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Abstract
Due to the merits of high rigidity and good dynamics, hybrid machine tools have been gradually applied to efficient
machining of thin-walled workpiece with complex geometries. However, the discontinuity of tangential component
of toolpath in hybrid machine tools may cause velocity fluctuations, leading to poor surface quality of workpiece. In
this paper, a novel 5-axis hybrid machine tool is taken as an example to demonstrate a smooth toolpath interpolation
method. First, an adaptive acceleration and deceleration control algorithm is presented to realize the smooth tran-
sition between two constrained velocity points. Second, a spline curve-based interpolation algorithm is proposed
to realize the smoothness of the trajectory. Meanwhile, a parameter synchronization method is proposed to ensure
the synchronization of the interpolated tool-axis vector and the interpolated tool tip. Thirdly, an inverse kinematic
analysis is conducted based on an inverse position solution model and a velocity mapping model. Finally, a set of
machining tests on S-shape workpiece in line with the ISO standard is carried out to verify the effectiveness of the
proposed smooth toolpath interpolation method.

1. Introduction
Hybrid machining tools have been proposed as an alternative solution for high-efficient machining
in aerospace, aviation, automobile, ship building, and other high-end manufacturing fields thanks to
their conceptual merits of high rigidity and good dynamics [1–3]. This proposition has been gradually
exemplified by the commercial success of Eco-speed [4–6], Tricept [7], Exechon [8], and other parallel
spindle heads [9]. More recently, the authors proposed a new 5-DOF (DOF: degree of freedom) hybrid
machining tool composed of a 2R1T (T: translational; R: rotational) redundantly actuated parallel
module and a 2T serial module. The conceptual design, the kinematics, and the stiffness analysis have
been carried out in our previous studies, which has preliminarily confirmed its potential in machining
complex structural components [10, 11]. Before it can be used for high-efficient machining, an in-depth
research on its numerical control (NC) system design, especially the smooth toolpath interpolation
needs to be carried out.

As to the smooth toolpath interpolation, most of the interpolation methods are based on linear algo-
rithms. These interpolation methods are developed for traditional serial machine tools with stack-up
open chain; thus, they cannot be directly used for the toolpath smoothing of hybrid machine tools [12].
Consequently, there is an emerging demand for developing a specific smooth toolpath interpolation
method suitable for a hybrid machining tools. However, the development of a specific hybrid machining
tools used smooth toolpath interpolation method is not an easy task. The reason may lie in two aspects.
On the one hand, G01 commands generated by CAM need to be smoothed to eliminate the tangential
discontinuities at corners. On the other hand, because of the nonlinear mapping relationship between the
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operation space and the joint space of hybrid machine tools, the actual velocity of the tool tip will pro-
duce a nonlinear fluctuation. Therefore, an applicable smooth toolpath interpolation method for hybrid
machine tools must solve the following two critical problems: trajectory control and velocity control.

As indicated by the existing studies [13–15], trajectory control is an effective way to improve machin-
ing quality and machining efficiency. The interpolation algorithm is an important issue of the trajectory
control. From the aspect of curve fitting method, the interpolation algorithm can be roughly divided into
linear interpolation algorithm and parametric curve interpolation algorithm. Following the above two
algorithms, many scholars devoted great efforts to improve the trajectory control accuracy. For clarity,
a literature review is depicted in Table I.

As shown in Table I, a linear interpolation algorithm is to determine the interpolation step according
to the velocity and the interpolation period, so as to realize the linear densification of the interpolation
points. For example, Sencer et al. [16, 17] proposed a linear interpolation of tool orientation on spheri-
cal surface in synch with the tool tip. As a result, the surface roughness and the contouring accuracy of
workpiece are improved by 10% and 75%, respectively. Wang et al. [18] proposed a linear interpolation
to obtain the interpolated toolpath of S-shaped workpiece based on the cutter location data. The maxi-
mum geometric deviation of the machined S-shaped workpiece is reduced by 25.3%. Wang et al. [19]
proposed a linear interpolation of the tool-axis vector in a new plane determined by the initial tool-axis
vector and the end tool-axis vector. As a result, 97.5% of the detection points reached the test standard
of maximum error less than 0.2 mm and roughness values Ra less than 1.6μm. In addition, Ni et al. [20]
proposed an improved linear interpolation method in the joint space. Based on the improved linear inter-
polation method, a set of S-shape workpieces machining test were carried out. The experimental results
demonstrate that the maximum geometric deviation of the machined workpiece is only 0.086 mm.

Generally, there are two ways to formulate the parametric curve interpolation algorithm: (1) the first
way is to adopt constant parameter increment and (2) the second way is to use arc length increment.
Compared with the second way, the first way is relatively simple and is mostly used in early studies [21].
However, the relationship between the parameter increments and the corresponding arc length incre-
ment of a parametric curve is nonlinear. This may lead to significant fluctuation in velocity. Aiming
at this problem, parametric curve interpolation with arc length increment was proposed, which obtains
the trajectory interpolation points by establishing an expression of velocity about curve parameters. For
example, Zhang et al. [22] proposed an equidistant double NURBS trajectory interpolation algorithm
based on the dual quaternion satisfying a given fitting accuracy. On this basis, the second-order Taylor
expansion method was used to obtain the tool tip interpolated. Their machining experiment showed that
the contouring accuracy of the machined workpiece could reach 10-6 mm level. Li et al. [23] used the
least-squares approach to obtain the double NURBS curve to meet the fitting accuracy. Then the second-
order Taylor expansion method was used to obtain the interpolation points of the tool tip curve. The
experimental results showed that the algorithm significantly improved the surface quality of machined
workpiece, and the machining efficiency was improved by 69.4% compared with linear interpolation.
Javad et al. [24] proposed a smooth toolpath interpolation method by combining the time-dependent
and constant velocities in the NURBS interpolation algorithm. The simulation showed that rough and
sudden impacts on the mechanism were avoided, and consequently the controlling accuracy of the sys-
tem was improved considerably. Shen et al. [25] selected the quintic spline curve to establish the tool
tip trajectory and the tool-axis vector trajectory. The workpiece using the proposed algorithm have no
overcut phenomenon.

As revealed by the above literatures, both linear interpolation and parametric curve interpolation
can implement the trajectory control of 5-axis machining and improve the surface roughness and the
contouring accuracy of workpiece. However, it should be pointed out that parametric curve interpolation
may decrease the number of interpolation points and achieve a high-order continuous for those complex
surfaces with sharp features. This may reduce the data transmission load between the CAM system and
the NC system and also relief the flexible impact. After considering the limited data transmission rate of
the present NC system (2M/s), parametric curve interpolation is adopted to implement trajectory control
in the present study.
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Table I. Literature review.

Comparison of different interpolation algorithm
Literature Curve Cutting velocity Acceleration Jerk Continuity Contribution
Interpolation algorithm type: Linear interpolation algorithm
[16, 17] Linear Yes Yes No C0 Avoid vibrations and smoother surface
[18] Linear Yes No No C0 Propose a new geometric deviation

estimation model
[19] Linear Yes No No C0 Propose a post-process strategy for parallel

machine tool
[20] Linear Yes No No C0 Consider fitting error of tool tip and tool-axis
Interpolation algorithm type: Parametric curve interpolation algorithm
[22] Double NURBS Yes No No C2 Propose an equidistant double NURBS

toolpath fairing method
[23] Double NURBS Yes No No C2 Consider the kinematics performance of

machine tool
[24] NURBS Yes No No C2 Propose a novel trajectory planning strategy
[25] Quintic spline Yes Yes Yes C2 Propose a modified spline method
Interpolation algorithm type: Parametric curve interpolation algorithm
The present study Double B-spline Yes Yes No C2 Considering both velocity control and

trajectory control
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Table II. Experimental conditions of two sets of machining test.

Items The first machining test The second machining test
NC codes Obtained directly from CAM Optimized by the proposed method
Machine tool The proposed hybrid machine tool The proposed hybrid machine tool
Tool type Flat-end milling cutter Flat-end milling cutter
Tool radius 2 mm 2 mm
Tool overhang length 39.5 mm 39.5 mm
Milling modes Side milling Side milling
Cutting fluid Water-soluble cutting fluid Water-soluble cutting fluid
Motion pattern PVT PVT
Spindle speed 14,000 rpm 14,000 rpm
Cutting velocity 5 mm/s 5 mm/s
Cutting depth 1 mm 1 mm
Cutting feed 0.2 mm 0.2 mm
Workpiece material Aluminum alloy Aluminum alloy
Workblank size 50 mm×50 mm×50 mm 50 mm×50 mm×50 mm

Velocity control plays a key role in improving the machining accuracy and the operation stability of
machine tools and reducing the velocity fluctuation. The key of velocity control is the acceleration and
deceleration control [26–29]. In recent years, the flexible acceleration and deceleration control algo-
rithms have been widely used to reduce the flexible impact of machine tools [30]. For example, Lee
et al. [31] proposed an off-line cutting velocity optimization algorithm to adjust the cutting velocity of
the critical points with large curvatures according to the chord error, the acceleration constraint, and the
jerk limit. They used a trigonometric function curve to realize the flexible acceleration and decelera-
tion control. The proposed off-line cutting velocity optimization algorithm could reduce the maximum
contouring error by 76.52% as compared with the adaptive-cutting velocity. And the corresponding cut-
ting velocity error was within the tolerance 0.1%, and root mean square of cutting velocity error was
only 0.04%. Liu et al. [32] used the seven phases S-shape curve to realize the acceleration and decelera-
tion control at the constrained velocity points. The maximum cutting velocity fluctuation of the proposed
acceleration and deceleration control was 0.5166%. To avoid the complex expression of the seven phases
S-shape curve, Javad et al. [33] proposed an improved three phases S-shape curve to smooth the accel-
eration and deceleration transition at the constrained velocity points. Their simulation results showed
that the proposed velocity control strategy could improve the motion stability of a parallel robot.

As aforementioned, there is a nonlinear relationship between the joint space and the operation space
for a 5-axis hybrid machine tool. Therefore, the kinematics transformation should also be realized to
transform the information of operation space into the information of joint space. For example, Wang
et al. [20] first established a mapping model between the operation space and the joint space, based on
which they successfully control the velocity of joint space.

Despite the fact that the parametric curve interpolation with arc length increment has become a
research hotspot in recent years, few efforts of smooth toolpath interpolation have been conducted on
hybrid machine tools. This paper aims to propose a parametric curve interpolation method for the NC
of hybrid machining tools. Meanwhile, a velocity control algorithm is proposed and a kinematics trans-
formation is established as well. For clarity, Fig. 1 demonstrates the flowchart of the proposed smooth
toolpath interpolation method.

As depicted in Fig. 1, the proposed smooth toolpath interpolation method includes three stages, that
is, velocity control, trajectory control, and kinematics transformation.

Stage 1: Velocity control. First, the original NC codes are obtained directly from CAM software and
fitted into a tool tip curve by using B-spline curve. Second, the curvature of tool tip curve is calculated
to determine the constraint of the chord error and the centripetal acceleration. Based on this, a set of the
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Velocity control

Trajectory control

Kinematics transformation

Fitting the original NC codes into a tool tip curve

Obtaining the interpolation tool tips

Obtaining the interpolation tool-axis vectors

Obtaining the displacements of actuated joints

Obtaining the velocities of actuated joints

Obtaining the original NC codes by using CAM software

B-spline curve

Calculating the curvature of tool tip curve

Calculating the limited velocity of tool tips

Generating the smooth velocity curve

Proposed interpolation algorithm

Importing the smooth velocity curve

Inverse position solution model

Velocity mapping model

Proposed acceleration/deceleration control

Importing the smooth velocity curve and the tool tip curve

Proposed parameter synchronization method

Planning the acceleration/deceleration

Importing the interpolation tool tips and the 
interpolation tool-axis vectors

Inverse kinematics

Figure 1. The flowchart of smooth toolpath interpolation method.

limited velocity of tool tips can be formulated in the view of improving machining accuracy. Finally,
the acceleration/deceleration is planned between two adjacent velocities and a smooth velocity curve is
generated.

Stage 2: Trajectory control. First, based on the above smooth velocity curve and the tool tip curve,
the interpolated tool tips are calculated by using a proposed interpolation algorithm. Second, the inter-
polated tool-axis vectors are obtained by using a proposed parameter synchronization method. Based
on the above velocity control and the trajectory control, a smooth toolpath and a set of optimized NC
codes can be obtained.

Stage 3: Kinematics transformation. The purpose of kinematics transformation is to transform the
optimized NC codes into the displacements and the velocities of actuated prismatic joints for a given
configuration of the hybrid machine tool. To be specific, the inverse position solution model is to trans-
form the interpolated tool tips and the interpolated tool-axis vectors into the displacements of actuated
joints. The velocity mapping model is to transform the velocity of tool tip into the velocities of actuated
joints.
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Start

Under the constraints of the chord-error, the centripetal acceleration 
and the contouring error, one can obtain the limited velocity

Define the constraint velocity points, when the limited 
velocity is less than the rated velocity value

Is sum of acceleration distance 
and deceleration distance less than
the distance between the adjacent 

constrained velocity points

Use the five phases S-
shape curve

Use the combination of S-shape curve and 
trigonometric function curve

End

Y

N

Step 3: The Acceleration and Deceleration Control

Step 2: Determination of limited velocity

Formulate a toolpath by using B-
spline curve

Curvature calculation of
the toolpath  

Step 1: Curvature calculation of toolpath

Figure 2. The velocity control strategy.

The remainder of this paper is organized as follows. In Section 2, a velocity control algorithm of tool
tip is proposed to smooth the velocity curve and avoid sudden changes in acceleration. In Section 3, a
trajectory control algorithm is proposed, which includes the interpolation algorithm and the parameter
synchronization. In Section 4, an inverse position solution model and a velocity mapping model of a 5-
axis hybrid machine tool are established. In Section 5, based on a laboratory prototype, some machining
tests on S-shape workpiece are carried out to verify the effectiveness of the proposed smooth toolpath
interpolation method.

2. Velocity control
As shown in Fig. 2, a velocity control strategy is proposed. The basic idea of the strategy can be described
as follows:

Step 1: Curvature calculation of toolpath. First, the B-spline curve is adopted to formulate a toolpath.
Second, the toolpath curvature is analyzed based on the formulated toolpath.

Step 2: Determination of limited velocity. First, under the constraints of the chord error, the centripetal
acceleration, and the contouring error, the velocity at some tool tips will be less than the rated velocity
value. Second, the tool tips are defined as the constrained velocity points. The constrained velocity points
are used as the basis of the acceleration and deceleration control.

Step 3: The acceleration and deceleration control. The position relationship between two adjacent
constrained velocity points is generally divided into two cases. If the adjacent constrained velocity points
are no interference, a five-phase S-shape curve is used for the acceleration and deceleration control.
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Otherwise, the combination of a five-phase S-shape curve and a trigonometric function curve is used
for the acceleration and deceleration control.

2.1. The calculation of trajectory curvature
The NC codes obtained directly from CAM software are a series of discrete points, but the curvature is
calculated based on curve. Hence, a appropriate curve is selected to fit the discrete points into a curve.
In the present study, the B-spline curve is used to construct the toolpath, because it can provide a unified
and accurate mathematical expression. The p-order B-spline curve is defined as:

C(τ ) =
M∑

m=0

EmDm,p(τ ) 0 ≤ τ ≤ 1 (1)

where τ is the parameter of B-spline curve, Em is the mth control point of the curve, M + 1 is the total
number of control points, and Dm,p(τ ) is the p-order B-spline basis function of the mth control point and
satisfies the Cox-deBoor recurrence relation:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
Dm,0(τ ) =

{
1 τm ≤ τ ≤ τm+1

0 others

Dm,p(τ ) = τ − τm

τm+p − τm

Dm,p−1(τ ) + τm+p+1 − τ

τm+p+1 − τm+1

Dm+1,p−1(τ )

(2)

By using the cumulative chord length method, the parameter corresponding to any points can be
obtained as: ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

τ0 = 0

τn+1 = τn + |Pn+1 − Pn|
N−1∑
n=0

|Pn+1 − Pn|
τN = 1

(n = 0 ∼ N) (3)

where Pn and Pn+1 are the nth point and the (n + 1)th point on the trajectory, respectively, N + 1 is the
total number of points on the trajectory, and N = m-p-1.

To ensure the accuracy of toolpath fitting, the toolpath is piecewise fitted based on the fitting error.
The toolpath fitting error f can be expressed as:

f =
N∑

n=0

|Pn − C(τn)|2 (4)

where f is a scalar valued function of M-1 variables of E1, . . . EM−1.
In order to minimize the fitting error, the partial derivative of f related to the trajectory control point

should be equal to zero. Therefore, we can get a linear system of equations composed of M-1 equations
to express the control points:

E = (
GT

1 G1

)−1 G2, G1 =
⎡
⎣ D1,p (τ1) · · · DM−1,p (τ1)

: · · · :
D1,p (τN−2) · · · D1,p (τN−2)

⎤
⎦ ,

G2 =
⎡
⎣ D1,p (τ1)N3,1 + · · · + D1,p (τN−2)N3,N−2

:
DM−1,p (τ1)N3,1 + · · · + DM−1,p (τN−2)N3,N−2

⎤
⎦ (5)

where

N3,ζ = Pζ − D0,p(τζ ) − DM,ζ (τζ )Pζ ζ = 1 ∼ N − 2 (6)
The specific strategies are as shown in Fig. 3. First, the points to be processed are taken as the fitting

point of the B-spline curve. Second, the fitting error is calculated to judge whether the fitting toolpath is
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Start

Fit the points to be processed into 
B-spline curve

Is the fitting error
less than the error

threshold

Calculate the fitting error by using 
Eq. (4) 

Take the current points as a 
segment of the toolpath

End

Y

Reduce the number of points
N

Figure 3. Process of fitting the points into B-spline curve.

appropriate. If the fitting error is less than the error threshold, the current points are taken as a segment
of the toolpath. On the contrary, if the fitting error is larger than the error threshold, the number of points
is gradually reduced until the fitting trajectory error is less than the error threshold.

The k-order derivative of any points in the toolpath can be obtained by using the de Boor algorithm.

[C(τ )](k) =
d(k)

M∑
m=0

EmDm,p(τ )

dμ(k)
=

m−k∑
m=m−p

E(k)
m Dm,p−k(τ )

τ ∈ [τm, τm+1] ⊂ [
τp, τM+1

]
(7)

where

E(r)
m =

⎧⎪⎨
⎪⎩

Em r = 0

(p − r + 1)
E(r−1)

m+1 − E(r−1)
m

μm+p+1 −μm+r

m = m − p, m − p + 1, · · · , m − r; r = 1, 2 · · · k
(8)

The curvature κ(μ) of the toolpath can be expressed as:

κ(μ) =
∥∥[C(μ)](1) × [C(μ)](2)

∥∥∥∥[C(μ)](1)
∥∥3 (9)

2.2. Determination of limited velocity
The constrained velocity points are defined in this paper as points on the spline where the allowable
velocity is lower than the rated velocity value. The allowable velocity is obtained by applying chord
error, centripetal acceleration, and contouring error constraints. The rated velocity value is given by user.
The velocity control can effectively decrease the frequent acceleration variation and limit the machining
error, which are favorable to high-quality machining.

As shown in Fig. 4, under the constraint of the chord error and the centripetal acceleration, the limited
velocity [34, 35] can be obtained as follows:

vlim,1 =
2 ·
√

1
κ2n

−
(

1
κn

− δmax

)
T

, vlim,2 =
√

amax

κn

(10)
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Figure 4. The constraints of chord error and centripetal acceleration.
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Figure 5. The constraint of contour error.

where κn is the curvature of toolpath Pn, which can be obtained from Eq. (9), δmax is the set maximum per-
missible chord error of PnPn+1, amax is the set maximum permissible centripetal acceleration of PnPn+1,
which is determined by the performance of the motor.

Limited to the system bandwidth, the output of the servo drive cannot trace the reference input timely
and accurately, which leads to the contouring error. As shown in Fig. 5, the included angle of two adjacent
small segments is

γn = arcsin

(
Pn−1Pn · PnPn+1

|Pn−1Pn| · |PnPn+1|
)

(11)

If vn = vn+1, the contouring error σ can be obtained, and the contouring error does not exceed the set
maximum permissible contouring error σmax:

σ = 1

4
· vn · T · sin

γn

2
≤ σmax (12)

So under the constraint of the contouring error, the limited velocity can be obtained by:

vlim,3 = vn = 4σmax

T sin γn

2

(13)

Clearly, if the rated velocity value is set higher, the chord error, centripetal acceleration, and contour-
ing error will be greater for reducing the machining accuracy. So the velocity of any original tool tip
can be obtained as shown in Eq. (14):

vlim = min
{
vlim,1, vlim,2, vlim,3, F

}
(14)

where F is the rated velocity value. If vlim < F, the current tool tip is defined as the constrained velocity
point, and the corresponding velocity of the tool tip is defined as the limited velocity.

Obviously, the tool tip needs to be accelerated and decelerated between different velocities. Without
proper acceleration and deceleration control, impact and vibration will be caused, which will affect
the machining accuracy. For a constrained velocity point, the corresponding acceleration and deceler-
ation control must be implemented to ensure the constancy of acceleration and deceleration. Thus, the
corresponding acceleration and deceleration control is used to further improve the machining accuracy.
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Figure 6. Two typess of velocity curve of tool tip between two adjacent constrained velocity points.

2.3. The acceleration and deceleration control
The five-phase S-shape curve is adopted to realize the flexible acceleration and deceleration control in
the present study due to its merits of continuous acceleration and small flexible impact. According to the
distance formula of S-shape velocity curve [36, 37], the distance Sacc from the previous limited velocity
acceleration to the desired feedrate can be obtained by:

Sacc = (
vprevious

lim + F
) ·
√(

F − vprevious
lim

)
Jset

(15)

where vprevious
lim is the velocity of the previous constrained velocity point, Jset is the set jerk, and Tprevious is

the interpolation period of the previous constrained velocity point.
The distance Sdec from the desired feedrate deceleration to the next limited velocity can obtained by:

Sdec = (
vnext

lim + F
) ·
√
(F − vnext

lim )

Jset
(16)

where vnext
lim is the velocity of the next constrained velocity point and Tnext is the interpolation period of

the next constrained velocity point.
The Simpson method is used to approximate the distance l

(
μprevious,μnext

)
between the adjacent

constrained velocity points.

l
(
μprevious,μnext

)=
(
μnext −μprevious

)
6

·
(∥∥∥[Ctip

(
μprevious

)](1)∥∥∥+ 4 ·
∥∥∥[Ctip

((
μprevious +μnext

)
/2
)](1)∥∥∥

+
∥∥∥[Ctip(μnext)

](1)∥∥∥) (17)

where μprevious is the parameter value corresponding to the previous constrained velocity point and μnext

is the parameter value corresponding to the next constrained velocity point.
According the relationship between Sacc + Sdec and l

(
μprevious,μnext

)
, one may find that there are two

types of velocity curve of tool tip between two adjacent constrained velocity points with usage of five-
phase S-shape curve as shown in Fig. 6.

As shown in Fig. 6(a), the sum of the distances Sacc and Sdec satisfies: Sacc + Sdec < l
(
μprevious,μnext

)
.

This indicates that the tool tip has enough distance to achieve a smooth acceleration–deceleration curve.
Therefore, five-phase S-shape curve can be adopted to realize the acceleration and deceleration control
of tool tip under this circumstance.

As shown in Fig. 6(b), the sum of the distances Sacc and Sdec satisfies: Sacc + Sdec ≥ l
(
μprevious,μnext

)
.

This indicates that the acceleration of tool tip will change suddenly. The tool tip of acceleration changed
suddenly is defined as catastrophe point. Under this circumstance, the five-phase S-shape curve will be
not suitable for acceleration and deceleration control of tool tip.

To address this problem, a modified curve combing five-phase S-shape curve and trigonometric func-
tion curve is considered here as shown in Fig. 7. The modified curve is used to replace the original
S-shape curve. It is obvious that the catastrophe point disappeared.
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Figure 7. A modified velocity curve of tool tip.
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Taking the velocity of two adjacent constrained velocity points as the boundary condition, the
expressions of the velocity and acceleration of the interference section is derived as follows:

Vtri(u) = 1

2
[1 − cos(πu)]

(
vnext

lim − vprevious
lim

)+ vprevious
lim (18)

Atri(u) = π

2

(
vnext

lim − vprevious
lim

) · sin(πu) (19)

The time of the acceleration and deceleration control by using the trigonometric function curve is

Ttri = l
(
μprevious,μnext

)
vprevious

lim + vnext
lim

(20)

By adopting the above velocity control strategy, a smooth velocity curve without a sudden change in
acceleration will be obtained to improve the machining quality.

3. Trajectory control
As shown in Fig. 8, a following trajectory control strategy is proposed. The basic idea of the strategy
can be described as follows:

Step 1: Interpolation algorithm. First, from the CAM software, one can obtain the original NC codes
including the original tool tip and the original tool-axis vectors and calculate the tool-axis points.
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Second, the original tool tip and the original tool-axis points are fitted into the tool tip curve and the
tool-axis point curve by using the B-spline curve. Finally, the parameters of tool tip curve are obtained
by using the second-order Taylor expansion, and the interpolated tool tip can be obtained.

Step 2: Parameter synchronization. The parameters of tool-axis point curve are obtained by using the
parameter synchronization. Then, the interpolated tool-axis vectors can be obtained.

3.1. Interpolation algorithm
The tool can be regarded as a rigid body moving between the curve of tool tip and the curve of tool-axis
point. The original tool tips are obtained from CAM software. In order to distinguish the original tool tip
from the interpolated tool tip, the position vector of the original tool tip is set as P0

m = [
x0

P,m, y0
P,m, z0

P,m

]T

with respect to workpiece coordinate system. The original tool tip to be processed is taken as the fitting
point of the B-spline curve. The original tool tip is fitted into a B-spline curve, and it is set as the tool
tip curve Ctip(μ).

According to Eq. (1), the velocity along the B-spline curve can be expressed as:

v =
∥∥∥∥dCtip(μ)

dt

∥∥∥∥=
∥∥∥∥dCtip(μ)

dμ

∥∥∥∥ · dμ
dt

(21)

where ‖M‖ represents the two-norm of M.
Due to the complexity of B-spline curve, the nodal parameters have no exact solution. Therefore, the

second-order Taylor expansion method is used to approximate the nodal parameters:

μi+1 =μi + T · dμ
dt

+ T2

2
· d
( dμ

dt

)
dt

(22)

where T is the interpolation period and dμ
dt

is the first derivative of the parameterμwith respect to time t,
which can be solved by Eq. (21).

By substituting μi into Ctip(μ), one may obtain the interpolated tool tip Pi.

3.2. Parameter synchronization
To synchronize the interpolated tool tip and the interpolated tool-axis point, the parameter synchroniza-
tion is conducted. The unit tool-axis vector corresponding to the tool tip is set as R0

m = [
x0

R,m, y0
R,m, z0

R,m

]T

with respect to workpiece coordinate system. Like the tool tip, the original unit tool-axis vectors
are obtained from CAM software. So the position vector of the original tool-axis point Q0

m can be
expressed as:

Q0
m = P0

m + H · R0
m (23)

where H is the length of tool.
The original tool-axis points to be processed are taken as the fitting points of the B-spline curve. The

original tool-axis points are fitted into a B-spline curve, and it is set as the tool-axis point curve Ctool(ω).
Although the dual B-spline toolpath has been generated, it cannot be used directly for NC machining,

because the parameter μ of tool tip curve and the parameter ω of tool-axis point curve are not syn-
chronized in the toolpath and machine motion, especially where the direction of the toolpath changes
greatly.

As can be seen from Eq. (23), the distance between Ctip(μ) and Ctool(ω) always keeps the same height
value H along the toolpath. Therefore, the dual B-spline curves are parallel structure during the process
of tool interpolation. As shown in Fig. 9, if the parameter μ locates in [μm,μm+1], there must be a
corresponding parameter ω belonging to [ωm,ωm+1]:

ω−ωm

ωm+1 −ωm

= μ−μm

μm+1 −μm

(24)

when μm+1 −μm = 0,ω=ωm.
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Figure 9. Diagram of toolpath.

Start

Establish the velocity mapping model between 
the tool tip and the actuating joints

Obtain the velocity of parallel 
mechanism by the velocity

Obtain the velocity of each actuated joint
by the velocity mapping model

End

Establish an inverse position solution model of 
the hybrid machine tool

Descript a hybrid machine tool and define some 
coordinate systems

Velocity allocation

Figure 10. The flowchart of kinematics transformation.

By substituting ωi into Ctool(ω), the interpolated tool-axis point Qi can be obtained. And the interpo-
lated tool-axis vector Rtool corresponding to the interpolated tool tip and the interpolated tool-axis point
can be expressed as:

Rtool =
⎡
⎢⎣

xtool

ytool

ztool

⎤
⎥⎦= Qi − Pi∥∥Qi − Pi

∥∥ (25)

Combined with Eqs. (1, 22, 24, 25), the interpolated tool tip and the interpolated tool-axis vectors
can be obtained.

4. Kinematics transformation
There is a nonlinear relationship between the joint space and the operation space for a 5-axis hybrid
machine tool. Therefore, a kinematics transformation should be established to transform the NC codes
into the displacements and the velocities of actuated prismatic joints for a given configuration of the
hybrid machine tool.

As shown in Fig. 10, a kinematics transformation is established. The basic idea of the kinematics
transformation can be described as follows:
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Laboratory prototype                                                   Schematic diagram
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Figure 11. Laboratory prototype and schematic diagram of the hybrid machine tool.

Step 1: Kinematics transformation is related to the structure of machine tool. A hybrid machining
tool consisted of a 2UPR&2RPS parallel module and an X-Y sliding gantry module is descripted.

Step 2: A inverse position solution model of the hybrid machining tool is established, which is
concerned with the determination of the actuated joint variables for a given pose represented by the
tool.

Step 3: In order to solve the velocity of each actuating joint, a velocity mapping model between the
tool tip and the actuated joint is established.

Step 4: First, since the joint space and the tool tip are nonlinear, the velocity allocation is carried out
to obtain the velocity of the parallel module. Second, combined with the velocity mapping model of
hybrid machine tool, the velocity corresponding to the actuated joint is obtained.

4.1. Description of a hybrid machine tool
Figure 11 depicts a laboratory prototype and a schematic diagram of the hybrid machine tool.

As can be seen from Fig 11(a), the proposed hybrid machining tool consists of a 2UPR&2RPS parallel
module and an X-Y sliding gantry module. Herein, "U", "P", "R", and "S" represent a universal joint,
an actuated prismatic joint, a revolute joint, and a spherical joint, respectively. The parallel module
is composed of a fixed base, a moving platform, and four limbs. Specially, limb 1 and limb 2 are two
symmetrically arranged UPR limbs, while limb 3 and limb 4 are two symmetrically arranged RPS limbs.
The moving platform is connected to the fixed base by the four limbs. According to our previous study,
the moving platform possesses two rotational and one translational motion capabilities. Therefore, the
spindle installed on the moving platform can fulfill 5-axis motions with respect to the workpiece fixed
on the X-Y sliding gantries.

As shown in Fig 11(b), Aj and Bj (j = 1 ∼ 4) are the geometric center points of the joints connecting
to the fixed base and the moving platforms, respectively. The X sliding gantry and the Y sliding gantry
are along A3A4 and A1A2, respectively. O and o are the central points of the quadrate of �A1A2A3A4 and
�B1B2B3B4, while o′ denotes the lower left corner of the upper surface of the workpiece. p is the tool
tip. To facilitate kinematic analysis, some coordinate systems are defined. A reference coordinate system
O-XYZ is established at O, with X axis pointing to A4, Y axis pointing to A1, and Z axis satisfying the
right-hand rule. A moving coordinate system o-uvw is established at o, with u axis pointing to B4, v axis
pointing to B1 and w axis satisfying the right-hand rule. A workpiece coordinate system o′ − x′y′z′ is
established at o′, with x′ axis, y′ axis, and z′ axis parallel to those of the reference frame of O-XYZ .
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4.2. Inverse position solution model
Measured in o′ − x′y′z′, the position vector of the tool tip and the tool-axis vectors are defined as o′P =[
xP, yP, zP

]T and Rtool =
[
xtool, ytool, ztool

]T, respectively. Measured in O-XYZ , the position vector of o′ and
o are defined as Oo′ = [

Xo′ , Yo
′ , Zo

′
]T and Oo = [Xo, Yo, Zo]T, respectively. The transformation matrix

RO
o of the frame of o-uvw with respect to the reference frame of O-XYZ can be written as:

RO
o =

⎡
⎢⎣

cϕcθ cϕsθsψ − sϕcψ cϕsθcψ − sϕsψ
sϕcθ sϕsθsψ − cϕcψ sϕsθcψ − cϕsψ
−sθ sψcθ cθcψ

⎤
⎥⎦ (26)

where ψ , θ , and ϕ are the precession angle, the nutation angle, and the rotation angle; "s" and "c" mean
the sine function and the cosine function, respectively.

Measured in O-XYZ , the position vector of the tool tip can be obtained as:

OP = Oo + RO
o · [0, 0, L]T = Oo′ + RO

o
′ · o′P (27)

where L is the distance from point p to point o′; the transformation matrix RO

o
′ is a third-order unit

diagonal matrix.
Taking ψ , θ and Zo as the independent motion coordinates of the moving platform, the parasitic

motions of the moving platform can be obtained as:

ϕ = 0, Yo = 0, Xo = Zo · tan θ (28)

Since the movement of o′ is realized by the X sliding gantry and the Y sliding gantry, the position of
the two sliding gantries can be obtained by combining Eqs. (27) and (28):⎧⎪⎨

⎪⎩
Xo

′ = Zo · tan θ + L · sθcψ − xP

Yo
′ = −L · sψ − yP

Zo = Zo
′ − zP − L · cθcψ

(29)

where Zo
′ denotes the distance between plane XOY and plane x′o′y′.

Measured in O-XYZ , the tool-axis vector can be expressed as:

Rtool = RO

o
′ · [xtool, ytool, ztool

]T = RO
o · [0, 0, 1]T = [sθcψ , −sψ , cθcψ]T (30)

By solving Eq. (30), one may obtain the following equation:{
ψ = arcsin(−ytool)

θ = arctan(xtool/ztool)
(31)

The length of
∣∣BjAj

∣∣ (qj) and its unit direction vector (vqj ) can be calculated by Eqs. (32) and (33),
respectively:

qj =
∣∣Oo + RO

o · bj − aj

∣∣ (j = 1 ∼ 4) (32)

vqj =
(
Oo + RO

o · bj − aj

)
/qj (j = 1 ∼ 4) (33)

where, aj is the position vector of OAj(j = 1 ∼ 4) with respect to O-XYZ and bj is the position vector of
oBj(j = 1 ∼ 4) with respect to o-uvw.

4.3. Velocity mapping model
Measured in O-XYZ , letting Vo = [VoX , VoY , VoZ]T denotes the linear velocity of the geometric center
point of the moving platform, Wo = [WoX , WoY , WoZ]T is the angular velocity of the geometric center
point of the moving platform, and VP = [VPX , VPY , VPZ]T represents the linear velocity of tool tip.
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The velocity Vj(j = 1 ∼ 4) of the jth limb along AjBj(j = 1 ∼ 4) can be expressed as:

Vj =
[
Vo + Wo × (

RO
o · bj

)] · vqj (j = 1 ∼ 4) (34)

The relationship between Wo and the Euler angular velocity can be expressed as:

Wo = J0 ·

⎡
⎢⎢⎢⎢⎢⎣

dψ
dt
dθ
dt
dϕ
dt

⎤
⎥⎥⎥⎥⎥⎦ , J0 =

⎡
⎢⎣

1 0 − sinθ

0 cosψ sinψ cosθ

0 − sinψ cosψ cosθ

⎤
⎥⎦ (35)

The derivative of Xo, Yo, Zo,ψ , θ and ϕ with respect to time t can be obtained as:[
dXo

dt
,

dYo

dt
,

dZo

dt
,

dψ
dt

,
dθ
dt

,
dϕ
dt

]T

= TP ·
[

dZo

dt
,

dψ
dt

,
dθ
dt

]T

(36)

where

TP =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

tan θ 0 dZo
dt

(
1 + (tan θ)2

)
0 0 0

1 0 0

0 1 0

0 0 1

0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(37)

Combining Eqs. (34) and (36), the velocity mapping relationship between the actuating joints of the
parallel module and the center point of the moving platform is obtained as:

⎡
⎢⎢⎢⎢⎣

V1

V2

V3

V4

⎤
⎥⎥⎥⎥⎦= Ja · TP ·

⎡
⎢⎢⎢⎢⎢⎢⎣

dZo

dt
dψ
dt
dθ
dt

⎤
⎥⎥⎥⎥⎥⎥⎦

, Ja =

⎡
⎢⎢⎢⎢⎣

vq1 r1 × vq1 · J0

vq2 r2 × vq2 · J0

vq3 r3 × vq3 · J0

vq4 r4 × vq4 · J0

⎤
⎥⎥⎥⎥⎦ (38)

where rj = RO
o · bj is the geometric center points of the jth joints connecting to the moving platforms.

It can be seen from Fig. 11(b) that the tool-axis vector can be expressed as:

oP = RO
o · [0, 0, L]T (39)

The velocity of the tool tip can be expressed as:

VP = Vo + Wo · oP = J2 ·
[

Vo

Wo

]
, J2 =

⎡
⎢⎣

1 0 0 0 Lcθcψ Lsψ
0 1 0 −Lcθcψ 0 Lsθcψ
0 0 1 −Lsψ −Lsθcψ 0

⎤
⎥⎦ (40)

By substituting Eqs. (34) and (39) into Eq. (40), one may obtain the following equation:

VP = J3 ·

⎡
⎢⎢⎢⎢⎢⎢⎣

dZo

dt
dψ
dt
dθ
dt

⎤
⎥⎥⎥⎥⎥⎥⎦

, J3 = J2 ·
[

E3×3 03×3

03×3 J0

]
· TP (41)

where 03×3 is a three-order null matrix.
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By combining Eqs. (38) and (41), the mapping relationship between the velocity of the tool tip and
the velocity of the actuating joints can be expressed as:⎡

⎢⎢⎢⎢⎣
V1

V2

V3

V4

⎤
⎥⎥⎥⎥⎦= J1 · (J3)

−1 · VP (42)

Since the X sliding gantry and the Y sliding gantry are connected in series, the velocity of the serial
module is the velocity of the actuating joints. So the velocity of the actuating joints can be obtained as:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

V5 = VCx = Xoe − Xos

T

V6 = VCy = Yoe − Yos

T
VCz = 0

(43)

where VCx, VCy, and VCz are the velocity components of the serial module measured in o′ − x′y′z′, respec-
tively. Xos, Yos, Xoe, and Yoe are the displacement of the X sliding gantry and the Y sliding gantry
corresponding to adjacent tool tip measured in o′ − x′y′z′.

4.4. Velocity allocation
Since the joint space and the operation space are nonlinear, the velocity of joint space must be allocated
in order to determine the velocities of parallel mechanism and serial mechanism. Then combined with
the velocity mapping model of hybrid machine tool, the velocity corresponding to the actuating joints
is obtained.

When the velocity curve of tool tip is known, the interpolated tool tip and the interpolation period can
be obtained by trajectory control strategy as proposed in Section 3. After trajectory control, the position
vectors of adjacent interpolation tool tip are expressed as Ps = [

xPs, yPs, zPs

]T and Pe = [
xPe, yPe, zPe

]T,
respectively. So the tangential velocity of tool tip along the toolpath can be expressed as:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

VFx = xPe − xPs

T

VFy = yPe − yPs

T

VFz = zPe − zPs

T

(44)

where VF = [
VFx, VFy, VFz

]T is the tangential velocity of the tool tip along the toolpath measured in
o′ − x′y′z′.

Because the tangential velocity of tool tip along the toolpath is the synthetic velocity of parallel
mechanism and serial mechanism, the velocity of parallel mechanism with respect to O-XYZ can be
expressed as: ⎧⎪⎨

⎪⎩
VPX = VFx − VCx

VPY = VFy − VCy

VPZ = VFz − VCz

(45)

By substituting Eq. (45) into Eq. (42), the velocity of each actuating joint can be obtained.
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Figure 12. NC system of the developed 5-axis hybrid machine tool.

Figure 13. The Graphical User Interface of post-processor.

5. Experimental tests
5.1. Developments of the proposed method
To perform the machining tests, an open-architecture NC system is constructed as shown in Fig. 12.

As shown in Fig. 12, the NC system is composed of a host computer (personal computer), a slave
computer, six servo modules, and other electrical components. The slave computer is SMC606 multi-
axis motion controller. The model of six servo modules is HG-KR43BJ, whose pulse frequencies are all
set as 10 kHz. By considering the lead of ball screw (5 mm), the resolution of each prismatic joint can
be calculated as 5 × 10-4mm.

Meanwhile, based on the proposed smooth toolpath interpolation method, a post-processor and a
Human–Machine Interface (HMI) system are developed and demonstrated in Figs. 13 and 14.

As shown in Fig. 13, the post-processor is to generate a smooth toolpath and export a set of optimized
NC codes by importing the original NC codes, which integrates the functions of velocity control and
trajectory control. Herein, the velocity control is applied to calculate a smooth velocity curve of tool
tip for avoiding sudden changes in acceleration and reducing velocity fluctuation. The trajectory control
is applied to generate a smooth toolpath and calculate the corresponding interpolated tool-axis vectors
and the corresponding interpolated tool tips.
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Figure 14. The Graphical User Interface of HMI system

As shown in Fig. 14, the HMI system is used to process user instructions and realize the motion
control of a hybrid machine tool. It integrates the functions of kinematics transformation. To be spe-
cific, the inverse position solution model is to transform the tool tips and the tool-axis vectors into the
displacement of actuated joints. The velocity mapping model is to transform the velocity of tool tip into
the velocity of actuated joints.

5.2. Machining test
Figure 15 depicts an overview of 5-axis machining operation by using the proposed toolpath generation
method.

As can be seen from Fig. 15, the proposed methodology includes three stages, that is, pre-processing,
post-processing, and machining tests.

(1) During the pre-processing stage, a 3D CAD model of the workpiece is developed by using
SolidWorks software. This CAD model is then transformed into a CAM model to generate the original
NC codes, which include the tool tips and the tool-axis vectors data.

(2) During the post-processing stage, the NC codes are imported into a self-developed post-processor
to generate a smoother toolpath and export a set of optimized NC codes.

(3) During the machining tests stage, the optimized NC codes are input into the HMI system of
the hybrid machine tool. Based on the inverse position solution and the velocity mapping model, the
imported NC codes are transformed into the displacements and the velocities of actuated prismatic
joints. Driven by the six servo motors simultaneously, the proposed hybrid machine tool can implement
machining tasks.

In order to verify the effectiveness of the proposed smooth toolpath interpolation method, we carried
out two sets of machining tests on S-shape workpieces [19, 38] to verify the effectiveness of the proposed
smooth toolpath interpolation method. For clarity, the experimental conditions between the two sets of
machining tests are given and compared in Table II. Where the PVT (P: position; V: velocity; T: time)
is a interpolation motion pattern based on Hermite cubic spline curve. By using this motion pattern, the
users can control the position and the velocity of each actuated joint at any time.

As can be seen from Table II, the two sets of machining tests are set to the same experimental con-
ditions except for the NC codes. In the first machining test, the NC codes are obtained directly from the
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Figure 15. Overview of 5-axis machining operation.
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Figure 16. The velocity fluctuation in two set of machining test.

CAM software. In the second machining test, the NC codes are optimized by using the proposed smooth
toolpath interpolation method.

The velocity feedback values of the tool tip are recorded in real time to reflect the velocity fluctuation
in the two set of machining tests. The results are depicted in Fig. 16.

As can be seen from Fig. 16(a), the velocity vary in the intervals of [0.24, 29.84] mm/s in the first
machining test. The average value of velocity fluctuation can be calculated by Eq. (46) as 0.59 mm/s. As
can be seen from Fig. 16(b), the velocity vary in the range of [2.07, 14.26] mm/s in the second machining
test. The average value of velocity fluctuation can be obtained as 0.4 mm/s. It is obvious that the average
value of velocity fluctuation is decreased by 32.2% after using the proposed velocity control strategy.
This indicates that the proposed velocity control strategy helps to reduce the velocity fluctuation:

vf =

NP∑
i=0

(vi − F)

NP

(46)
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Figure 17. Two set of S-shape workpiece after machining.
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Figure 18. S-shape workpiece test platform of geometric error of surface contour.
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Figure 19. Geometric error in two set of machining test.

where vf is the average value of velocity fluctuation, vi is the velocity of ith acquisition point, and NP is
the total number of acquisition points.

Figure 17 depicts the two machined S-shape workpiece.
As shown in Fig. 17, the total machining time of the first machining test is about 648s, and the total

machining time of the second machining test is about 689s. Obviously, the time increase after using the
smooth toolpath interpolation method is only 6.33%, which has little impact on the overall machining
efficiency.

As can be observed from Fig. 17(a), there are some tool marks on the surface of the first machin-
ing test. As can be observed from Fig. 17(b), most of tool marks are disappeared from the surface of
the second machining test. This indicates that the proposed smooth toolpath interpolation method can
effectively improve the surface quality of machining workpiece without reducing machining efficiency.

As shown in Fig. 18, to further compare the surface quality of the two set of S-shape workpiece,
geometric errors of surface contour are tested with MarSurf PS 10 roughness instrument. The position
of the S-shape workpiece is positioned by the gauge block to ensure that the starting point and the ending
point of the evaluation length are in the same position.

Figure 19 depicts the results of geometric error of surface contour.

https://doi.org/10.1017/S026357472200100X Published online by Cambridge University Press

https://doi.org/10.1017/S026357472200100X


4452 Zhen He et al.

As shown in Fig. 19, the maximum height Rz of the contour of the first machining test is 5.612 µm,
which of the second machining test is 4.398 µm. It is obvious that Rz is decreased by 21.6%. The cal-
culated average deviation Ra of the contour of the first machining test is 1.016 µm, which of the second
machining test is 0.660 µm. It shows that Ra is decreased by 35.0%. This further indicates that the pro-
posed smooth toolpath interpolation method can effectively improve the surface quality of machining
workpiece.

From the above comparison, it can be concluded that the first machining test is smoother than the
second machining test. At the same time, the velocity fluctuation can be significantly reduced by using
the proposed velocity control strategy.

6. Conclusions
Based on the investigations conducted in this paper, the following conclusions can be drawn.

(1) B-spline curve is adopted to formulate a tool tip curve, based on which the curvature of tool tip
curve is calculated to determine the constraint of the chord error and the centripetal acceleration. Under
the constraints of the chord error, the centripetal acceleration and the contouring error, the velocity at
the constrained velocity points will be controlled to less than the rated velocity value. By combining
the five-phase S-shape curve and the trigonometric function curve, one may avoid sudden changes in
acceleration and reducing the velocity fluctuation of the tool tip.

(2) A new trajectory control strategy is proposed, which includes the techniques of interpolation algo-
rithm and parameter synchronization. To be specific, a B-spline curve-based interpolation algorithm is
proposed to obtain the interpolated tool tip. The parameter synchronization is used to ensure the syn-
chronization of the interpolated tool-axis vectors and the interpolated tool tip. Thanks to the trajectory
control used in the tool tip, the trajectory smoothness can be effectively improved.

(3) A kinematics transformation is established for the 5-axis hybrid machine tool to transform the
NC codes into the displacements and velocities of actuated joints.

(4) The effectiveness of the proposed methodology is verified by a set of machining tests on S-shape
workpiece. The experimental results indicate that the average value of velocity fluctuation is decreased
by 32.2% after using the proposed velocity control strategy. And the values of Rz and Ra are decreased by
21.6% and 35.0% after using trajectory control. Therefore, the proposed smooth toolpath interpolation
method can improve the surface quality of machining workpiece and reduce the velocity fluctuation of
the tool tip.

(5) Our future work will focus on the following issues. First, vibration error caused by external force
will be considered in the trajectory control. Second, dynamics of hybrid machine tool will be taken
into account. Thirdly, the scheduled velocity profile will be time-optimized to improve the machining
efficiency. They will be investigated in-depth in our future work.
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