguished standard modules. We treat the special case where the
standard module is induced from a Levi subgroup of the Siegel Levi subgroup of U, and
the GL-part is irreducible.

Theorem 3. Let §; be an irreducible essentially square-integrable representation of
GL,,(E), i=1,...,t such that exp(§;) = - =>exp(é) >0 (see §8.1.10) and the
representation w of GL,(E) (withn = ny +---+n, ) parabolically induced from §; ® -+ ®
8; is irreducible. Then the standard module w x 1o of Uz, is Sp,, (F)-distinguished if and
only if the irreducible generic representation v='/2 of GL,(E) is GL,(F)-distinguished.
When this is the case, if in addition exp(8;) € %Z, i=1,....t, then v_12x is tempered.
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Next we outline the structure of the paper and the methods we use to prove the above
theorems. An explicit version of the geometric lemma [4, Theorem 5.2] (adapted in [34]
to restriction to H of parabolically induced representations of G when G/H is a p-adic
symmetric space) plays a key role in the proof of all the above mentioned results.

After setting up the notation in §2 and recalling some preliminary results in §3 we
explicate in §4 certain necessary conditions for a parabolically induced representation of
U», to be Sp,, (F)-distinguished.

In §6 we prove Theorem 1. More precisely, we prove in Theorem 7 that if 7 is a
representation of Uy, that satisfies the hypothesis of Theorem 1 then its contragredient 7
is not Sp,,, (F)-distinguished. However, based on the realization of the contragredient via
the principal involution of Ua, [29, §4, I1.1], we observe in Corollary 1 that an irreducible
representation 7w of Uy, is Sp,, (F)-distinguished if and only if 7V is so. Theorem 1
immediately follows.

Our proof of Theorem 7 is based on the results of [28] that we recall in §6.1. For an
irreducible discrete series representation 7w of Up, with trivial partial cuspidal support,
Meeglin and Tadi¢ provide a recipe to realize m as a subrepresentation of a certain
representation parabolically induced from an essentially square-integrable representation
of a Levi subgroup of the Siegel Levi of Uj,. The realization is read off the triple
(7weusp, Jord(mr), €7). In fact, there are different ways to realize 7 in this way each one
depends on a certain path with origin €, in a graph that we discuss in § 5.

For distinction problems, it is more convenient to realize 7w as a quotient. Hence, we
dualize. It is also important to consider the possible different realizations (of 7V as
a quotient). We prove that 7V is not Sp,,(F)-distinguished by proving that it is the
quotient of some induced representation that is not Sp,, (F)-distinguished. For this sake,
we study in §5 a graph that underlies the combinatorics behind €, and the different
realizations of m in induced representations. This section is purely combinatorial and
independent of the rest of this work. We hope that it will be useful for other problems
where explicit realizations of discrete series representations of classical groups play a role.

In §7 we treat tempered representations that are not in the discrete series. In
Proposition 5 we prove that many tempered irreducible representations of U, are
not Sp,, (F)-distinguished. Our treatment is based on the description of the tempered
spectrum in [28, §13]. We remark, that in any case treated in Proposition 5
non-distinction is proved for an entire L-packet of tempered representations. This
observation is based on the description of tempered L-packets that we recall in §§10.2.6
and 10.2.7.

In order to address the other results of the paper we recall some further preliminaries.
In §8 we recall the representation theory of GL,(E), Zelevinsky’s segment notation,
Langlands parameters and the reciprocity map. In §9 we deduce further applications of
the geometric lemma that are applied in the sequel. In particular, we provide in Lemma 14
a sufficient condition for a representation of U, to be Sp,, (F)-distinguished. In § 10 we
recall Mok’s reciprocity map and the properties of the base change transfer.

We prove Theorem 2 in §11 (see Theorem 10). It is an immediate consequence of
Propositions 9 and 10 that are formulated more generally in the language of ladder
representations. Finally, in § 12 we prove Theorem 3 (see Theorem 11 and Remark 7).
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Remark 1. Throughout the paper we assume that F has characteristic zero. This
assumption is made since it is used in some of the results we rely on, namely the
Moeglin—Tadi¢ classification (and in particular, their basic assumption) [28], the structure
of the discrete L-packet [27] and Mok’s reciprocity map [32].

2. Notation

We set the general notation in this section. More particular notation is defined in the
section where it first occurs.

2.1. The relevant groups

2.1.1. Let F be a non-Archimedean local field of characteristic zero with normalized
absolute value |-|F and E/F a quadratic extension. Thus,

lalg = lal, a€F.
We denote by a — a the action of non-trivial element of Gal(E/F).

2.1.2.  We use bold letters such as X to denote varieties defined over F and the
corresponding usual font to denote the topological space of its rational points. That
is, X = X(F).

2.1.3.  For a variety Y defined over E let Resg/r(Y) denote its restriction of scalars
from E to F.

2.1.4. Let Uz, = Uy (E/F) be the quasi-split unitary group in 2n variables associated
to the anti-Hermitian form defined by

n= ()
oy

where w, = (§; n+1—;) € GL,,. Explicitly,
Uy, = {g € Resg/r((GL2n)E) | '8 Jug = Ju}.

2.1.5.  Let Spzn denote the symplectic group of rank n defined by the skew-symmetric
matrix Jy, i.e.,

Span = {g € GLan | 'gJ208 = Jou}.
Note that
Span ={g €U | g = g}
2.1.6. Standard parabolic subgroups of Uy, are in bijection with tuples o =
(ni,...,n;5m) such that ny+---+n.+m=n, r, meZxy and ny,...,n, € N. The
standard parabolic subgroup Qu = Ly X Vo, with standard Levi subgroup L, and

unipotent radical V, is the subgroup consisting of block upper triangular matrices in
Ujn so that

Ly = {diag(g1,.... &, 8", ..., 87) | g € Resg/r((GLy)E), i =1,...,r, h € Usp}.
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Here g+ g* is the involution on Resg/r((GLK)g) defined for any ke N by g* =
wi'g " 'wy. In particular, Us, = Q(:n) =L ;n) corresponds to » =0 and m =n while
Qn:0) is the Siegel parabolic subgroup.
Let 1y : Resg/F((GLpE) X - - - X Resg/p((GLy,)E) X Upm — Ly be the isomorphism
defined by
ta(g1s s &ry h) = diag(gr, ..., gr by g7, g1).

If m=0 (ie., if Q, is contained in the Siegel parabolic subgroup) we simply write
te(g1, ..., &) and when clear from the context we often omit the subscript «.

2.1.7. If P=MxU is a standard parabolic subgroup of Uz, with its standard Levi
decomposition, by taking rational points we refer to P (respectively M) as a standard
parabolic (reps. Levi) subgroup of Uy,.

2.1.8. Let

T:{diag(al,...,a,,,an_l,...,al_l)|a1,...,aneF*}

be the diagonal maximal split torus in Usy,.

For a standard Levi subgroup M of Uy, let R(M, T) be the corresponding root system
and let RT (M, T) (respectively AM) be the set of positive (respectively simple) roots with
respect to the standard Borel subgroup M N Q(jm.q, of M consisting of upper triangular
matrices in M. Here 1™ is the n-tuple of ones.

2.1.9. More generally, let P =M x U € Q = L x V be standard parabolic subgroups
of U, with their standard Levi decomposition and Tj; the connected component of the
center of M. We denote by R(L, Tyr) the roots of L on Ty and by RY (L, Ty) (respectively
AZI[,I) the subset of positive (respectively simple) roots with respect to L N P. The set AII(,I
consists of non-zero restrictions to Ty of elements of AL. For « € R(L, Ty) we write
a>0ifaw € RT(L, Ty) and o < 0 otherwise. When L = Us, we also set Ay = Aszr

2.1.10. For a standard Levi subgroup M of U, let
W = Ny (T)/ Cu (T)

be the Weyl group of M. In particular, the Weyl group WY of U, is isomorphic to the
signed permutation group in n letters.

Note that Cy(T) = L .0 is the standard Levi subgroup of the standard Borel
subgroup of U,, corresponding to the decomposition (17V;0)=(1,...,1;0) of n.
Therefore, WM is a subgroup of W whenever M C L are standard Levi subgroups of Us,.

There is a unique element of maximal length in the set of w € W’ satisfying

e w is of minimal length in wW¥;

e wMw™! is a standard Levi subgroup of L.

We denote this element by wlll‘,,. It also satisfies wjlf,loz <0 for @ € RT(L, Ty).

2.1.11. Let W = WY For standard Levi subgroups M and L of Uy, any double coset

in WM\W/WZ! admits a unique element of minimal length. Denote by » W the set of
w € W such that w is of minimal length in WM wWZ. The set » Wy consists of all left
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M-reduced and right L-reduced elements in W. That is, wa € RT(Ua,, T) for all « € AL
and w™la € RT (U, T) for all « € AM. The inclusion y W, € W gives a natural bijection

uWr ~ wM\w/wt.

2.1.12. Let P=Mx U and Q = L x V be standard parabolic subgroups of U,, with
their standard Levi decompositions. The Bruhat decomposition is the bijection

wi> PwQ : yW, —> P\Us,/O.
For every w € 3y Wy the group
Pw)=MNwQw™!

is a standard parabolic subgroup of M (that is, P(w) 2 M N Q(l(">;0))' Its standard Levi
decomposition is given by P(w) = M (w) x U (w), where

M(w) = MNwLw™" and U(w) = MnwVw™

2.2. Representations

Let G be a linear algebraic group defined over F. By a representation of G we always
mean a smooth complex-valued representation.

Let T1(G) be the subcategory of representations of G of finite length and Irr(G) the
class of irreducible representations in IT(G).

If in addition G is a connected reductive group let Cusp(G) be the set of all cuspidal
representations in Irr(G).

Let 7 denote the contragredient of a representation 7w € I1(G). Then (7
7 € Irr(G) if and only if 7V € Irr(G).

VYV = 7 and

2.2.1. Let §g be the modulus function of G with the convention that §g(g)dg is a
right-invariant Haar measure if dg is a left-invariant Haar measure on G.

2.2.2. Let H be a subgroup of G and o a smooth, complex-valued representation of H.
We denote by Indg (o) the normalized induced representation. It is the representation of
G by right translations on the space of functions f from G to the space of o satisfying

fhg) = GudzH' (o) f(g), heH, geG

and f is right-invariant by some open subgroup of G.
The representation of G on the subspace of functions with compact support modulo
H is denoted by indg (0).

2.2.3. Let P=M x U be a parabolic subgroup of G with Levi part M and unipotent
radical U. The functor i » : [TI(M) — I1(G) of normalized parabolic induction is defined
as follows. For p € TI(M) we consider p as a representation of P by composing with the
projection P/U — M and set

iG m(p) = IndZ (p).

The functor ig,y is exact and we have

ic.m(p)” Zigu(p). (1)
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2.2.4. In the notation of §2.2.3, the functor ig » admits a left adjoint, namely,
the normalized Jacquet functor ruy ¢ : I1(G) — II(M). For o € II(G), ry.g(o) is the
representation of M on the space of U-coinvariants of ¢ induced by the action 8;1/ %,
It is also an exact functor and for o € I1(G) and p € IT(M) we have the natural linear
isomorphism (Frobenius reciprocity):

Homg (0, ig.m(p)) = Hompy (ry .G (o), p). (2)

When G is either GL,(E) or Uy, we will further use the following standard notation
for parabolic induction.

2.2.5. Let G=GL,(E),n=n1+---+n; and
M = {diag(g1, ..., 8%) | 8 € GLy,(E), i =1,...,k}.
For representations p; € II(GL,,(E)), i =1,...,klet p = p1 ®@---® px € [1(M) and

p1 X X pp = 1iG,m(p).

2.2.6. Let G = Uy, o = (ny,...,ng; m) a composition of n as in §2.1.6 and M = L.
For representations p; € II(GLy,(E)),i =1,...,kando e I(Usp)let p =01 Q- Q@ 04 ®
o € I[I(M) and
p1 X+ X pp X o =ig m(p).

2.2.7.  We state basic properties of parabolic induction for the group U, which we
will use several times in the sequel, often without further reference. For their proof, see,
for instance, [40, Propositions 4.1 and 4.2].! Let [] denote the semi-simplification of a
representation w € [T(Us,).

Proposition 1. Let m; € TI(GL,,(E)), i = 1,2 and o € I1(Ua,) for some ny, nz, n € N.
We have

(1) (m xm) xo ZE2m x (1 xo),

(2) (mxo) =m)/ %Y,

(3) [F1Y xo]=[m xo].

2.2.8. This paper is concerned with distinction of representations in the following
sense.

Definition 1. Let 7 be a representation of G and H a subgroup of G.

o We say that m is H -distinguished if there exists a non-zero H-invariant linear form £
on the space of i, i.e., £(w(h)v) = £(v) for all h € H and v in the space of 7. We denote
by Homg (77, 1) the space of H-invariant linear forms on 7.

e More generally, for a character x of H we say that w is (H, x)-distinguished if the
space Homp (7, x) of H-equivariant linear forms on 7 is non-zero.

1Strictly speaking, this reference is only for symplectic groups but the proof works for every classical
group. See also [28].
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By Frobenius reciprocity [3, Theorem 2.28] we have a natural linear isomorphism
1/20—1/2\ ~
Homy (7, sth{ 8 / ) = Homg (7, Indg()()). (3)

2.2.9. We set some conventions for particular cases of distinction relevant to us.
We primarily consider Sp,,(F)-distinguished representations of Uz, and Sp,,(E)-
distinguished representations of GLj,(E). In both cases, for simplicity, we say that the
representation is Sp-distinguished.

Again for the sake of notational simplification, we say that a representation of GL, (FE)
is GL(F)-distinguished if it is GL, (F)-distinguished.

3. Preliminaries

3.1. Involutions on Weyl groups

Let W be a Weyl group of a root system with a basis A of simple roots. Let s, € W be
the simple reflection associated to & € A. Denote by W[2] = {w € W : w? = ¢} the set of
involutions in W.

Based on Springer’s treatment of involutions in [38] we define a directed A-labeled
graph &y with vertices W[2] and labeled edges w % w’ whenever w' = SqWSy and wa #
+a. Note that if w = w’ then also w’ — w. If wo, ..., wx € W[2] and a1, ..., a; € A are
such that w;_ i wi, i =1,..., k we also write wy A w with o = 5o, - - - 5o, for a path
on the graph (the notation suppresses the dependence on the chosen word for o). Note
that if w A w’ then in particular cwo ! = w'.

Definition 2. An involution w € W[2] is called minimal if it is the longest element of the
Weyl group generated by {sq : o € T} for some subset I1 € A and wa = —« for @ € II.

Example 1. The minimal involutions in the symmetric group S, (with respect to the
standard basis A ={e; —ejy1:i=1,...,n—1}) are the products of disjoint simple
reflections. That is, w =s;, ---s;, where s5; = (i,i+1) and {iy, iy41} is disjoint from
{iy,iy+1} forany 1 <u #v <k.

For the following result of Springer see [38, Proposition 3.3].

Lemma 1. For any w € W[2] there exists a minimal involution w' € W[2] and 0 € W
such that w A~ w'.
Let 2, be the signed permutation group in n variables. We realize it as

W=2, =8, X g,

where E,, is the group of subsets of {1, ..., n} with symmetric difference as multiplication.
Clearly, B, = (Z/27)" and we may take o; = {i}, i = 1,...,n as generations of E,.
The action of S, on &, is given by

rer ! = t(c), TES, c€ gy

https://doi.org/10.1017/51474748019000161 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000161

On Sp-distinguished representations of the quasi-split unitary groups 235
It is easy to see that the set of involutions in 27 is
W2] ={rc: 1t € S,[2], T(c) =c}.

We think of 20 as a Weyl group of a root system of type C, with the standard basis of

simple roots A, = {«y, ..., a,} where oy = ¢; —e€j+1,i =1,...,n—1 and o, = 2e,. Here
20 acts by
e i¢c -
T(e;) =er4), TE€S, and c(g) = , CEEu, i=1,...,n.
—€; i €c¢

Here we examine certain properties of the graph Ggy. The set of minimal involutions in
27 is

{pck : 0 < k < m, p is a minimal involution of S, ¢x = ¢k, = {k+1,...,n}}.  (4)
Here Sy is embedded in S, as the subgroup of permutations fixing k + 1, ..., n point-wise.

Also, by convention, ¢, , =#. Thus, the minimal involutions in S, are the minimal

involutions of 2U associated to k = n.
Let w = 1c € 20 with 7 € S, and ¢ € E,,. Define the following subsets of {1, ..., n}:

eci(w)y={iec|t@) =i}

ec_(w)={i gc|t@) =i}

o cx(w) ={i | () #i};
ec(w)y={i|i<t@}

Note that c.(w) and ¢.(w) depend only on 7.

Example 2. If w = pc;, € 2 is a minimal involution as in (4) then according to
Example 1 we have ¢4 (w) = ¢k , while {1, ..., k} is the disjoint union

(L. k=cmu || ti+n

iec<(w)

and

p = 1_[ Si.

iec-(w)
We make the following simple observations.

Lemma 2. Let w, o € 25 and w' = cwo ™. Then
(1) ocy(w)o™ =i (w') (in particular, [y (w')| = |cp(w)]),
(2) oc_(w)o~ ! =c_(w') and
(3) ocr(wyo ™! = ca(w).

On the left hand side of each equation multiplication is in 20.
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Proof. Let w = tc and w’ = 7'¢’ with 7,7’ € S, and ¢, ¢’ € E,. It is enough to prove the
lemma for o in a set of generators for 2J; hence in the two cases: ¢ € S, and o € E,.

Assume first that o € S,. Then v/ =o1o~! and therefore cx(w') = o(cx(w)) =
UC#('LU)O'_I (hence the equality (3)) and ¢ (w)Uc_(w') =0 (@) =o0d0~! where ? =
cr(w)Ue_(w) ={i | t(i) =i}. Since furthermore, ¢ =o(c) and c¢i(w)=cNd the
equalities (1) and (2) also follow.

Assume now that o € E,. Then v/ =1t and it follows immediately that cx(w’) =
cx(w) = oc¢(w)a’1 (hence the equality (3)). Furthermore, ¢ =t~ !(0)oc. Since the
product in &, is the symmetric difference it is clear that the set T~'(o)o contains no
fixed points of 7. Therefore, ¢; (w') = ¢y (w) = ocy(w)o~! which gives the equality (1).
The equality (2) follows from (3) and (1). O

Lemma 3. Let o € 2 and w, w' € W[2] be such that w A w'. Then
oe(wyo ! = (w).

Proof. It follows from Lemma 2(3) that the two sets have the same cardinality and it
is therefore enough to show that oc.(w)o~! C c.(w’). By induction on the length of
the path defined by o it is enough to prove the lemma in the case that o is a simple
reflection. Assume o =s; = 54, for i < n and assume by contradiction that s;c.(w)s;
c<(w). Writing w = t¢ with T € S, and ¢ € &, we have w’ = t/¢’ where 7/ = 5;7s; and
¢/ =si(c). Our assumption by contradiction (together with Lemma 2(3)) means that
there exists j < t(j) such that s;(j) > t/(s;(j)). Since 7'(s;(j)) = s;(z(j)), this means
that j < t(j) but s;(j) > si(z(j)). Hence j =i and 7(j) =i+ 1. Thus, i € ¢ if and only
if i +1 € ¢ and therefore

€ —€j+1 iec
wlei —eit1) = Te(e; —eip1) = _
eir1—e€ 1¢c

which contradicts w — w/'.

Assume now that o =0, = s,, and recall that c.(w) = oyc<(w)o,. Writing w = t¢
with v € S, and ¢ € &, we have w’ = v¢ where ¢/ = 17! (0,)0,¢ and in particular ¢~ (w) =
c<(w’). The lemma follows. O

3.2. The symmetric space

To a connected reductive group G and an involution 6 on G both defined over F we
associate the symmetric space

X=X(G.0)={gecG:gl(g) =e}
with the G-action by #-twisted conjugation
(g.x) > g-x=gx0(g)"", geG, xeX

For every x € X, let Gx = Stabg(x) be its stabilizer, an algebraic group defined over F.
More generally, for any subgroup Q of G let Qx = {g € Q| g-x = x}.
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Example 3. We provide two well-known examples where X consists of a unique G-orbit.
(1) Let G = GLa, and 6(g) = J,'g7'J ! (so that Ge = Span). Then
X={geG:"(g))=—gJu}
and it is well known that X = G -e.

(2) Let G = Resg/r((GLp)E) and 6(g) = g (so that G = GL,(E) and G, = GL,(F)).
Then by Hilbert 90 we have X = G -e.

In this paper, our focus is mainly on the symmetric space X = X(Upzp, 6) where
0(g) =g.
Recall that the stabilizer of the identity is (Uzp)e = Sp2n-

Lemma 4. For X = X(Ujy, 6) we have
X =Uy, -e.

Proof. Note that G(E) ~ GL,(E) and with this identification, over E (and in particular
over an algebraic closure of F), X(E) is isomorphic to the symmetric space of
Example 3(1) with F replaced by E. Thus it follows that X = G -e. Since H!(F, Sp,,) is
trivial we have (G/Ge)(F) = G(F)/Ge(F). The lemma follows. O

Remark 2. This subsection is valid for any field F.

3.3. Distinction and contragredients

Next, we show that an irreducible representation of U, is Sp,,-distinguished if and
only if its contragredient is. First we recall the following result of Moeglin, Vignéras and
Waldspurger.

Let V = E?" (column vectors) and GLz(V) the group of F-linear automorphism of V.
We identify GLy,(E) as a subgroup of GLr (V) via matrix multiplication. In particular,
Uy, is identified with the subgroup of GLr (V) preserving the anti-Hermitian form

W, vy ="v,0, v, v eV.

Then § € GLp (V) satisfies 82 = e and
W, v) = {8(),8(0)), v, eV.
In particular, §(av) = ad(v) for a € E and v € V. Note that we have
888 ' =€ge € Uyy, g €U, (5)

where € = diag(l,, —1I,). In particular, for & € I1(Uy,) the representation 7% € TI(Uay)
is defined on the space of m by 7%(g) = 7(8g6~"). The following is the content of
[29, §4, IL.1].
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Theorem 4 (Meeglin—Vignéras—Waldspurger). For € Irr(Ua,) we have

Y~ b,

Corollary 1. For m € Irr(Uy,) we have that 7w is Sp,,-distinguished if and only if & is
Sp,,, -distinguished.

Proof. Clearly 7 is Sp,,-distinguished if and only if 7% is 8~'Sp,,d-distinguished.
However, by (5) we have §~'h8 = ehe for h € Sp,, and since € € GSpa, it normalizes
Sp,,- Therefore 8~'Sp,,8 = Sp,, and the corollary follows from Theorem 4. O

3.4. A necessary condition for distinction

For m € Irr(Us,) there exist a unique 0 < m < n and a unique o € Cusp(Uzy) up to
isomorphism such that 7 is a quotient of T X o for some representation t € IT1(GL,,_,,(E)).
The representation o is called the partial cuspidal support of 7 and denoted by mcysp-

We say that 7 has trivial partial cuspidal support if m =0 (and then o = 1y is the
trivial representation of the trivial group so that v x 1y is induced from the Siegel
parabolic subgroup of Uy,).

The following is one of the main results of [6]. It is also immediate from the main result
of [25] and the double coset analysis in § 4.

Proposition 2. Let w € Irr(Uz,) be Sp,,, -distinguished. Then w has trivial partial cuspidal
support.

4. The geometrical lemma for the symmetric space

Throughout this section let G, = Uz, and H, = Sp,, for n € N. Fix n and let G = G,
and H = H,. Let

X={geG|gg=¢e}
be considered as a G-space with action given by twisted conjugation g-x = gxg~', g € G
and x € X. Recall that by Lemma 4 we have that X = G-e. The map g+ gg~ ' =g-e
defines a homeomorphism G/H ~ X.

Let P=MxU be a standard parabolic subgroup of G with its standard
Levi decomposition. We write P = Q,,..n:m) (80 that M =L, pem) and U =
Vinnsm)-

We have a bijection P\G/H >~ P\X. This set of orbits gives rise to a filtration of the
restriction to H of a representation of G parabolically induced from P.

.....

4.1. The filtration

Since P is stable under Galois conjugation we have P-x C PxP, x € X. Furthermore,
note that xx = e and that every element of P\G/P is stable under Galois conjugation.
Therefore, PxP = Px~'P. Let we yWy correspond to PxP under the Bruhat
decomposition §2.1.12. Then WywWy = Wyw~'Wy. Since an element of minimal
length in every Wy-doube coset of W is unique it follows that w is an involution. Let

tp: PAX - W2INy Wy
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be the map defined by the Bruhat decomposition. That is, tp(P - x) = w where PxP =
PwP. Then L = MNwMw™! is a standard Levi subgroup of M. Let Q be the standard
parabolic subgroup of G with Levi subgroup L. Then Q (respectively L) is the parabolic
(respectively Levi) subgroup of G associated to the P-orbit P - x.

Let o € IT(M). The restriction w|yg to H of the induced representation 7 = ig m (o)
admits a natural filtration parameterized by P\G/H.

The decomposition factor associated to a double coset PnH is isomorphic to

—1/2

I, = indan G 63 20)")

where H,7P =HNyp 'Py. Let x =i~ ! € X.
Definition 3. We say that P -x (or w) is relevant to o if I, is H-distinguished.

We say that x is a good representative for its P-orbit if x € Ng(L) (in this case
xL=wLand L=M ﬁxMx_l). A good representative exists for every P-orbit (see [34,
Lemma 3.2]).

Assume that x is a good representative of its P-orbit. By [34, Proposition 4.1] we have
that 1, is H-distinguished if and only if rz (o) is (Ly. 80,8, %)-distinguished.

By [34, Theorem 4.2] we have the following theorem.

Theorem 5. With the above notation, if w is H-distinguished then there exists a P-orbit
O in X that is relevant to o. In particular, r, m(c) is (Ly, 8Qx8;/2)—distinguished for a
good representative x € O.

In what follows, we make the condition that a P-orbit is relevant more explicit. With
the above notation, for x € X a good representative of its P-orbit set

—1/2
8¢ = 80,851,

Let
[M] = {L(ng(l) ..... newm) -0 € Sk}
be the set of standard Levi subgroups of G that are conjugate to M. For M’ € [M]
let W(M,M') be the set of w e W such that w is of minimal length in wW and
wMw™' =M. Let
wuy = | | ww. M)
M'e[M]

and note that for w € W(M) and w’ € W(wMw™!) we have that w'w € W(M).

Although W (M) is not a group it is in a natural bijection with the signed permutation
group Wy. The set Ay of simple roots with respect to M is in natural bijection with the
set Ay of simple roots associated with 2 in §3.1. This identifies the set of elementary
symmetries in W (M) (in the sense of [31, §1.1.7]) and the set of simple reflections in 20y
and defines a unique bijection jy : W(M) — 20, that satisfies

InW'w) = Jypw—t Wy W), we WM), w' € WwMw™").
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Explicitly, if w € W(M) and jp(w) = tc then there exists an element t,, € Ng(T), unique
up to multiplication by an element of the center of M, representing the Weyl element w
and satisfying

twt(gls ... g Mt = ugs 8 h), & eGLy(E),i=1,....k, h € Gy

where

" .
81 1E€C
gr—l(l‘) i ¢ C.

Let

Nu=1{geG:gMg ' eMl}= || M.
weW (M)

Then «py : Ny/M — W(M) given by kp(t,yM) = w is a bijection satisfying

Kwa*I(g/)KM(g) = KM(g/g), 8 € NM’ g/ € Nwa*I'

Let py; : Ny — 2, be the composition p,, = jy o kp-

Similar maps can be defined with G replaced by H and in particular, each #,, can be
chosen in H, that is, we may further assume that f,, = t,. Since also M = M it follows
that

g 'geM, geNy.
Note that restricted to Ng(M), «ps defines a group isomorphism Ng(M)/M = W (M, M).
Furthermore, for w € W(M) such that jp(w) = tc € 2 we have w € W(M, M) if and
only if nyy =mn;, i =1,..., k.

Remark 3. Let x € Ng(M)NX and p = py(x) € Wi[2]. If 0 € Wy, p’ € Wi[2] and
g € Ny are such that p rq\v,o’ and pys(g) = o then (M, x) A (M’',x") is a path in the
graph defined in [34, § 6] where M’ = gMg™! = gMg~" and x’ = gxg~!.

4.2. Minimal involutions

In light of Lemma 1 the key for the study of M-orbits in Ng(M) N X is to first understand
the orbits that project under p,, to minimal involutions.

Definition 4. An element w € W(M, M) is called M-minimal if w = wb for some standard
Levi subgroup L 2 M and wa = —« for o € Aﬁ,,.

Note that w e W(M, M) is M-minimal if and only if jy(w) € 2} is a minimal
involution.

Let w € W(M, M) be M-minimal. Let £ € {0, 1, ..., k} and p € Sy a minimal involution
so that jy(w) = pee i (see (4) and Example 2). Let

S=c (muw) and R =c.(u(w)).

Lemma 5. With the above notation, wM N X is not empty if and only if n; is even for all
4+ 1 <i <k and in this case wM N X is a unique M-orbit.
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Proof. Assume that x € wM N X. We can choose
tw =t(t1, ..., tryss ) EW
where
In;(j i(j)es i(H+1 i()eS
=170 my\ . i=1 iG+D= 6
I"i(j) 0 l(])ER l(])+2 i(j)ER
for j=1,...,r+s (note that i(j) € RuS for all j) and
I

ne41

t = Iy,
—1Iy,

_Inz+1

Then, by definition, x € f, MNX. Let x = t,t(g1,..., 8; h) with g € GL,,(E) and
h € G,,. The condition x € X is equivalent to

8i&i = Iy, ies
gig&+1=1Ip i€R
) (7)
ggr=—I, (+1<i<k

hh = Iy,

In particular, for £ +1 < i < k the condition is that g;w,, is an alternating matrix and
therefore n; is even. For d; € GL,,(E), i =1,...,kandd € Gy letd =(dy, ..., dx;d’) €

M. Then
dxd™" = tu(g). ... g 1)
where
gl/_ _ igidi_l ieS
-1 -1 -1 .
gl{ =di+18id; ", gz{+1 =digiv1d; | = 81{ i€R
g =dgid" trlsisk
W=dhd "

It follows from Example 3 and Lemma 4 that 7, M N X is a unique M-orbit.
On the other hand, assuming that n; is even whenever £+ 1 < i < k, with the above
choice of t,, we have

Xw = tyl(In 4 qngs €ngyys - - €ngs Iom) € WM N X (8)
where ¢, = (_01" ,(1) O

Next we compute the stabilizer and relevant modulus function for a minimal orbit.
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4.2.1. Let x € N¢(M)N X be M-minimal. Applying the notation of Lemma 5 and its
proof we write x = t,t(g1, ..., g; h) so that (7) holds. Following the proof of the lemma
we see that M, consists of elements of the form d = «(d;, ..., dy; d") where

di € GLy (E) g =digid;' i€S

di € GL,,,(E) diy1=gidig;' i€R

di € GLy (E) g =digid;' £+1<i<k
d' € G h=dhd"

and in particular

k
M, = [HGL,,,. (F)} x [HGL,,,, (E)} x [ ]_[ Sp,. (E)} x Hy,.

ieS i€ER i=+1

The representative x can be chosen so that this isomorphism is the standard one. In
fact, with the above notation, for x = x,, (see (8)) it is easy to see that M, consists of
elements of the form t(g1, ..., gk; h) where
e g €GL, (F),i€S;

e gi+1 =8 €GLy(E), i €R;
® g €5p, (E), L+1<i<Kk
e h € Hy,.

4.2.2.  We explicate the modulus functions §, associated to M-minimal elements when
M is contained in the Siegel Levi subgroup. We freely use the notation of §4.2.1.

Lemma 6. Let x € Ng(M)NX be M-minimal and assume that M 1is contained in the
Siegel Levi subgroup of G (i.e., that with the above notation m =0). Then,

8:(u(dy, ... dp)) =[] Idetdi|p - [ | Idetdile, i(di,....di) € M,.
ieS ieR
Proof. For g € M it is easy to see that the above equation holds for x if and only if it
holds for gxg~!. By Lemma 5 we may therefore assume that x = x,, as defined by (8).
For this case we carry the computation out explicitly.
For an automorphism o of a group Q we denote by modg(«) the associated modulus
function. For example, for z € GL,(F) and y € GLy(F) we have

modyy, ., (r)(z) = |detz|5, mody,, ) (y) = |det y|% (9)

where the respective automorphism is given by left or right matrix multiplication. Let
Sy (F)={ze M,(F):"z=z} and H,(E/F) ={z € M,(E) :'Z = z}. Then, with respect
to the natural actions g-z = gz'g, g € GL,(F), z € S, (F) and g-z = g7'g, g € GL,(E),
z € Hy(E/F) we have

"t g€ GLy(F), mody, g /r(g) = |detglh, g€ GLy(E).
(10)

mods, (ry(g) = |detg|
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In our modulus function computations below we freely use, without further mention, the
fact that detg =1 for g € Sp,,,,(E), m € N.

Recall (see (6)) that x = (71, ..., t,4s; X') where
6”4:+1
¥ = €ng
€ny
€ngq

and that M, consists of elements of the form (g, ..., gx) where
gi € GL,, (F) ies
g1 =8 €GL,(E) i€R (11)
gi € Sp,, (E) i=0+1,... k.

Let Ny =ni+---+ng, Ny=ngs1+---+n; and Q =L x V the maximal parabolic
subgroup of G with L = M(y,.n,) and V = U,:n,)- Let Z=LNU so that U =Zx V
and consider the involution 6,(g) = xgx~!, g € G. Note that g-x =x if and only if
0x(g) = g. Since x € L, it normalizes V and therefore 6,(V) = V. It is easy to see
that UNO,(U) = (ZN0O,(Z)) x V and since this decomposition is 6,-stable we get that
Uy = Z, x Vy. Furthermore, each of the groups Z, V, Z, and V, is normalized by M,. It
follows that

8p(h) = modz(h) mody (h) and similarly 8p (h) = modz, (h) mody, (h), h e M,. (12)

We write a matrix z € Z in block form as z = t(z1; z2) where z; = (z; ;), with 1 <i, j < ¢
and z;,j € My, xn; (E) satisfying
zi,j=0 i>j
Zi,i = I,
and zp € U(”Hl ,,,, n)-
It is then easy to verify that z € Z, if and only if zp = Iy, and whenever 1 <i < j < ¢

we have
Zii+1 =0 i €R
Zi,j € Mn;xnj(F) i,jes
Zij+1 = Zi,j ieS,jeR
Zitl,j = Zi,j i€eR,jes
Zi+1,j+1 = Zi,j and zj+1,; = Zij+1 I, j € R.
Furthermore, for & = (g1, ..., g) € My as in (11) and z € Z we have

hzh ™' = u(z}; 25)

.....

L(g£+1v LR ] gk))
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Taking (9) into consideration, it is now easy to see that

mod/? |y, = modz, |, . (13)
Next, let
Iy, s
v = LW = Ly, s ||s € My,xon, (E), s = Jn, 5wy,
Iy,
and
IN1 y
v = 1@ (y) = Ly, ywy, € Hy,(E/F)
IN1

Note that V@ is a normal subgroup of V and VU is a set of representatives for V/V®.
Thus,
V= (s, y) = vV )P 0) | s € My, xan, (E), ywy, € Hu, (E/F)}.

Note that if v = vjvy with v; € V@ then also 6y (v;) € V(")7 i = 1,2. By the uniqueness
of decomposition it follows that v € V, if and only if v, vy € V. For v =v(r,s5) € V
write s = (s1, 52) with s1, 52 € My, xn, (E) and ywy, = (y; ;) with y; ; € Mnixnj(E), 1 <1,
j < £. Then explicitly,

YVii = t)_’i,j € Mn,-xn,-(E) P #]

Viii € Hu,(E/F).
We then have v € V, if and only if

€ngyy
so = —diag(t1, ..., tr4s) ST
€np
and y satisfies
Yisi € Sn;(F) iesS

Yi+lit+1 = Yii and yiy1; = Yii+1 € Sp,(E) 1 €R
and for all i < j

Yi,j+1 = Yij ieS, jeR

Yit+l,j = Yi,j i€R,jeSs

Yitl,j+1 = Yi,j and yiy1,j = Vi, j+1 i, j €R.
Furthermore, for h = ¢(g1, ..., g) € M, as in (11) we have

D )h= = v (")

where
s" = diag(g1, ..., 80)s (gett1s -, gE) ")

and
P Mh™ = v@ (") where (v")ij = givi,j'&;-
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Thus,
ho(s, Yh™' = h(s”, y").
Taking (9) and (10) into consideration, it is now easy to see that
-1/2 —-1/2
mody,"/? (k) mody, (h) = mod, (h)y mod, e () = []‘[ |det g; | F] [ []1det il E]. (14)
ieS ieR
The lemma is now immediate from (13), (14) and (12). O
4.2.3. As an immediate consequence we formulate the following.
Corollary 2. Assume that M is contained in the Siegel Levi subgroup of G. Let x €
NG (M)N X be M-minimal and py(x) = pcer, p € Se (see (4)). With the above notation
let m; be a representation of GL,,(E), i =1, ..., k. The representation m =m ® - - - @ mg
of M is (M, 8x)-distinguished if and only if
v=125; is GLy, (F)-distinguished i € S
TTit+1 = Vﬁ'iv i€R

i s Spy, (E)-distinguished 4+1<i<k.

4.3. Admissible orbits

Let
Wy =py(Ng (M) N X).

Lemma 7. We have
Wy = {w € Wi[2] | n; is even for alli € ¢y (w)}.
Furthermore, py defines a bijection
M\(Ng(M)NX) >~ Wy.

Proof. Let w € Q[2] and let £ be such that k — ¢ = |c4(w)]. It follows from Lemma 1,
(4) and Lemma 2(1) that there exist o € 2, and p € S¢ a minimal involution such that
w fgv PCL k-

For g e Ny let M' = gMg—' = gMg~! € [M]. Then the map x — gxg~' defines a
bijection between M-orbits in Ng(M)NX and M’-orbits in Ng(M’')N X. By choosing
g so that py(g) = o we see that w € Wy if and only if pcgx € Wy. The lemma now
follows from Lemma 5. O

4.3.1. Letx e Ng(M)NX and w = py,(x) € Way. Let T € S and ¢ € E; be such that
w = t¢. Based on the above analysis we can now describe M, as follows. We have

M, = [ I1 GL,,,.(F):| X [ [] L. (E):| X [ I1 spni(E)] X Hy.

iecy(w) icc(w) iecy(w)
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More explicitly, a representative x as above can be chosen so that M, consists of elements

t(g1, ..., 8k h) such that
gi € GLy, (F) iec(w)
gri) = & € GLy,(E) i€cc(w)\c
gi € Sp,, (E) i€cp(w) (15)
8t() = g,* € GLy, (E) i €cc(w)Ne
h e Hy.

4.3.2.  The following proposition follows from [34, Corollary 6.5] in light of Remark 3.
It is a consequence of Springer’s theory of twisted involutions as further developed in [22].

Proposition 3. Let x € Ng(M)NX with py(x) = p € W[2] and let 0 € Wy and p’ €

Wi [2] be such that p A p'. For g € Ny such that py(e) =0 set M' = gMg™" and x' =
gxg~" (so that pyy(x') = p’). Then

8o(gmg™) =68,(m), me M,.

Corollary 3. Assume that m =0 (i.e., M is contained in the Siegel Levi subgroup of G)
and let w=1c€ Wy with T € S and ¢ € B;. Then, for x € Ng(M)NX such that

Py (x) =w and (g1, ..., 8) € My we have
8:(u(gr, .. g = [ Idetgilr- ] Idetgile =Idetglr (16)
iec_(w) iec<(w)

where g = diag(gi, ..., 8k)-

Proof. The second equality of (16) is straightforward from (15). We prove the first
equality. By Lemma 1 there exist w’ € 20;[2] a minimal involution and o € 20 such
that w A w'. Let g € Ny be such that ¢ = py(g) and let x’ = gxg~! and M’ = gMg~".
Then x’ is M’-minimal. It follows from Lemma 6 that (16) holds for x". That it holds for
x now follows from Proposition 3 and Lemmas 2 and 3. O

4.3.3.  As a consequence of the explication of the stabilizer in (15) and Corollary 3 we
have the following.

Corollary 4. Assume that M is contained in the Siegel Levi subgroup of G and
let x e No(M)NX and py(x) =w. Let T € S and ¢ € Ex be such that w = tc. For
representations m; of GLy,(E), i =1,...,k, the representation m =m1 ®---Qmr of M
is (M, 8x)-distinguished if and only if

v~ 125 is GL,, (F)-distinguished i € c—(w)

;i 8 Sp,, (E)-distinguished i€cy(w)
ey v, iece(w)\c
ey v i)Y ieco(w)Ne

where ¢ is the involution g — g' = w,'g 'w, on GL,(E).
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Remark 4. By [11] we have 7 = #' if 7 is irreducible. Thus, if the 7;’s are assumed to

be irreducible then the condition above for i € c.(w) N ¢ becomes () = vl

4.4. General orbits

Assume that M is contained in the Siegel Levi (m = 0). We consider a general P-orbit
P -x in X. Assume without loss of generality that x is a good representative. Let w €
u Wy N W[2] be such that PxP = PwP so that x € wLNX, where L =MNwMw™! is
the standard Levi subgroup of M associated with the orbit P-x. Let Q = L X V be the
associated standard parabolic subgroup.

Write L = M(y,,... ;00 Where y; = (a1, ..., a;,j;) is a partition of n; and let

IT={G,j):i=1,....k, j=1,...,ji}.

Via lexicographic order on Z (i.e., (i, j) < (i, j') if either i <i’,ori =i" and j < j') we
identify 27| with Sz x Ez where S7 is the permutation group on Z and E7 the group of
subsets of Z with respect to symmetric difference. Then x € Ng(L) N X and we can set
pr(x) =tc with T € Sz and ¢ € 7.

Note that since w is L-admissible it acts as an involution on the set of roots

Y1 = R(G, Ty).
This involution can be described as follows. We can write
Yy ={%(e,+e)), (e, —e)) i1, g € I}\ {0}

with respect to a standard basis {e;, : 1 € Z}. Then

.....

—erq) lLEC
we, =

er() 1 &c.

Let M = R(M, Tr) and note that XL ={eq jy —eqjn:i=1,....k, 1 < j# j < jih
The fact that L = M NwMw™! is equivalent to saying that wa ¢ 22” for a € 22”. This
can be explicated as follows.

o If (i, j), (i, j)) € c with j # j/, t(i, j) = (a,b) and (i, j') = (c,d) then a # c.
o If (i, j), (i, j') & c with j # j', ©(i, j) = (a,b) and ©(i, j') = (c,d) then a # c.

The fact that w is M-reduced means that wa > 0 for every « € AZI (and therefore also
for every « € R(QN M, Tr). This can be explicated as

e For j # j if (i, j) € cand (i, j/) € ¢ then j < j'.
o if (i, j), (i, j)) € c with j < j’ then (i, j') < (i, j).
o if (i, j), (i, j)) & ¢ with j < j’ then (i, j) < t(i, j).
Combined, we get that for every i there is s; € {0, 1, ..., ji} such that
c=A{GJ)si <J<ji} (17)
and if (1) = (¢;,d,), 1 € Z then
ci,jy <cujy forj<j <s

ci,jy > cujy forsi <j<j.

https://doi.org/10.1017/51474748019000161 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000161

248 A. Mitra and O. Offen

5. A graph of signs

In this section we describe a graph that underlies the combinatorics behind the
classification of Mceglin and Tadi¢ of the discrete series of classical groups [28]. The
material of the section is purely combinatorial and can be read independently from the
rest of this article. We hope that the combinatorial framework that we develop here would
have applications more generally in questions where the Moeglin—Tadi¢ classification plays
a role.

Let V = |_|,fi0{:|:1}k be the set of ordered tuples of signs. We consider the directed,

labeled graph £ with vertices V and labeled edges e —> ¢ whenever e = (e1,...,ex) €
{:I:l}k, iefl,...,k—1} is such that ¢; =¢;;; and € =(e|,...,ei_1,€i12,...,€) €
{£1}*72 is obtained from e by deleting the ith and the (i + 1)th entries.
For e, ¢ € V, a path from e to € is labeled by the sequence : = (iy, ..., i;) and denoted
by e A € if there exists e|,...,e €V and edges on the graph such that
e—e —Se -2 e =¢.

We write e ~ € if there exists a path in £ from e to €. The r-tuple of natural numbers 1

is the pattern of the path e ~ €.
To make some of the basic arguments more formal it will also be convenient to introduce

the coordinate history of the path e ~¢€. Forec {£1}* and pattern ¢ = (iy, ..., i) it is
a sequence of ¢ pairs of indices in {1, ..., k} that keeps track of the coordinates of e that
are deleted at each edge of the path. More explicitly, it is the sequence
(e, y0s v os (Xr, 1))
where x; < y; are the coordinates of e that are deleted in the jth edge, j = 1,...,¢. The
coordinate history is defined recursively as follows. Set (x1, y1) = (i1,i1+1). For 1 <s <t
let z; < -+ < zk—2(s—1) be such that
{z1, - zk—2-n} = {1 o R\ v, X Y1 b
Then we define
xs =12z, and y; =2z 41.

For future reference we record the following basic properties of the history of a path.

They are straightforward from the definitions.

For 1 <1i, j <t the inequalities x; < x; < y; < y; cannot hold simultaneously. ~ (19)
i+Lyi—11CS{xj,yj:j=1,....i—1} fori=2,...,1. (20)

Here and henceforth, for integers a < b we denote by [a,b]={i € Z | a < i < b} the
associated interval of integers.

For t € Zyg let £, = (1, -1, oo, (=D Y e {£1} where fy € V is the empty tuple of
signs.
Definition 5. We define the subsets of vertices V; and V_; by
Vi ={eeV:en %f)}
and let &4, be the full subgraph of £ with vertices V.
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Clearly, e € V is not the origin of any edge in & if and only if e = &f; for some ¢ € Z3.
Since the number of coordinates decreases by two with every edge it follows that

v:Uv,.

teZ
As we will soon see, this union is disjoint.

Lemma 8. Let e —> € be an edge in €& andt € Z. Then e € V; if and only if € € V.

Proof. If ¢ A +f; then clearly also e (?{) =+ f;. The if part follows.
Let ((x1,y1), ..., (xk, yt)) be the history of a path e = (ey, ..., e;) ~ £f;,. Note that
{i,i +1}N{x1, y1,..., Xk, Yk} cannot be empty. We separate the proof into several cases.

Assume first that (i,i +1) = (xj, y;) for some j. Then it is a simple consequence of
(19) and (20) that

(e ¥i)s (X1, Y15 oo (=1, Yj=1) (Xj15 Yjr1)s -+ s (Xks YE))
is the history of a path e ~ +f; that starts with the edge e e Truncating this edge
gives a path e ~ =%f;.

Next, assume that there exist a # b such that i € {x,, y,} and i +1 € {xp, yp}. It follows
from (19) and (20) that there are three cases to consider:

(1) ya=iand xp =i+1;

(2) ya=i,yp=i+1, xp < x4 and a < b;

(3) xg=i,xp=i+1, yp <y, and b < a.
In case (1), let

e A={jel{l,... . k}:xqs <xj,y; <i},
eB={jef{l,....,k}:i+1 <xj,y; <y} and
e C=(j el k)i yj & Lxa l).

In case (2) let

e A={jel{l,....;k}:xp <Xj,yj < Xa},
eB={je{l,....k}:xq <xj,y; <i}and

o C={je({l,....k}:xj,y; &[xp,i +1]}.

In case (3) let

e A={jel{l,....k}:yp <Xxj,¥j < Ya},
eB={je{l,....k}:i+1<xj,y; <yp} and
o C={je{l,....k}:x;,y; €li, yal}.

It then follows from (19) and (20) that with the standard linear order on A, on B, and

on C the sequence ((x;, y;j)jea, (xj,¥j)jen, (,i+1), (z,w), (xj, ¥j)jec) is the history of
a path e ~ £f; where

(x4, yp) in case (1)
(z, w) = { (xp, x4) in case (2)

(¥bs ya) in case (3).
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Since (i, i + 1) is in the history of this path, it follows from the case considered first that
e ~ =£f,.

The only case left is where {i, i + 1} N {x(, y1,..., Xk, yx} is a singleton set. It follows
from (19) and (20) that if the intersection is {i} then i = y, for some a, if the intersection
is {i + 1} then i = x, for some a and that in either case, for this a the sequence

((xl’ }’]), ey (xafl, yafl)v (17 l + 1)’ (xtl+17 )’a+l), ceey (xk7 )’k))

is the history of another path e ~ £f;. We are reduced again to the first case and the
lemma follows. O

As an immediate consequence of Lemma 8, by induction on the length of the path
e ~ €, we have the following.

Corollary 5. For a path e ~ € in £ and t € Z we have e € V; if and only if € € V;. In
particular, &, t € Z are the (non-directed) connected components of £ and the union

v=|]w
teZ
is disjoint.

Clearly, every e € V \ {fo} is of the form e = £(1;,, —1,,, ..., (—1)m_11sm) for unique

m, sy, ...,sm € Nwhere 1, = (1,...,1) € {£1}*, s € N. For our purposes it will be more
convenient to represent elements of V differently, in terms of the f;.
Form,t;,...,t, € Nlet

ft|,...,tm = (ft]s (_1)r2ft2» cee (—l)rmftm)
where 7o =11 +---+fhi—1+1and ©j41 =t +---+1t, i =1,...,[m/2]. For example,
f3,1,1,2 = (17 _17 1’ 11 17 1’ _1)'

It is a simple observation that every e € V \ {fo} is of the form e = £f;,
m,ty,...,tn € N. Indeed, for e = (e, ..., ex) € V\ {fo} we have e = ef},

1, for unique
where

.....

,,,,, Im
iefl,....k}:ei=eip}={t1++ti:i=1,....,m—1}

and t; +---+1t, =k.
For e = +f;, e V\ {fo} let

wlm

m

7(e) = £(—1)" Y (=1t

i=1

We also set t(fy) =0.

Lemma 9. Fore € V we have e € Vi (e).

Proof. Let m,t1,...,tn, € N and e = %f;, _, . Since t(xf;) = | the case when m =1

is straightforward. For m > 1 we proceed by induction on #; + - - - 4+ t,;. Note that e ILNPY

https://doi.org/10.1017/51474748019000161 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000161

On Sp-distinguished representations of the quasi-split unitary groups 251

where

H -1, H, 0 >1

,,,,,

Ff—1.65,.0 hH=1<n

e/ — 2 3 m (21)
14,4, >t =1
= P t =1t =1.

In all cases we have t(e) = 7(e’). By the induction hypothesis we have ¢ € V() and by
Lemma 8, we get that e € Vi (e). O

The combinatorial description of discrete series representations that have trivial partial
cuspidal support is based on the graphs & and £;. We finish this section with two simple
lemmas concerning these subgraphs.

Lemma 10. Let fy # e = x££, ;. € Vo. Then there exists a path e A fo with pattern 1 of
the form (i1, ...,ir,t1,...,2,1) wherei; >t +1, j=1,...,T.

If in addition e = (ey, ..., ex) with e;+2 = e;,+1(= e;,) then there exists a path e A fo
with pattern j of the form (iy,...,is,t1+1,1,...,2,1) wherei; >t1+2, j=1,...,8S.

Proof. We prove the first part by induction on # +---+1,. Let e ¢ Tt follows
from Lemma 8 that € € Vy. If 1; = 1 it clearly follows that a path 1 as required exists.
This case includes the basis of induction. Assume now that #; > 1. By (21) we have
that e = =+f;, , with s; ># —1 (in particular € #fy). By induction there exists

a path € rleo with pattern ¢/ of the form (ji,..., js,s1,...,2,1) where jiz >s;+1
for k=1,...,8. Thus, i/ is also of the form (ji,..., js4s,—t,+1.11 —1,...,2,1) where
je>t—1for j=1,...,85+s;—t+1. It is then straightforward that e A fo with
1=01+2, ..., jsts—n+1 +2,t1,...,2,1). The first part follows.

Assume now that e, = e, 42. Equivalently, assume that m > 2 and #, = 1. Applying
H+1

Lemma 8 let € € Vy be such that e —> €. Note that then € = +f;, with s; > 1.
It therefore follows from the first part of the lemma that there exists a path e A fo
with pattern of the form ;' = (ji,..., js,s1,...,2,1) and jiy >s;+1 for k=1,...,S.
Writing ;' = (1o o5 Js4si—t1st5 ..., 2, 1) we have jiy >t for k=1,...,S+s1—11. It
is then straightforward that e A fo with j = (ji 4+2. ..., jsts—n + 2.0+ 1,11, ..., 2, 1).
The lemma follows. O

Lemma 11. Let f; #e = =xf;, ;, € Vi. Then there exists a path e A f| with pattern 1

,,,,,

of the form (i1, ...,ir,t1,t1—1,...,x) wherex e (1,2}, x =1 ifty =1 and i; > 11 + 1,
j=1,...,T.

If in addition e = (ey, ..., ex) with e; 42 = e;,+1(= e;,) then there exists a path e Fj\vfl
with pattern j of the form (iy,...,is,ti+1,t1,t1 —1,...,x) where x € {1,2} and i; >

n+2,j=1...8.

Proof. We prove the first part by induction on #; +---+1#,. Let e s ¢ Tt follows from
Lemma 8 that € € V. If t; = 1 it clearly follows that a path 1 as required exists. This case
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includes the basis of induction. Assume now that # > 1. By (21) we have that ¢ =

..... s With s1 > 71 — 1. If ¢ = f; then necessarily e = (1, —1, —1) and the path e (rz\l f;
satisfies the required condition with x = 2. Assume now that €' # f;. By induction there
exists a path € ~ f; with pattern i’ of the form (ji,..., js,s1,s1—1,...,x) where x €
{1,2} and jix >s1+1 for k=1,..., 8. If we write j = (ji1,..., jsts,—n+1. 11 — 1, ..., X)
then jy >ty —1for j=1,...,S+s; —t;+ 1. It is then straightforward that e A f, with
1=1+2,..., js+s—n+1+2, 11, ..., x). The first part follows.

1
Assume now that e;, = e; 2. Applying Lemma 8 let € € Vj be such that e 1% ¢ Note
that then e = £f;, 5 with s; > #;. It therefore follows from the first part of the lemma

that there exists a path € A f; with pattern of the form ;' = (ji,..., js,s1,...,x) and
Je>s1+1 for k=1,...,8 Writing ;" = (ji, ..., js4s;—1> 11, .-, 2, 1) we have ji >t
for k=1,...,8S+s; —t;. It is then straightforward that e A fo with j = (1+2,...,
JS+si—n 2,1+ 1,11, ..., x). The lemma follows. O

6. Vanishing in the discrete series class
Let

o
Iy = || 1rr(U2n)
n=0
where Irr(Up) = {19} consists of the trivial representation of the trivial group. In light
of Proposition 2 we introduce the following class of representations. Let ITg, . C Irry be
the set of discrete series representations with trivial partial cuspidal support. We first
provide an interpretation of the Moeglin—Tadi¢ classification for this particular class of

irreducible discrete series representations.

6.1. Preliminaries on classification of discrete series representations
6.1.1. Let

o o
Cuspgy, = | | Cusp(GL4(E)).  TrrgL = | | Trr(GL, (E))
n=1 n=0
and v(g) = |detg|g for any g € GL,(E) and n € N. A Zelevinsky segment is a subset of
Cuspg, of the form
[a,blp) = Vipli=a,a+1,...,b)
where p € Cuspgy, a,b € Rand b—a+2 €N (so that [a, a — 1], is empty).

For a Zelevinsky segment A = [a,b],) we associate the representation L(A) e
IrrgL, the unique irreducible quotient of v*p x vV¥tlp x ... xvPp. It is an essentially
square-integrable representation and all essentially square-integrable representations in
Irrgr, are of this form.

For p € Cuspg; and a € N let

5o a)—L<|:1_a a—1i| )
’ 2 72 /)
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For a Zelevinsky segment A we also set
AV ={p"|peA}, A={p|peA} and VA= |peA}, ack.

6.1.2. Cuspidal reducibility points. Let p € Cuspgy. If p is unitary and p¥ %0
then v*p x 1y is irreducible for all x € R. If p is conjugate self-dual, that is, such that
p" =7 then there exists a unique x € R>q such that v¥p x 1g is reducible (and so does

v™¥p x 1y by Proposition 1(3)). In fact, it is proved in [12, Theorem 3.1] that this x

is either 0 or % This dichotomy for conjugate self-dual representations in Cuspg, is

characterized in the literature in various different ways that we collect here together.

Theorem 6. Let p € Cuspg;, be conjugate self-dual. The following are equivalent:

(1) v%p x 1g is reducible;
(2) The Asai-Shahidi L-function associated with p (see e.g., [12, §83]) has a pole at
s =0;
(3) The twisted tensor L-function associated to p by Flicker in the Appendiz to [9] has
a pole at s = 0;
(4) p is GL(F)-distinguished.
Proof. The equivalence of (1) and (2) follows from [12, Theorems 2.7-2.9]. The
equivalence of (2) and (3) is immediate from [2, Theorem 1.6] where it is proved that the

Asai-Shahidi and Flicker’s twisted tensor L-functions coincide. The equivalence of (3)
and (4) is [1, Corollary 1.5]. O

As we later observe, this dichotomy is also related to the parity of the L-parameter of p
(for instance, see [13, Theorem 4.9]). With this in mind we make the following definition.

Definition 6. Let p € Cuspg, be conjugate self-dual. We say that p is even if the
equivalent conditions (1)—(4) of Theorem 6 hold and odd otherwise.

We will later see that the L-parameter of an even p is conjugate orthogonal and of an
odd p is conjugate symplectic.
6.1.3.  Define an admissible datum to be a pair of the form (7, (a,, €)e.7) Where
e J is a finite set of conjugate self-dual representations in Cuspgy .

e For each p € J there is a natural number k, € N, that is necessarily even if p is odd,
such that a, = (ay, .. -5 ak,) with a1 > -+ > ax, =0 and such that ay, . .., ax, are all

in Z if p is odd and all in % + 7 if p is even.
e ¢, is a k,-tuple of signs in VoL V; (see Definition 5 for the notation).

6.1.4. For m € I3, . and any p € Cuspg conjugate self-dual, let Jord, () be the set

of integers a € N such that:
e a is even if p is even and odd if p is odd,

e 5(p,a) ¥ is irreducible.
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Let k,(m) = |Jord, (7)|. Let
TJr =A{p 1 kp(m) > 0}

and for p € Jy let a,(n) = (a1, ..., Ak, (r)) where aj > -+ > ag,(r) and
Jordy(m) = {2a; +1:i=1,...,ky(m)}.

Set Jord(m) = {(p,a) | p € T, a € Jord, ()}

Moeglin defined the function €, : Jord(w) — {£1} for 7 € IT; . (see [28, §2]) which we
now recall.

First suppose that p is odd so that p x 1j is reducible. It is also known that p x 1j is a
direct sum of two inequivalent tempered representations of which exactly one is generic.
Call the generic component 7. Now define €, ((p, 2a; + 1)) = 1 if and only if there exists
a representation t € IrrgL such that w < v x L([1, ail(p)) X 71.

Suppose now that p is even. In this case define € ((p, 2ax,(r)+1)) =1 if and only if
there exists a representation o € Irry such that 7 — L([%, Ak, (m)lp)) X 0.

In either of the two cases we now define €; on Jord, () in the following recursive
manner. For any i € {1,...,k,() — 1}, we require that e ((p,2a; +1)) = €;((p, 2a;41
4+ 1)) if and only if there exists a representation o € Irry such that m — L([aj+]
+1, ai](p)) Xo.

Finally, we define €, () = (e, ..., ek, (r)) by setting e; = €z ((p, 2a; +1)).

6.1.5. The Moeeglin-Tadi¢ classification implies that 7 > (T, (@, (1), €, (7)) pe7,) is
a bijection from IIS. . to the set of admissible data (see [28, Theorem 6.1]).

disc

6.1.6. Next we explain how to extract from an admissible datum corresponding to a
representation 7w € Il , ways to realize 7w as a quotient of a representation induced from
an essentially square-integrable representation of a standard Levi subgroup of the Siegel
Levi. We apply the results in [28, §§7 and 9]. We freely use below notation introduced
in §5.

Moeglin and Tadié realized the discrete series representations as subrepresentations of
certain induced representations. For distinction problems it is more convenient to realize
representations as quotients. We translate their results via contragredient (recall (1)).
Note that TT§. . is preserved by 7 = 7V and Jrv = {p" | p € Tz}, w € I1§.. In fact, we
have

Jord(zY) = {(p", a) : (p, a) € Jord(m)}. (22)

Indeed, p and p¥ have the same parity (for example, since one is GL(F)-distinguished if
and only if the other is) and since §(p", a) = 8(p, a)" it follows from (1) that 5(p", a) %
mV = (8(p,a) xm)". Therefore a,v(w") = a, (7).

Fix 7 e 1§, and p € J; and let a=a,v(m¥) = (ai,...,a) and € =€,v (1Y) € Vy
with x € {0, 1}. For any path € ~ f, we associate a representation I,(a, €, t) as follows.
Let ((x1, ¥1), - - - » (Xm, ym)) be the history of the path : (in particular m = [k/2]). If k = 2m
(i.e., x =0) we set

Iﬂ(as €,1) = L([_axl , ayl](p)) X X L([_axm’ ay,,,](p))
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and if k =2m+1 (e, x =1) and {z} = {1, ..., k}\ {x1, ..., Xm, Y1, ..., Y} then
Ip(a, e,1) = L([—ay,, ayl](,o)) X - X L([—ay,,, aym](p)) x L([—az, —1/2]p))-

gisc and for any p € Jr choose a path €,v (V) ;px f. (o) where x(p) =
x(p, ) is either zero or one. Let J; = {p1, ..., pu} be ordered arbitrarily. Then 7 is a
quotient of the representation

Now let 7 € IS

Leipysevvntpy) =1y, (aplv(rrv), eplv(yrv), Loy) X+ X Ly @y (1Y), €y (1Y), 1p,) X 1.

6.2. Statement and proof of the vanishing result

6.2.1.  One of our main applications of the geometric lemma is the following.

Proposition 4. Let Ay, ..., A, be segments satisfying the following property. There exists
k < m, such that

o for some p € Cuspg;, conjugate self-dual we have Apii—i =[—a;, bilp) for all i =
1,...,k where the difference between any two elements in {ai,...,ax,by1,..., by} is
an integer, and ay > --- > ay > by > --- > by;

o for i <m—k, A; is of the form [—a, bl where p’ € Cuspgy is unitary and either
o ZEporb<a<by.

If the representation o = L(A1) ® --- ® L(Ay) ® 1y (of the relevant Levi subgroup M of

Uiy ) admits a relevant orbit (see Definition 3) then k is even and apy = azi—1 —1, i =
1. k2.

Proof. We apply the notation of §4.4 for the relevant orbit. Applying [43, §9.5] write

rem(o) = Q) L(A)® 1o
1€
and recall that
At 1—i jui1-p = [=ai> Xil(p)

for some x; < b;, i =1,...,k. (Indeed, if p is a representation of GL4(E) then d(x; +
a;i +1) = agu+1-i,juy1_) 15 the size of the (m+1—1i, jyy1-i)-block of L.) Since the
representation L(A) is generic it is not Sp-distinguished for any Zelevinsky segment A
(see [16, Theorem 3.2.2]). It therefore follows from Corollary 4 that ¢4 (w) is empty. By
assumption

VLA (st jir ) = LU= Xi ai +11)) # L(A,)
for any 1 € Z. It therefore further follows from Corollary 4 that
m+1—1i, jys1-i) €c, i=1,...,k.

To complete the proof of this proposition we prove by induction that if 2i — 1 < k then
also 2i <k, t(m+1—=2i, jjpt1-2i) = m+2—2i, juy2-2i) and ay; = api—1 — 1.

For i =1 clearly t(m, j,) < (m, j) (since (m, j,) is the maximal element of Z and it
is not a fixed point of 7). Corollary 4 now further implies that

L(Av@m.ju) = VL(A@m,j,)) = L1 — a1, T+ x1](p)).-
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It follows from (17) and (18) that t(m, j,) = (@, b) with a < m. The assumptions of the
proposition now imply that k > 2, t(m, j,) = (m —1, j,—1) and ay = a; — 1.

We proceed by induction on i. It follows from the order constraints (17) and (18) on
T that (n, j) € ¢ if and only if j = j, for n € {m — 1, m}. Now assume that t(m + 1 —2i,
Jm+1—2i) = (M +2—=2i, juqo-2;) and ay; = azi—1—1 for i =1,...,5s—1, that (n, j) ec
if and only if j = j, for m+3—2s <n <m and that 2s —1 < k. Since t(m +2 — 2s,
Jm+2—2s) € ¢ it follows from the induction hypothesis that 7(m +2 —2s, ju42-25) = (@, J)
with i < m+2—2s and from (17) and (18) that in fact i < m +2 — 2s. It therefore follows
from Corollary 4 that

L(Av(nt2-25, jmia-25)) = VLA m+2-25, jpyia_as)) = L1 —a2s—1, 1 +x25-1](p))-
The assumptions of the proposition now imply that 2s <k, t(m+1—2s, jutr1-25) =

(m+2—=2s, jmi2—2s) and azs = azs—1 — 1. The constraints (17) and (18) on t also imply
that (n, j) € ¢ if and only if j = j, for m +1—2s < n < m. The proposition follows. [

6.2.2.  We recall that the graph of signs is defined in §5. We freely use the notation
introduced there.

Theorem 7. Let w € I15, . Suppose that there exists p € Jr, with €xv(p") = (e1, ..., ex)

n and azv(pY) = (ai, ..., ax), that satisfies at least one of the following three

,,,,, m

conditions:
(1) #1 is odd,
(2) azi—1 > azi +1 for some i < t1/2,
(3) en+2 =ent1(=eq).

Then m s not Sp-distinguished.

Proof. In order to show that 7 is not Sp-distinguished we realize it as a quotient of an
induced representation I that is not Sp-distinguished. We separate into several cases,
and in each case, writing I =1ig ym(0), we apply Theorem 5 and show that I is not
Sp-distinguished by showing that o has no relevant orbit.

Write Jr = {p1. ..., pa} With p = p, and choose an arbitrary path e,v(p;") A f,, with

xp €{0,1} for k=1,...,n—1. Let e =€,v(p"). If e € Vy then choose a path e f%fo
to satisfy the requirement of : in Lemma 10 if either (1) or (2) above hold and j if

(3) holds. Then I (11, ...,1,) is of the form ig p(c) where o satisfies the assumptions
of Proposition 4 with k =7 in Cases (1) or (2) and with k =# +1 in Case (3). It
therefore follows from the proposition that I,(iq,...,1,) and therefore also m is not

Sp-distinguished.

Assume now that e € V;. Choose a path e }"xf] to satisfy the requirement of ¢ in
Lemma 11 if either (1) or (2) above hold and j if (3) holds. If the pattern of the path
1, ends at x = 2 then as in the previous case it follows that I (i, ..., 1,) is of the form
ig,.m(0) where o satisfies the assumptions of Proposition 4 with k = #; in Cases (1) or (2)
and with k = #; 4+ 1 in Case (3). It follows from the proposition that o has no contributing
orbit and hence 7 is not Sp-distinguished. Assume now that 1, ends at x = 1. Then

LGy, ..., 1p) = L(A)) X ---x L(Ap) X L(A) X1
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where 0 = L(A)®---Q L(A,;) ® 1y satisfies the assumptions of Proposition 4 with
k=1t in Cases (1) or (2) and with k= +1 in Case (3). Furthermore L(A) =
L([—a, —1/2](5)) where in the notation of Proposition 4 we have 0 <a < b; and
—1/2 < by. In other words, [—a;, bil(p) contains [—a, —1/2](,) and therefore L(A) x
L(Apy1-i) EL(Ap+1-i) X L(A) for i=1,...,k. It follows that I;(q,...,1,) 1is
isomorphic to

L(A1) %+ X L(Ap—i) X L(A) X L(Apy1-1) X - X L(Ap) X 1o

which is of the form ig a(0) where o satisfies the assumptions of Proposition 4 with
k=1 in Cases (1) or (2) and with k =# +1 in Case (3). Again it follows from the
proposition that ¢ has no contributing orbit and hence 7 is not Sp-distinguished. O

7. Vanishing in the tempered class

In this section we obtain a sufficient condition for a tempered representation to be not
Sp-distinguished.

7.1. Tempered representations of U,

Given an irreducible tempered representation 7 of Uy, it is known due to Harish-Chandra
that there exist irreducible discrete series representations 7gs € Irr(Uay,) (for some m < n)
and 8y, ..., 8 € IrrgL such that 7 is a quotient (in fact a direct summand) of the unitary
representation 81 X - - - X & X ;wgs. Furthermore, mgs and the multi-set {41, av’ ety 6, 8_,\/}
are uniquely determined by 7 (see [42, Proposition I11.4.1]). We remark further that
81, ..., can be reordered arbitrarily and each §; can be replaced by 8_,~v.

Following [41, Definition 5.4] we define the Jordan set of the tempered representation
7 in the following manner. Let §; = §(p;, a;) where p; € Cuspgy. is unitary i =1,...,¢.
Then define Jord(sr) to be the multi-set

{(1017 Cl]), LR (pt’ al)a (ﬁv, a])v e (EV’ al‘)} UJOrd(]TdS).

We also write

{(101’ al)v ey (plv al)? (mv’ al)v cee (Ev’ al)} = JOI‘d(T[) —JOI‘d(TL’dS).

Note that, unlike in the case of discrete series representations, Jord(sw) can have
multiplicities and may contain (p, a) and (p, a’) for a and a’ of different parity.

Define Mgy, € Irry to be the class of tempered representations with trivial partial
cuspidal support. Thus, 7 € Igq, if and only if g5 € T1

If 7 € Irry is tempered and not in Mg,

We can also exclude distinction for many representations in IT

o
disc”
then 7 is not Sp-distinguished by Proposition 2.

o
temp*
7.2. A vanishing result for tempered representations

In the following vanishing result for certain tempered representations the condition
depends only on the Jordan blocks.

o

Proposition 5. Let 7 € Hemp be such that there exists (p, a) € Jord(sw) — Jord(;gqs) which
satisfies at least one of the following conditions:
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(1) p is not conjugate self-dual,
(2) p is conjugate self-dual, and even if and only if a is odd,
(3) p is conjugate self-dual, and for (p,b) € Jord(mgs) we have that b < a.

Then m s not Sp-distinguished.

Proof. Let (p,a) € Jord(sw) — Jord(mgs) satisfy one of the conditions (1)—(3) of the
proposition with a maximal. That is, if (o’, a’) € Jord(;w) — Jord(mgs) also satisfies one
of the three conditions then a’ < a. Let

|:l—a a—l]
Al = , .
22 gy

Let D be the set of segments of the form [15”/, d%](p/) for all pairs (p’,d’) €

Jord(m) — Jord(mrgs) such that if p is not conjugate self-dual then p’ # p¥ and let D’
be the set of segments of the form [I*T“,, b/—;l](p/) where (p’,a’) € Jord(mgs) and either
(p', V") € Jord(mgs) or (only if p” is even) b’ = 0. We claim that every A € DU D’ is either
contained in A; or disjoint from the set {v/T@=D/2p yit@=D/25v . ;i c 7y

Indeed, assume first that (p,a) satisfies either assumption (1) or (2). Then every
segment in D’ is disjoint from {v/+t@=D/2p ,it@=D/25V i e 7} (see §6.1.6). Let
(p’, a") € Jord(rr) — Jord(mgs) be such that A = [1_7“,, “,T_l](p/) € D. If either p’ # p ora #
a’(mod?2) then A is disjoint from {v/+@=1/2p it@=D/25V . i c 7} Otherwise, (p,a’) =
(p’, a’) satisfies the same assumption (either (1) or (2)) as (p, a) and by maximality of
a we have @’ < a. Therefore A C Aj. Assume now that p is conjugate self-dual and has
the same parity as a. Then (p, a) satisfies assumption (3). Let A’ = [%"Z %](p/) eD
with (p’,a’) € Jord(mgs). If p’ = p then a’,b’ < a and therefore A’ C A;. Otherwise,
clearly A’ is disjoint from {v/T@=D/2p yit@=D25V . i e 7y = (pi+@=D12p . j e 7). Let
(p’,a") € Jord(m) — Jord(mrgs) be such that A = [I_T“,, “/T_l](p/) € D. As above, if either
p # p/ ora # a’(mod2) then A is disjoint from {v/t@=D/2p . j € 7Z}. Assume that p’ = p
and a = a’(mod?2). If (p, a’) fails to satisfy condition (3) then clearly a’ < a. Otherwise,
by maximality of @ we have a’ < a. Either way this gives that A € A. The claim follows.

Taking (22) into account, it follows from the discussion in §§7.1 and 6.1.6 that 7 can
be realized as an irreducible quotient of an induced representation of the form

Iy = L(A7) x --- x L(Ag) % 1

where for alli =1, ..., k either A; belongs to D or to D’. As a consequence, we have that
either A; € Ay or A; is disjoint from {p/t@=D/2p it@=D/25v . i c 7y for i =2, ... k.

Assume by contradiction that 7 is Sp-distinguished. Then I; is also Sp-distinguished
and by Theorem 5 the representation 0 = L(A) ® - ® L(Ag) ® 1p has a relevant orbit.

We apply the notation of §4.4 for the relevant orbit. Let x = (a — 1)/2. By [43, §9.5]
write

rLu(LAD® - @ L(A) ®19) = Q) L(A) ® 1
1€
and recall that
A,y = [=x, ¥
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for some y € {—x, —x+1, ..., x} and that by assumption

-

foflp’vl+xp_\/¢ A;.

i=1
By [16, Theorem 3.2.2] and Corollary 4 the set ¢4 (w) is empty. But we now have
vI'Ay =l—x—1y—1p #A, 1€T

and
—V
VA@,jy =I[-y, 1+X](ﬁv) #AN, 1€

which contradicts Corollary 4. The proposition follows. O

8. Representation theory of general linear groups

Before we continue with further applications of the geometric lemma to Sp-distinction,
we need to introduce some further notation and recall the Langlands and Zelevinsky
classifications of Irrgr.

Zelevinsky segments (henceforth, simply segments) were defined in §6.1.1. For a
segment A = [a, b](,), we denote by b(A) =v%p its beginning, by e(A) = v2p its end
and by £(A) = b —a+ 1 its length.

8.1. Classification of Irrgp
We refer to [43] for the results stated in this section.

8.1.1. Segment representations. Let A =[a, b],) be a Zelevinsky segment. The
representation v?p x V¥t p x ... x v?p has a unique irreducible subrepresentation which
we denote by Z(A). By convention, if the segment A is empty then Z(A) is the trivial

representation of the trivial group.

8.1.2. For a segment A the representation L(A) is defined in §6.1.1. We remark
that A — L(A) is a bijection between the set of segments and the subset of essentially
square-integrable representations in Irrgy .

8.1.3.  For two segments Aj and Aj, we write A| < A, to denote that A precedes Aj
(see [43, §4.1] for the definition).

8.1.4. We denote the set of finite multi-sets of segments by O. For m € O we write

m={Aj,..., A} as an unordered 7-tuple. We also let m¥ = {AY, ..., A} and similarly
define the multi-sets m and v'm, a € R. When choosing a specific order, by abuse of
notation we write m = (A, ..., A;) as an ordered ¢-tuple.

8.1.5.  The Zelevinsky classification and the Langlands classification provide bijections
between the sets O and IrrgL. We denote by m +— Z(m) the bijection defined by [43,
Theorem 6.1] and by m — L(m) the bijection defined by the Langlands classification (see
e.g., [37]). We remark that if m = (Ay, ..., A) is ordered so that A; does not precede A
for all 1 <i < j <t then Z(m) is the unique irreducible subrepresentation of Z(A1) x
-+ X Z(Ay) and L(m) is the unique irreducible quotient of L(A{) x --- x L(Ay).
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8.1.6. It follows from the two classifications above that for any m € O there exists
a unique m’ € O such that Z(m) = L(m'). The function m — m’ is an involution on O.
Given a multi-set m, an algorithm to compute m’ is provided in [30].

For m = Z(m) € Irrgr, let 7' = L(m). The map m +— 7’ is the Zelevinsky involution on
II‘I‘GL.

8.1.7.  For an irreducible cuspidal p € Cuspgy, define its cuspidal line
pP={"p | me ).

To p? we transfer the standard order < on Z. That is, for p, p’ € Cuspg;, we write p < p/
if p" = v"p for some n € Zxy.

8.1.8. Forevery m € Irrgy, there exist p1, ..., pr € Cuspgr,, unique up to rearrangement,
so that m is isomorphic to a subrepresentation of p; X ---x pr. Let the multi-set of
cuspidal representations

Supp(r) = {p1, ..., p}

be the cuspidal support of 7.

8.1.9. For m € O let Supp(m) be the multi-set of cuspidal representations consisting
of the union (with multiplicities) of all the segments in m. We then have Supp(m) =

Supp(Z(m)) = Supp(L(m)).

Definition 7. We say that a representation 7 € Irrgr, (respectively multi-set m € O) is
rigid if Supp(rr) C p% (respectively Supp(m) C p%) for some p € Cuspgr. We then also
say that 7 (respectively m) is supported on pZ.

8.1.10. Exponent of a representation. For a representation 7w € Irrgp, with central
character w; let @ = exp(ir) € R be the exponent of w. It is the unique real number such
that v™%w; is a unitary character.

For a segment A define its exponent by

exp(A) = exp(Z(A)) = exp(L(A)).
8.2. Langlands parameters
Let Wg denote the Weil group of E and
WI/S = Wg x SL(C)

the Weil-Deligne group. The Langlands parameter (henceforth, L-parameter) of an
irreducible representation of GL,(E) is an n-dimensional continuous semi-simple complex
representation of the group Wy. Let ®(GL,(E)) be the set of all equivalence classes of
L-parameters for the group GL,(E). The Langlands reciprocity map, is the bijection

recy : Irr(GL,(E)) —> ®(GL,(FE))

established in [15]. We denote by recgr, : |_|se Irr(GL, (E)) — |52 ®(GL,(E)) the union
of these bijections for all n.
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For an L-parameter ¢ € ®(GL,(E)), denote by “¢" its conjugate-dual parameter (see,
for instance, [32, §2.2] for the precise definition). The following fact [15, Lemma VII.1.6]
will be used without further mention:

recgL(T”) = “(recgL(m))".

We say that a parameter ¢ € ®(GL,(E)) is conjugate self-dual if ¢ = “¢”. We refer
to [32, §2.2] for the notion of a conjugate self-dual parameter with parity £1 and we
also apply the terminology of [10, § 3] to say that ¢ € ®(GL,(E)) conjugate self-dual is
conjugate orthogonal if it has parity 1 and conjugate symplectic if it has parity —1.

The results of Mok [32, Lemma 2.2.1 and Theorem 2.5.1] combined with [12,
Theorems 2.7 and 2.8] imply the following.

Theorem 8. Let p € Cuspg. be conjugate self-dual. Then p is even (see Definition 6) if
and only if recgL(p) is conjugate orthogonal.

Remark 5. As a consequence, a conjugate self-dual discrete series representation in Irrgp
always has parity determined as follows. Let p € Cuspgy, be conjugate self-dual and a € N.
Then é(p, a) is conjugate self-dual with parity (—1)“_177,) where 7, is the parity of p.

8.3. Ladder representations

The class of ladder representations was introduced in [19]. The Jacquet modules of a
ladder representation are calculated explicitly in [17, Corollary 2.2]. Moreover, this class
is preserved by the Zelevinsky involution and the algorithm provided in [30] to compute
the Zelevinsky involution of an irreducible representation takes a much simpler form
when the representation is a ladder (see [19, §3]). Some of these results and structural
properties make this class more approachable in comparison to the entire admissible dual
for the purpose of distinction problems (for instance, see [26]). We will now recall their
definition.

8.3.1. Definition of ladder representations.

Definition 8. An (ordered) multi-set m € O is called a ladder if there exist p € Cuspgy,
and integers

ap>--->ar and by >---> by

such that m = (A, ..., Ag) where A; = [a;, bil(p). A representation 7 € Irrgy, is called a
ladder representation if # = L(m) (or equivalently, if 7 = Z(m)) where m is a ladder.

8.3.2. In the above notation, the ladder representation m = L(m) is called a Speh
representation if

ai=aj+1+1 and b =bj1+1 fori=1,...,k—1. (23)

We recall the fact that any unitary representation in Irrgr. can be obtained as a parabolic
induction of Speh representations (see [39, Theorem D]).
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9. Further applications of the geometrical lemma to distinction

Let P=M x U be a standard parabolic subgroup of U,,, contained in the Siegel
parabolic, with its standard Levi decomposition and fix a double coset in P\U2,/Sp,,-
We will now collect some simple consequences of the geometric lemma (described in §4)
that we use later in the article. Throughout this section we freely apply the notation
of §4.4 for the chosen orbit.

Lemma 12. Let1 = (c,d) € L be the minimal index in ¢ such that (1) #1. Then t(1) =
(a, jg) for some a > c.

Proof. Write t(1) = (a, b). By the minimality of  and (18), it follows that ¢ < a. Assume
if possible that b < j,. By (17) we have (a, j,) € ¢ and by (18) we have t(a, j,) < t(a, b)
=1 which is contradicting the minimality of 1. O

Lemma 13. Let p € Cuspg, and m = (Aq,...,A;,) € O be an ordered multi-set with
Ap=Tla;,bilpy, i=1,....t and by < --- < b;. Suppose that w € y Wy NW[2] is relevant
to Z(AD®---Q Z(A;) ®1y. For the orbit corresponding to w we have ¢ = cy(w). In
particular, ¢ is of the form

c={(a, jg) :a € A}
for some A C{1,...,t}.

Proof. Let L = M Nw~'Mw and applying [43, Proposition 3.4], in the above notation

write
rLm(Z(A)® -+ ® Z(A) ®19) = Q) Z(A) @ 1.
e
Then A jy = [yi, bil(p) for some y; > a; for i =1,...,¢. Assume by contradiction that

there exists an index in ¢ not fixed by the involution t and denote the minimal such index
by 1 = (¢, d). By Lemma 12, there exists a € {c+ 1, ..., t} such that 7(t) = (a, j,). Thus,
by Corollary 4 we have vilZ(A,) = Z(Aq,j,)- This implies that A, = [y, + 1, by + 1](p)
which contradicts the hypothesis on m and the fact that ¢ < a. Thus, ¢ = ¢4 (w). The last
part of the lemma follows from (18). O

Lemma 14. Let m € I1(GL,,(E)) and m € I1(GLyp,(E)) be such that v 120 s
GL(F)-distinguished and mp is Sp-distinguished (p1,p» >0). Then m Xy X1 is
Sp-distinguished.

Proof. This follows from a combination of an open orbit and a closed orbit argument for
lifting distinguished representations via parabolic induction. Indeed, it follows from [34,
Proposition 7.2] that the representation 73 x 1 is Sp-distinguished and now the lemma

follows from [34, Proposition 7.1]. O
Lemma 15. Let py, ..., px € Cuspgy be unitary representations such that p; % pj, p; " if
i £ j. Let

T = L([a1, bilpp)) X - -+ x L[ak, brlo))
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where a;,b; € R are such that bj —a; € Zxp, i =1,...,k. Then the representation
T x1g € II(Usy,) is Sp-distinguished if and only if v='/?t is GL(F)-distinguished. In
particular, if T x 1o is Sp-distinguished then exp([a;, bil(y)) = % foralli=1,... k.

Proof. Let A; = [a;, bil(,) for i =1,..., k. If v=1/27 is GL(F)-distinguished, then the
representation v x 1p is Sp-distinguished by Lemma 14. To prove the ‘only if’ part,
suppose that t x 1 is Sp-distinguished. Let 0 = L(A1) ® - - - ® L(Ax) ® 1p and M be the
standard Levi subgroup of Us, corresponding to o. Now Sp-distinction of t x 1g implies
that there exists a w € Wy N W[2] which is relevant to o. Let L = M Nw~'Mw and
applying [43, §9.5] write

r (LA ® - ®@ L(A) @ 19) = Q) L(A) ® 1
1€

(in the notation of §4.4). By the hypothesis, Corollary 4 and the fact that no essentially
square-integrable representation in Irrgy, is Sp-distinguished (by [16, Theorem 3.2.2]), we
obtain that j; = 1,i =1, ..., k, ¢ = ¥ and the involution 7 on T is trivial. Thus v="/2L(A;)
is GL(F)-distinguished for each i € {1, ..., k}. By [7, Proposition 12] exp(A;) = % The
representation v~!/2¢ is GL(F)-distinguished by [8, Proposition 26]. O

10. L-parameters for the unitary groups and the base change map

We now collect some preliminaries relevant to this article on the L-parameters of
quasi-split unitary groups and the base change map. We begin by recalling the Langlands
quotient theorem for these groups.

10.1. Langlands quotient theorem

10.1.1. A standard module A € IT(U,,) is a representation of the form
VT X X VR T X Temp

where k > 0, 7; (1 <i <k) are tempered representations in Irrgr, Temp is a tempered
representation in Irry and x1 > --- > x; > 0. The representation v*!'ty x - - - x v} is the
GL-part of A.

10.1.2.  The Langlands quotient theorem for Uy, (see [37]) says that a standard module
A € TI(Uzy,) has a unique irreducible (Langlands) quotient that we denote by LQ () and
the map A — LQ(}) from standard modules in IT(Uy,) to Irr(Ua,) is a bijection.

10.2. Base change

We will now recall the definition and some preliminary facts on the base change map
from Irr(Us,) to Irr(GLy, (E)).

10.2.1. L-parameter for Uy,. Let Wr denote the Weil group and W := Wp x
SL,(C) the Weil-Deligne group of F. The Langlands dual group of Uy, is the semi-direct
product LU,, = GLy,(C) x W where the action of Wg factors through the Galois group
Gal(E/F). An L-parameter of Uy, is a map Wy — Ly,, satisfying several properties
(see, for instance, [10, §8] or [32, §2.2]). Let ®(Uz,) denote the set of all equivalence
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classes of L-parameters of the group Uj,. The Langlands reciprocity map for this case

was established by Mok (see [32, Theorem 2.5.1]). We denote by recy the union over all

n € N of the finite to one surjective maps from Irr(Us,) to ®(U,,) defined by Mok.
Given 7 € Irr(Us,), the fiber of the map recy containing 7 is the L-packet of 7.

10.2.2. The restriction map & . For ¢ € ®(Us,) the restriction ¢|Wl/5 lies in
@ (GL2y (E)). Denote this restriction map (¢ — @ly,): LI @ (Uan) = |2 ®(GLan(E))
by & .. The map &  is injective (see [10, Theorem 8.1(ii)] or [32, §2.2]).

10.2.3. Base change, denoted by &pc, is the functorial transfer from Irr(Up,) to
Irr(GLy, (E)) defined by

& (recy () = recgL (§be (7).

10.2.4. Image of &.. The next result follows from [32, Lemma 2.2.1 and Theorem
2.5.1] (see also [10, Theorem 8.1]).

Proposition 6. A representation w € Irr(GLy, (E)) is in the image of the map &y if and
only if ¥ =7 and recgL () is conjugate symplectic.

In what follows we provide some information about the base change fibers (L-packets).
First, we remark that this task is reduced to tempered L-packets as follows.

10.2.5. The map &y takes tempered representations to tempered representations. If
7 € Irrgp, lies in the image of the base change map then it is the Langlands quotient of a
standard module of the form

VT X X VR T X Temp X VTR T X e x TR
for unique real numbers x; > --- > xx > 0 and tempered representations ti, ..., tx and
Temp i IrrgL so that recgL (Miemp) is conjugate symplectic. We then have

-1 —1
e () = {LQW™ 1y x -+ - x v X Ttemp) | Ttemp € §pe (Ftemp)}-

10.2.6. An L-packet of tempered representations in Irry either consists entirely of
discrete series representations or contains none (see [27, Theorem 5.7]). Mceglin further
explicated in [27, § 5] the L-packets consisting of discrete series representations.

A tempered representation 7 € Irrgp is called F-discrete if it has the form

=8 X X O (24)

where 81, ..., 8¢ € IrrgL are discrete series representations such that recgp (8;) is conjugate
symplectic for i =1,...,k and §; Z §; for i # j.

Recall from Remark 5 that for p € Cuspgy and a € N we have that recgL(8(p, a)) is
conjugate symplectic if and only if p is conjugate self-dual of parity (—1)%.

For 7 € Irrgr, tempered and in the image of base change we have that Sl;cl (;r) consists
of discrete series representations if and only if 7 is stable F-discrete.

Let m be stable F-discrete as in (24) and write 8; = 8(p;, a;), i =1, ..., k. Then the
L-packet Eb_cl () consists of discrete series representation 7’ € Irry such that Jord(w') =
{(pi,ai), i =1,...,k}. It further follows from [27, Theorem 7.1] that the base change
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fiber is of cardinality

|Epe ()] = 2571,
This observation, that a discrete series L-packet is determined by the Jordan set, is a
consequence of the fact that the extended cuspidal support of a discrete series t € Irry
as defined in [27, §5.4] is, in fact, the cuspidal support of X( a)eford(r)8(p, a). This,
in turn, follows from the fact that the basic assumption (BA) of [28] (and hence also
[28, (2-3)]) is now a theorem (see [27, Proposition 3.1] and [28, §12]).

10.2.7. Let m € IrrgL be tempered and in the image of base change. Then there
is a unique stable F-discrete representation mg € Irrgr. and a tempered representation
T € Irrgr, such that
T TxmoxT.
Furthermore, T x T" is uniquely determined by 7. We have
Eb_cl (m) ={t’ € Iry | t’ < T x 7 for some 7 € Eb_cl (o)}

Write t = §; X --- x §; where §; € IrrgL, is a discrete series representation i = 1,...,¢. In
fact, it follows from [28, Theorem 13.1] (and the fact that Jord(w)) is independent of
S Sb_cl(m))) that
En ()] = 2" &5, (o)

where m is the number of pairs (p, a) such that p € Cuspg;, is conjugate self-dual with
parity (—=1)¢, 8(p, a) x 7)) is reducible for one (and hence all) 7, € El;l(no) and 8(p,a) =
8; for some i € {1, ...,t}. Furthermore, in the above notation, write §; = 8(o;, b;), with
o; € Cuspgr, and b; e N, i =1,...,¢ and o = §(p1, ar) X - - X 8(pk, ax) as in (24). Then
Sb_cl(n) consists of the tempered representations 7’ € Irry such that Jord(w’) is the

multi-set
{(0i, b)), (@, b)) |i=1,....,08U{(pj,ai) | i=1,... k}.

10.2.8. Next we make more explicit the L-packets of discrete series representations
that contain a single member.

For p € Cuspg;, even and a € 2N let t7(p,a) € I3, be the representation associated
in §6.1.5 to the admissible data (7, (a, €)) where J = {p}, a= ((a—1)/2) and € = (1)
(so that k, = 1). In other words, T+ (p, a) is the unique irreducible quotient of

1—a 1
([0 3), ) 2
2 2]y

and is a strongly positive discrete series representation (see, for example, [28, §7]).

Lemma 16. Let § € Irr(GLy, (E)) be a discrete series representation in the image of base
change. Write § = 8(p, a) where p € Cuspgy, is conjugate self-dual with parity (—1)* and
let T € Irry be the discrete series representation such that {t} = 5&1(5).

(1) If a (and hence p) is odd then T & TG .
(2) Ifa (and hence p) is even then T =7 (p, a).
Proof. This follows from [27, §5]. In particular, when a is odd the extended cuspidal

support of T in the sense of loc. cit. contains p with multiplicity one while when a
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is even, the extended cuspidal support of T+ (p, a) is the cuspidal support of §. The
lemma therefore follows from [27, Theorem 5.7]. O

10.2.9. It is observed in [6, Proposition 12] that if an L-packet in Irry is associated
to an Arthur packet and its base change is Sp-distinguished then the L-packet consists
of a single representation. We notice here that this observation holds for all unitary
representations in Irrgr.

Proposition 7. Let w € Irrgr, be unitary, conjugate self-dual and Sp-distinguished. Then
is in the image of base change and its base change fiber is a singleton, i.e., |§1;C1(71)| =1.

Proof. Write 7 = L(m). In light of §10.2.5 it is enough to show that no segment in m has
exponent zero. For a segment A and a € N let m(A,a) = {vl%a'HA |i=0,1,...,a—1}.
It follows from [35, Corollary 2] that 7 = 7| x - -- X 7% where each 7; = L(m;) is such
that m; is either of the form m(A, 2a) or of the form v¥*m(A, 2a) + v ¥m(A, 2a) where
exp(A)=0,aeNand 0 <« < % It easily follows that no segment in m; has exponent
zero and since m = m; + - - - +my the proposition follows. (Here, we view multi-sets as

functions of finite support, hence addition is defined.) O

10.2.10. Note that Proposition 6 implies that for any rigid 7 in the image of the
map &y, there exists a unique conjugate self-dual representation p € Cuspgy such that

cither Supp() € p% or Supp(r) € (v2 p)%. We make the following definition.

Definition 9. We say that a conjugate self-dual rigid representation w € IrrgL is centered
1
at p € Cuspgp, if » = p¥ and Supp(w) € pLu(vzp)t.

11. Distinction and the base change map

Dijols and Prasad conjectured in [6, Conjecture 3] that an L-packet of Arthur type
in Irry contains an Sp-distinguished member if and only if the base change of the
L-packet is Sp-distinguished. In this section we study a family of representations that
indicate that the Arthur type assumption is necessary. Namely, we show that for some
Sp-distinguished ladder representations in Irrgr, the unique element of its base change
fiber is not Sp-distinguished.

11.1. Reducibility, distinction and L-packets associated to ladders

Let m = L(m) be a ladder representation. We recall the equivalent conditions for 7 to be
Sp-distinguished and for & to be in the image of base change.

11.1.1. Tt follows from [26, Theorem 10.3] that the representation 7 is Sp-distinguished

if and only if the ladder m is of the form (Ay, Aa, ..., Ay—1, Azs) where Agi_| = vAy;,
i=1,...,s.
11.1.2.  Assume that 7 is conjugate self-dual and write m = (Ay,..., A;) so that

Arp1-i = Ev, i=1,...,t. Then according to §10.2 (and in particular Lemma 16) 7
is in the image of base change if and only if either ¢ is even or recgL(L(A[¢+1)/2)) is
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conjugate symplectic. When this is the case, @ = &pc(7) for a unique t € Irry that is
determined as follows. We have

LQ(L(A) x---x L(A;p) x1g) 1 is even )
T =
LQ(L(A])X-“XL(A(;_])/z) X o) tisodd

where for t odd we have {o} = Sb? (L(Af@+1)/21))- Recall that by Lemma 16 if £(Af41)/2))
is odd then o has a non-trivial partial cuspidal support while if £(A[;41)/2)) is even then
o =11 (p,a) where Ajgy1y2) = [(1—a)/2, (a—1)/2](p)-

11.2. The case of an even ladder
In this section we study the relation between Sp-distinction of a ladder representation
and of its base change fiber in the case that the ladder has even number of segments.

11.2.1. An auxiliary result on irreducibility.  Define
S = {p € Cuspgy, | p x 1o is reducible}.

We state below a special case of [21, Theorems 1.1 and 1.2] that we are going to use.
Here and otherwise, for a multi-set n = {A, ..., A;} of segments let n.o be the multi-set
defined by

n.o ={A; | 1 <i<t,exp(d;) > 0}

Theorem 9. Let m = L(m) be a ladder representation. Then w x 1y is irreducible if and
only if Supp(m)NS =0 and L(msg) x L((M")~q) is irreducible.

11.2.2.  In (25) (and in the notation of § 11.1.2) in the case that 7 is even, we express T,
the unique member of the base change fiber of the ladder representation m as the
Langlands quotient of a representation induced from a ladder on the Siegel parabolic.
The following corollary tells us when this induced representation is irreducible.

Corollary 6. Let m = (Aq, ..., A;) be a ladder and let 1 = L(m). Moreover, suppose that
¥ =m. Letk = [%], 1<K <k,n=(Ap,...,Ar) and 1’ = L(n). Then the following
are equivalent

(1) 7 x1q is irreducible

(2) AxNS is empty

(3) n’ x 1y is irreducible.
Proof. By assumption m = m”. Since m is a ladder this means that A=Ay, i =

1, ..., t. It therefore follows from [12, Theorem 3.1] (see §6.1.2 above) that the following
conditions are equivalent

e Supp(7r) NS is empty
e A NS is empty
o Supp(7r’) NS is empty.
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It follows from [20, Proposition 6.20 and Lemma 6.21] that L(msg) x L(msq) is
irreducible. Thus, by Theorem 9 we have that 7 x1g is irreducible if and only if
Supp(r) NS is empty.

Note further that n is a ladder and (@")~¢ is the empty set. It therefore follows from
Theorem 9 that 7’ x 1y is irreducible if and only if Supp(7’) NS is empty. The corollary
follows. O

11.2.3. In the case of a ladder with even number of segments, Sp-distinction is
preserved by the base change map as the following result shows.

Proposition 8. Let w € IrrgL be a ladder representation that is conjugate self-dual.
Suppose that w = L(m) where |m| is an even integer. Let t € Irry be the unique
representation such that &w.(t) =m (see (25)). If t is Sp-distinguished then m is
Sp-distinguished.

Proof. Write m = L(m) where m = (Aq, ..., Ap) such that Al.v = Aps—it1,i =1,...,2s.
By (25) t is the unique irreducible quotient of the representation

L(A1) x -+ x L(Ay) % 1.

This induced representation is Sp-distinguished since 7 is. Thus it follows from Theorem 5
that 0 = L(A1) ® --- ® L(As) ® 19 admits a relevant orbit. We use the notation of §4.4
for this orbit except that (since the symbol t is already taken) we denote by n the
involution on Z associated with the contributing orbit. Applying [43, §9.5] write

rem(@) =@ L(A)®1o.

1€

Let A; =lai,bilp), i=1,...,25 for some p e Cuspg -conjugate self-dual. By
assumption, we have (a; +b;)/2 =exp(A;) >0, i =1,...,s. Therefore, 0 < ay+bs; <
as+bs_1 — 1 (the second inequality follows from the definition of a ladder). That is,
1—bs_1 < ag, and therefore

)
vl_b"p ¢ U A;
j=1
forany i =1,...,s — 1. Recalling that
Ag,1y = [xi, bilp)
for some x; < bj, i =1,...,s, by Corollary 4 and (17) it follows that
(G, )eTli=1,....,s—1,j=1,....ji}Cc. (26)

Claim 1. If2i — 1 < s then jri—1 = joi =1 and n2Qi —1,1) = (2i, 1).

We prove the claim by induction on i. Recall first that since the representation
L(A) is generic it is not Sp-distinguished for any segment A (see [16, Theorem 3.2.2]).
Therefore ¢4 (w) is empty. For the basis of induction assume that 1 < s and let n(1, 1) =
@', j)). It follows from (18) and (26) that i’ > 1 and from (26) and Corollary 4 that
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A jn = v_lA(Ll). In particular, V1" 1p € A iy € Ap. Since m is a ladder this implies

that (', j) = (2, 1). If either j; > 1 or j» > 1 we get a contradiction to (17), (18)
and (26).

Suppose that the claim is true for 1, 2, ..., i — 1. For the induction step, let n(2i — 1, 1)
= (i’, j'). By the induction hypothesis i’ > 2i — 1. It further follows from Corollary 4,
(18) and (26) that in fact i’ > 2i — 1 and we have A 5 = v 1 Api_1,1). In particular,
L = A, jny € Ajr. Since, m is a ladder this implies that (i, j') = (2i,1). By the
induction hypothesis if j; > 1 for k € {2i — 1, 2i} then t(k,2) = (a, b) witha > 2i — 1. As
in the case i = 1, now this contradicts (17), (18) and (26). The claim follows.

If s is even then by (26), Claim 1 and Corollary 4 the ladder (A1, ..., Ay), and hence
m, is of the form described in §11.1.1 and thus the proposition follows. So suppose now
that s is odd. As above the ladder (A1, ..., As_1) is of the form described in §11.1.1. By
Claim 1, (17) and (18) we get that j; <2 and n(s,i) = (s,i),i = 1, ..., js. By Corollary 4
and [16, Theorem 3.2.2] we further get that js =1, (s,1) € Z\¢ and v /2L(Ay) is
GL(F)-distinguished. By [7, Proposition 12] exp(Ay) = % Coupled with the fact that
A = Agt1, we get that Ay = vAgyg, and the multi-set m is again of the form described
in §11.1.1. This proves the proposition. O

11.2.4.  The converse of Proposition 8 is not true and we have the following result in
that direction.

Proposition 9. Let m € IrrgL be a ladder representation that is conjugate self-dual and
Sp-distinguished. Write 1 = L(m) and m = (A, Ao, ..., Ay—1, Aps) as in §11.1.1. Let
v/ = L(Ay, ..., Ay) x1g and let T € Trry be the unique representation such that &y (7) =
(see (25)). We have

(1) t is the unique irreducible quotient of T’ and T =t/ if and only if A;NS is empty.

(2) If s is even then T’ is Sp-distinguished.

(3) If s is odd and As NS is empty then T is not Sp-distinguished.
Proof. The first part is immediate from §10.2 and Corollary 6. For the second part, it
follows from § 11.1.1 that if s is even then L(A1, ..., Ay) is Sp-distinguished and therefore
from Lemma 14 that t’ is Sp-distinguished.

Suppose now that s = 2k +1 for some k € Z>o and A; NS is empty, and assume by
contradiction that t is Sp-distinguished. By Corollary 6 (with &’ =s) we have that
L(Agk+1) % 1g is irreducible and by Proposition 1 we have that

L(Agkt1) ¥ 19 = L(Ay41)Y x 1.

Since 7 is conjugate self-dual we have Ayy; = Agss and therefore
L(Azr41) ¥ 1o = L(Agg42) % 1p.

Thus 7 is the unique irreducible quotient of

L(A1) x -+ x L(Ax) x L(Azi12) X 1p.
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Since L(Aq, ..., Ay, Ax+2) is the unique irreducible quotient of the representation
L(A1) x -+ X L(Ap;) X L(Agk+2), we have that 7 is the unique irreducible quotient of

L(Aq, ..., Ay, Agg2) 3 1p.

Since by assumption we have that Ajri1 = VA4 as well as Ay = A2k+zv we
deduce that exp(Ax41) = % and exp(Azx42) = —%. Let p € Cuspgp, be such that = is
centered at p (see Definition 9) and a € %Z such that Axi1 =[—a,1+alp). Then
Asiyr = [—(1+a), al(y). Note that a > —1/2 (otherwise Asiy1 would be empty).

Let us first treat the case when k > 0. Let m’ = (A},..., A)) denote the multi-set

{A1, ..., Ay, Aggy2}' ordered such that e(A}) < --- < e(A)). Set
rm') = Z(A)) x - x Z(A).

It follows from the Zelevinsky classification [43] that Z(m’) is the unique irreducible
quotient off(m/). Since L(A1, ..., Ak, Axs2) = Z(w') we deduce that t is an irreducible
quotient of Z(m’) x 1o.

By the Meeglin—-Waldspurger algorithm for ladder representations (provided in [19,
§3]) it follows that A} = {v=(79p} is a segment of length one. Since the representation
Z(m') x 1p has T as an irreducible quotient, it is Sp-distinguished.

We now apply the geometric lemma for £ (m’) x 1y viewed as induced from

o=Z(A)® - -®Z(A) 1.

It follows from Theorem 5 that o admits a relevant orbit. We use the notation of §4.4 for
this orbit except that (since the symbol 7 is already taken) we denote by n the involution
on 7 associated with the contributing orbit.

Applying [43, Proposition 3.4] write rp p(0) =Q),c7 Z(A)) ®1y and note that
j1=1 and A’l H= Ay ={p~HDp) If (1,1) € ¢, then by Lemma 13 we have that

n(l,1) = (1,1) and by Corollary 4 we deduce that Z(A(l l)) =y Uty ¢ Cuspg;, is
Sp-distinguished. This contradicts [16, Theorem 3.2.2].

Thus, (1,1) € Z\c. Since exp(Z(A’(lyl))) =—(14a) < —1/2 the representation
vl 2Z(A/(l’l)) is not GL(F)-distinguished. It therefore follows from Corollary 4 that
n(1,1) # (1,1) and that Z(Ayq,1n) = v?*ap and from (18) that n(1,1) = (a, 1) for
some « €{2,...,1}. Let e(Ay) =vPp. Since (Aq,..., Aok+1) is a ladder we have
that b > 2+a. Thus from the Moeglin-Waldspurger algorithm it follows that A/ €
{A1, ..., Ay}, By §11.1.1, the representation L(Aq,..., Ay) is Sp-distinguished. By
[26, Proposition 7.5] we get that £(A) is even and therefore j, > 2. If (&, 2) € ¢ then it
follows from Lemma 13 that j, = 2 and that Z (A/ o)) 18 Sp-distinguished. Since in this
case E(A( 1)) is odd, this contradicts (26, Proposmon 7 5]. Therefore, we get that («, 2) €

T\ ¢. Note that b(A( 2)

Thus we get that when k > 0, Z(m’) x 1y and hence T cannot be Sp-distinguished.
Assume now that k = 0. In this case 7 is a quotient of L(Aj) x 19 which is then
Sp-distinguished. As observed above, we have exp(Aj;) = —%. On the other hand, by

) = v93p. Since v+ p ¢ Supp(m’) this contradicts Corollary 4.

Lemma 15 we get that exp(Aj) = % which gives us a contradiction. Thus 7 cannot be
Sp-distinguished. This completes the proof of the proposition. O
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11.3. The case of an odd ladder

Next we consider a ladder representation 7 of the form L(Ay, ..., Ay41) in the image of
the map &,c. In many cases we show below that the unique t € Irry such that &,.(t) =7
is not Sp-distinguished.

Recall from § 11.1.1 that 7 is not Sp-distinguished, and from § 10.2 that Agg40—; = Ev,
i=1,...,2k+1 and L(Ak41) =8(p,a) for some p € Cuspg, and a € N so that p is
conjugate self-dual of parity (—1)%.

Proposition 10. Letw = L(Ay, ..., Axy+1) € IirgL be a ladder representation in the image
of &vbe. Write L(Aky1) = 8(p,a) as above and let t € Irry be such that {t} = .§b_cl(n). If
either a is odd, k = 0 or b(Ay) # v3/%p (this inequality holds, in particularly, if b(Ay) =
vb(Ak+1)) then T is not Sp-distinguished.

Proof. If a is odd then it follows from (25) that t has non-trivial partial cuspidal support.
Thus, 7 is not Sp-distinguished by Proposition 2.

Assume that a is even. It follows from (25) that t is the unique irreducible quotient
of L(A,...,Ay) xt¥(p,a). Let b= (a—1)/2 and recall further that t7(p,a) is the
unique irreducible quotient of L([—b, —%](p)) x 1p (see §10.2.8). This implies that t is an
irreducible quotient of the representation

L(Aq, ..., Ar) X L([—D, —1/2](p)) X 1p. (27)

To complete the proof of the proposition it is enough to prove that this induced
representation is not Sp-distinguished. If £ = 0 this is immediate from Lemma 15. Assume
that k > 0 and b(Ay) # v3/2p and assume by contradiction that the representation in (27)
is Sp-distinguished.

It follows from Theorem 5 that o = L(Ay, ..., AY) @ L([—b, —1/2] ) ® 1o admits a
relevant orbit. We use the notation of §4.4 for this orbit except that (since the symbol
7 is already taken) we denote by 7 the involution on Z associated with the contributing
orbit. Let o/ = ®(i’j)ez 77;'/,]' ®1p be an irreducible subquotient of rz a (o) that admits
the corresponding non-trivial invariant functional (i.e., ¢’ is (Ly, 8,)-distinguished).

Claim 2. If (1,1) ¢ ¢, then n(1, 1) £ (1, 1).
Observe that exp(A;) > 1, i =1,...,k. By [17, Theorem 2.1], we get that my is

a (ladder) representation of the form L(A’, ...,A;) where {di,...,d;} is a subset
of {I,...,k} such that A] C Ay and e(A)) =e(Ag), i=1,...,I. In particular,
exp(A)) > 1, i =1,...,1 and therefore also exp(my;;) > 1. Thus v_l/zm,l cannot be

GL(F)-distinguished (by [7, Proposition 12]) and Claim 2 follows from Corollary 4.

Claim 3. We have (2,j) €c forallj=1,..., o

By (17) it is enough to show that (2, 1) € ¢. Assume by contradiction that (2, 1) € Z\ c.
It follows from [43, Proposition 9.5] that 73,1 is of the form L([x, —%](p)) where —b < x <

—% and in particular exp(m, ;) < 0. As in Claim 2, it therefore follows from Corollary 4
and [7, Proposition 12] that n(2, 1) # (2, 1).

https://doi.org/10.1017/51474748019000161 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000161

272 A. Mitra and O. Offen

By (18) and Claim 2 we have n(2, 1) = (1, 1). It therefore follows from Corollary 4 that
T = L([%, 1 —x](p)). Since by assumption b(Ay) # % we must have j; > 1.

In the notation of the proof of Claim 2 we now have [ =1 and exp(e(Ag)) =1—x <
1+ b. Since exp(e(A;)) > 1+bfori =1,...,k—1 and exp(e(Ag)) > 1+ b it follows that
di =k and x = —b. This forces j» =1 and 721 = L([—b, —%](p)).

Moreover, from (18) we get that j; =2, (1,2) € ¢ and n(1,2) = (1,2). From [17,
Theorem 2.1] we get that 712 = L(Aq, ..., Ar—1, [y, %](p)) where b(Ay) = vYp. It further
follows from Corollary 4 that w1 > is Sp-distinguished. By §11.1.1 we get that e(Ax—1) =
u3/2,0. This contradicts the facts that (Agx—i, Ak, Agx+1) is a ladder, e(Axyy) = vb,o and
b > 1/2. This proves Claim 3.

Note that Claims 2 and 3 together with (18) imply that Z = ¢. Since no essentially
square-integrable representation in Irrgy, is Sp-distinguished [16, Theorem 3.2.2], it further
follows that j» =1, (2,1) € ¢, and n(2, 1) = (1, 1). Thus, by Corollary 4 we have m; =
L(1-b, %](p)). This means again that / =1 and e(Ay,) = v1/2p which is a contradiction
(since e(A;) > v'*Pp, i =1,...,k). The proposition is now proved. O

11.3.1. We summarize the results obtained in this section for the class of Speh
representations in the image of the map &y.. By §11.1.1 a Speh representation 7 = L(m)
is Sp-distinguished if and only if |m| is an even integer. The following is a consequence of
Propositions 9 and 10.

Theorem 10. Let 7 = L(m) € IrrgL be a Speh representation contained in the image of
the base change map &, and let T € Irry be such that {t} = é;‘t;l(rr). Then we have the
following:

(1) Suppose that 7w is not Sp-distinguished. Then t is not Sp-distinguished.

(2) Suppose that m is Sp-distinguished and write m = (V¥ 1A, VK"2A, ... A) for
a segment A and k € N. Suppose further that vSANS is empty. Then t is
Sp-distinguished if and only if k is even.

Remark 6. While part (1) of the theorem supports [6, Conjecture 3|, part (2) is not
expected to contradict it. In the notation of part (2) of the theorem, if k is odd and
VKANS is empty then 7 is not expected to have an Arthur parameter. (Note that  is
fully induced from a Speh representation with positive exponent.) We thank Dipendra
Prasad for this insight.

12. Distinction for standard modules with an irreducible GL-part

In this section we characterize distinction of standard modules with a generic GL-part.

12.1.

Let m = L(Ay, ..., A;) € ItgL. By [43, Theorem 9.7] the representation 7 is generic if
and only if 7 is a standard module. That is,

7 = L(A1) x---Xx L(Ay)

(for some and therefore any order on the segments).
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12.2.

Let 7 = L(Ay, ..., A;) € IirgL be generic. By [24, Theorem 5.2] the representation 7 is
GL(F)-distinguished if and only if there exists an involution w € §; such that

-—V .
e Aypy=4; ,i=1,...,tand
e L(A;) is GL(F)-distinguished if w(i) =i.
In fact, we will only apply the ‘if’ part of this statement, which is a consequence of
[23, Theorem 4.2] and [8, Proposition 26].

12.3.

The main result of the section is as follows.

Theorem 11. Let Ay, ..., A; be segments such that exp(A1) = --- Z exp(Ay) > 0 andw =
L(Ay, ..., Ay) € IirgL is generic. Then, the standard module & % 1o is Sp-distinguished if
and only if v=12x is GL(F)-distinguished.

Proof. If v=!/27 is a GL(F)-distinguished representation, then 7 x 1y is Sp-distinguished
by Lemma 14. Suppose that m % 1g is Sp-distinguished. As remarked in §12.1, we

may rearrange the segments Aj,..., A; in any order. Writing A; = [a;, b;l(p;) where
pi € Cuspgy, is unitary we may assume that the following conditions are satisfied:
a; <---<a andif a; = aj41 then b; > bjy;. (28)

It follows from Theorem 5 that 0 = L(A1) ® - - - ® L(A;) ® 19 admits a relevant orbit. We
use the notation of §4.4 for this orbit. Applying [43, §9.5] write

rm(e) = Q) L(A)®1g
1€
and recall that
Ay = [xi, bily and  Agjy = lai, yilen
forsome a; < x; <y <bj,i=1,...,¢t.

Claim 4. The set ¢ is empty.

Assume by contradiction that ¢ is not empty and let i € {1, ..., ¢} be minimal such that
(@i, j) € ¢ for some j. By (17) we have (i, j;) € c. Let (i, j;) = (i’, j/). Since no essentially
square-integrable representation is Sp-distinguished [16, Theorem 3.2.2], it follows from
Corollary 4 that (i’, j') # (i, ji). By minimality of i and (18) we have i’ > i and it further
follows from Corollary 4 that

vIL(AG ) = LA, j»)-

In particular, a; < a; — 1 which contradicts (28). This proves Claim 4.

Claim 5. We have j; =1 for everyi € {1,...,t}.

To prove the claim we show, by induction on k, that for all 1 <i < k, we have:

(1) ji=1;
(2) if 7(i, 1) = (', j/) then ji = 1.
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Suppose that the induction hypothesis holds for k — 1 and let (k, 1) = (k/, j/). If K’ <k,
then the induction hypothesis implies the statement for k. Assume now that &' > k. It
follows from (18), Claim 4 and the induction hypothesis that j' =1 and further from
Corollary 4 that Ay 1) = VAG. - Since exp(A;) > 0 we get that exp(A.1)) > 0 for every
i=1,...,t. Since exp(Aw, 1) = 1 —exp(Aw 1)), we have 0 < exp(A, 1)), exp(Ag, 1)) < L.

Ifexp(Aw,1)) = exp(Aw 1)) = % then we must have j; = jpr = 1 since exp(A;) > 0 for all
i. This proves the induction step in this case. Otherwise, i.e., if exp(A,1)) # exp(Aw’.1)),
then the same argument shows that jg, ji < 2, if one of them equals 2 the other must
equal 1, and €(A;) < £(Aq.1y) + 1 for i € {k, k'}.

By assumption, since exp(Ay, 1)) # %, the representation vil/zL(A(k,l)) cannot be
GL(F)-distinguished and therefore, by Corollary 4 we have k" >k, Ay 1y = [1— by,
b1(p,) and ﬁl\{/ = pp.

If jiv =2, then Ay o) = (v % pp}. Let ©(k',2) = (I,1'). By (18) and Claim 4 we have
I > k and further applying Corollary 4 we have Ay = (v’ +1 o). But now (28) implies
that Ax and A; are linked which contradicts the fact that 7 is generic (see [43, Theorem
9.7]). Thus we conclude that jiz = 1.

If jx = 2 then similarly Ag 2 = {(v=b pr} while (since jr = 1)

Ay = A(k’,l) =[1-"by, bk’](pk/)'

Let t(k,2) = (I,!"). By (18) we have that / > &k’ and further by the induction hypothesis,
that I’ = 1. By Claim 4 and Corollary 4 we have Ag 1) = (o 1o}, Again, (28) implies
that A; and Ay are linked which contradicts the fact that 7 is generic. Thus we conclude
that ji = 1 which finishes the proof of the induction. This completes the proof of Claim 5.

The theorem is now immediate from Claims 4 and 5, Corollary 4 and §12.2. O

Remark 7. In the notation of Theorem 11, if vTIm s GL(F)-distinguished and
furthermore exp(A;) € %Z, i =1,...,t then it follows from § 12.2, in its notation, that w
is trivial and therefore v=27 is tempered.

When n € Irr(GLy,(E)) for some n €N is such that VI s tempered and
GL(F)-distinguished, Morimoto proved in [33] the stronger result that LQ(w x 1p) is
Sp-distinguished. We expect this to be true more generally, for the setting of Theorem 11.
However, this will require methods different from the ones employed in this work.
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