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THE ENDOGENOUS
DETERMINATION OF RETIREMENT
AGE AND SOCIAL SECURITY
BENEFITS
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An aging population in modern societies has put stress on public pension systems. To
prevent social security deficits from increasing to unbounded levels of public debt we
focus on two policies: reducing the generosity of pension benefits, determined by the
government, and postponing the effective retirement age, chosen by employees. An
atomistic employee would disregard the effect of his retirement decision on the public
debt and would retire as soon as possible. Conversely, an ideal farsighted agency
considering all current and future employees would postpone retirement, thereby
alleviating the pressure on public debt and allowing a more generous long-run pension.
The government may design a proper incentive strategy to induce myopic atomistic
decision makers to act nonmyopically. This strategy is a two-part incentive with nonlinear
dependence on the stock of public debt. It is credible if deceiving employees slightly
adjust their retirement-age decisions to increments in the public debt.

Keywords: Public Pension System, Effective Retirement Age, Differential Games,
Credibility of Incentive Equilibrium

1. INTRODUCTION

Social security systems in many developed countries are currently in a process of
change. An aging population in these industrialized countries has put their social
security systems under stress. The percentage of employees reaching retirement
age has been growing simultaneously with further life expectancy at retirement
age. Furthermore, population growth has slowed down. Therefore, the dependency
ratio, defined as the number of retirees relative to the total labor force, reveals an
upward-sloping tendency.

A wide variety of reforms have been proposed. The literature on social security
reforms is ample and includes debates on structural reforms such as moving from a
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pay-as-you-go system (PAYG) to an entirely or partially funded system, switching
from defined-benefit plans to defined-contribution plans, or even changing to
privately managed or funded social security systems [see, for example, Banks and
Emmerson (2000)]. Yet another alternative focuses on offering complementary
private pensions. Nevertheless it is not our intention to discuss pension system
design. Our aim is to study a “parametric” reform [see Banks and Emmerson
(2000)] while leaving unchanged the framework found in a PAYG purely pub-
lic pension system with defined benefits. Two policies that reduce the pressure
on social security systems associated with aging populations are included in
our study: a delay in retirement and a reduction in the generosity of pension
benefits.

Most industrialized countries have already attempted to lower public pension
benefits1 and encourage labor participation at advanced ages. Flexibility in retire-
ment age (early or late retirement) is currently an accepted practice in many OECD
countries. Furthermore, as pointed out in Casey et al. (2003), in some countries
early retirement is becoming more costly, whereas in others late retirement is being
encouraged more strongly.2 We must be precise here and distinguish between the
legal and the effective retirement age. In this paper we will focus on the latter and
on the mechanisms or incentives that might push employees to extend retirement
beyond the legal retirement age. Hence, we will study decision processes by
employees regarding their effective retirement age.

The optimal determination of the effective retirement age by individual agents
has been analyzed in the literature [see, for example, Heijdra and Romp (2009) or
Sánchez Martı́n (2010) and references therein]. In these models, individual agents
maximize their lifetime utility subject to their lifetime budget constraints. They
choose a lifetime path of consumption and their optimal retirement age. However,
public pensions are determined by a given formula known by these agents. We are
unaware of any study concerning the interaction between the individual agent’s
decisions on retirement and the government’s decision on pension generosity. Fur-
ther, this interaction has to be studied in a dynamic setting, because public pension
expenses influence the evolution of the public debt and therefore the welfare of
future generations. To quantify this effect, notice that social protection is the
largest block of public expenditures [accounting for 36.7/18.9/34.2/34.3% (Euro-
zone/U.S./Japan/OECD)]. And among the social protection benefits, a majority of
the OECD countries expenditures was directed to old age: 22.3/16.3/24.3/16.6%
of total government expenditures in 2007, or equivalently 9.6/6/8.8/7% of GDP.
Further, the relative magnitude of pension expenses in government accounts will
increase, as shown by the projections for the next half century: 13.9/—/4.8/11.4%
of GDP in the year 2050 [see OECD (2011)].

A dynamic game between the government and a representative consumer con-
cerning the provision of a public good has been analyzed [for example, see Xie
(1997), Karp and Lee (2003), or Cellini and Lambertini (2007)]. In these papers
the public good depends on the tax chosen by the government and the actions of the
entire population, whereas the evolution of the state (agent’s wealth) is dependent
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on individual decisions. In contrast, in this paper each agent’s public pension is
dependent on government benefit levels and the retirement age chosen by the
particular individual, whereas an atomistic decision maker has no influence on
the state of the system, defined as the public debt generated by the social security
system. This state variable will depend on retirement decisions in a full context.
The research question in this paper is as follows: Assuming that the government
cannot determine the effective retirement age, and given that it is optimally chosen
by employees, could public pensions be settled as an incentive strategy inducing
the workforce to behave in a certain way? More precisely, could the government
induce myopic employees to behave as if they were non-myopic? That is, could
the government encourage myopic employees, for whom retirement age has a
negligible effect on the public debt, to (still maximizing their current utility) make
the same decision that would be made by a nonatomistic decision maker who is
aware of how retirement age may alleviate the problem of a high stock of public
debt? Because the incentive-linked behavior of employees would be beneficial to
future generations, this question makes sense for a government concerned with
intergenerational equity.

The mechanism considered involves incentive strategies. An incentive strategy
can be regarded as one player’s announcement that he will stick to a desirable
solution (usually the cooperative solution) as long as the other player does not
depart from his position in this desired solution. The use of a linear incentive
strategy to enforce cooperation in a dynamic game was first introduced by Ehtamo
and Hämäläinen (1993, 1995), and later applied, for example, in Jørgensen and
Zaccour (2001a, 2001b). The important issue of the credibility of such incentive
strategies is analyzed in Martı́n-Herrán and Zaccour (2005, 2009) for linear–state
and linear–quadratic differential games. In the present paper, the incentive strategy
does not seek cooperation but instead induces myopic atomistic individuals to act
nonmyopically. Further, because the incentive strategy is nonlinear with regard
to the stock of public debt, the punishment of employees who deviate from the
nonmyopic solution will be dependent on this stock.

The paper presented here is related to three streams of the literature. It enriches
the literature on the optimal determination of the effective retirement age by
giving attention to the strategic interaction between the worker’s decision and the
government choice for the generosity of the public pension. As far as we know,
this is the first attempt to study this interaction as a dynamic game. The paper
is also a contribution to the literature on incentive strategies. The punishment to
the player who deviates from the targeted solution depends on the size of the
deviation, as is standard in this literature. Moreover, the novelty of our paper
is that the punishment also depends on the state of the system, allowing the
government to tighten the punishment as the burden of a greater stock of public debt
aggravates.

The remainder of the paper is as follows. Section 2 analyzes the scenario of a
myopic representative worker who disregards the effect of his effective retirement
decision on the dynamics of the public debt. He will choose not to postpone
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retirement because he has no further incentive from the government to do so.
Section 3 studies a benchmark ideal scenario in which the decision on effective
retirement age no longer relates to individual agents, but instead to an agency that
decides on their behalf. The agency is concerned not only with all current workers’
welfare but also with future employees’. Thus, the agency acts nonmyopically, and
a delay in the retirement age, which would help reduce public debt, might arise.
In Section 4 we propose an incentive strategy through which the government can
induce myopic atomistic decision makers to behave like the nonmyopic agency,
which internalizes the effect of effective retirement age on the dynamics of the
public debt. Section 5 analyzes the credibility of such an incentive strategy. Finally,
Section 6 concludes.

2. THE MODEL

Our starting point is a situation in which, because of an aging population, current
contributions to the social security system are not enough to maintain unaltered the
previous level of public pension benefits. The public pension system has switched
from a situation characterized by a balanced budget to a situation in which pension
expenses for retirees exceed contributions from current workers. Everything else
remaining equal, the deficit in the social security program would fuel unbounded
public debt.

Here we consider two policies that may help to adjust contributions and pension
expenses: a reduction in public pension benefits and a postponement of retirement.
The interaction between these two decision variables is analyzed in the context of
a game of infinite duration between a continuum succession of identical private
agents and the government. Agents belonging to the cohort that reaches its legal
retirement age at time t decide how much longer to postpone effective retirement.
As for the government, it chooses the generosity of the public pension. That is, it
decides the retirement pensions as a constant lifetime annuity for each particular
cohort. Further, for simplicity, we assume that the government pays at time t the
actual value of this annuity (one might think of this amount as paid to an insurance
company).

Current pension expenses influence future generations through their effect on
the evolution of the public debt. For simplicity, we neglect any government ex-
penditures except public pension cost. Thus, the evolution of the public debt
depends on the gap between current contributions to the social security system
and public pension expenses. These expenses depend on the public pension that
the government agrees to pay to every retiree, and the size of this collective.3

2.1. Public Debt Dynamics

We define p̂ as the public pension per capita, which, assuming all workers retire
at the legal retirement age, could be financed by current contributions. Now, if
we define public pension as P(t) = p̂ + p(t), variable p(t) is the excess or
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supplementary pension above p̂, henceforth called excess pension. Contributions
cancel out p̂, and hence we may reduce notation and focus on the excess pension
above contributions. If the government wishes to maintain previous benefit levels
(those paid before the aging of the population), it should fix a positive p(t), and if
workers fail to delay their effective retirement age, the induced government deficit
would increase the public debt.

When workers are allowed to postpone retirement beyond the legal retirement
age, the delay, x(t), will reduce government spending along the period from time
t to t + x(t). For tractability, we discount all the ongoing savings along the x(t)-
length period to time t . One may argue that the government could borrow the total
amount at time t and repay it with the ongoing x(t)-length period savings.

The primary deficit (which does not account for the interest payment on the debt)
can be defined as a function of both the excess pension and the delay of the effec-
tive retirement age beyond the legal retirement age: f (p(t), x(t)) ≡ f (u1, u2),
with f ′

u1
> 0 and f ′

u2
< 0. For tractability, we make the simplifying assump-

tion of constant marginal effects of both variables, choosing a linear function4

f (p(t), x(t)) = p(t) − βx(t). Further, the existing debt is financed by issuing
public bonds that yield an interest rate, i. A negative public debt, called a social
security trust fund, would yield the same return as the interest paid by public
bonds. Thus, the dynamics of the public debt can be written as

Ḋ(t) = p(t) − βx(t) + iD(t), β > 0, D(0) = D0 > 0. (1)

2.2. Employee’s Objective Function

We assume the employee’s welfare function, Fe(), to be an additively separa-
ble function between the player’s actions (x(t), p(t)) and the state variable
D(t): Fe(p(t), x(t),D(t)) = Ge(p(t), x(t))−He(D(t)), where Ge(p(t), x(t)) ≡
Ge(u1, u2) defines how the employee values players’ actions, and He measures the
damage caused by the public debt. The representative employee who reaches his le-
gal retirement age at time t positively values a supplementary pension, (Ge)

′
u1

> 0,
whereas the opposite occurs with a delay in retirement age, (Ge)

′
u2

< 0. We fur-
ther assume a constant marginal benefit of the excess pension, (Ge)

′′
u2

1
= 0, but

an increasing marginal cost of the delay in retirement, (Ge)
′′
u2

2
< 0. This latter is

explained because late retirement does not only imply additional “linear” years
of labor. The longer the employee delays retirement, the more cumbersome labor
becomes, whereas at retirement, life expectancy shortens and presumably quality
of life worsens. For simplicity, we also assume an increasing marginal cost of early
retirement. In many countries, early retirement is legally restricted and subjected
to monetary penalties.5

Furthermore, an employee at legal retirement age does not exclusively value
the supplementary or extra pension paid by the government at that time. The stock
of public debt is also valued because it indicates how likely the pension will be
maintained, increased, or reduced in the forthcoming years. Thus, for simplicity,
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we assume that employees close to retirement value the current stock of public
debt, (He)

′ > 0, (He)
′′ = 0, negatively and linearly.

For tractability, we will assume a linear–quadratic structure for the employee’s
objective function of the form

Fe(p(t), x(t),D(t)) = p(t) − c

2
x2(t) − hD(t), c, h > 0. (2)

2.3. Government’s Objective Function

An additively separable function between the public debt and the players’ actions
is also assumed for the government, Fg(p(t),D(t)) = Gg(p(t)) − Hg(D(t)).

A delay in retirement age, x(t), implies lower pension expenses for the gov-
ernment and hence, as explained before, a reduction in the public deficit. Apart
from this savings, we assume no ulterior effect of x(t) on government welfare,
which hence is not directly affected by the effective retirement age. On the other
hand, although an excess pension enhances retiree welfare, it also boosts the
public deficit, which might be regarded by younger employees as a threat to their
future pensions. Thus we assume that the expected vote, and hence government
welfare, initially increases with the excess pension, but at a decreasing rate that
eventually becomes negative, limp(t)→0(Gg)

′ > 0, (Gg)
′′ < 0,∀p(t) ≥ 0 and

(Gg)
′ < 0,∀p(t) ≥ p > 0.

The government is also concerned with the level of public debt. Voters, specially
younger employees or future entrants into the job pool, might perceive high values
of public debt as a threat to their future pensions. This idea of voters as fiscal conser-
vatives, tending not to reelect political parties who increase expenditure, enhance
deficits, or inflate public debt, was first introduced by Peltzman (1992) in analyzing
U.S. elections. Fiscal conservatism is also upheld by other empirical papers such as
Alesina et al. (1998), Brender (2003), and Brender and Drazen (2005, 2008). This
hypothesis seems more realistic in developed consolidated democracies [Brender
and Drazen (2005)]. A current example of fiscal conservatism or prudent govern-
ment is the stability pact signed in Maastricht by the European countries adopting
the euro. Some countries even include fiscal restraints at the constitutional level.
Nevertheless, the empirical evidence is not conclusive. Some studies support the
conclusion that voters reward fiscal profligacy [see Arvate et al. (2010)]. Our point
here is that the hypothesis of fiscally conservative voters becomes more likely as the
level of public debt rises. Conversely, highly negative stocks of public debt might
be perceived by voters as a symptom of mismanagement. Hence, the government
is interested in maintaining public debt within certain limits. For simplicity, we
fix the desired stock of public debt equal to zero (Hg)

′ � 0 ⇔ D � 0. Further,
we assume that the government is well informed about the effect of increments in
the stock of public debt and hence highly sensitive to these changes. The marginal
damage caused by the public debt in the expected vote share is assumed to increase
with the level of public debt, (Hg)

′′ > 0.
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For tractability, a linear–quadratic structure is also assumed:

Fg(p(t),D(t)) = p(t) − q

2
p2(t) − σ

2
D2(t), q, σ > 0. (3)

3. MYOPIC EMPLOYEES

A static representative employee who reaches legal retirement age at time t my-
opically chooses the delay in his effective retirement age. Even an agent with
intergenerational altruism (redefined as a continuum of representative employees
successively reaching retirement age) would still act myopically. Given that this
employee is a representative of a large number of identical agents, he will deter-
mine the optimal delay by not taking into account the effect of his decision on the
dynamics of the stock of public debt.

The myopic employee maximizes his static welfare,

max
x(t)

p(t) − c

2
x2(t) − hD(t), (4)

whereas the government solves the optimal control problem

max
p(t)

{
Wg =

∫ ∞

0

[
p(t) − q

2
p2(t) − σ

2
D2(t)

]
e−ρtdt

}
(5)

s.t. Ḋ(t) = p(t) − βx(t) + iD(t), D(0) = D0 > 0.

For comparison purposes, the government problem is solved using the Hamil-
ton–Jacobi–Bellman (HJB) equation for an autonomous game [see, for example,
Dockner et al. (2000)],

ρV m
g (D) = max

p

[
p − q

2
p2 − σ

2
D2 + (V m

g )′(D)(p − βx + iD)
]
,

where V m
g (D) denotes the value function of the government when the employee

behaves myopically (from this point onward, the time argument is omitted when
no confusion can arise). If we conjecture a quadratic value function, using the
HJB equation and standard maximization techniques the solution of the problem
can be easily found.

PROPOSITION 1. The government value function and the equilibrium strate-
gies of the government and the myopic employee are given by

V m
g (D) = am

g + bm
g D + cm

g D2,

xm = 0, pm(D) = 1 + bm
g + 2cm

g D

q
,
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with

cm
g = − (2i − ρ)q +

√
(2i − ρ)2q2 + 4σq

4
< 0,

bm
g = − 2cm

g

2cm
g + q(i − ρ)

< 0, am
g = (1 + bm

g )2

2qρ
> 0.

The optimal trajectory of the public debt is

Dm(t) = (D0 − D∗
m)eγmt + D∗

m, (6)

with

D∗
m = − i − ρ

iq(i − ρ) + σ
, γm = qρ −

√
(2i − ρ)2q2 + 4σq

2q
.

COROLLARY 2. Public debt will not converge to its steady state equilibrium
(i.e., γm > 0) if and only if

ρ > 2
√

σ

q
∧ i ∈ (r−, r+),

with r− ∈ (0, ρ/2) and r+ ∈ (ρ/2, ρ) being the roots of the second-order poly-
nomial i2q − iqρ + σ .

A comparison of the discount rate with the rate of return on public bonds reveals
whether public debt will converge to a positive or a negative steady state value, or
will diverge.

The absence of incentives to postpone retirement encourages the representative
employee to retire exactly at the legal retirement age. Although the optimal delay
in retirement age is constant and equal to zero, the government fixes a public
excess pension that is a function of the time-dependent stock of public debt,

pm(D) = pm
0 + pm

1 D, pm
0 = − 2(i − ρ)

ρq +
√

(2i − ρ)2q2 + 4σq
,

pm
1 = −q(2i − ρ) +

√
(2i − ρ)2q2 + 4σq

2q
< 0.

This stock, D, evolves through time according to (6).
With zero public debt the government would be willing to supplement the

pension that can be paid by current contributions (i.e., pm
0 > 0) only if the interest

payments on the bonds were lower than the discount rate, and vice versa. Further,
because pm

1 is negative, the excess pension will be lower when the public debt is
higher.
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4. NONMYOPIC EMPLOYEES

4.1. Markovian Nash Equilibrium

This benchmark scenario assumes that the effective retirement age is not deter-
mined by atomistic decision makers, but there exists an agency that fixes the
optimal retirement age to maximize employee welfare. This agency is no longer
myopic, first, because it maximizes not only the welfare of employees who cur-
rently reach legal retirement age, but also that of those who will reach this age in
the future, and second, because it fixes the effective retirement age of all agents
belonging to a particular cohort. Hence it is aware of the effect of its decisions
on the dynamics of the public debt. When V N

g (D), and V N
e (D) denote the value

functions of the government and the employee, the HJB equations for this game
are:

ρV N
e (D) = max

x

[
p − c

2
x2 − hD + (V N

e )′(D)(p − βx + iD)
]
, (7)

ρV N
g (D) = max

p

[
p − q

2
p2 − σ

2
D2 + (V N

g )′(D)(p − βx + iD)
]
. (8)

The linear–quadratic structure of the game leads us to conjecture quadratic value
functions, and hence the game can be solved.

PROPOSITION 3. The value functions and the equilibrium strategies for the
government and the nonmyopic agency that represents all employees are

V N
e (D) = aN

e + bN
e D + cN

e D2, V N
g (D) = aN

g + bN
g D + cN

g D2,

xN(D) = −β
bN

e + 2cN
e D

c
, pN(D) = 1 + bN

g + 2cN
g D

q
,

with

cN
e = −

c
[
2q(2i − ρ) + √

�
]

6qβ2
< 0, cN

g = −q(2i − ρ) + √
�

12
< 0,

bN
e = −2c�e + qβ2�e

6qβ2[i(i + ρ)q + i
√

� − 3σ ]
, bN

g =
(
c�g − qβ2�g

)
[(2i − ρ)q − √

�]

12cq[i(i + ρ)q + i
√

� − 3σ ]
,

aN
e = 2(1 + bN

e )(1 + bN
g )c + (bN

e )2qβ2

2cqρ
, aN

g = (1 + bN
g )2c + 2bN

g bN
e qβ2

2cqρ
,
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� = (2i − ρ)2q2 − 12σq,

�e = ρ
[
(2i − ρ)q −

√
�

]
+ 4i(2i − ρ)q + 5i

√
� − 12σ,

�e = −(i + ρ)[(2i − ρ)q −
√

�] − 3h[(4i + ρ)q +
√

�] − 6σ,

�g = (4i − 5ρ)q +
√

�, �g = −6hq − (2i − ρ)q +
√

�.

The optimal trajectory of the public debt is

DN(t) = (D0 − D∗
N)eγN t + D∗

N (9)

with

D∗
N = − c(1 + bN

g ) + qbN
e β2

2ccN
g + ciq + 2qcN

e β2
, γN = −q(4i − 5ρ) + √

�

6q
. (10)

Proof. Maximizing the right-hand sides of equations (7) and (8), the optimal
excess pension and effective retirement age are obtained as affine functions of
the stock of public debt. Substituting these equilibrium strategies into the HJB
equations lets the coefficients of the value functions be computed by identification.
Two sets of solutions satisfy conditions cN

i < 0, i ∈ {e, g}, and therefore imply
concave value functions. We choose the solution with a higher rate of convergence
and a greater set of parameters values for which the steady state equilibrium is
stable.

The discriminant, �, is positive if either i < ρ/2−√
3σ/q or i > ρ/2+√

3σ/q.
Because we need i > ρ/2 to guarantee cN

i < 0, i ∈ {e, g}, henceforth we will
assume the condition

i >
ρ

2
+

√
3
σ

q
. (11)

COROLLARY 4. Public debt will not converge to its steady state equilibrium
(i.e., γN > 0) if and only if

(
ρ < 4

√
σ

3q
∧ i <

5ρ

4

)
or

(
ρ > 4

√
σ

3q
∧ i < r−

N

)
, (12)

with r−
N ≡ 3ρ/2−

√
ρ2 − 4σ/q/2 ∈ (ρ, 3ρ/2) being the root of the second-order

polynomial i2 − 3iρ + 2ρ2 + σ/q.

Stability requires the rate of return to be either greater than 5ρ/4 or r−
N . Both

are greater than ρ. Consequently, a necessary condition for stability, assumed
henceforth, is that

i > ρ. (13)
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As the condition ρ > 4
√

σ/(3q) is equivalent to r−
N < 5ρ/4, a sufficient condition

for stability is given by an interest rate sufficiently greater than the discount rate:

i >
5ρ

4
. (14)

It can easily be proved that condition (14) implies i > r+ in Corollary 2, and hence
it also guarantees convergence of the public debt when employees act myopically.

LEMMA 5. From condition (11), which guarantees concave value functions,
and the stability conditions in (14), it follows that bN

e < 0 and bN
g > 0.

The sign of the public debt in the steady state cannot be fully characterized.
It will be negative, defining a social security trust fund (D∗

N < 0), under the
condition i ∈ (5ρ/4, 2ρ). That is, the interest rate is sufficiently higher than the
discount rate (so that the sufficient condition for stability of the pubic debt (14),
is fulfilled) but not so much greater that i surpasses 2ρ.

In a Markovian Nash equilibrium, the optimal increase in the effective retirement
age and the optimal excess pension above contributions are both expressed as affine
functions of the stock of public debt:

xN(D) = xN
0 + xN

1 D, pN(D) = pN
0 + pN

1 D.

Further, from assumption (11) and Lemma 5, it follows that

xN
0 = −βbN

e

c
> 0, xN

1 = −2βcN
e

c
> 0, pN

0 = 1 + bN
g

q
> 0, pN

1 = 2cN
g

q
< 0.

When effective retirement age is not chosen by myopic atomistic decision makers,
but instead by a farsighted agency, this agency will postpone effective retirement
beyond the legal retirement age, xN

0 > 0, if the public debt is zero. Additional
positive stocks of public debt imply longer delays, xN

1 > 0. The government with
no public debt obligations will pay a public pension exceeding current employees’
contributions, pN

0 > 0, whereas in the myopic case (assuming i > ρ) it will
choose a pension below contributions, pm

0 < 0. Furthermore, as the problem
of the public debt worsens (the stock increases), the government will reduce its
generosity, although the marginal reduction is smaller than in the case of myopic
atomistic employees, pm

1 < pN
1 < 0. Thus, for any non-negative stock of public

debt, the Markovian Nash equilibrium implies higher pensions for employees than
in the myopic scenario. Moreover, numerically we prove that this is true even if
the public debt becomes negative, pN(t) > pm(t), at any time t ∈ [0,∞).

Let us initially assume a situation characterized by a null stock of public debt
and a population of retirees excessively large in relation to the contributions to
social security. A government confronted with myopic employees (who retire as
soon as they reach the legal retirement age) would fix a public pension below
contributions. Conversely, if employees behave as nonmyopic agents and delay
retirement, the pressure of pension expenses on the public deficit is alleviated
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and the government may compensate these employees with a higher pension. This
compensation coming from longer delays in retirement is higher for positive stocks
of public debt and lower for negative stocks.

As for the public debt, the convergence to its steady state value is slower when
the retirement age is determined by a farsighted agency, γm < γN < 0. However,
the public debt reached in the long run is lower than the level reached when myopic
employees make retirement decisions. Given that steady state values of public debt
cannot be compared analytically, we have relied on numerical simulations to prove
that D∗

N < D∗
m.

4.2. Numerical Analysis

Numerical analysis has been required to prove that in the Markovian Nash equi-
librium the public pension is higher, not only in the long run, but also at any time
t [pN(t) > pm(t)], whereas the stock of public debt converges to a lower value
(D∗

N < D∗
m). Furthermore, we prove numerically that the joint welfare (govern-

ment plus employee welfare) is higher when the decisions on the effective retire-
ment age are taken by a nonmyopic agency: V N

g (D0) + V N
e (D0) ≡ V N(D0) >

V m(D0) ≡ V m
g (D0) + V m

e (D0).
We have proved that, as long as conditions (11) and (14) are satisfied, and

solutions are real, these statements always hold. This has been proved numerically
by computing 105 random points with parameter values following a uniform dis-
tribution function within the interval i, ρ ∈ (0, 0.02), c ∈ (0, 10), q ∈ (0.01, 10),

σ ∈ (0, 10−5), h ∈ (0, 105), and β ∈ (0.1, 5). The grid of initial values for the
stock of public debt is D0 ∈ [−107, 107], to prove D∗

N < D∗
m and pN(t) > pm(t);

and a narrower grid,6 is used D0 ∈ [−10, 104], to prove V N(D0) > V m(D0).
Hence numerical results are robust to changes in parameters’ values.

In contrast to the myopic case, where employees leave their jobs when they
attain the legal retirement age, a farsighted agency would delay retirement when a
positive public debt existed, and even when public debt was equal to zero. Hence,
the government may provide a higher public pension, and although more slowly,
public debt would converge toward a lower stock at the steady state equilibrium.
Moreover, the two agents, government and employee, jointly considered, attain
higher welfare. These results can be illustrated for particular parameters’ values:7

D∗
m = −133, D∗

N = −912, 269, γm = −0.0032, γN = −0.00021, xN
0 =

630, xN
1 = 0.0245, pm

0 = −0.374, pm
1 = −0.0147, pN

0 = 305, pN
1 =

−0.0009, V m
g = −126, V m

e = 3712, V N
g = −1.5 × 108, V N

e = 2.6 × 108.

Although the results commented on so far are robust to changes in parameters’
values, it is worth while to analyze the marginal variations in the delay in the
retirement age, the public pension, the stock of public debt, and the value functions.
A comparative static analysis is presented in Table 1, which shows the percentage
change of these variables (rows) with a 10% change in parameters (columns). As
this table makes clear, the levels reached by all variables are strongly dependent on
the interest rate and (with an inverse sign) on the discount rate. A higher interest
rate (or a lower discount) contributes to a higher public debt with, in general,
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TABLE 1. % change in variables with a 10% change in parameters

� i � ρ � q � c � σ � h � β � D0

(� D∗
m)% 35.6 −27.5 4.6 9.1 −5.9 −10 −21 0

(� D∗
N)% 16.7 −6.2 11.8 0 −3.5 0 0 0

(� γm)% −34 19.7 −2.2 0 2.5 0 0 0
(� γN)% −82.3 156 47.1 0 −56 0 0 0
(� xN

0 )% −14.2 1.1 −2.8 −9.1 3.5 10 10 0
(� xN

1 )% 18.9 −6 1.6 0 −1.9 0 −9.1 0
(� pm

0 )% −15.1 15.2 8.6 0 0.6 0 0 0
(� pm

1 )% −13.1 3.9 0.4 0 −0.4 0 0 0
(� pN

0 )% −37.3 9.6 −14.9 −9.1 19.1 10 21 0
(� pN

1 )% 17.9 −7.6 11.4 0 −13.6 0 0 0
(� V m

g )% −1.4 1.3 −0.9 0 0.1 0 0 −11
(� V m

e )% −14.7 −399 −340 0 126.9 10 0 −253
(� V N

g )% 45.6 −0.3 8.4 17.3 −22.5 −21 −4.6 0.002
(� V N

e )% −21.6 −8.9 −2.8 −9.1 3.3 21 21 −0.004

a shorter delay in the retirement age and a smaller public pension. A higher
interest rate also lowers welfare, except for the government when employees act
nonmyopically. Special care must also be taken to estimate the effect of the delay
in the retirement age on the public deficit, β, which has a strong influence on both
the public pension and the delay in retirement.

In the next section, when no farsighted agency collects current and future
individual sovereignty, we address the question of how the government may induce
individual agents to behave as farsighted or nonmyopic agents.

5. GOVERNMENT INCENTIVE TO ACT NONMYOPICALLY

In this section, the government announces an incentive strategy with the aim of
inducing myopic employees to defer retirement in the same way as the farsighted
agency does in a Markovian Nash equilibrium. Because the government is already
a farsighted agent, it will be at equilibrium with no need for an equivalent incentive
strategy from the employees.

The government announces a public pension dependent on the level of public
debt and the actual delay in the effective retirement age. This incentive strategy is
assumed to be linear–quadratic:

ψ(x̂,D) = pN(D) − φ(D)[xN(D) − x̂], φ(D) = φ0 + φ1D. (15)

The government sticks to its Markovian Nash equilibrium as long as the em-
ployee behaves according to this equilibrium. However, if the employee retires
before xN(D), the government will punish him. The punishment is dependent on
the size of this deviation, xN(D) − x̂, but also on the current stock of public debt,
φ(D). This allows the government to tighten the punishment as the problem of
the public debt becomes more cumbersome (at the optimum φ1 will be positive).
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For the incentive strategy in (15), it follows that

Wg(x
N(D), pN(D)) ≥ Wg(x

N(D),ψ(x̂,D)), ∀x̂ ∈ R,

pN(D) = ψ(xN(D),D).

Because the government is a farsighted agent, pN(D) is its best response to
xN(D). Thus, if employees act nonmyopically, the government cannot do better
than playing its Markovian Nash equilibrium. Further, the government incentive
strategy when employees act as farsighted agents equates its Markovian Nash
equilibrium.

To characterize the incentive-strategy equilibrium, employees assume that the
government will behave according to the incentive strategy in (15) and solve the
static problem

max
x

ψ(x,D) − c

2
x2 − hD,

whereas the government solves its standard optimal control problem in (5) subject
to (1).

PROPOSITION 6. The government value function and the equilibrium strate-
gies of the government and the employee for the incentive strategy equilibrium
are

V i
g (D) = ai

g + bi
gD + ci

gD
2,

xi(D) = φ0 + φ1D

c
, pi(D) = 1 + bi

g + 2ci
gD

q
,

with

ci
g = −cq(2i − ρ) + 2qβφ1 −

√
[(2i − ρ)c − 2βφ1]2q2 + 4c2σq

4c
,

bi
g = 2ci

g(c − qβφ0)

qβφ1 − c[2ci
g + q(i − ρ)]

, ai
g = c(1 + bi

g)
2 − 2bi

gqβφ0

2cqρ
.

The incentive equilibrium is determined by equating xi(D) and xN(D). Hence,
by identification, it follows that

φ(D) = φ0 + φ1D, φ0 = −bN
e β > 0, φ1 = −2cN

e β > 0. (16)

COROLLARY 7. Given this incentive equilibrium strategy, it can be proved
that ci

g = cN
g , bi

g = bN
g , and ai

g = aN
g . Consequently, the public pension and

the government value function coincide with the Markovian Nash equilibrium,
pi(D) = pN(D) and V i

g (D) = V N
g (D). Further, the dynamic of the public debt

matches the Markovian Nash equilibrium as described in (9) and (10), Di(t) =
DN(t).
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Employees regard the incentive strategy in (15) as a governmental commitment
to provide a public pension, pN(D), as long as they stick to the nonmyopic
retirement age, xN(D). Alternatively, the incentive strategy can be rewritten as a
two-part incentive,

ψ(x,D) = px=0(D) + φ(D)x, (17)

where px=0(D) = pN
0 − c(xN

0 )2 + (pN
1 − 2cxN

0 xN
1 )D − c(xN

1 )2D2 (a second-
order polynomial in the public debt) would be the excess pension if the employee
retireed exactly at the legal retirement age (i.e., x = 0). Further, the government
rewards a one-year retirement deferral with an increment of φ(D) in the public
pension. This incentive increases when the stock of public debt grows, φ′(D) > 0,
whereas (provided that D > 0) the pension at legal retirement age decreases
(px=0)′(D) < 0. The two-part incentive as expressed in (17) is more evident for
employees than the same incentive as expressed in (15). The former is the way in
which some governments currently communicate their incentive strategy.8

Assuming that the punishment to employees who deviate from farsighted be-
havior is properly defined [as stated in (16)], employees will fix the optimal delay
as if they acknowledge the effect of their retirement decisions on the public debt
and further as if they care how this will affect future generations. Thus, Corollary 7
states that the optimal behavior of the government is to provide the public pension
in the benchmark scenario (where the delay in retirement age was determined
by a nonmyopic agency). This retirement pension coincides with the announced
incentive strategy because employees have not deviated from the targeted strategy.
Because both players behave as in the nonmyopic benchmark scenario, the public
debt evolves accordingly and the government attains the same value function. Thus,
the incentive strategy is a policy instrument that allows a government (concerned
with intergenerational equity) to induce atomistic myopic employees to behave as
if they were not myopic.

6. CREDIBILITY OF THE INCENTIVE STRATEGY

An incentive strategy must fulfill one last property in order to be effective: cred-
ibility. If employees do not believe that deviations from the solution aimed at by
the government (a farsighted behavior) are inevitably linked to the announced
punishment, then fearing no penalization, they might deviate from the targeted
solution. In that case, the incentive strategy would not be effective.

In this section, we test the credibility of the incentive strategy when employees
deviate from the farsighted solution and the deviating strategy belongs to a given
set. For any deviating strategy, we test whether it is in the government’s best
interest to implement the announced incentive strategy or to play its noncooperative
Markovian equilibrium. That is, the incentive equilibrium is credible for any devi-
ating strategies, x̂, within a set X if Wg(x̂, pN(D)) ≤ Wg(x̂, ψ(x̂,D)) ∀ x̂ ∈ X.

The set X is defined by considering affine deviating strategies, x̂ = x̂(D) =
x̂0 + x̂1D, for which the delay in retirement is shorter than in the nonmyopic
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solution (the stock of public debt fixed), x̂0 < xN
0 . Further, we also analyze

strategies less sensitive to variations in the level of public debt than the farsighted
solution, x̂1 < xN

1 . Thus, the set X can be defined as

X = {
x̂(D) = x̂0 + x̂1D| x̂0 ∈ [0, xN

0 ), x̂1 ∈ [0, xN
1 )

}
.

Notice that within this set, when the economy is characterized by a positive (or
even a null) stock of public debt, employees postpone retirement for a shorter
period than a nonmyopic employee would do, x̂(D) < xN(D), ∀D ≥ 0.

We are assuming here, as is usually done in this literature, that the player who
deviates, in this case the employee, still follows an affine control. For this type of
strategy, the next proposition characterizes the credibility of the incentive strategy
within a given set X.

PROPOSITION 8. The incentive strategy announced by the government is
credible within a set X if and only if

Wg

(
x̂(D), pN(D)

) ≤ Wg (x̂(D),ψ(x̂(D),D)) , ∀ x̂(D) ∈ X,

with ψ(x,D) given by (15) and (16).
Equivalently,∫ ∞

0

{
pN

0 − q

2
(pN

0 )2+D̂N(t)(pN
1 −qpN

0 pN
1 )+D̂2

N(t)
[
−q

2
(pN

1 )2− σ

2

]}
e−ρt , (18)

with

D̂N(t) =
[
D0 − pN

0 − βx̂0

β(x̂1 − x1)

]
e−β(x̂1−x1)t + pN

0 − βx̂0

β(x̂1 − x1)
, x1 ≡ pN

1 + i

β
, (19)

is not greater than∫ ∞

0

{
�0− q

2
�2

0+D̂(t) (�1−q�0�1)+D̂2(t)

[
�2−q

(
�0�2+ �2

1

2

)]
(20)

−D̂3(t)q�1�2 − D̂4(t)
q

2
�2

2

}
e−ρt

with

D̂(t) = π2e
�2(π1−π2)t (D0 − π1) − (D0 − π2)π1

e�2(π1−π2)t (D0 − π1) − (D0 − π2)
, (21)

where the expressions for �0, �1, �2, π1, and π2 (in the Appendix) depend
on parameters and the magnitude of the deviation from the nonmyopic Nash
equilibrium.

Proof. See the Appendix.

When employees deviate from the desired nonmyopic solution (playing an
affine strategy within the set X), expressions (18) and (19) characterize the
value function for a government that does not punish deviation but plays Nash.
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X

XC

XD

x̂1

x̂0

xN
1

x1

x1−
ρ

2β

xN
00

FIGURE 1. Subsets of X.

Equivalently, expressions (20) and (21) characterize its value function if it sticks
to the announced incentive strategy. To better compare these two value func-
tions, the set X is split into three disjoint sets: X = X ∪ XC ∪ XD, with
X = {

x̂(D) ∈ X| x̂1 ∈ (x1, x
N
1 )

}
, XC = {

x̂(D) ∈ X| x̂1 ∈ (x1−ρ/(2β), x1]
}
,

XD = {
x̂(D) ∈ X| x̂1 ∈ [0, x1 − ρ/(2β)]

}
(see Figure 1).

From the definition of pN
1 it follows that x1 > 0, whereas condition (14)

guarantees x1 < xN
1 . Further, from the definition of x1 and pN

1 , it follows that
x1 − ρ/(2β) > 0. Therefore, X, XD, XC �= {∅}.

The next proposition describes the behavior of the stock of public debt and
the government-discounted welfare when employees deviate from the nonmyopic
strategy aimed at by the government. Their behavior depends on whether the
government does or does not implement the announced punishment.

PROPOSITION 9. When x̂(D) deviates from xN(D) within the set X,

• If the government switches to its Markov perfect equilibrium, pN(D),
∣∣∣∣ lim
t→∞ D̂N(t) = D̂∗

N = pN
0 − βx̂0

β(xN
1 − x1)

∣∣∣∣ < ∞, ∀x̂(D) ∈ X,

∣∣∣ lim
t→∞ D̂N(t)

∣∣∣ = ∞, ∀x̂(D) ∈ XC ∪ XD,

∣∣Wg

(
x̂(D), pN(D)

)∣∣ < ∞, ∀x̂(D) ∈ X ∪ XC,

Wg

(
x̂(D), pN(D)

) = −∞, ∀x̂(D) ∈ XD.

• If the government sticks to the announced incentive strategy, ψ(x̂(D),D),∣∣∣ lim
t→∞ D̂(t)

∣∣∣ < ∞, ∀x̂(D) ∈ X,

∣∣Wg (x̂(D),ψ(x̂(D),D))
∣∣ < ∞, ∀x̂(D) ∈ X.
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Proof. See the Appendix.

From this proposition immediately follows

COROLLARY 10. For any x̂(D) ∈ XD, Wg

(
x̂(D), pN(D)

) = −∞, whereas∣∣Wg (x̂(D),ψ(x̂(D),D))
∣∣ < ∞. In consequence, the incentive strategy is credible

within the set XD.

Whenever x̂1 ∈ [0, x1 − ρ/(2β)], if the government refuses to implement
the announced punishment, its welfare will decrease with no bound. Conversely,
when the punishment is implemented, the integral in (20) converges. Hence, if the
employees who deviate are rather insensitive (or not sensitive at all) to changes in
the stock of public debt, the announced strategy is credible. This reasoning applies
independent of the deviations in the delay in the retirement age with zero public
debt, as long as x̂0 ∈ [0, xN

0 ).
Henceforth, we study the case where employees deviate, but not so much as

to impede the convergence of government welfare when the punishment is not
applied (i.e., x̂1 > x1 − ρ/(2β), or equivalently x̂(D) ∈ X ∪ XC). As is usual
in this literature, the complexity inherent in the problem of credibility requires
a numerical approach. The analysis is carried out by defining a grid in X ∪ XC,
and for all points within this grid,9 the government attains a higher welfare by
switching to its Markovian-Nash equilibrium than by sticking to its announced
incentive strategy. Hence, the incentive strategy is not credible within this set
X ∪ XC. This result is robust to changes in the initial stock of public debt, as well
as to variations in parameters’ values.10

To summarize, if employees who deviate from the nonmyopic Nash strategy
react strongly to increments in the public debt, then credibility is an issue. Con-
versely, if (as we believe more realistic) they react mildly to variations in the public
debt, i.e., condition (A.1) in the Appendix is fulfilled, the announced incentive
strategy is credible. In particular, the incentive strategy is credible if the employees
do not react at all to variations in the public debt, x̂1 = 0. These results apply as
long as the delay in the retirement age with zero public debt is not longer than that
in the nonmyopic solution, 0 < x̂0 ≤ xN

0 .

7. CONCLUSIONS

Considering individuals allowed to postpone retirement beyond a legal retirement
age, this paper studies the interaction between a reduction in the public pension
and a delay in the retirement age. Myopic employees with no further incentive
would choose to retire as soon as they reached legal retirement age. Conversely,
nonmyopic employees would refrain from immediate retirement, which would
reduce the pressure on public accounts, allowing higher pensions in the long run.
For a government compelled to maintain low stocks of public debt, providing
employees with the possibility of deciding their effective retirement age might be
helpful if they would behave nonmyopically.
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The paper defines a nonlinear incentive strategy to induce myopic employees
to act nonmyopically. This strategy can be regarded as an announcement, made
by the government, that will pay a higher pension to employees who behave
nonmyopically, and lower pensions to employees who retire before. The reduction
in the retirement pension will be stronger, the greater the stock of public debt.
Alternatively, this strategy can be regarded as a two-part incentive: one part defines
the public pension at legal retirement age, and the second part raises the pension
by a given percentage with additional years at work. A higher stock of public
debt has a double effect: it reduces the pension to those employees who retire at
exactly the legal retirement age, and it also increases the reward for each year that
retirement is delayed.

The credibility of the incentive strategy crucially depends on the sensitivity of
retirement age decisions to changes in the stock of public debt. If the employees
who deviate from the nonmyopic strategy do not react or adjust the delay in the
retirement age very slightly to increments in the public debt, the incentive strategy
will be credible and will induce myopic employees to behave nonmyopically.
Conversely, if their sensitivity is sufficiently large, we find numerically that the
government would be better off by not punishing those employees who deviate
and the incentive strategy would not be credible. In this case, the government
should enforce this incentive strategy by law and/or by binding agreements with
other political parties.

NOTES

1. This reduction usually occurs by increasing the length of the averaging period for the regulatory
base that is used to calculate the public pension. Because salaries increase with age and/or expertise,
a longer averaging period implies a lower pension.

2. Although for many OECD countries the effective retirement age lies below the legal retirement
age, some others have succeeded in pressing their employees to continue working beyond the legal
retirement age [see Whiteford and Whitehouse (2006)].

3. The number of retirees is dependent on demographic and economic aspects. Here we assume
that these two factors have led the economy from a previous situation with a ratio of workers above
and below the legal retirement age that maintains a balanced public budget to a new situation with a
much higher ratio (which puts pressure on the pension system). In the new situation, we assume the
ratio remains constant and is unaffected by these two forces. However, if retirement age is flexible, the
number of agents above the legal retirement age does not necessarily match the size of the collective
of retirees (above the effective retirement age).

4. We acknowledge that a nonlinear effect of a longer delay in retirement would be more realistic.
As x(t) increased, the employee’s expected lifetime would decrease and so would the expected
government savings, f ′′

u2
> 0. One might even argue for the existence of multiplicative terms: the

higher the excess pension, the greater the reduction in the public deficit with a delay in the retirement
age. Nevertheless, we consider a linear specification of f (p(t), x(t)) because it is necessary to have a
linear–quadratic structure of the game for which a Markov perfect solution could be found analytically.

5. This assumption guarantees that early retirement (not allowed or considered in this paper) would
never be optimal for employees.

6. When the initial stock of public debt is extremely large, D0 > 104, joint welfare is not neces-
sarily greater when employees are farsighted (this might be caused by numerical errors in the finite
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approximation of the infinite time horizon integrals). Same result would apply if the public debt were
not a burden but the initial situation were characterized by a large social security trust fund (D0 < −10).

7. i = 0.01, ρ = 0.006, q = 1, c = 0.1, σ = 10−5, h = 10, β = 0.5, D0 = 100.
8. Here early retirement is punished by the same amount that late retirement is rewarded. However,

there are other cases in the real world with reduced early retirement but with an absence of late
retirement (and its rewards), or in which early and late retirement are treated unevenly.

9. x̂1 = x1 and x̂1 = x1 − ρ/(2β) are excluded from the analysis.
10. Furthermore, same numerical results also arise to be when deviating strategies are not assumed

affine but affine–quadratic functions of the stock of public debt: x̂ = x̂0 + x̂1D + x̂2D
2.
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APPENDIX

A.1. PROOF OF PROPOSITION 8

Expressions (18) and (19), where the employee deviates but the government follows the
Markov Nash strategy obtained in Proposition 3, immediately follow from (1) and (5).

When the employee deviates and the government sticks to the linear–quadratic incentive
strategy in (15), the optimal value of this incentive is determined in Proposition 6 and
equation (16). From (5), expression (20) immediately follows, with �1 = pN

1 −c[xN
0 (xN

1 −
x̂1) + xN

1 (xN
0 − x̂0)], �0 = pN

0 − cxN
0 (xN

0 − x̂0), and �2 = −cxN
1 (xN

1 − x̂1) < 0 (because
in X condition x̂1 < xN

1 holds).
The dynamics of the public debt is now defined by a second-order polynomial in D,

Ḋ = �0 + �1D + �2D
2 − β(x̂0 + x̂1D) + iD,

or equivalently,
Ḋ = Y0 + Y1D + Y2D

2,

with Y0 = �0 −βx̂0, Y1 = �1 −βx̂1 + i, and Y2 = �2. The time path of the public debt in
(21) can be obtained from this equation, where π1 and π2 are the roots of this second-order
polynomial:

π1 = −Y1 +
√

Y 2
1 − 4Y2Y0

2Y2
, π2 = −Y1 −

√
Y 2

1 − 4Y2Y0

2Y2
.

A.2. PROOF OF PROPOSITION 9

When employees deviate from the nonmyopic strategy and the government does not punish
them but switches to its Markovian Nash strategy, D̂N(t) is described by (19). This equation
points out that the public debt converges toward a constant steady state value, D̂∗

N =
−(pN

0 − βx̂0)/(p
N
1 − βx̂1 + i), if and only if x̂1 > x1.

Conversely, for x̂1 ∈ (0, x1], the public debt, D̂N(t), would explode to +∞ or −∞,
depending on whether D0 was above or below D̂∗

N . Discounted welfare in (18) tends toward
−∞, under the condition lim

t→∞
D̂2

N(t)e−ρt = ∞, which, from (19), is equivalent to

x̂1 < x1 − ρ

2β
. (A.1)

When employees’ deviations are penalized, D̂(t) is defined in (21). If deviating strategies
belong to X, �2 < 0 and π1 < π2. Hence, provided that π1 and π2 are real, the public
debt would always converge toward its steady state value, D̂∗ = π2. In consequence, the
integral in (20) always converges.
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