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SUMMARY
In this paper, a 3-DOF parallel kinematic machine (PKM)
with a passive link is introduced. The forward kinemaic
model is established, and a new technique is proposed
to solve this model. The developed forward kinematic
solver (FKS) is employed in two new applications: the
determination of joint workspace and sensor-based real-time
monitoring. A joint workspace concept is proposed for the
optimization of a PKM structure. It is defined as a reachable
area in the joint coordinate system under given ranges of
active joint motions. The larger a joint workspace is, the
higher utilization of joint motion capacity is. Sensor-based
monitoring is applied in real-time system operation, by
which a remote user can monitor a PKM through Internet
based on the feedbacks of the joint encoders or the on-site
stereo camera.

KEYWORDS: Parallel Kinematic Machine (PKM); Forward
kinematics; Joint workspace; Sensor-based monitoring;
Web-based control; Java3D

I. INTRODUCTION
Forward kinematics finds the end-effector motion when the
joint motions of a robot are given. A Parallel Kinematic
Machine (PKM) includes closed-loop chains that bring
challenges to solve its forward kinematic problem. Either
a dedicated approach or a general approach can be applied
for solving forward kinematics. A dedicated approach
works only for a specified PKM type; all of the structural
characteristics can be utilized to obtain a concise solution
and simplify a solving procedure. A general approach
is applicable to a PKM family with some common
characteristics; it usually needs iterative algorithms to obtain
the solutions finally. Many researchers have studied forward
kinematic problems of the PKMs,1–7 but very few of them
targeted certain PKM families. Note that it is impossible
to develop a universal approach applicable to all of the
PKMs. Moreover, a general approach needs to deal with
all of the possibilities a PKM topology can be, the more
general the approach is, the more cumbrous the solver will
be.8 In the course of developing new PKMs, a dedicated
approach is still the first choice. Therefore, further work on
forward kinematics will be required as long as new PKMs
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are proposed continuously. In this paper, forward kinematics
of our newly developed 3-DOF PKM will be studied.

The benefits of a forward kinematic solver (FKS) have
not been totally explored. Since forward kinematics is not
essential to designing and applying a PKM system; the
application of a PKM is usually task-oriented, and simple
inverse kinematics can address most of the design and
application issues satisfactorily. However, there is no doubt
that well-understanding of forward kinematics is beneficial
to the structural optimization and the implementation of the
control and monitoring in some extensive areas. We will
discuss two new applications of a FKS: determination of
joint workspace and sensor-based monitoring.

Design concepts of a PKM must be evaluated in
terms of many design criteria.9–17 Among these criteria,
workspace is one of the most primary considerations.
Workspace is traditionally measured for the end-effector
motion in Cartesian coordinate system. Workspace can also
be measured for active joint motions in joint coordinate
system as well. Joint workspace is defined as the volume
of the workspace in the joint coordinate system.18 It has
attracted little attention because most of the industrial robots
are serial, and their joints are active which can reach their
entire motion domains. However, for a PKM or hybrid robot,
some or all joints can not reach the entire motion domains
because of the closed-loop constraints. Note that a robot is
functioned to transform joint motions to the end-effector
motion; the utilization of joint motion capacity will be
seriously restricted for a PKM or hybrid robot. No work has
been conducted to analyze the joint workspace of a PKM,9

and none criterion is available to evaluate the utilization of
the joint motion capacity.

Sensor-based monitoring is very useful when the machine
operator/user has to control and monitor a machine in a
remote or distributed environment. The situations become
more and more popular in distributed manufacturing,
dangerous environments, and military operations. Some
sensor-based systems have been developed for robotic
applications,19−26 but none of them use a FKS for a PKM.
The benefits of a FKS for sensor-based monitoring will be
discussed in Section V.

In this paper, forward kinematics of a new PKM will be
studied. Two new applications of the FKS will be illustrated.
The remainder of the paper will be organized as follows:
Section II introduces the 3-DOF PKM system with a passive
link, and presents its parametrical description. Section III
develops the forward kinematic model, and introduces a new
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approach for solving this model. Sections IV and V provide
two new applications of the FKS. Section IV illustrates the
concept of joint workspace, and illustrates how the FKS is
used to calculate the joint workspace of a PKM. Section V
develops a sensor-based monitoring system; the system
architecture is described. Section VI concludes this paper’s
contributions.

II. A 3-DOF PKM WITH A PASSIVE LINK

II.1. Motivation
Various PKMs have been developed at the National Research
Council Canada26–30, the most interesting one is the tripod
system with 3-DOF, since a PKM with three or less DOF are
adequate for many applications, and it can be combined with
other flexible devices for more DOFs. However, the previous
version of the tripod system has two unsolved problems:
(i) system stiffness is not high enough to compete in the high-
speed machining; and (ii) the system produces the coupled
motions. In our application, the operation requires x and y
rotations and z translation, but the system has the coupled
z rotation and x and y translations. These coupled motions
have to be compensated.

To address the aforementioned problems, a new tripod
system is designed. As shown in Figure 1, the new system has
three symmetrical active links and a passive link. It is similar
to the Tricept system,7,26 but it is fundamentally different
in sense that: (i) the active links are connected to the end-
effector platform by spherical joints; (ii) the universal joint
of the passive link is located on the end-effector platform
rather than on the base platform. As a result, the x and
y translations and the z rotation at the reference Oe are
eliminated completely; (iii) the new system is applied for the
end-effector motion with x and y rotations and z translation.

II.2. Parametric description
The structure of the new system is shown in Figure 1. It
has three platforms: base platform B1B2B3, middle platform
M1M2M3, and end-effector platform E1E2E3. The base
platform is fixed on the ground. The middle platform is
used to support guide-way BiMi of active link DiEi . The
end-effector platform is used to mount a machine tool. The
passive link is installed between the middle platform and
the end-effector platform. Active link DiEi is connected to
the end-effector platform by a spherical joint at Ei , and to
the slide of the active prismatic joint by a universal joint
at Di . The passive link is fixed on the middle platform at
one end, and connected to the end-effector platform by a
universal joint at the other end.

The following parameters can be used to describe this
tripod PKM:

(i) the angle αi (i = 1, 2, 3) between ObBi and xb

(ii) the angle βi (i = 1, 2, 3) between OeEi and xe

(iii) the size of the base platform lb,
(iv) the size of the end-effector platform le,
(v) the direction of a guide-way γ , and

(vi) the length of an active link li .

Fig. 1. A 3-DOF tripod with a passive link.

III. FORWARD KINEMATIC MODEL
AND ITS SOLUTION
In Figure 1b, to formulate a forward kinematic problem,
two coordinate systems, {Oe—xeyeze} and {Ob—xbybzb},
are established on the end-effector platform and the base
platform, respectively. {Oe—xeyeze} is dealt with the world
coordinate system.

III.1. End-effector motion and joint motions
Forward kinematics finds the end-effector motion when the
active joint motions of a PKM are given. In Figure 1, active
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joint motions are given and denoted by ui (i = 1, 2, 3). The
end-effector motion will be described by three rotational
parameters (θx, θy, θz) and three translational parameters
(xe, ye, ze),

T b
e =

[
Re pb

e

0 1

]

=

⎡
⎢⎢⎢⎣

cθycθz −cθysθz sθy xe

sθxsθycθz + cθxsθz −sθxsθysθz + cθxcθz −sθxcθy ye

−cθxsθycθz + sθxsθz cθxsθysθz + sθxcθz cθxcθy ze

0 0 0 1

⎤
⎥⎥⎥⎦

(1)

where
T b

e is the end-effector motion array with respect to {Ob-
xbybzb}.

Re and pb
e represent the orientation and the position of the

end-effector platform, respectively.
c and s represent the cosine and sine functions,

respectively.
The passive link is connected to the end-effector platform

by a universal joint at Oe. Therefore, x and y translations and z
rotation are eliminated at Oe, i.e. (xe = ye = 0, zθ = 0). The
end-effector motion can be simply denoted by (θx, θy, zθ ),
where θx and θy are x and y rotations, and ze is z translation.
The end-effector motion array is simplified as

T b
e =

[
Re pb

e

0 1

]
=

⎡
⎢⎢⎢⎣

cθy 0 sθy 0

sθxsθy cθx −sθxcθy 0

−cθxsθy sθx cθxcθy ze

0 0 0 1

⎤
⎥⎥⎥⎦ (2)

Till now, there is no direct relation between the joint
motions and the end-effector motion. In the next section,
the structural constraints of the PKM are further considered
to build their relations.

III.2. Closed-loop constraints
Three active links are connected to the end-effector platform
simultaneously. It results in the geometric constraints of the
PKM. These constraints define the relations between the joint
motions and the end-effector motion.

As shown in Figure 2, the PKM includes three independent
kinematic chains ObOeEiDiBi (i = 1, 2, 3). The following
geometric constraints can be identified from these chains:

|ObEi − ObBi − BiDi | = |DiEi | (i = 1, 2, 3) (3)

ObEi relates to the end-effector motion (θx, θy, zθ ) as,

ObEi = Rb
e

⎡
⎣ lecβi

lesβi

z0

⎤
⎦ + pb

e

=
⎡
⎣ lecβicθy + z0sθy

lecβisθxsθy + lesβicθx − z0sθxcθy

−lecβicθxsθy + lesβisθx + ze + z0cθxcθy

⎤
⎦ (4)

Fig. 2. Closed-loop constraints of the PKM.

where z0 is the offset of spherical joints along z
axis.

ObDi relates to the joint motions as,

ObDi = ObBi + BiDi =
⎡
⎣(lb − uicγ )cαi

(lb − uicγ )sαi

uisγ

⎤
⎦ (5)

The active link DiEi has a fixed-length, substituting eq.
(4) and (5) into (3) gives,

z2
e + (Aicθy +Bisθy +Ci)ze + (Dicθy +Eisθy +Fi) = 0

(i = 1, 2, 3)

}

(6)

where the coefficients Ai ∼ Fi are related to ui and θx , and
expressed by

Ai = 2z0cθx

Bi = −2lecβicθx

Ci = 2lesβisθx − 2uisγ

Di = 2leuicαicβicγ − 2lelbcβicαi + 2z0lbsαisθx

− 2z0ui (sαicγ sθx + sγ cθx)

Ei = −2z0lbcαi + 2z0uicαicγ − 2lelbsαicβisθx

+ 2leui (sαicβicγ sθx + cβisγ cθx)

Fi = l2
e + l2

b + z2
0 + u2

i − l2
i− 2 (lesβi (uisγ sθx + (lb − uicγ ) sαicθx) + lbuicγ )

III.3. Forward kinematic model
Eq. (6) expresses the dependences of the joint motions and the
end-effector motion, while joint motions ui (i = 1, 2, 3) are
known, and the end-effector motion (θx, θy, zθ ) is unsolved.
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The strategy to build a forward kinematic model is to
decouple the unknown parameters (θx, θy, zθ ), so that each
equation of eq. (6) only relates to one of these parameters.

By subtracting one equation from another in eq. (6) yields,

(Aij ze + Dij )cθy + (Bij ze + Eij )sθy + Cij ze + Fij = 0
(i �= j )

}

(7)

where

Aij = Ai − Aj, Bij = Bi − Bj , Cij = Ci − Cj

Dij = Di − Dj, Eij = Ei − Ej, Fij = Fi − Fj

The purpose of eq. (7) is to eliminate the items of z2
e . The

dependence of θy on ze and θx are found as,

cθy = −(
Gz2

e + Hze + I
)
/(Jze + K)

sθy = −(Lze + M)/(Jze + K)

}
(8)

where the coefficients F ∼ L relate only to θx ,

G = B12C13 − B13C12

H = B12F13 + C13E12 − B13F12 − C12E13

I = E12F13 − E13F12

J = B13D12 − B12D13

K = D12E13 − D13E12

L = C12D13 − C13D12

M = D13F12 − D12F13

Further, θy must satisfy the formula c2θy + s2θy = 1; sub-
stituting eq. (8) into it gives,

M4z
4
e + M3z

3
e + M2z

2
e + M1ze + M0 = 0 (9)

where

M4 = G2

M3 = 2GH

M2 = H 2 + L2 − J 2 + 2GI

M1 = 2 (HI + LM − KJ )
M0 = I 2 + M2 − K2

Note that eq. (6) has three independent equations. Eq. (8)
uses two of them, the remainder one can be derived by
substituting eq. (8) into any one of the equations in eq. (6).
Assume i = 1, one gets,

N3z
3
e + N2z

2
e + N1ze + N0 = 0 (10)

where

N3 = J + A1G

N2 = C1J + K + A1H + D1G + B1L

N1 = F1J + C1K + A1I + D1H + E1L + B1M

N0 = F1K + D1I + E1M

A feasible solution ze has to satisfy eq. (9) and
(10) simultaneously. Based on Bezout’s method,3,5,6 the
coefficients of these equations must satisfy the following
condition,

� =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

M4 M3 M2 M1 M0 0 0
0 M4 M3 M2 M1 M0 0
0 0 M4 M3 M2 M1 M0

N3 N2 N1 N0 0 0 0
0 N3 N2 N1 N0 0 0
0 0 N3 N2 N1 N0 0
0 0 0 N3 N2 N1 N0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 (11)

Eq. (11) is an equation about θx when joint motions ui

(i = 1, 2, 3) are given.

III.4. Solution to forward kinematic model
The strategy to solving forward kinematic model is
straightforward: (i) to calculate θx from eq. (11), (ii) to
calculate ze from eq. (10), and (iii) to calculate θy from eq. (8).
Here, an efficient and reliable technique is introduced.

Assume the following standard transformations are
applied,

t = tan(θx/2), cθx = (1 − t2)/(1 + t2), sθx = 2t/(1 + t2)

(12)

Eq. (11) turns into a polynomial equation with the order of
24. The order can be estimated from the representations of
the coefficients in eq. (9) and (10). However great challenge
can arise to determine total 25 coefficients of the polynomial
equation symbolically, since the substitution of triangular
transformation eq. (12) into eq. (11) is very trivial and error-
prone. The following procedure calculates these coefficients
numerically.

After eq. (11) is converted by the standard transformation
eq. (14), it becomes,

i=24∑
i=0

kit
i = � · (1 + t2)12 (13)

where ki (i = 0, 1, . . . 24) only relate to joint motions ui

(i = 1, 2, 3) and the structural parameters of the PKM.
When joint motions ui (i = 1, 2, 3) are given, a set of 25

linear equations about ki (i = 0, 1, . . . 25) can be produced
by assigning θx with 25 different values in eq. (11). The
coefficients can be dealt with the design variables of this
equation set, and then be calculated easily via some linear
algorithms.

A numerical algorithm can be applied to get all of the
roots about θx from the polynomial equation. After θx is
calculated from the polynomial equation, ze and θy can be
calculated from eq. (10) and (8), sequentially. Finally, ObEi

are determined from eq. (4), and the end-effector motion

https://doi.org/10.1017/S0263574705002602 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574705002602


Parallel kinematic machine 553

array is obtained as,

Te =
[

Re pb
e

0 1

]
=

[
(ObE1 − ObE3)/(

√
3le) (ObE2 − ObOe)/le (ObE1 − ObE3) × (ObE2 − ObOe)/

(√
3l2

e

)
ObOe

0 0 0 1

]

(14)

where
Te and Re correspond to the terms in eq. (2),
ObEi is determined from eq. (4) when the end-effector

motion is known, and
ObOe = (ObE1 + ObE2 + ObE3)/3.0.

IV. APPLICATION I — JOINT WORKSPACE
In this section, the FKS is applied to calculate joint
workspace. Joint workspace is the set of points in the joint
coordinate system that a robot can reach. In contrast, the
concept of the workspace, which has been defined as the set
of points the robot can reach in the task space, is called task
workspace.

A robot is functioned to transform the joint motions into
the end-effector motion. A good robotic design achieves high
efficiency of this motion transformation. Task workspace can
only evaluate the volume of the working area with respect to
the Cartesian space; it cannot evaluate how well the joint
motions span this task space. To evaluate the transform
efficiency appropriately, the concept of joint workspace is
utilized.

For a hybrid or parallel robot with a closed-loop structure,
a configuration should satisfy a set of the geometric
constraints, and the capability of robotic joints can be
restricted because of these constraints. The significance of
joint workspace concept includes: (i) evaluating how well the
joint motions are transformed into the end-effector motion,
(ii) justifying weather or not a configuration with a set of the
joint motions is feasible, and (iii) optimizing the structural
parameters when the trajectory of the task is specified as
design constraints and the system is designed to fulfill this
task efficiently.

A particular application of joint workspace is out of the
scope of the paper. However, the following example illust-
rates how the FKS is used to calculate joint workspace and
how well the joint motions are utilized to span task
workspace.

In Table I, structural parameters of the PKM prototype
have been optimized with consideration of task workspace,
geometric constraints of joints modules, and system stiffness. Fig. 3. Workspace for the PKM Prototype.

Table I. Structural parameters of the PKM prototype.

αi βi

Structural Parameters α1 α2 α3 β1 β2 β3 γ lb le li

−30◦ 0◦ −120◦ −30◦ 0◦ −120◦ 50◦ 0.341 m 0.08 m 0.377 m

Universal joints for Universal joints for
Prismatic joints Spherical joints active links passive link

Joint Parameters Active Passive Passive Passive

(0.124 m, 0.324 m) (−45◦, 45◦) (−50◦, 50◦) (−50◦, 50◦)
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Fig. 4. Sensor-based debugging, simulation, and monitoring environment.

To calculate the joint workspace, firstly, a joint coordinate
system is configured by joint motions of three active joints,
and the boundaries of the joint workspace are determined
by the limits of these joint motions. Secondly, the entire area
with the boundaries is discritized and each unit is represented
by the coordinates of its centre. Thirdly, forward kinematics
is solved for each unit. If the solution exists, this unit locates
within the joint workspace. Fourthly, the joint workspace
is an assembly of all of the units whose forward kinematic
solution exists.

The joint workspace of the given PKM prototype is shown
in Figure 3a, and the corresponding task workspace is shown
in Figure 3b, Only 55 percentage of the entire motion
domain has feasible forward kinematic solution. Note that
for a serial robot, 100 percentage of joint workspace can
be reached unless the components of the robot have self-
interference. From the viewpoint of the efficiency of the
motion transformation, the design needs improving.

V. APPLICATION II — SENSOR-BASED
MONITORING
In this section, the FKS is applied in sensor-based monitoring.
Many web-based control, simulation, and monitoring
systems have been introduced.19−26 The methodologies of
system development have been well established. However,
the challenge of a new application is to build customized
system behavior models related to sensor feedbacks. In this
sense, the majority of available systems have targeted the
serial robots with simple kinematics, and none of them
utilize the forward kinematic solutions of PKMs. With
the FKS, only the encoder feedbacks of the active joints
are needed for graphical animation of machine operations,
both of sensors hardware and data communication can be
minimized.

The other issue in our application is the integration of the
programs from heterogonous environments. The FKS has
been developed in Matlab, in order that powerful capacities
of mathematic operations of the Matlab can be fully accessed.
Real-time control and data acquisition are developed in C++,
and the graphical simulation and GUI are developed in
Java 3D. Sensor-based simulation and monitoring system
have integrated all of these heterogonous programs. In
particular, Jmatlink is used to call the Matlab program from
Java.31

Figure 4 shows the user interfaces of the integrated
environment. The environment includes the debugging
module, simulation module, and monitoring module. The
tripod PKM system can be debugged by changing system
parameters interactively. The simulation can be driven by a
trajectory given either in the Cartesian or joint coordinate
systems. The monitoring module works in two modes. One
is based on encoder feedbacks, and the other is based
on the feedback of camera in the Cartesian space. The
environment allows a user to change the view of graphic
display interactively, and it also displays text message in
real-time system operation.

VI. CONCLUSIONS
A newly developed 3-DOF tripod PKM has been introduced.
The PKM can produce the pure 3-DOF motion of x
and y rotations and z translation, while the coupled x
and y translations and z rotation are eliminated. The
forward kinematic model is mainly discussed. It turns
out a polynomial equation with the order of 24. New
technique is introduced to solve this forward kinematic model
numerically. The significance of the new technique is to
eliminate the trivial and error-prone symbolic derivation
of the coefficients in solving the polynomial equation
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with a high order. Two new applications of the FKS are
proposed. The first one is for studying joint workspace. The
concept of joint workspace is proposed to evaluate the PKM
performance from the viewpoint of the efficiency of the
motion transformation. It is very meaningful for the design
of a robot with a closed-loop or hybrid structure. The other
application is for sensor-based monitoring. The FKS of a
PKM is firstly applied in contrast to other similar systems for
robotic applications; moreover, both of the sensors hardware
and the data communication can minimized.
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