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Abstract

Suppose that A is a unital subhomogeneous C*-algebra. We show that every central sequence in A is
hypercentral if and only if every pointwise limit of a sequence of irreducible representations is multiplicity
free. We also show that every central sequence in A is trivial if and only if every pointwise limit of
irreducible representations is irreducible. Finally, we give a nice representation of the latter algebras.
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1. Introduction

The notion of central sequences (with respect to the || ||;-norm defined by the trace)
on /I factor von Neumann algebras has played an important role in the study of these
algebras. For example, McDuff [4] proved that if there are two central sequences in a
type I, factor von Neumann algebra M that do not asymptotically commute, then M
is isomorphic to M ® R, where R is the hyperfinite /1, factor. A II; factor has property
I" if and only if there is a central sequence that is bounded away from the centre.

The analogous notion for C*-algebras is more complicated. Suppose that A is a
separable unital C*-algebra. A bounded sequence {x,} in A is called a central sequence
if, for every a € A,

lim ||ax, — x,al| = 0.
n—oo

A central sequence {x,} for A is called hypercentral if and only if, for every central
sequence {y,},

r}l—g}o ”xnyn _ynxn” =0.

Let Z(A) denote the centre of the C*-algebra A. A sequence {x,} is called a trivial
central sequence if

lim dist(x,, Z(A)) = 0.
n—oo
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The study of central sequences and hypercentral sequences for a C*-algebra was
initiated by Akemann and Pedersen [1] and Phillips [6], who related central sequences
to the automorphism groups of the algebras.

The question of whether there are central sequences that are bounded away from
the centre was solved by Akemann and Pedersen [1], who proved that every central
sequence in a separable C*-algebra (A is trivial exactly when A is a continuous-trace
C#*-algebra. Thus, most C*-algebras have a large supply of nontrivial central
sequences. The question of when every two central sequences are asymptotically
commuting, that is, when every central sequence is hypercentral, has been partially
solved. Ando and Kirchberg [2] proved that if A is a separable C*-algebra that
is not type I (GCR), then there is a central sequence that is not hypercentral.
However, if A is a unital type I separable C*-algebra with an infinite-dimensional
irreducible representation, then Phillips [6, Theorem 3.6] proved that there is a
central sequence that is not hypercentral. Thus, if a unital separable C*-algebra
has the property that every two central sequences are asymptotically commuting,
then every irreducible representation must be finite dimensional. In this paper we
focus on the class of subhomogeneous C*-algebras, that is, ones for which there is
a positive integer so that every irreducible representation is at most n dimensional.
For subhomogeneous separable unital C*-algebras, we give characterisations, in terms
of finite-dimensional irreducible representations, of the property that every central
sequence is trivial (Theorem 2.6) and of the property that every central sequence is
hypercentral (Theorem 2.3). Thus, for subhomogeneous C*-algebras our results give
a nice comparison of these two properties. Most of the results in this paper appeared
in the second author’s PhD dissertation [5].

2. Theorems and proofs
The following lemma is contained in [1] and [6].
LEMMA 2.1. Let A be a separable C*-algebra.

(1) If m: A—> B is a surjective unital +-homomorphism and {b,} is a central
sequence in B, then there is a central sequence {a,} in A such that n(a,) = b,
foreveryn e N.

(2) Every central sequence of A is trivial if and only if A is a continuous-trace
C*-algebra.

(3) Ifm: A —> Bis a surjective unital x-homomorphism and every central sequence
in A is hypercentral, then every central sequence of B is hypercentral.

Suppose that A is a unital C*-algebra and n is a positive integer. Let Rep, (A)
be the set of unital *-homomorphisms 7 : A — M,,(C) with the topology of pointwise
convergence. We define Irr,(A) to be the set of irreducible representations in Rep,,(A).
Every representation € Rep,,(A) can be written as a direct sum

T=01® - Doy
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with each o irreducible. We say that = € Rep,(A) is multiplicity free if o; and o are
not unitarily equivalent whenever 1 < i < j < k. Equivalently, 7 is multiplicity free if
and only if 7(A)’ is abelian.

If A is separable and {x;, x, ...} is dense in the unit ball of A, then

o 1
dim.p) = ) 5llntu) = pol
k=1

is a metric on Rep, (A) that makes a compact metric space.
A C*-algebra A is subhomogeneous if there is a smallest positive integer N such
that every irreducible representation of (A is unitarily equivalent to a representation in

U1 <k < NI (A).

We call N the degree of A. It was shown by Robert [7] that a unital continuous-trace
C#*-algebra is subhomogeneous.

LEMMA 2.2. Suppose that A is a unital separable C*-algebra, s € N and {n,} is
a sequence in Irry(A) such that n,, and ©, are not unitarily equivalent whenever
1 <m < n < oco. Suppose that my € Rep(A), n, — my pointwise on A and, for every
n € N, g is not unitarily equivalent to n,,. Let 1 = mg® 1y @ m, @ - - -. Then:

() T=TyeT 1T, ®-- € n(A) if and only if Ty € ny(A) and
lim |7, — Toll = 0;

2) A eny(A)Y is in My(A) if and only if there is a central sequence {a,} in A and
m(a,) > A € My(C).

PROOF. (1) Since n(a)=mola)®mi(a)®m(a)®--- and m,(a) > mola), we
see that the condition is necessary. Since r,, and «, are finite-dimensional represen-
tations for 0 < m < n < oo, with no unitarily equivalent irreducible direct summands,
there are elements a,,, € A with 0 < a,,, < 1 such that n,,,(a;;,) = 0 and m,(a,,) = 1.
Thus, lim,_,« ||7.(ag)ll = |lmo(aoe)|| = 0. It follows that there is an ny € N such that
0 <my(ap) <1/2 whenever n>ng. If f:[0,1] - [0,1] is continuous with
f() =0whent € [0,1/2] and f(1) = 1, then

m(fap)) =1 and m,(f(ap)) =0 whenn > ny.

Thus, p; = f(am)HZi;]akl has the property that 71(p;) =1 and x,(p;) =0 when
n # 1. Similarly, forn = 2,3, ..., there is a p, € A such that 7,(p,) = 1 and mx(p,) =0
when k # n. Since 7, : A — M, (C) is surjective for each n € N, we see that the set S of
all0® T, ® T, ®--- with only finitely many nonzero summands is contained in 7(A).
The closure S~ of S, whichis the setof all0® T, & T» & - - - with lim,,_,, ||T,]| = 0, is
also contained in 7(A). If Ty = ny(a) for some a € A and lim,,_,, T,, = Ty, then

To®dT & -—n(a) € S™ C n(A),
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SO
To®T ®:-- €n(A).

(2) Suppose that {a,} is a central sequence and m,(a,) — A € M(C). Suppose that
T € mo(A). Then, by (1), T =TS T & --- € n(A). Thus,

IAT — TA|| = lim |I7,(a,)T — Tr,(a)|l < lim |In(a,)T — Tr(a,)ll = 0.

It follows that A € mp(A)’. Now suppose that A € mp(A)’ and, for each n e N,
define A, =A4,00A4,1)®A,2)®---, where A,(n)=A and A,(k) =0 when
k # n. From (1), A,, € n(T) and, for every T € my(A),

AT -TA, =0.

Thus, {A,} is a central sequence in 7(A) and there is a central sequence {a,} in A such
that, for each n € N, n(a,) = A,, and m,(a,) = A. O

THEOREM 2.3. Suppose that A is a separable unital C*-algebra.

(1) If every central sequence of A is hypercentral, then, for every s € N, every
representation in Irr,(A)~ is multiplicity free.

(2) If A is subhomogeneous and, for every s € N, every representation in Irry(A)~ is
multiplicity free, then every central sequence in A is hypercentral.

PROOF. (1) Suppose that every central sequence of A is hypercentral. Assume, by
way of a contradiction, that there are an s in N and a sequence {m;} in Irry(A) such that
mi(a) — n(a) for every a € A, for some 7 € Rep,(A), and 7 is not multiplicity free.
Thus, m(A)’ contains projections P and Q such that PQ — QP # 0. Let

Moo =TT DTy D .

If infinitely many of the m, are unitarily equivalent, we can replace the sequence with
a new sequence such that, for every n € N, there is a unitary matrix U, such that
m(a) = U,mi(a)U,, for every a € A. In this case, if we find a subsequence {U,,} that
converges to a unitary U, then g is unitarily equivalent to 7, which contradicts the
assumption that 7y is multiplicity free. Thus, we can assume that 7, and 7, are not
unitarily equivalent when 0 < m < n < co. Suppose thatA, B € mp(A)’. By Lemma 2.2,
there are central sequences {a,}, {b,} in A such that

nhlg’ m.(a,) =A and r}g?o n.(b,) = B.
Since {a,} is hypercentral,
IAB — BA| = lim [l7t, ()7 (bn) — m(bu)tn(an)l
< lim lm(a,)n(by) = w(ba)m(an)ll = 0.

Thus, mo(A)’ is abelian, which means that 7y is multiplicity free.
(2) Suppose that A is subhomogeneous. Then there is an N such that every irre-
ducible representation of (A is unitarily equivalent to a representation in Ui\’: Jrrg(A).
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Now suppose that there is a central sequence {a,} in A that is not hypercentral. Then
there are a subsequence {ay, }, a central sequence {b,} in A and an & > 0 such that, for
every k € N,

lan, D, — buan, |l = €.
By relabelling the subsequences, we can assume that, for every n € N,
llanbyn — buanll = &.
For each n € N, there is a representation 7, € Uls\': Irr(A) such that, for every n € N,
In(anbn — buan)ll = llanbn — banll -

By again restricting to a subsequence, we can assume that there is an s, with 1 < s < N,
such that 7, € Irry(A). Since Rep,(A) is compact, we can also assume that there is a
7o € Rep,(A) such that m,(a) — mo(a) for every a € A. If ny is unitarily equivalent
to infinitely many of my,m,..., then |[mo(an by, — by.an)ll = € for infinitely many
k € N and {ny(ay,)} and {mo(b,,)} are central sequences for mo(A) = M,(C), which is
impossible. Hence, we can assume that, for every n € N, 7 is not unitarily equivalent
to m,. Finally, we can assume that

m(a,) > A and m,(b,) > B
in M,,(C). By Lemma 2.2, A, B € np(A)’. Hence, my(A)’ is not abelian and
IAB — BA|| = lim ||, (@)t (bn) — 7tn(D)ma(an)ll = &.

Thus, mo(A)’ is not abelian, so my is not multiplicity free. O

To compare the property that every central sequence in a subhomogeneous
C#*-algebra is hypercentral with the property that every central sequence is trivial,
we will show that the latter is equivalent to the property that Irr(A) is closed for every
s €N.

Suppose that s is a positive integer. We define an s-equivalence system to be a tuple
(X, a, B), where:

(1) X is a compact metric space;
(2) a c X x X is aclosed equivalence relation;
(3) B:a — U, (the set of unitary operators in M(C)) is such that

ﬁ(x’ y)*ﬂ(xv Z) = ﬁ(y’ Z) Whenever (x’ }’), (y’ Z) €X.

If (X, @, B) is an s-equivalence system, we define C(X, «, 8, M(C)) to be the set of
all functions f € C(X, M,(C)) such that, whenever x, y € «,

B, ) [P, y)" = f).

It is clear that C(X, @, 8, M(C)) is a unital C*-algebra that contains every function of
the form

J(x) = hQ)I;
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with i € C(X) such that h(x) = h(y) whenever (x,y) € @. We say that the system
(X, a,p) is regular if, for every x € X,

{f@): f e CX, a, B, M(C))} = M(C).

LEMMA 2.4. If (X, a,B) is a regular s-equivalence system, then every central sequence
in C(X, a, B, M(C)) is trivial.

PROOF. Suppose that {a,} is a central sequence in C(X, a, 8, M(C)).
Claim:

lim sup dist(a,(x), CI;) = 0.

n—oo xeX

Assume, via contradiction, that the claim is false. By considering a subsequence, we
can assume that there are an £ > 0 and a sequence {x,} in X such that

lim x,, = xo € X and a(x,,) —» A € M(C)

n—o0

and, for every n € N,
dist(a,(x,), Cl,) > &.
It follows that dist (A, CIy) > . Hence, there is a B € M(C) such that
|AB — BA|| = 6 > 0.
We can choose f € C(X, , 8, M(C)) so that f(xy) = B. Thus,
0= lim [[fa, = a1l = lim [|fCo)an(6,) = ans) fOull = I1f00)A = AfCxo)l| 2 6.

This contradiction proves the claim.
If T € My(C), A € Cand ||T — AL|| = dist (T, CIy), then
[To(T) — Al = [I7s(T = AU < dis(T, C).
Thus, ||T — 74(T)|| < 2dist (T, Cly). For each n € N, define z,, = 7, o a,,. It is clear that
zn € Z(CX, a, B, M4(C))) and

lim |la, — z,|| = lim sup ||la,(x) — T4(a,(x))[]| < 2 lim sup dist(a,(x), CL) = 0.
n—oo n—oo xeX n—oo xeX

Hence, {a,} is trivial. O

LEMMA 2.5. Suppose that A is a separable unital C*-algebra, s € N, Irr(A) is closed
and every irreducible representation of A is unitarily equivalent to a representation
in Irr(A). Then there is a regular s-equivalence system (X,a,[) such that A is
isomorphic to C(X, a, 8, M(C)).

PROOF. Let X = Irrg(A) and let @ denote unitary equivalence. For each 7y € X and
each 7 such that 7 @ 7y, we can choose a unitary (g, 1) = Uz, r) Such that

U(ﬂ-(],n)ﬂo(.)UEkﬂo’ﬂ') = 77()
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If p € X and p am, we define Urpy = Uy ) Ur, . We define

(mo,m)*
I:A- CX,a,pB,M(C))
by
T'(a)(m) = n(a).

It follows that 3 is regular. A pure state on C(X, @, 8, M(C)) can be extended to a pure
state ¢ on C(X, M(C)), which has the form

@(f) = (f(x0)e, )

for some xy € X, which, restricted to C(X, a, 5, M,(C)), is a pure state. It is clear
that the set of pure states on C(X,a,S,M;(C)) is closed and that I'(A) separates
the pure states on A. It follows from Glimm’s Stone—Weierstrass theorem [3] that
I'(A) = CX, a, B, M(C)). |

THEOREM 2.6. Suppose that A is a separable unital subhomogeneous C*-algebra.
The following are equivalent:

(1) Ais a continuous-trace C*-algebra;

(2) every central sequence in A is trivial;

(3) foreverys €N, Irry(A) is closed in Rep (A);

(4) Aisisomorphic to a finite direct sum of C*-algebras of the form C(X, a, 8, M(C))
with (X, a,8) a regular s-equivalence system.

PROOF. (1) & (2). This is proved in [1].

(2) = (3). Suppose that Irr,(A) is not closed. Then there are a my € Repy(A) that
is not irreducible and a sequence {mr,} in Irry(A) such that m,(a) — mo(a). Arguing
as in the proof of Theorem 2.3(1), we can assume that m,, and &, are not unitarily
equivalent for 1 <m <n < oo.Letm =my@®m; @ ---. Since 7y is not irreducible, there
is a projection P with 0 # P # 1 such that P € my(A)’. Thus, by Lemma 2.2, there is a
central sequence {a,} in A such that

n,(a,) = P.
Thus,
% = dist(P, CIy) = lim dist(r,(a,), CI,) < lim dist(a,, Z(A)) = 0.

This contradiction proves that (2) = (3).

(3) = (4). Suppose that Irr (A) is closed in Rep (A) for every s € N. Since A is
subhomogeneous, there is a minimal positive integer N such that every irreducible
representation of A is unitarily equivalent to a representation in UZSV: {Irr(A). Suppose
that 1 <m < n < N. For each r € Irr,,(A) and each p € Irr,(A), there is an a € A
with 0 <a <1 such that n(a) = 0 and p(a) = 1. Thus, there is an open subset Uy,
containing 7 such that 0 < o(a) < 1/2 for every o € U. Choose a continuous # :

[0, 1] — [0, 1] so that (1) and hAlj,1/2) = 0. Then by 5, = h(a) satisfies o(by z,) =0
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forevery o € Uy, and p(by ,) = 1. Since {Uy, : € Irr,,(A)}, there is a finite subcover
{Un,p : 1 <k <t} such that, if

TP
buo = ([ Tow.) ([ 100 )

1<i<t 1<i<t

then 0 < b, , <1 and n(b,,) =0 for every m € Irr,,(A) and p(b,,) = 1. We now
let ¢y =1~—by,. Then n(cy,) =1 for every m € Irr,,,(A) and 0 < o(cpyp) < 1/2.
Proceeding as before, there is a d,,,, € A such that 0 < d,,, <1 and n(d,,,) =1 for
n € Irr,,(A) and o(dy, ) = 1 for o € Irr, (A). It follows that, for 1 < m < N, there is a
Pm € A with 0 < p,, < 1 such that 7(p,,) = 1 when r € Irr,,,(A) and 7(p,) = 0 when
m € Irry (A) with k # m. Thus, p, is a central projection and p; +--- + py = 1. Thus,
A is a direct sum

A=A - -&Ay,

where, for 1 < m < N, every irreducible representation of A, is unitarily equivalent
to a representation in Irr,,(A,) and Irr,,(A,) is closed. Thus, by Lemma 2.5,
A, 1s isomorphic to C(X,,, @, B, M, (C)) for some regular m-equivalence system
Xins @ms Brn)-

(4) = (1). This follows from Lemma 2.4. O
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