J. Inst. Math. Jussieu (2020) 19(5), 15731600 1573
doi:10.1017/S1474748018000488  © Cambridge University Press 2018

RECOVERY OF NON-COMPACTLY SUPPORTED COEFFICIENTS
OF ELLIPTIC EQUATIONS ON AN INFINITE WAVEGUIDE

YAVAR KIAN

Aixz Marseille Univ, Université de Toulon, CNRS, CPT, Marseille, France
(yavar.kian@univ-amu.fr)

(Received 19 October 2017; revised 2 October 2018; accepted 11 October 2018;
first published online 5 November 2018)

Abstract We consider the unique recovery of a non-compactly supported and non-periodic perturbation
of a Schrodinger operator in an unbounded cylindrical domain, also called waveguide, from boundary
measurements. More precisely, we prove recovery of a general class of electric potentials from the partial
Dirichlet-to-Neumann map, where the Dirichlet data is supported on slightly more than half of the
boundary and the Neumann data is taken on the other half of the boundary. We apply this result in
different contexts including recovery of some general class of non-compactly supported coefficients from
measurements on a bounded subset and recovery of an electric potential, supported on an unbounded
cylinder, of a Schrodinger operator in a slab.
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1. Introduction

Let € be an unbounded open set of R3 taking the form € := w x R, with w a C? bounded

open set of RZ. We associate with every point x € € the coordinate x = (x’, x3), where

x3 € Rand x" := (x1, x2) € w. For ¢ € L*°(2) such that 0 is not in the spectrum of —A + ¢

with Dirichlet boundary condition, we introduce the following boundary value problem
(BVP):

(—A+qg)v =0, in Q,

{ v=f, onl:=0Q. (1.1)

Recall that I' = 9w x R and that the outward unit normal vector v to I" takes the form
v(x',x3) = (V'(x"),0), x=(x"x3) €T,

where V' is the outward unit normal vector of dw. From now on, we denote by v both
exterior unit vectors normal to dw and to I'. We fix 6y € S! := {y € R?; |y| = 1} and we
introduce the p-illuminated (respectively, fp-shadowed) face of dw as

dwg = {x € dw; By-v(x) < 0} (respectively, Ba)g(') ={x €dw; Hp-v(x) =20}). (1.2)
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Here and in the remaining part of this text, we denote by x - y := Zl;zl xjy; the Euclidean
scalar product of any two vectors x := (x1,...,xx) and y := (y1, ..., yx) of R¥, for k € N*,
and we put |x| := (x -x)1/2.

We fix G a portion of I' taking the form G := G’ x R, where G’ is an arbitrary open
set of dw containing 8(09_0 and consider K = K’ x R with K’ an arbitrary open set of dw
containing Ba)g(’) . The main goal of this paper consists of proving unique determination of
g from the knowledge of the partial Dirichlet-to-Neumann (DN) map

Ny f = 0y, (1.3)
where 9, is the normal derivative and supp(f) C K.

1.1. Physical motivations

Let us recall that the problem under consideration in this paper is related to the
so-called electrical impedance tomography (EIT) and its several applications in medical
imaging and others. Note that the specific geometry of an infinite cylinder or closed
waveguide can be considered for problems of transmission to long distance or transmission
through particular structures, where the length-to-diameter ratio is really high, such as
nanostructures. In this context, the problem addressed in this paper can correspond to the
unique recovery of an impurity perturbing the guided propagation (see [11, 26]). Let us
also observe that in Corollary 1.4, we show how one can apply our result to the problem
stated in a slab, which is frequently used for modeling propagation in shallow-ocean
acoustics (e.g. [1]), for coefficients supported in an infinite cylinder.

1.2. Known results

Since the pioneering work of [7], interest has grown in the Calderén or the EIT problem. In
[47], Sylvester and Uhlmann provided one of the first and most important results related
to this problem. They proved, in dimension n > 3, the unique recovery of a smooth
conductivity from the full DN map. Since then, many authors have extended this result
in several ways. The determination of an unknown coefficient from partial knowledge
of the DN map was first addressed by Bukhgeim and Uhlmann in [6] and extended by
Kenig, Sjostrand and Uhlmann in [29] to the recovery of a potential from restriction of
data to the back and the front face illuminated by a point lying outside the convex hull
of the domain. Note that the result of [29] requires an overlap between the portion of the
boundary where the measurements are made and the support of the test functions. In
[28], Kenig and Salo removed this condition. We mention also the work of Isakov [25], who
has considered this problem with inputs and measurements on the same portion of the
boundary. In dimension two, similar results with full and partial data have been stated in
[5, 22, 23]. Moreover, without being exhaustive, we refer to the work of [8, 9, 15, 36, 43, 44]
dealing with the stability issue associated with this problem and some results inspired
by this approach for other partial differential equations (PDEs) stated in [13, 20, 31-33].

Let us remark that all the above-mentioned results have been proved in a bounded
domain. It appears that only a small number of mathematical papers deal with inverse
BVPs in an unbounded domain. Combining results of unique continuation with complex
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geometric optics (CGO) solutions and a Carleman estimate borrowed from [6], Li and
Uhlmann proved in [40] the unique recovery of compactly supported electric potentials
of the stationary Schrodinger operator in a slab from partial boundary measurements. In
[37], the authors extended this result to magnetic Schrodinger operators and [10] treated
the stability issue for this inverse problem. We mention also [38, 39] dealing with more
general Schrodinger equations, the work of [48] for bi-harmonic operators and the recovery
of an embedded object in a slab treated by [21, 45]. More recently, [16, 17] proved the
stable recovery of coefficients periodic along the axis of an infinite cylindrical domain.
Finally, we mention [3, 4, 18, 27, 30, 34, 35] dealing with determination of non-compactly
supported coefficients appearing in different PDEs from boundary measurements.

1.3. Statement of the main result and applications
In order to state the main result of this article, we start by recalling some results borrowed
from [6, 16, 17] related to the well-posedness of the BVP (1.1) in the space Ha(SQ) :=
{u € L*(Q); Au € L*(Q)} with the norm

et F, 0y = Null72 g + 1AuIF 5 -

Since €2 is unbounded, for X = w or X = dw and any s > 0, we define the space H* (X x R)
by
H*(X xR) := L>*(X; H*(R)) N L*(R; H*(X)).

We define also H*(I") to be the dual space of H*(I"). Combining [6, Lemma 1.1] with
[16, Lemma 2.2], we deduce that the map

Tou := ur (vespectively, Tiu := dyur), ue€ CSO(R3)
extends into a bounded operator 7o : Ha(2) — H_%(F) (respectively, 77 : Ha(2) —
H*%(F)). We set the space
H() :=ToHA(Q) = {Tou; u € HA()},

and note from [16, Lemma 2.2] that 7Ty is bijective from B := {u € L>(Q); Au = 0} onto
(). Thus, with reference to [6, 42], we consider

Iy = 1Ty Fllase = 1Ty Fllze- (1.4)

Note that [16, Lemma 2.2] is a consequence of [16, Lemma 2.1] and in [16, Lemma 2.1]
we use the formula

(AG, F) 2y = (G, AF)2q),  F € HJ(Q), G € Ha(S), (1.5)

where H02(Q) denotes the closure of C3°(R2) in H?(). Since  is unbounded, the functions
lying in H%($2) or in Ha (2) may have complicated behavior, and formula (1.5) needs some
clarifications. Let us show (1.5). For this purpose, fix (F,),>1 a sequence of functions lying
in C3°(S2) that converges to F with respect to H 2(Q) and note that

(AG, Fu)12) = (AG, Fa)pra)ce@ = (G AR p o) ce@ = (G AF) 2. n =1
(1.6)
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Moreover, applying the Cauchy—Schwarz inequality, we get
(AG, Fn)LZ(Q) —(AG, F>L2(Q) < ”AG”LZ(Q)”Fn - F”LZ(Q) < ”AG”LZ(Q)”FH - F”HZ(Q)a

(G, AFn>L2(Q) — (G, AF>L2(Q) < ||G||L2(Q)||A(Fn - F)||L2(Q) < ||AG||L2(Q)”FH - F||H2(Q)~
Combining this with the fact that

nll)rgo | Fn — F||H2(Q) =0,

we deduce (1.5) from (1.6) by sending n — oco. This proves (1.5).

We define also Hg (I') := {f € H(T) : supp(f) C K}. Then, in view of [16, Proposition
1.1], assuming that 0 is not in the spectrum of —A + ¢ with Dirichlet boundary condition
on Q, for any f € (') we deduce that the BVP (1.1) admits a unique solution v €
L%(Q). Moreover, the DN map Ayt f = Tivg is a bounded operator from 7% (I') into
H™3(G).

The main result of this paper can be stated as follows.

Theorem 1.1. Let g1, q> € L¥(Q) be such that g1 —qz € LY(Q) and 0 is not in the
spectrum of —A+gqj, j=1,2, with Dirichlet boundary condition on Q. Then the
condition

Mg = Ay (1.7)
implies g1 = q2.

From the main result of this paper, stated in Theorem 1.1, we deduce three other
results related to other problems stated in an unbounded domain. The first application
that we consider corresponds to the Calderén problem stated in the unbounded domain
Q. In order to state this problem, for a, € (0, 400) and ag € W>>(Q) satisfying ag > ax,
we introduce the set of functions

Ai={aeC'@NW(QNHA(Q) : a>a, A (ﬁ) A (aé) e L'(Q)NL® Q)

and, for a € A, the BVP

{ —div(aVu) = 0, in Q, (1.8)

u=f, onl.

Recall that for any a € A and any f € H%(F), the BVP (1.8) admits a unique solution
u € H' (). Moreover, the full DN map associated with (1.8), defined by f +> aTiu is

a bounded operator from H%(F) to H_%(F). We define the partial DN map associated
with (1.8) by
Sat HXT)Na 2(Hxk (D) 3 f > aTiug. (1.9)

where a*%(HK(F)) = {a*%f; f € Hg(I')}. The first application of Theorem 1.1 claims
unique recovery of a conductivity a € A, from the knowledge of X,. It is stated as follows.

Corollary 1.2. Let w be connected and pick aj € A, for j = 1,2, obeying
ai(x) =ax(x), xeTl (1.10)
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and
oyai(x) = dyar(x), xe€ KNG. (1.11)

Then the condition X, = X4, tmplies ay = az.

For our second application we consider the recovery of potentials that are known in the
neighborhood of the boundary outside a compact set. In the spirit of [2], we can improve
Theorem 1.1 in a quite important way in that case. More precisely, we fix R > 0 and
we consider y; an arbitrary open subset of K’ x (—oo, —R), y» an open subset of dw x
(=00, —R), y{ an open subset of K’ x (R, 4-00) and y, an open subset of dw x (R, +-00).
Then, we consider the partial DN map given by

AZ,R : {]’l e H(T) : Supp(h) C (K/ X [—R, R])U)/l U]/l/} Bl f = ’Tlvl(awx[—R,R])UyzUyz/’

with v the solution of (1.1). Our second application can be stated as follows.

Corollary 1.3. Let @ be connected, R >0, § € (0,R), q1,q2 € L*(R2) be such that
g1 —q2 € LY(R) and 0 is not in the spectrum of —A + qj, j = 1,2, with Dirichlet boundary
condition on Q. We fit w14, wrx, two arbitrary C* open and connected subsets of
w satisfying 0w C (w1« Ndw2 x). We consider also Qs+, j=1,2, two C? open and
connected subsets of Q such that

[ X (—OO, _R) C Q],* C a)l,* X (_m7 s — R)v

@4 X (R, +00) C Q24 C w25 X (R—4,+00)
and we assume that

g1(x) =qa(x), x € Q1xUQx. (1.12)

Then the condition AZ.,R = AZz,R implies g1 = q3.

In our third application we consider the recovery of potentials, supported in an infinite
cylinder, appearing in a stationary Schrodinger equation on a slab. More precisely, for
L > 0, we consider the set @ := {x = (x1, x2, x3) € R®: x; € (0, L)}; then assuming that
q € L°°(0) and that 0 is not in the spectrum of —A + g with Dirichlet boundary condition
on O, we consider the problem

(—A+q)v =0, inO,
V=0 = 0, (1.13)
Vg =L = f.

Fixing r > 0, 004 := {(L, x2, x3) : x2,x3 € R} and
00_ , :={(0,x2,x3) : x2 € (—r,1), x3 € R},
we associate with this problem the partial DN map
Ny, H2(00L) > f > —dyvpo._,.

Then, we prove the following result.
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Corollary 1.4. Let q1,q> € L®(O) be such that g1 —q> € L'(O) and 0 is not in the
spectrum of —A +q;, j =1, 2, with Dirichlet boundary condition on O. Moreover, assume
that there exists r € (0, +00) such that

q1(x1, X2, x3) = q2(x1, %2, %3) = 0, (x1,x2,x3) € {(y1,y2,y3) € O |y2] =21} (1.14)
Then, for any R > r, the condition

Ny =Nk (1.15)

implies g1 = q>.-

1.4. Comments about the main result and the applications

To our best knowledge this is the first paper proving recovery of coefficients that are
neither compactly supported nor periodic for elliptic equations in unbounded domains
from boundary measurements. Indeed, beside the present paper it seems that only these
two cases have been addressed so far (see [16, 17, 37, 40]).

Like several other papers, the main tools in our analysis are suitable solutions of
the equation also called complex geometric optics solutions combined with Carleman
estimates. It has been proved by [16, 17, 37, 40] that for compactly supported or periodic
coefficients one can apply unique continuation or Floquet decomposition in order to
transform the problem on an unbounded domain into a problem on a bounded domain.
Then, one can use the CGO solutions for the problem on the bounded domain in order
to prove the recovery of the coefficients under consideration. For a more general class
of coefficients, one cannot apply such arguments and the construction of CGO solutions
for the problem on unbounded domains seems unavoidable. The main difficulty in the
construction of such CGO solutions for unbounded domains comes from the fact that
the CGO solutions should admit some kind of decay in order to be square integrable in
the domain. It seems that this condition is not fulfilled by any CGO solution considered
so far. In this paper, using a suitable localization in space, that propagates along the
infinite direction of the unbounded cylindrical domain, we introduce, for what seems to
be the first time, CGO solutions that can be directly applied to the inverse problem on
the unbounded domain. This is an important difference from previous related works and
it allows also to derive results like Corollary 1.3 where the recovery of non-compactly
supported coefficients is proved by means of measurements on a bounded subset of the
unbounded boundary. In addition to the specific property of the principal part of our CGO
solutions, we prove the extension of several arguments, required for our construction, to
the unbounded domain such as Carleman estimate and construction of the decaying
remainder term (see §§2-4). For these extensions, we use several arguments such as
separation of variables and suitable Fourier decomposition of operators.

Note that Theorem 1.1 is related to a Carleman estimate with linear weight that we
prove by taking advantage of the cylindrical shape of our domain. This property has
already been observed by [28] for bounded domains.

Let us mention that the arguments used for the construction of the CGO solutions work
only if the unbounded domain has one infinite direction (or a cylindrical shape). This
approach fails if the unbounded domain has more than one infinite direction like the slab.
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However, following the approach of [37, 40], by means of unique continuation properties
we prove in Corollary 1.4 the recovery of coefficients supported in an unbounded
cylinder. Here the cylinder can be arbitrary and this result extends that of [37, 40]
to non-compactly supported coefficients. Note also that, combining the density results
stated in Lemma 6.1, used for the proof of Corollary 1.3, with Corollary 1.4, one can
check that the data used by [37, 40] for the recovery of compactly supported coefficients
allow to recover a more general class of coefficients supported in an infinite cylinder and
known in the neighborhood of the boundary outside a compact set.

In the main result of this paper, stated in Theorem 1.1, we show that the partial
DN map A, allows to recover coefficients ¢ which are equivalent modulo integrable
functions to a fixed bounded function. This last condition is not fulfilled by the class
of potentials, periodic along the axis of the cylindrical domain, considered by [16, 17].
However, combining Theorem 1.1 with [16, 17], one can conclude that the partial DN
map A, allows to recover the class of coefficients g considered in the present paper as
well as potentials ¢ which are periodic along the axis of .

Let us remark that in a similar way to [37, 40], with a suitable choice of admissible
coefficients g, it is possible to formulate (1.13) with ¢ replaced by ¢ — k% and k? taking
some suitable value in the absolute continuous spectrum of the operator —A + ¢ with
Dirichlet boundary condition. In this context, (1.13) admits a unique solution satisfying
the Sommerfeld radiation condition on the infinite directions of the domain. Assuming
that ¢ is chosen in such a way that these conditions are fulfilled for (1.1) and (1.13), one
can adapt the argument of the present paper to this problem. In this paper we do not
consider such extension of our main result which requires a study of the forward problem.

Let us also observe that like in [37, 40], Corollary 1.4 can be formulated with different
kinds of measurements on the side x; =0 and x; = L of 90.

1.5. Outline

This paper is organized as follows. In §2, we start by considering the CGO solutions,
without boundary conditions, for the problem in an unbounded cylindrical domain. For
the construction of these solutions we combine different arguments such as localization of
the CGO solutions along the axis of the waveguide and some arguments of separation of
variables. Then, in the spirit of [6], we introduce in §3 a Carleman estimate with linear
weight stated in an infinite cylindrical domain. Using this Carleman estimate, we build
in §4 CGO solutions vanishing on some parts of the boundary. In §5, we combine all
these results in order to prove Theorem 1.1. Finally, § 6 is devoted to the applications of
the main result stated in Corollaries 1.2-1.4.

2. CGO solutions without conditions

In this section we introduce the first class of CGO solutions of our problem without
boundary conditions. These CGO solutions correspond to some specific solutions u €
H%(Q) of —Au+qu =0in  for g € L®(£2). More precisely, we start by fixing 8 € S! :=
{y eR?: |y| =1}, & € 01\ {0}, with 6+ :={y e R*: y-0 =0}, & := (¢, &) € R3, with
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£3 # 0. Then, we consider n € S? := {y e R3: |y| = 1} defined by

[
= (Slv - & )
g2 4 &1
&1+ %
In particular, we have
n-§=(0,0)-§=(,0)-n=0. (2.16)

We fix also x € C;°(R; [0, 1]) such that x = 1 on a neighborhood of 0 in R and, for p > 1,
we consider solutions u € H*(Q) of —Au +qu =0 in Q taking the form

u(x', x3) = e PO (eiﬂ"'xx (,0_%)@) e x4 u)p(x)) , o x=x3) e Q. (2.17)
Here the remainder term w, € H 2(Q) satisfies the decay property

_ 7
P Mwoll g2 + ollwell 20y < CoF, (2.18)

with C independent of p. This construction can be summarized in the following way.

Theorem 2.1. There exists pg > 1 such that, for all p > pg, the equation —Au+qu =0
admits a solution u € H*(Q) of the form (2.17) with w, satisfying the decay property
(2.18).

Remark 2.2. Comparing to CGO solutions on bounded domains, the main difficulty in the
construction of CGO solutions in our context comes from the fact that Q is not bounded
and the CGO solutions should be square integrable. This means that the usual principal
parts of the CGO solutions considered by [6, 29, 47], taking the form e PO gipnx g=ifox
in our context, are incompatible with the square integrability property. This is the main
reason why we introduce the new expression involving the cut-off x that allows to localize
such expressions. The main difficulty in our choice consists in using this expression to
localize without losing the decay property stated in (2.18). This will be done by assuming
that the principal part of the CGO solutions given by

;o 1 .
efp(-)-x elpn~xX (,071)63> e*lé‘x

propagates in some suitable way along the azis of the waveguide with respect to the large
parameter p.

Clearly, u solves —Au +qu = 0 if and only if w, solves
P_,w, = —qw, — POV (= A 4 q)e PPN eiP T y <p_%x3) eI (2.19)
with Py, s € R, the differential operator defined by
Pyi=—A—250-V —s°, (2.20)

where V' = (3y,, 8XZ)T. We need to consider here a solution of this equation in the
unbounded domain € that satisfies the decay property (2.18). For bounded domains,
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the construction of such solutions is well known and goes back to [47]. Moreover, for
potentials ¢ admitting a decay of the form |x3|~! along the axis of the waveguide, one
can construct solutions of (2.19) satisfying the decay property (2.18), by applying [47,
Theorem 2.3]. In this section we introduce a different construction which can be applied
to any g € L*°(Q2). More precisely, we take advantage of the cylindrical shape of Q to
make a Fourier decomposition of (2.19). Then we apply results on bounded domains in
order to construct w, with the required decay property.
In order to define a suitable set of solutions of (2.19), we start by considering the
following equation
P_,y(x)=F(x), xeQ. (2.21)

Again, here we deal with an equation on the unbounded domain 2, but this equation
can be decomposed, by means of Fourier transform, into a family of equations stated on
the bounded domain w. More precisely, taking the Fourier transform with respect to x3,
denoted by Fy;, on both sides of this identity we get

Pe—pyi = Fr. keR, (2.22)
with Fr(x) = Fo, F(x', k), ye(x") = Fyyy(x’, k) and
Pi_p=—N+2p0-V' —p>+ k>
Here A’ = 8%1 + 8)%2 and Fy, is defined by

1

Fush(x' k) == (zn)—z/h(x/,x3)e—“<x3 dx3, he L ().
R

We fix also pg.—p(¢) = [¢1* +2ipf - ¢ +k* — p?, ¢ € R?, k € R, such that, for Dy = —iV/,
we have py —,(Dy) = Px,—,. Combining this decomposition with properties of solutions
of (2.22) on the bounded domain w, we will complete the construction of the expression
w,. This will be done, by applying first some results of [12, 19, 24] about solutions of
PDEs with constant coefficients, given by the following.

Lemma 2.3. For every p > 1 and k € R there exists a bounded operator

Erp: Lz(a)) — Lz(a))

such that:
Pi_pEr,F=F, Fel*w), (2.23)
1Ek ol Br2(w)) < Co ', (2.24)
Ei, € B(L*(0); H*(w)) (2.25)
and
1Ex.p Il B220); 12wy + 1K Ex ol 320y < CP) (2.26)

with C > 0 depending only on w.
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Proof. In view of [12, Theorem 2.3] (see also [19, Theorem 10.3.7]), one can find a
bounded operator Ey, , € B(L?(w)), defined by means of fundamental solutions associated
with Py _, (see [19, §10.3]), satisfying (2.23). Moreover, for

1

2

Pr—p@ = | D 108 pe—p@P | . ¢eR%
aeN?
and for all differential operators Q(D,/) with Q a polynomial such that 7 ({(){) is

bounded, we get Q(Dy)Ei , € B(L*(w)) and there exists a constant C dependmg only
on w such that

”Q(Dx’)Ek,p”B(Lz(w)) C sup ————. (2.27)

Since

Br=p @) = 130, pi—p (O + 306, p—p (P = 20, ¢ € R,
(2.27) implies
—1

1
1Ek 50220y < C S4p ——— < Cp
PIBULA@) = cer2? Pk, (&)

and (2.24) is fulfilled. In addition, for all ¢ € R?, assuming that k> + [¢|> > 2p?, we have

- K2 +1¢1?
Bp(©) = 1Rpi—p (O = K+ 187 = p? > —=—.
Thus, we get
2., 12 2., 12 2., 12
k k k 1
BIPFR oy BEFEE sup BIEHR o op? sup ———— < 3p.
reR? Pk,—p(&) K2H|C 2202 Pk,—p (&) K2+c2<2p02 Pk,—p (&) ceR2 Pk, (&)
Then, in view of [12, Theorem 2.3], we deduce (2.25) with
1+1¢ 1+ &2
I Ek,pll B(12(0): H2(0)) T I3 ExpllBr2w) < € sup ————— <

reR? Pk,—p (&)

which implies (2.26). O

Applying this lemma, we will define suitable solutions of (2.21) which will be given by
an operator isometric to the direct sum of the operators Ey ,, k € R.

Lemma 2.4. For every p > 1 there exists a bounded operator
E,: L*(Q) — L*(Q)
satisfying the conditions:

P_,E,F=F, FelL*Q), (2.28)

I1EpllBr2@)) < C,O_l, (2.29)
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E, € B(L*(Q); H*(Q)) (2.30)
and

IEol B2 m2 @) < CP, (2.31)
with C > 0 depending only on 2.
Proof. In light of Lemma 2.3, we can introduce E, on L?(R2) given by

E F = Q3 (x',x3) > Fy ' (Ex pFes FCL k) (X', x3).
Clearly (2.23) implies (2.28). In addition, we get
”E F”LZ(Q) / ”Ek pr';F( k)||L2(w)
and from (2.24) we find
IEpFll72q < C2p 72 / 1Fes F )72,y dk = C2p 2 FlI7a -

This proves (2.29). According to (2.25)—(2.26), we have E, € B(L%(2); H%(RQ)) and, for
all F e L%(2), we obtain

1EpFli3aq < C’ / [nEk,pfxBF(-, )32 + 1K Er p Fes F k>||iz(w)] dk
<C'c?p? / IFe F R, dk = C'C2 oI F I35,

with C” depending only on w. This proves (2.30)—(2.31). O
Using this last result, we can build geometric optics solutions of the form (2.17).

Proof of Theorem 2.1. Note first that
_e,o€~x/(_A _i_q)efp&x/eipn-xx (p*%x3) o—iEx
—(UeP+x (p75x3) = 2imspi x (075 x3) + 20305 (07713)
—p_%x" (,o_%m)) PN E g TIE X (2.32)

On the other hand, we have

_1 2
x (o) Py = ot [ IxoPar
R

_1 I
”X (p 4_X3) ||L2(Q) = ||X||L2(R)|(l)|2p8

and we deduce that

In the same way, one can check that

_1 _1 _1 1
1 (7563) 2y + 1’ (P7353) 2y + X" (p7553) N2y < Cof,
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with C depending only on @ and x. Combining this with (2.32), we find

x —p0-x" ipn- _1 _iE-
| = e (= A+ e Py (070 ) T 2

7
8

1 7 ~1 _3
= C (P + llglm@)p® +20mslo’ +2leslo ™5 + 975 ) < oS, (2:33)

with C > 0 depending on w, & and ||g|=(q). In view of Lemma 2.4, equation (2.19) can
be written in the following way:

/ o 1 .
wy = —Ep (qu, + " (— A+ g)e™ ey (pTaxy ) ),

with E, € B(L%*(Q)) defined in Lemma 2.4. To this end, we will apply a fixed point
argument to the map

L:L*(Q) > LX),
G~ —E, [qG +ep9"‘,e_ip’7‘x(—A +q)e_p9'x/eip’7"‘x (p_%x3) e‘is'x] )

Indeed, in view of (2.29) and (2.33), we have

_1 —
ICwl 2@ < Cp™ 8 +Cp w2y, w € LX),

| Lwy —£w2||L2(Q) < ||Ep[11(w1 - wz)]lle(Q) < CP_I lwy — w2”L2(Q)’ wi, Wy € LZ(Q)y

with C depending on w, & and |g|r>~(q). Therefore, there exists pg > 1 such that for
0 = po the map £ admits a unique fixed point w, in {w € L3(Q) : lwliz2@ < 1} In
addition, conditions (2.29)—(2.31) imply that w, € H*(Q) fulfills (2.18). This completes
the proof of Theorem 2.1. O

3. Carleman estimate

In this section we establish a Carleman estimate for the Laplace operator in the
unbounded cylindrical domain 2. Before the statement of this result, we will show how
one can extend some applications of the classical Green formula for H? functions into
the infinite cylindrical domain . Note that functions G € H?(Q) may have complicated
behaviors on the cross section @ x {x3} as |x3] — +o00. However, using the fact that H2($2)
embedded continuously into the spaces

HYRyy; H X (w) :=(H € L*(Q) : x3—~ H(-,x3) € H*'R; H* X (0)}}, k=0,1,2,

we can show the following extension of applications of the Green formula already
considered in [16].

lHere, for H € L%(Q) and for a.e. x3 € R, H(-, x3) denotes the function w > x" — H(x/, x3).
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Lemma 3.1. For an F, G € H*(2), the traces Fpag, Gag, o Flaq, 0vGaq are well defined
as elements of L2(09)2 and we have

/AFde:/ E)UFGda(x)—/ Fa,,Gda(x)—i—/ AGF dx, (3.34)
Q a2 Q2 Q

/ﬁf@GW:—/%ﬁ%ﬂGw,aeW,mgL (3.35)
Q Q

Proof. Since H?*(2) embedded continuously into LZ(RX3; H%(w)) the traces x3
F (-, x3)30 and x3 = 0, F (-, x3)j3, are well defined as elements of LZ(RX3; L2(dw)) =
L*(3Q). This proves the first claim of the lemma. Now let us prove (3.34)(3.35). For
this purpose, let us first remark that for F compactly supported one can apply the
Green formula into a bounded neighborhood of supp(F)NQ in 2 in order to prove
(3.34)(3.35). This proves that (3.34)(3.35) hold true for F € {Tjq : T € C°(R?)}. Now
let us consider the case of functions F which are not compactly supported. Following the
proof of [35, Lemma 2.7], we can define the extension operator P : H%(Q) — H2(RY)
which is bounded and satisfies

P(H)q=H, HeH*Q).

Then, applying the density of C§° (R3) in H?(R3), we consider the sequence (@n)n>1 lying
in C3° (R3) such that
nll)nolo lgn — PF||H2(R3) =0.

In particular we have
lon = Fllg2@) = 100 = PFllg2@) < lgn — PFllg2g3), n 21,
which implies that

This proves that
ngrf_loo lon — Fli2) = nl}ffoo lAp, — AF |20 = 0. (3.37)

Moreover, using the continuity of the map
L*(Ryy: H* (@) 3 T > Tag € L*(09Q),  L*Ryy: H> (@) 3 T > 3,Tjsq € L*(39),
and the fact that

= | D AT x)Pdx <TGy T € HAQ),

aENZ,
lor| <2

2Actually using the fact that & = w x R and the fact that w is a bounded subset of R2, in a similar way

3 1
to [41, Theorem 8.3, Chapter 1], we can prove that Flaq € H2(3R2) and 9y Flpg € H2(022). This can be
proved by following the proof of [41, Theorem 8.3, Chapter 1] with local coordinates considered only
with respect to the part x’ € w of variables x = (x’,x3) € o xR = Q.
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we obtain
llon — F||L2(agz) < Cllgn — F||L2(Rx3;H2(w)) < Cllgn — F”HZ(Q)’ nzl,

10ven — O Fllp230) < Clign — F||L2(]RX3;H2(0))) S Cllen — Fllg2), n=1,
with C > 0 independent of n. Combining this with (3.36), we obtain

HETOO len — F||L2(ag2) = nlir_{_loo 18y @n — 8uF||L2(agz) =0. (3.38)

Now using the fact that ¢,, n € N, is compactly supported, we can apply the Green
formula to get

/A(pndezf 8v¢nGd0(x)—/ (p,,BVGdU(x)+/ AGg,dx, n>1. (3.39)
Q Q2 Q2 Q

Moreover, applying the Cauchy—Schwarz inequality, we find

fA(pnde—/AFde
Q Q

’/ gonAde—/ FAGdx
Q Q

‘/ <pn8UGdo(x)—/ Fd,Gddo (x)
R Q2

< MA@ — AF | 201Gl 120

< llon = Flip2@) 1AG 129

< llen = Fllp2go) G2 ga)-

‘/ 8v<pnGda(x)—/ oy FGddo (x)
a0 aQ

< 1ov@n — W Fll 1200y 1G I 1200

Combining this with (3.37)—(3.38) and sending n — oo in (3.39), we obtain (3.34). In a
similar way, using the fact that ¢,, n € N, is compactly supported we obtain

/a;gona;ic;dxz—/ ey 00, 0% Gdx, aeN*, |af < 1. (3.40)
Q Q

Moreover, we have

<192, (@n = F)ll 120 105Gl

‘/ afsgonag,de—f 9, Fo% G dx
Q Q

< len — Fllg2e) 185Gl 12

< 02y @0 — F)ll 1200 10,94 G |

/aw,,amaj/(;dx—/ Ouy F0,,0%G dx
Q Q

< llon = Fll g2 l10x,05 Gl 12 -

Combining this with (3.36) and sending n — 0o in (3.40) we obtain (3.35). This completes
the proof of the lemma. O

Our Carleman inequality, which is similar to [6, Lemma 2.1] for unbounded cylindrical
domains, takes the following form.
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Proposition 3.2. Let 6 € S'. Then, there exists d > 0 depending only on w such that the
estimate

i/ =200 |1y ()] dx+2p/ e=200%' 0 19,1 (x)2do (x)
d angR
<

/ ™20 | Au()|? dx +2p f e | vla,u()Pdo(x)  (3.41)
dw, xR

holds for every u € H*(Q) satisfying ur =0.

Proof. We fix u € H*(Q) satisfying ur = 0. We decompose the operator e P0 A Aot
into three terms P, + P_i + P_, with
P :=A+p* and P_:=200-V, P} =92

X3°

where we recall that A’ (respectively, V') denotes the Laplace (respectively, gradient)
operator with respect to x’ € w. Thus, fixing v(x) := e”oe')‘/u()c)7 we get,

/e—ZPa‘X’mu(x)de

Q

:/ |e_"0"‘/Aep0'xlv(x)|2dx
Q

:/ |(P}, + P+ P_)v(x)|* dx
Q

=/ |(P;+Pi)v(x)|2dx+/ |P_v(x)[* dx +2R(P}v, P_v) 21y +2R(PLv, P_v) 2.
Q Q

and it follows

/Q|P_v(x)|2dx+2m<1)/+v, P_v);2q) </Qe_2pe'x|Au(x)|2dx—29%(P_iv,P_v)Lz(Q).

(3.42)
In addition, applying (3.35), we obtain

2R(PJv, P_v)2q) = —p/R/ V' - (105, v(x)]%0) dx’ dx;
w

—p/ |9, 0(x)|%0 - v(x)do (x) = 0. (3.43)
r

Here we apply the fact that dy,v e LZ(RX3; HY(®)) and the fact that the condition
vir = 0 implies dy;vjr = 0. Since v € H?(R), for a.e. x3 € R, the function v(-, x3) := x>

v(x’, x3) € H?(w) satisfies v(-, x3)]90 = 0 and we can apply [6, Lemma 2.1] and deduce
that there exists d > 0 depending on w such that, for a.e. x3 € R, we have

8 ! /
Z /|v(x x3)|> dx’ +2p/8 e 2099y (x)|0,e”?F v(x', x3)2do (x))
w

g/ |P_v(x/,X3)| dx/+2%/ P_/i_v(x/,x3)P_v(x’,x3)dx/.
w w
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It follows

802 , ,
if e u(x!, x3) > dx’ +2p f e 2070 v Byu(x, x3)Pdo ()
d w w
< |P_u(x/,x3)|2dx/+2mf Plo(x, x3) P_v(x', x3) dx’.
w w

Thus, using the fact that u, v € H*(Q) C LZ(RX3; H?(w)), we can integrate both sides of
this inequality with respect to x3 € R and get

80> / )
% e PN u(x', x3)? dx’ dxs +2p f e 200 V() |dvu(x', x3)do (x') ducs
Q r
</ |P_v(x', x3)|* dx’ dx3 —|—29{/ PLo(x', x3) P_v(x’, x3) dx’ dx3. (3.44)
Q Q
Putting (3.42)—(3.44) together, we end up getting (3.41). O

Combining (3.41) with the fact that
Au <2 (I=A+ gyl + g3 e lul?)

we get

4p? —900-x —200-x'
(7 - ||q”%°°(m> / e 2P u(x)| dx +,0/ e 2079 v|3,u(x)|*do (x)
Q dof xR

< f 20 (A + @ux) P dx +p f e209 19 v [3,u(x)|Xdo (x).
Q d

wy xR

As a consequence we obtain the following estimate.

Corollary 3.3. For M > 0, let g € L*(R2) satisfy |lgllLo@) < M. Then, assuming that
the conditions of Proposition 3.2 are fulfilled, we find

202 , ,
i/ e 2P0x |u(x)|2dx~|—,0/ 7299 v|9,u(x) > do (x)
d Jo dwf xR

</ e*2ﬂ9'X’|(A+q)u(x)|2dx+p/ e2P9% 19 v] |9, u(x)*do (x), (3.45)
Q d

wy xR
for p = p1:= M(d/Z)% + 1.
4. CGO solutions vanishing on parts of the boundary

We fix ¢ € L®(R) and for all y € S', r > 0, we set
dwyry={x€dw:v(x)-y>r}, Odo_,y={xcdw:vx) y<r}

We recall that v denotes both exterior unit vectors normal to dw and to 9€2. In the spirit
of [29], we will apply the Carleman estimate (3.41) in order to build solutions u € Ha(S2)
to

{—Au—i—qu:O in 2, (4.46)

u = 0, on 3&)_;,_,5/2,_9 X ]R,
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taking the form
u(x’', x3) = Pt gmipnx (X (,o_%)g) +zp(x)> , x=(",x3) € Q. (4.47)

Here 0 € {y € S! : |y —6y| < €} and the remainder term Zp € e~ PO oiP X 1\ (Q) satisfies
the boundary condition

1
2p(x', x3) = —x (p_4X3) . (X x3) € 0wy g2, 0 xR

and the decay property
_1
lzpll 2 < Cp™ %, (4.48)
with C depending on K’, Q@ and any M > ||g|lz~(g). Recalling that
Ow\K') C (Qw\dw_ ¢ —p) = dwy s g,
one can check that (4.46) implies supp(Tou) C K (recall that for v € Cgo(ﬁ), Tov = vyr).

The main result of this section can be stated as follows.

Theorem 4.1. Let g € L®(Q), 6 € {y € S! : |y —6p| < &}. For all p > p1, one can find a
solution u € Ha(Q) of (4.46) taking the form (4.47) with z, satisfying (4.48). Here pi
denotes the constant introduced at the end of Corollary 3.3.

To establish the existence of such solutions of (4.46) we recall some preliminary tools
and an intermediate result. We consider first some weighted spaces. We set s € R,
0 e{yeS':|y—6y < e} and we denote by y the function

yx)=10-vx)|, xel.

We define the spaces Ly (2) and, for all non-negative measurable functions g on I', the
spaces Ly ¢ + by

—s0-x" N1
Ly(Q) = eV L2Q), Lygr=1{f: ¢ g2(x)f € L*(wsp xR))

with the norm 1

, 2
lulls = (/ 0 |u|2dx> . ueLy(Q),
Q

1
2
lulls, g+ = (/ 9% g(x)uldo (x") dx3> , uELyga.
dw g xR
We consider also the space
Do = {U|Q I S Cg(Ra), vr = 0}

and, in light of Corollary 3.3, an application of the Carleman estimate (3.45) to any
h € Dy yields

1
pllhllp + 2100kl .y~ < CU(=A+@hllp +10vhll ooy, +), o = pr1. (4.49)
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We define also the space
M ={((—A+QvjQ, D Vjjw, 4xr) : V€ Do}

and consider it as a subspace of L,(22) x L, ,y +. Combining the Carleman estimate
(4.49) with a classical application of the Hahn Banach theorem (see [29, Proposition 7.1]
and [16, Lemma 3.2] for more details) to a suitable linear form defined on M, we obtain
the following intermediate result.

Lemma 4.2. We fiz 8(:)*7’9 ={xedw: 0-v(x) <0}. Given p > p1, with p; the constant
of Corollary 3.3, and

veL (), v-€L_, -1_,
there exists y € L_,(2) such that the following conditions:
(1) —Ay+qgy=vin Q,
(2) Yjpor ,xr = V-,
1 . .
(3) Iyll—p < CoMvll—p+p~2lv-lI_ -1 ) with C depending on 2, M > l|q|l =),
are fulfilled.
Armed with this lemma we are now in a position to prove Theorem 4.1.
Proof of Theorem 4.1. We need to consider z, satisfying
2, € LA(Q)
(—A +q)(€p"'x’e—ip'7"‘zp) = —(—A 4 g)ert e=irnx y (p_%%) in Q (4.50)
1
Zp=—X (,0‘%53) on dwy g2, —9 x xR.
We choose ¢ € CSO(RZ) satisfying supp(¥)Ndw C {x € dw : 0 -v(x) < —¢/3} and ¢ =1
on {x € dw:0-v(x) < —&/2} = dwy ¢/2,—¢. Then, we fix
(¢, x3) = =PV TP (I (), x € do_g x R.
Using the fact that v_(x) = 0 for
xef{xel: 6-v(x) > —¢/3} xR

we deduce that v— € L_, -1 _. Set also

8%
V) = (A e ey (p7ix), e
In view of Lemma 4.2, we can find h € Ha(2) such that

(—A4+g)h =v in ,
h(x) = v_(x), x €dw_gxR.

Thus, sze_pg'x/eip”'xh will fulfill (4.50). Repeating some arguments similar to
Theorem 2.1, we obtain

’ / . 1
Hefpg'x (—A+g)ef?~ g7 y (Wxs) ‘

7
< Cps,
e S P
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with C depending only on @ and M > ||g|/z~(g). Combining this with condition (3) of

Lemma 4.2 we get
lepllzz = Whllp < € (7 10l + ™oy 1.2

<C (078 4070y liagop I (074) iy )

<c(e

Cp~

PPN 2 X2y

§

N

with C depending only on € and |¢|lr~). This proves estimate (4.48). Since
e‘pe‘xlei”"'xzp =h € HA(R2), u defined by (4.47) is lying in HA(2) and is a solution of
(4.46). This completes the proof of Theorem 4.1. O

5. Uniqueness result

In this section we will complete the proof of Theorem 1.1. We fix ¢ = g2 — g1 on Q and we
extend it by ¢ = 0 on R\ Q. We assume that the constant € given in the beginning of § 4
is chosen in such a way that for any 6 € {y € S' : |y —6y| < ¢} we have dw_ .9 C G'. We
consider p > max(pg, p1) and fix O € {y e St : |y —6p| < ¢}, & = (£,&) € R3 satisfying
£3 # 0 and £ € 01\ {0}. In light of Theorem 2.1, we can pick u; € H?(2) solving —Au; +
giu; =0 on Q of the form (2.17) with w, satisfying (2.18). In addition, according to
Theorem 4.1, we can fix up € Ha(2) a solution of (4.46), with ¢ = g, taking the form
(4.47) with e=P0¥ elP1%7 e HA(Q) satisfying (4.48). Fix w; € Ha(2) solving

—Aw;+qiw; =0 in Q,
{ Towr = Touz. (5.51)
It is clear that u = w; — uy solves
—Au+qiu = (g2 —quz in Q,
{ ux) =0 on 092. (5.52)

Using the fact that (g2 — q1)us € L*(), in light of [14, Lemma 2.2], we have u € H*(R).
Then, applying (3.34), we find

/(qz—ql)uzuldx = —/ Auuldx—i—/ qiuuydx = —/ avuulda(x)—i—/ oyuudo (x).
Q Q Q r r

On the other hand, we have u;r = 0 and, combining (1.7) with the fact that suppTouz C
K, we deduce that 9,u|g = 0. It follows that

/ quoudx = —/ dyuu do(x). (5.53)
Q G

In view of (2.18), by interpolation, we have

- i

23
lwpllzgy < Cllwpll s < C (lwplle) ™ (lwplle) ™ < Cot.

@
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Thus, applying the Cauchy—Schwarz inequality, we obtain

/ duuydo(x)| < A;{/ |8Uue_px/'9 (eip”‘x)( (p_%m) eTHEx 4 wp(x)> |do (x") dx3
'\G 0w e0

1

2
—ox/- _1
<C (/ le=P* 03v“|2d0(x)) (||X (P 4‘) ||L2(R) + ||wp||L2(r)>
dw4 g0 xR

1

2
< Cpts f =" dyul?do (x)
0wy ¢ 0 xR

for some C independent of p. This estimate and the Carleman estimate (3.45) imply

2

’/ (g2 — q1)uzuy dx
Q

7 ’
< Cp® f le™P*08,u|?do (x)
dwy g0 xR

7 /
< E_IC,OE/ le PO 3,ul?|v-0)do (x)
8a)+’9><R

1

<e lcpTs (/ |e_px,'9(—A +q1)u|2dx>
Q

< 871C,07é </ |e*px’,9qu2|2 d.x)
Q

1

<e'CpE (||q||Loo<Q>||x||Loc<R> / |q<x)|dx+||q||im<m||zp||iz(g)>, (5.54)
Q

where C > 0 is a constant independent of p. Applying the fact that ¢ € L!(R2), we deduce
that

lim quouydx = 0. (5.55)
Q

p—>+00

Moreover, we have
/quluzdx :/ Xz(p_%)@)q(x)e_is'x dx+/ Y(x)dx+/ Z(x)dx,
Q R3 Q Q
with ¥ (x) = g(x)e """z, (x)w,(x) and

Z(X) = q(X)X (p_%x?’) I:Zpe—l'xf + wpe—ipnAx] )

Applying the decay estimate given by (2.18) and (4.48), we obtain

FSE

/Q Y (Oldx < llwpl 2o lolli2) < Co,

_1
/Q 12l dx < gzl (p75) e Ul + 12 2@)

1

1 1
< Cllglioe o191} 1 gy Xl L0,
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with C independent of p. Combining this with (5.55), we deduce that

lim Xz(p7%x3)q(x)efi5'x dx =0.

p—>+00 R3

On the other hand, since ¢ € L'(R3) and x(0) =1, by the Lebesgue dominated
convergence theorem, we find

lim X2(p—%x3)q(x)e—ié~x dx :/ q(x)e_is'x dx.
R3

p—>+00 JR3

This proves that, for all 6 € {y € S' : |y — 6| < &}, all & € R?\ {0} orthogonal to # and
all & € R\ {0}, we have

FFuat. 8] €)= am™ /R Foa@ E)e  dx' =0, (5.56)
Since g € LY(R3), & Frq (-, &3) is continuous from R to L'(R?) and

[Fryq (-, &3)| < (Zn)’%/ﬂqu(uxs)ldm,

by the Fubini and the Lebesgue dominated convergence theorem, we deduce that (5.56)
holds for all & € R? orthogonal to 6 and all £ € R. Now using the fact that for any
& e R, Fy,q(-, &) is supported on @ which is compact, we deduce, by analyticity of
F [.7-}3q(-, $3)], that Fy,q(-, £3) = 0. This proves that ¢ = 0 which completes the proof of
Theorem 1.1.

6. Applications

In this section we will prove the three applications of Theorem 1.1 stated in
Corollaries 1.2-1.4.

6.1. Application to the Calderén problem

This subsection is devoted to the proof of Corollary 1.2. Applying the Liouville transform,
we deduce that for u the solution to (1.8), v:= atu solves the following BVP:

(=A+gy)v =0, in Q,
v = a%f, on I,

where g, := a_%A(a%). In addition, one can check that
_1
Sof =athgaif—at (da?) £ f e HAT)Nay * (HeD)),

where X, is defined by (1.9). Combining this with (1.10)—(1.11), we find that

1 1 1 1 1 _1
Yo, f =ai Ag;ai f —aj (avaf) fic. j=12 feHII)Na, *(Hg()),
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where, we denote by g; the potential g,;, j = 1, 2. Consequently, the condition X, = X,
implies

1

_1 _1 1
(Agy = Ag) f =ay > (Za, — S, f =0, [ eaf HIT)N (Hg (D).

In particular, this proves that Ay = Ag,. Since a; € A, j =1,2, it is clear that ¢; €
L>®(Q) and ¢q; — g2 € L' (Q). Then, according to Theorem 1.1, we have g = ¢5. Fixing
1 1

yi= czl7 —ag € HI%C(Q) we deduce that y satisfies

1
(=A+q1)y = —a;(q1 —q2) =0, inQ,
YiknG = dYyknG = 0.

Combining this with results of unique continuation for elliptic equations (e.g. [46,
Theorem 1]) we obtain y =0 and we deduce that a; = ap. This completes the proof
of Corollary 1.2.

6.2. Recovery of coefficients that are known in the neighborhood of the
boundary outside a compact set

This subsection is devoted to the proof of Corollary 1.3. For this purpose, we assume
that the conditions of Corollary 1.3 are fulfilled. Let us also introduce the following sets
of functions

Sy =1{ue L*(Q): —Au+qu =0, supp(Tou) C K}, Qg :={u € L*(Q): —Au+qu = 0},

Sqoy =1{ue L*(Q): —Au+qu =0, supp(Tou) C (K x[-R, R)Uy; Uy},
Oy =1 € LX)+ —Au+qu =0, supp(Tou) C o x [~R, R) Uy2Uyj).

We consider first the following result of density for these spaces.

Lemma 6.1. The space qu’V%Vz/ (respectively, S‘I2>V1’V1/) is dense in Qg (respectively, Sg,)
for the topology induced by L*(2\ (21,5 U Q2.4)).

Proof. Due to the similarity of these two results, we consider only the proof of the
density of Q‘ll’VZ’Vz/ in Q4. For this purpose, assume the contrary. Then, there exist

g€ L*(Q\(21,+UQ.4)) and vy € Qy, such that

/ gvdx =0, ve Q%Vz’yz” (6.57)
Q\(€21,xUQ20 )

/ guodx = 1. (6.58)
Q\(Ql.*UQZ,*)

From now on, we extend g by 0 to Q. Let y € H*(2) be the solution of

(—A+q)y =¢, ing,
y=0, onT.
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Then, for any v € H*(Q) N Q41724 (3.34) and (6.57) imply

0:/ gvdx:—/ 8Vyvda(x)—/ 8vad0(x)—/ dyyvdo(x).
Q dwx[—R,R] » 1z

Allowing v € H*(Q)N qufzvl’z/ to be arbitrary, we deduce that

3yy(x) =0, x € @wx[—R,R)UpUy,. (6.59)
Therefore, y satisfies
{ (=A+4q1)y =0 in Q ,
Vs = Yy, =0

and the unique continuation property for elliptic equations implies that yg,, = 0. In the
same way, we can prove that yjq,, =0 and we deduce that

y‘ag‘f,* = av}’\afzj,* = 0, ] = 1’ 2
Combining this with (6.59), we obtain
y(x) =dy(x) =0, xe€d(Q\(Q,UQ,)) =T,

Then, for any z € Cg° (R3), applying the Green formula on a bounded neighborhood of
supp(z) in @\ (21, U..), we find

/ zAydx —/ yAzdx =0. (6.60)
Q\(QI,*UQZ,*) Q\(QI,*UQZ,*)

Let us prove that (6.60) holds true for z € Ha(€2). For this purpose, we fix z € HA(Q).
According to [16, Lemma 2.1], there exists a sequence (z,),>1 lying in C§° (R3?) such that

nli)ngo Iz = znllL2@) = nli)nolo Az — Azpllz2(q) = 0. (6.61)

In light of (6.60), we have

/ Zn Ay dx —/ YAz, dx =0, n=>1. (6.62)
Q\(Ql,*UQZ,*) Q\(Ql,*UQZ,*)

Moreover, (6.61) implies

lim sup
n—o00

/ Ay dx — / ZAydx
Q\(Ql,*UQZ,*) Q\(Ql,*UQZ,*)

< (limsup ||z — Zn”LZ(Q))”Ay”LZ(SZ) =0,

n—oo

lim sup
n—oo

/ YAz, dx — / yAzdx
Q\(Ql,*UQ2,*) Q\(Q],*UQZ,*)

< (limsup [[Az = Azpll 2@ 1V 2() = O-

n—oo
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Combining this with (6.62) we deduce that (6.60) holds true for z € Ha(S2). Therefore,

we get
| gudx = [ (~A+gnyuds
Q\(Q1,:U2,5) Q\(Q1,:U2,5)
= / y(—A+gq1)vgdx = 0.
Q\(Ql,*UQZ,*)
This contradicts (6.58) and completes the proof of the lemma. O

Armed with this lemma we are now in a position to complete the proof of Corollary 1.3.

Proof of Corollary 1.3. Let u; € qu’VZ’VZ/ and up € qugyl,y{' Repeating the linearization

process described in § 5 we deduce that A;‘l R= AZz r implies

/ (g2 —q1)uiurdx = 0.
Q

Then, (1.12) implies
0= / (g2 —quruzdx = / (g2 —gnuuz dx. (6.63)
Q Q\ (215U %)

Combining this with the density result of Lemma 6.1 and applying again (1.12), we obtain
/ (g2 —qDuiuzrdx = / (g2 —gquiurdx =0, ui € Qq;, uz € Sy,.
Q Q\(£21,5US22 )

Finally, choosing u1, us in a similar way to § 5, we can deduce that ¢; = ¢g». This completes
the proof of the corollary. O

6.3. Recovery of non-compactly supported coefficients in a slab

In this subsection we consider Corollary 1.4. Applying the construction of CGO solutions
and the Carleman estimate of the previous sections, we will prove how one can extend the
result of [40] to coefficients supported on an unbounded cylinder. For this purpose, we
start by fixing § € (0, R —r) and w an open smooth and connected subset of (0, L) x R
such that (0, L) x (—r—8,r+38) Cw C (0, L) Xx (—R, R). Then, we fix Q:=w xR and
we consider the set of functions

V() :={ue H(Q): —Au+qu=0 in Q},
W, (0) i={uig: ue H(O), —Au+qu=0 in O, uy,— =0},
W, () i={uec H(Q): —Autqu=0 in Q, uj,— =0}

Following [40, Lemma 9], one can check the following result of density.

Lemma 6.2. Let g € L°°(O) be such that 0 is not in the spectrum of —A + g with Dirichlet
boundary condition on O. Then the set Wy(O) is dense in W, () with respect to the
topology of L*(Q).
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In the same way, combining Lemma 6.2 with the Carleman estimate (3.45) and [40,
Lemma 10], we obtain the following important estimate.

Lemma 6.3. Let 0 := (01, 62) € S' be such that 6; > 0 and assume that (1.14)-(1.15) are
fulfilled. Then we have

‘/ (g1 — g2)vivadx| = ‘/ (g1 — g2)vivadx
O Q

1
2

1 1 ’
< Cp2(6)2 (/ le™"* % (qy —Q2)v2|2dX)
Q

1

, 2
x ( / |eP* '9u1|2do(x)> (6.64)
'n{x;=L}
for all vy € V() and for all v2 € Wy, ().

Armed with these two results, we will complete the proof of Corollary 1.4 by choosing
suitably the solutions v;, j =1, 2, of the equation —Av; +¢g;v; =0 in Q.

Proof of Corollary 1.4. From now on, we assume that the condition (1.15) is fulfilled. Let
us first start by considering the set @ := {x := (x1, x2, x3) : (—x1, x2,x3) € w}Uw and let
us extend g» by symmetry to @ x R by assuming that

@2 (=x1, x2, X3) = q2(x1, X2, x3), (x1,x2,x3) € ® xR,

Applying the results of §2, we can consider us € H*(® x R) solving —Aus + gaus = 0 in
@ X R and taking the form

uy(x) = er? (e_ip"'x)( (,o_%x3> e e 4 wz,p(x)> , x:=(@"x3) edxR, (6.65)

with @ := (01, 6) € S! such that 6; > 0, 5, & € R3 chosen in a similar way to the beginning
of §2, and wp , € H?(& x R) satisfying

00|

P w2l g2 xry + Pllw2pll 2 xRy < CPF. (6.66)
Then, we fix v, € H*(2) defined by
v2(X1, X2, X3) i= uz(x1, X2, X3) —ua(—x1, X2, x3), (X1, %2, x3) € Q. (6.67)
It is clear that vy € W, (2). In the same way, we fix v| € V,, (Q2):
01 (x) = e P (eipn'xx (p—%xg) + wl,p(x)) L x=(x)eQ, (6.68)
with wy , € H*(Q) satisfying
_ 7
P wipll g2+ olwipll2g) < Cot. (6.69)

Applying (6.64)-(6.69) and the fact that g1 — g2 € L®(Q)NLY(Q) C L*(R), in a similar
way to § 5 we deduce that

lim / (g1 —g2)vivadx = 0.
Q

p—>+00
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On the other hand, we have

1 .
/(ql—qz)vlvzdx=/(q1—qz)x2 (/fzxs) e ivE dx—i—/ X, dx, (6.70)
Q Q Q

where |
X, = (q1 —q2) [e_pg"‘ urwy,p +wo e x (,o_ng)]

— (g1 — qo)e M (ei"""‘x (p*%m) + wl,p(x))

% (e—iﬂﬂ~s(x)x (;0_%38) i€ () + wz,p(s(x))> ,

with s(x1, x2, x3) = (—x1, X2, x3). Combining this with the decay estimates (6.66), (6.69)
and using the fact that 8;x; > 0, we deduce that

lim | X,dx=0.
p—>+0 Jo

Then, (6.70) and the fact that ¢; —g> € L'(Q) imply that

/ (@1 —q)e ™ dx =0
Q

and following the arguments used at the end of the proof of Theorem 1.1 we deduce that
q1 = q2. O
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