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Abstract. In the 1970s, Nekhorochev proved that, for an analytic nearly integrable
Hamiltonian system, the action variables of the unperturbed Hamiltonian remain nearly
constant over an exponentially long time with respect to the size of the perturbation,
provided that the unperturbed Hamiltonian satisfies some generic transversality condition
known as steepness. Recently, Guzzo has given examples of exponentially stable integrable
Hamiltonians that are non-steep but satisfy a weak condition of transversality which
involves only the affine subspaces spanned by integer vectors. We generalize this notion
for an arbitrary integrable Hamiltonian and prove Nekhorochev’s estimates in this setting.
The point in this refinement lies in the fact that it allows one to exhibit a generic class of
real analytic integrable Hamiltonians which are exponentially stable with fixed exponents.
Genericity is proved in the sense of measure since we exhibit a prevalent set of integrable
Hamiltonians which satisfy the latter property. This is obtained by an application of a
quantitative Sard theorem given by Yomdin.

1. Introduction

One of the main problems in Hamiltonian dynamics is the stability of motions in nearly
integrable systems (e.g. the n-body planetary problem). The main method of investigation
is the construction of normal forms (see [2] or [5] for an introduction and a survey of these
topics). This yields two kinds of theorem.

(1) The first kind of theorem proves results of stability over infinite times provided
by the Kolmogorov—Arnold—Moser theory which are valid for solutions with initial
conditions in a Cantor set of large measure, although no information is given on the
other trajectories. Riissmann ([21], see also [3] for a survey) has given a minimal non-
degeneracy condition on the unperturbed Hamiltonian to ensure the persistence of invariant
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tori under perturbation. Namely, the image of the gradient map associated to the integrable
Hamiltonian should not be included in a hyperplane and this condition is generic among
real analytic real-valued functions.

(ii) The second kind (see, e.g., [14, 15]) has proved global results of stability over open
sets of the following type.

Definition 1.1. (Exponential stability) Consider an open set @ C R", an analytic
integrable Hamiltonian /# : 2 — R and action-angle variables (I, ¢) € Q x T" where
T =R/Z.

For an arbitrary p > 0, let O, be the space of analytic functions over a complex
neighbourhood 2, C C?" of size p around 2 x T" equipped with the supremum norm
Il - I, over £2,. y

We say that the Hamiltonian £ is exponentially stable over an open set 2 C 2 if there
exist positive constants p, C1, C2, a, b and g9 which depend only on /# and Q such that:
i) heOpy
(ii)  for any function H(/, ¢) € O, such that ||H — k|, = & < &, an arbitrary solution

(1(1), (1)) of the Hamiltonian system associated to H with an initial action I (#p) in
€ is defined over a time exp(C» /&%) and satisfies

11(t) = I(to)|| < C1&” for |t — 1] < exp(Ca/e”) &)
where a and b are called stability exponents.

Remark 1.2. Using a similar technique, the previous definition can be extended to an
integrable Hamiltonian in the Gevrey class (see [13]).

In this paper, we prove that such a property of stability is generic according to the
following theorem.

THEOREM 1.3. (Genericity of exponential stability) Consider an arbitrary real analytic
integrable Hamiltonian h defined on a neighbourhood of the closed ball BI(Q") of radius R
centred at the origin in R".

For almost any 2 € R", the integrable Hamiltonian hg(x) = h(l) — Q.1 is
exponentially stable with the exponents

1
a=—— and b= ———.
2 +n? 22+ 2"

In order to introduce the problem, we begin by a typical example of a non-exponentially
stable integrable Hamiltonian: h(ly, I) = [ 12 — 122. Indeed, a solution of the perturbed
system governed by h(I, Io) + ¢sin(/; 4+ I) with an initial action located on the first
diagonal (/1 (0) = I5(0)) admits a drift of the actions (/1 (¢), I2(¢)) on a segment of length 1
over a timespan of order 1/¢. Actually, with this example, we have the fastest possible drift
of the action variables according to the magnitude ¢ of the perturbation.

The important feature in this example which has to be avoided in order to ensure
exponential stability is the fact that the gradient Vi (I, I1) remains orthogonal to the first
diagonal.

Equivalently, the gradient of the restriction of % on this first diagonal is identically zero.
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Nekhorochev [14, 15] introduced the class of steep functions where this problem is
avoided. This property of steepness will be specified in §2 but this kind of function can be
characterized by the following simple geometric criterion.

THEOREM 1.4. [17] A real analytic real-valued function without critical points is steep if
and only if its restriction to any proper affine subspace admits only isolated critical points.

In this setting, Nekhorochev proved the following theorem.

THEOREM 1.5. [14, 15] If h is real analytic, non-degenerate (|V*h(I)| # 0 for any
I € Q) and steep then h is exponentially stable.

The fundamental difference between our result of stability and the generic theorems of
stability which can be ensured with Nekhorochev’s original work is the fixed value of the
exponents a and b in our Theorem 1.3.

Indeed, the set of steep functions is generic among sufficiently smooth functions.
For instance, we have seen that the function x> — y? is not steep but it can be easily
demonstrated that x> — y? + x3 is steep and, usually, a given function can be transformed
into a steep function by adding higher-order terms. Actually, let J,(n) be the space of
r-jets of the C*° real-valued function of n variables; Nekhorochev [14] proved that the
non-steep functions admit an r-jet in an algebraic set of J,(n) with a codimension that
goes to infinity as r goes to infinity. The point is that Theorem 1.5 allows one to find a
generic set of exponentially stable integrable Hamiltonians but with exponents of stability
which are arbitrary small since they are related to the steepness indices (see Theorem 2.2).
Therefore, one cannot obtain uniform exponents of stability for a generic set of integrable
Hamiltonians.

Here, according to Theorem 1.3, fixed stability exponents are obtained on a measure-
theoretic generic set. Actually, we exhibit a set of exponentially stable integrable
Hamiltonians that are prevalent according to the terminology of Hunt et al [8] or
Kaloshin [9]. The precise definition of prevalence will be given in the third section of
this paper.

Different prevalent properties of dynamical systems have been proved in [8-10, 18] but,
to the best of the author’s knowledge, the only result of this kind for nearly integrable
Hamiltonian systems is that of Perez-Marco [19] who proved that Birkhoff’s normal
forms are convergent or divergent for a generic set of nearly integrable Hamiltonians.
Nevertheless, he uses a stronger notion of genericity than prevalence (see also §3 of the
present paper).

The aim of the rest of this paper is to provide a proof of Theorem 1.3 and the paper is
organized as follows. In §2, we state a result of exponential stability (Theorem 2.5) under
a strictly weaker assumption than steepness, which involves only affine subspaces spanned
by integer vectors. These affine subspaces will be called rational subspaces.

Actually, a necessary condition for exponential stability was given in [17] since for a
real analytic integrable Hamiltonian which admits a restriction to a rational subspace with
an accumulation of critical points, one can build arbitrary small perturbations which lead
to a polynomial speed of drift of the action variables. On the other hand, the fact that these
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restrictions admit only isolated critical points is not a sufficient condition for exponential
stability. However, there exists a large set of exponentially stable integrable Hamiltonian
which are non-steep along an affine subspace spanned by irrational vectors. Indeed,
Guzzo [7] has given such examples of integrable Hamiltonians: if h(ly, [r) = [ 12 — 5122
where § is the square of a Diophantine number then its isotropic direction is the line
directed by (1, +/8) and this allows one to prove that / is exponentially stable.

We generalize this property for an arbitrary integrable Hamiltonian by introducing
a condition of Diophantine steepness which is sufficient to ensure exponential stability
(Theorem 2.5). This latter result is proved along the lines of a previous paper [16]; for the
convenience of the reader its proof is given in Appendix A.

In §3, we show that a set of Diophantine steep functions with fixed indices is generic in
a measure-theoretic sense (‘prevalent’) among sufficiently smooth functions defined over
a relatively compact subset in R”.

Actually, by an application of the usual Sard’s theorem, one can see easily that the
Morse functions are prevalent in the Banach space (Cz(Bg’), R), || - llc2) where Bg’) is the
closed ball of radius R centred at the origin in R” (see §3).

Our prevalent set of Diophantine steep functions with fixed indices will be obtained
by introducing the class of Diophantine Morse function (Definition 3.1.1). We prove its
prevalence in (Ck(B;"), R), || - [|ck) for k = 2n + 2 in Corollary 3.2.7 thanks to reasonings
similar to those used for the classical Morse functions but we have to substitute the Sard’s
theorem by a quantitative Morse—Sard theory developed by Yomdin [22, 23].

Moreover, we show that the Diophantine Morse functions are Diophantine steep with
indices equal to two, and hence this class of functions yields the desired prevalent set of
integrable Hamiltonians.

2.  Results of stability with a Diophantine steepness condition
In order to specify the problem, we first give the original definition of a steep function and
its consequences.

Definition 2.1. [14, 15, 17] Consider an open set Q2 in R”; a real analytic function
f +  — Ris said to be steep at a point / € 2 along an affine subspace A which
contains / if there exist constants C > 0, > 0 and p > 0 such that along any continuous
curve [' in A connecting / to a point at a distance r < § the norm of the projection of
the gradient V f(x) onto the direction of A is greater than Cr? at some point I'(z,) with
IT(@) —I|| <rforallz € [0, t].

The constants (C, §) and p are respectively called the steepness coefficients and the
steepness index.

Under the previous assumptions, the function f is said to be steep at the point / € 2 if,
forevery m € {1, ...,n — 1}, there exist positive constants Cy,, §,, and p,, such that f is
steep at / along any affine subspace of dimension m containing / uniformly with respect
to the coefficients (C;,, §,,) and the index p,,.

Finally, a real analytic function f is steep over a domain P C R" with the steepness
coefficients (Cy,...,Cp—_1,61,...,0,—1) and the steepness indices (pi,..., py—1) if
there are no critical points for f in P and f is steep at any point / € P uniformly with
respect to these coefficients and indices.
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For instance, convex functions are steep with all the steepness indices equal to one.
On the other hand, f(x,y) = x% — y? is a typical non-steep function but by adding
a third-order term (e.g. y*) we recover steepness. Moreover, this definition is minimal
since a function can be steep along all subspaces of dimension lower than or equal to
m < n — 1 and not steep for a subspace of dimension / greater than m (consider the
function f(x,y,z) = (x2 — y)2 + z at (0, 0, 0) along all the lines and along the plane
z = 0). Also, a quadratic form is steep if and only if it is sign definite. Then, one can prove
the following theorem.

THEOREM 2.2. [14, 15, 16] If h is real analytic, non-degenerate (|V2h(I)| # 0 for any
I € P) and steep then h is exponentially stable with the exponents

1
C@n=Dpre e+ 17

and hence a and b depend only on the steepness indices.

Now, we can state the weaker definition of a Diophantine steep function. For m €
{1,...,n}, we denote by Graffg(n, m) the m-dimensional affine Grassmannian over
Bgl) C R” (i.e. the set of affine subspaces of dimension m in R” which intersect the
closed ball B;Qn) of radius R > 0 around the origin) and Graffllg (n, m) C Graffg(n, m) is
the set of rational sgbspaces of dimension m in R" whose direction is spanned by integer
vectors of length || k ||| = k1| + -+ - + |kn| < K for a given K € N*,

Definition 2.3. A differentiable function f defined on a neighbourhood of B;Qn) Cc R?
is said to be (y, t)-Diophantine steep with two positive constants y and 7 if, for any
m € {1, ..., n}, there exist an index p,, > 1 and coefficients C,, > 0, §,, > 0 such that
along any affine subspace A,, € Graffg (n, m) and any continuous curve I" from [0, 1] to
Ay N Bg with [T0) —=T(D)|| =7 <68, (y/K"), we have that

. T =T <r forallzs € [0, 1],
there exists #, € [0, 1] such that . (1)
IProjz (Vf(y &Nl = CurPr,

where A ,, is the direction of A,;,.

Remark 2.4. (i) The space R” is itself the only element of Graff}e (n, n). Therefore, along
any arc in Bg of length r < §,,y, there exists a point where the norm of the gradient V f is
greater than or equal to C,,rP (the projection is reduced to the identity in this case).

(i) With no loss of generality, we will assume that the coefficients (Cy, ..., C,) are
equal to one. Indeed, the problem can always be reduced to this case by using steepness
indices slightly greater than the optimal values.

We now describe the regularity of the perturbed Hamiltonian. Consider a nearly
integrable Hamiltonian H(I,¢) = h(l) + ¢f(l, ¢), where (I,¢) € R" x T" and
T = R/Z are action-angle variables of the integrable Hamiltonian 2. We assume that
H is analytic around a fixed complex neighbourhood V, P < C?" of a real domain
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P = Br x T" C R" x T" where By, is the ball of radius R centred at the origin and

VisP = V.(Bgr) x Ws(T") = {(1, ¢) € C?" such that dist(/, Bg) < r and
Re(p) € T"; Maxje1,...my|Im(p;)| < s} (2

with 1 > r > 0, s > 0 and the distance to Bg given by the Euclidean norm in C".

Let | -||s be the sup norm (L) for real or vector-valued functions defined and bounded
over V, ;P. We assume that || f ||, < I and that ¢ is a small parameter.

The Jacobian and the Hessian matrix are also assumed to be uniformly bounded with
respect to the norm on the operators, also denoted by || - ||, induced by the Euclidean
norm, i.e.

there exists M > 1, such that ||9;A(])|,s < M

and
102h(I)||,.s < M forall I € V,(Bg). (3)

Under the previous assumptions, we can state the following result which will be proved
in Appendix A.

THEOREM 2.5. Let H(I,¢) = h(I) + ¢f (I, ¢) be a nearly integrable Hamiltonian
analytic on the complex neighbourhood V,sP C C>* defined in (2) with an integrable
part h(I) which is (y, t)-Diophantine steep.
Consider
1 p p

= , a= , b= .

20 +n"py---pp-1) l+7 Pn
There exists a positive constant C which depends on n, M, R, s and T but not on ¢ and
y such that for a small enough perturbation ¢ < C Inf(y'/%, /%) and for any orbit of
the perturbed system with initial conditions (I (tg), ¢(tg)) € Bgr x T" far enough from the
boundary of Bg, we have

B

11(t) = (o) < (n+ 13" for |t] < eXP(%fE“)'

Remark 2.6. (i) In this study, we do not look for accurate estimates of the exponents a
and b as in [16], but we focus our attention on the most direct proof of the stability result
in the Diophantine steep case. Actually, our ultimate goal is the existence of a uniform
exponent of stability valid for a generic set of integrable Hamiltonians. The question of
optimality is not very relevant in this problem since we use very general estimates and do
not exploit the specificity of a given Hamiltonian.

(i) The fact that the exponents of stability are independent of y is crucial for our
subsequent reasonings. On the other hand, the upper bound on the size of the perturbation
in Theorem 2.5 depends on y (this is reminiscent of KAM theory where the latter quantities
depend on /y).

The proof of Theorem 2.5 is based on reasonings already given in a previous paper [16]
which rely on the construction of local resonant normal forms along each trajectory of
the perturbed system together with the use of a simultaneous Diophantine approximation
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as in Lochak’s proof [11, 12] of Nekhorochev’s estimates. However, this study [16] is
generalized in three directions. First, we substitute the original Nekhorochev’s condition
of steepness by our weak assumption of Diophantine steepness given above. Moreover,
thanks to a construction of the non-resonant sets directly in the frequency space, we can
remove the non-degeneracy condition on the frequency map (| V24| # 0) assumed in [16].
Finally, according to Remark 2.4, our integrable Hamiltonian / can admit critical points /
(while Vi(I) # 0 was assumed in [16]) provided that & satisfies a global steepness
condition on the full space R”. This last point is reminiscent of the notion of symmetrically
steep (or S-steep) function considered by Nekhorochev [14].

3. Genericity of Diophantine steepness among smooth functions

First, any linear form (1) = w.I with a (y, t)-Diophantine vector w € R”" is Diophantine
steep with indices and coefficients equal to one. Hence, a linear form is almost always
Diophantine steep while it cannot be steep according to Definition 2.1. At second order,
one can prove that a quadratic form is almost always Diophantine steep with indices equal
to two (it can be shown that for any quadratic form ¢(I) = I'Al, for any t > n?
and for almost all A € R, there exists y > 0 such that the modified quadratic form
g,.(I) = I'AI + 1| I]|? is (y, T)-Diophantine steep). We see that at first and second order,
the set of Diophantine steep functions is much wider than the initial class of steep functions.

Starting from these examples, we look for a full measure set of Diophantine steep
functions in the space of C¥ real-valued functions defined on an open set in R”. Actually, a
set in an infinite-dimensional space which is invariant by translation can be of zero measure
only if it is a trivial set (see [8]). For this reason, Christensen [4], Hunt et al [8] and
Kaloshin [9] have introduced a weak notion of a full measure set in an infinite-dimensional
space called prevalence which corresponds to the usual property in a finite-dimensional
space. In its simplest setting, a set P is said to be shy if there exists a finite-dimensional
subspace F' called a probe space such that any affine subspace of direction F' intersects
P along a zero measure set for the usual Lebesgue measure on this subspace. A set
is prevalent if its complement is shy. Stronger notions of prevalence can be defined
(see [8, 9, 18, 19]). For instance, Perez-Marco [19] considers sets which intersect any
finite-dimensional affine subspace along a full measure set with respect to the finite-
dimensional Lebesgue measure.

An example of a prevalent set is given by the Morse functions in the Banach space
(02(1_3;?"), R), || - [lc2) where E;e") is the closed ball of radius R centred at the origin in R".
Indeed, for any function f € C2(B§e"), R), by an application of Sard’s theorem on the
gradient map V f one can prove that for almost any linear form w € L(R", R) the function
fo = f + o is Morse and the probe space is given by the linear forms. The modified
function f,, is called a morsification of f (see [1] and [6]).

Here we look for a set P of Diophantine steep functions with fixed indices (in order
to obtain fixed exponents of stability according to Theorem 2.5) which is prevalent in
ck (Eg’), R) for a certain k € N*. As mentioned previously, this will be obtained by
introducing the class of Diophantine Morse functions (Definition 3.1.1) and proving its
prevalence in C2”+2(B§Qn), R) thanks to the quantitative Morse—Sard theory developed
by Yomdin [22, 23] together with reasonings similar to those used for the usual Morse
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functions. Moreover, we show that the Diophantine Morse functions are Diophantine steep
with indices equal to two and these later ingredients yield our main theorem (Theorem 1.3).
Finally, according to Yomdin, our estimates derived in Theorems 3.2.4 and 3.2.5 should
be useful to locate the nearly critical points of a generic mapping (i.e. the problem of the
‘organizing centre’, see [24, p. 296]).

3.1. Diophantine Morse functions.

Definition 3.1.1. We denote by Gr(n, m) the set of all vectorial subspaces of dimension m
in R” and, for K € N* Grg(n,m) C G_r)(n, m) is the set of vectorial subspaces in
R” spanned by integer vectors of length || k ||} = |ki| + --- + |k,] < K; moreover
Gr(n) = Uy,—, Gr(n, m) and Grg (n) = {J,,,_; Grg (n, m).

A twice differentiable function f € C2(R", R) defined on a neighbourhood of the closed
ball Bg) C R” of radius R centred at the origin is said to be (y, t)-Diophantine Morse
with two positive constants y and 7 if, for any K € N*, any m € {l,...,n} and any
A € Grg(n, m), there exists (eq, ..., ey) (respectively (f1, ..., fn—m)), an orthonormal
basis of A (respectively of A1), such that the function

fale, B) == flarer + - +amen + B1f1 + -+ Buem fu—m)s “4)

which is twice differentiable on a neighbourhood of B ("), satisfies

for all (o, B) € 1_3;") we have

fa 14
%(as IB)H > F
H 3% fa

or

14
| > 2=l (forall n € R™).

2
3o |4, p)

The link between the Diophantine Morse functions and the Diophantine steep functions
is given in the following theorem.

THEOREM 3.1.2. With the previous notation, if a differentiable function f € C3>(R", R)
defined on a neighbourhood of the closed ball ng C R" is (y, t)-Diophantine Morse
for some positive constants y and t, then f is (v, T)-Diophantine steep over Bg with the
coefficients Cy, = 1, 8,;, = 1/2M and the indices p,, = 2 form € {1, ..., n}.

Remark 3.1.3. Our definition of Diophantine Morse function relies on the choice of an
orthonormal basis in any subspaces A € Grk (n) and the eigenvalues of the Hessian matrix
which are extrinsic. However, the property of Diophantine steepness involves only the
norm of the gradient V f since

ad
H%(a, ,B)H = [[Projo (V f(arer + - + amem + B1f1 + - + Bo—m fu—m))l

which does not depend of the considered orthonormal basis.
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Proof. Consider f € C3(R", R) with | flles < M for some M > 1 over BéR such that

5 "

da?

()

(a, ﬁ)H — or
(@p)

Y m
> F||n|| (for all n € R™)

forall («, B) € BYY x BY™™ with A € Grg (n, m).
Then, for any continuous curve I" : [0, 1] — E;i,m) of length r < Inf((y/2MK7), 1),

we have:
(i)  either,
afa Y 2.
H—(F(O) B > X >r >r4
(ii) otherwise, for @ € R™ such that |« — '(0)|| < y/2M KT we have
3 fa /A ‘ _ Y
2 2
9% lwp 92 [ropl  2K7
and
9 fa 2fA
Ll = () Inll foralln € R™.
302 ir0).p) S (o, B) ZKT
The mean value theorem gives
A fa _ |24
H o, ) — —(F(O) B) 52 (a —T(0)
R CA)
for some «, on the segment that connects I'(0) and «, it implies

a
'ﬂ( B) — ﬂ(F(O) B)

14 2
z sxe le =T O = fle = O]

Hence, we can ensure at least a variation of size #2 on the norm

‘ﬁ(r(t) A

along any path I' of length r < Inf(y/2MK7, 1).
Moreover, the choice of the orthonormal basis (e, ..., e;) gives

ﬂ(a B) = PI'OJA(Vf(O[lEl + ot amen +B1fi+ -+ Boem fu—m)).

Hence, for an arbitrary path " of length r < Inf(y /2M K7, 1) in the affine subspace x + A
with A € Grg (n,m) and x € AL, there exists #, € [0, 1] such that

IProj, (V£ (Cto)| = r?

and we can always choose this time #, such that ||f‘(t) — f‘(0)|| < rforallt € [0, t.].
Finally, any rational subspace spanned by integer vectors of lengths bounded by K € N*

can be seen as the sum x + A for some x € A+ N B;Qn) with the direction A € Grg (n).
Hence, the definition of Diophantine steepness for f over Bg is satisfied with the

coefficients C,, = 1, 8,, = 1/2M and the index p,, =2 form € {1, ..., n}. O

https://doi.org/10.1017/50143385706000927 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385706000927

914 L. Niederman

3.2.  Quantitative Morse—Sard theory and applications. Now, an application of a
quantitative version of Sard’s theorem by Yomdin [22] allows us to show that, for a fixed
7 > 0 which is large enough, any sufficiently smooth function f € CP(R", R) can be
transformed into a (y, 7)-Diophantine Morse function by adding almost any linear form.

We recall the main results of this Yomdin theory along the lines of a recent expository
book of Yomdin and Comte [23]. For k, m and n € N* such that m < n, consider a
mapping g € CKT(R", R"™) defined on a neighbourhood of the closed ball By’ C R”
for some radius R > 0 with the bound | gllgit1 = M > 1 for the usual C*1_norm
over Ck+1 (B;e"), R™). With the previous assumptions, the quantity Ry (g) = (M/k!)R¥*!
bounds the Taylor remainder term at order k over the closed ball Bl(en).

For any matrix A € My, (R) with 1 < m < n, the ordered singular values of A
(i.e. the eigenvalues of A'A) are denoted by 0 < A1(A) < --- < An(A) and, for
any x € Bg’), the singular values of dg(x) are denoted by A;(x) withi € {1,..., m}.
In other words, dg(x) maps the unit ball in R” onto the ellipsoid of principal axes
0 < M) < <A inR™ ForA = (A, ..., An) With 0 < A < -+- < A,
the set X (g, A, Bl(en)) of A-critical points and the set A(g, X, El(en)) of A-critical values are
defined as

S(g, *, BY) = {x € BY such that A; (x) < A;, fori =1,...,m)

and
A(g, 1, BY) = g(2(g, &, BY)).

Finally, for any relatively compact subset A in R”, we denote by M (g, A) the minimal
number of closed balls of radius ¢ in R” covering A.
The cornerstone of the quantitative Sard theory is given in the following theorem.

THEOREM 3.2.1. [22, 23, Theorem 9.2] With the previous notation and assumptions,
withho=1and A = (A1, ..., Ay), we have

M 501 9 RY
(e, A8, 2 BR") e Y dohiedj( — ) fore = Ri(g)
j=0

_ m RN /R (n—j)/(k+1)
M(e, A(g. . BR") < ci Y hoki mxj(;) ( "s(g)) fore < Ri(g)
j=0

where ¢; > 0 and c, > 0 depend only on n, m and k.

COROLLARY 3.2.2. With the previous notation and assumptions, for any ¢ €]0, 1],
we have

o m |\ KD/ D)
M(s, A(g, A\, B")Y<C rorr---Arif -
(e, A(g. A, Bp))) < ;0 0r1 ,<8>

where C > 0 depends only on M, R, n, m and k.
If Neigh, (A) = (J,cq B(x,¢) for a set A C R™ then Neigh, (A(g, A, Bgl))) can be

covered by M (e, A(g, A, Bgl))) balls of radius 2¢ and, for the m-dimensional Lebesgue
measure, we have

Vol(Neigh, (A(g, &, BU"))) < V(m)(2e)" M (e, Ag, 1, BY))
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where V (m) is the volume of the m-dimensional unit ball. Finally,

m 1 [(n+kj)/(k+1)]—m
. n(n) ~
Vol(Neigh, (A(g, A, Bg"))) < C ZAOM : ")‘j< >

j=0

for some constant C which depends only on M, R, n, m and k.
COROLLARY 3.2.3. For$ €10, 1[ and & = §**TV/* e denote
As=A(g, (8, M, ..., M), BW) and Ajs = Neigh,(As)

and we have the following bounds:
@) Vol(&;) < C8§UHI=m)/k yhere C > 0 depends only on M, R, n, m and k;
(ii) for k = 2n, we have Vol(Ag) < C8+D/2n,

Proof. Since ¢ € |0, 1[, we have

m
Vol(Ay) < CemIn/Utly &3 pgi =1 ggmlomthi) /et 1)
J=1

i M7 =1
<C 8'"—["/(k+1)] + 58m—[(n+km)/(k+l)]
- M—1
and m > 1 implies
VO](AS) < 618[(k+1)n17n]/(k+1) + 6288(141711)/(](4»1) < 618(k+17n)/(k+1) + Czag(lfn)/(lﬁkl)'
Finally, the choice & = §**+1D/k yields Vol(As) < C8**+1="/k and k = 2n allows one
to obtain the second estimate. O

THEOREM 3.2.4. For k € 10, 1[ and g € C*t1(BW , R™) with ||gllome = M > 1,
there exists a subset C,, C R™ such that

Vol(Cc) < C/k  (with the constant C considered in the previous corollary)
and, for any w € R™\Cy, the function g, (x) = g(x) — w satisfies at any point x € BI(Q"),
lgw ()Nl >« or |ldgu(x)¢Il > k¢l (forall¢ € R™).

Proof. We choose Cc = As with 8§ = «™/*+1D and hence
Vol(C) < CsTHD/2n = ¢ Jk.

Now, with our bound on ||g||c2:+1, we have A; (x) < M forany i € {2, ..., m} and any
X € Bl(i,"); hence

As = {x € BY such that 11 (x) < 8)
= {x € BY’ such that there exists ¢ € R" with [|dg(x)¢|| < 8)1Z]I}.

Moreover ¢ = §@n+D/2n — ((@ntD/@n+2) o o with k < 1, 50 [|gw(x)]| < & implies
lgo()| < e and g(x) ¢ Ajs since Dist(w, As) > ¢&; hence ||dg(x)¢|| > §||¢] for all
¢ e R

Finally, § = /"D > i yields

ldgo ()¢l = lldg(x)¢ ]l > sli¢ll > kgl (forall ¢ € R™)

and we obtain the second estimate. O
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We now consider the constants y > 0, 7 > 0 and an arbitrary function f €
C¥+2(R", R) defined on a neighbourhood of the closed ball B;Qn) C R”" with the bound
| fllgansz = M > 1.

The previous theorem (Theorem 3.2.4) allows one to bound the measure of the set of
values 2 € R” such that the modified function f(x) — Q.x is not (y, v)-Diophantine
Morse.

More specifically, for any (K,n,m) € N3 with 1 < m < n and any subspace
A € Grg (n, m), thanks to the choice of an orthonormal basis in A and A~L, the function
fa defined in (4) admits the upper bound [|0 fa llc2n+1 < || fllg2e+2 = M for the usual
%+ 1 norm over C2*+! (El(i,"), R™).

THEOREM 3.2.5. Consider v € N*, K € N* and A € Grg(n, m); there exists a subset
CX)) C B,(,") where B,(,") is the open ball of radius v centred at the origin in R" with

e

vol(c\") < ¢V
K'L’

where the constant C,Sf ) depends only on n,m, M, R and v such that, for any Q €
B,()")\C(U), the modified function fq(x) = f(x) — Q.x satisfies, at any point x € Bg’),

10a firs @ B = 2 or 02 finsn(e B0l = 2= lnll - Goralln € R™).
(The function f(,q) is defined with respect to fq along the lines of fa with respect to f
in the definition of a Diophantine Morse function.)

Proof. We apply Theorem 3.2.4 with the constant « = y /K7 on the function g(«, 8) =
3o fa (@, B) € CP'FL(R™, R™) in order to obtain a nearly critical set C, C R™.

Then, for Q € R” such that Proj, (2) = wie1 + -+ + wmen With w = (w1, ..., ©n)
¢ Cy, the function fo(x) = h(x) — Q.x satisfies dy f(a, @) (o, B) = O fa(a, B) —w =
gw(av ﬁ) and
18w (e, B)II = 110a fia.)(a, B)II = F or |dgw(e, B)¢I = Fllill (forall £ € R")

but the differential 85 S B) = 802[ fa(a, B) is the restriction of dg to the subspace
R™ x {0} C R" and admits the same lower bound on its singular values as dg = dg,,.
Next, we consider the set

(”) ={Qe B(”) such that Proj, (Q) = wie; + -+ - + wpmen

with w = (wi, ..., wy) € C}

and we have the estimate
- - [y
Vol(C\”) = Vol(Proj; ! (Cc) NB™) < Vol(BM) Vol(C,) < V()" C e

where V (n) is the volume of the unit ball in R” and C is the constant in Theorem 3.2.4
computed for a function g € C*"*!(R”, R™) which depends only on M, R, n and m.
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Finally,
= 14
Vol(e\") = ¢V | ra
where the constant C_’,(nv) depends only on n, m, M, R and v. O

THEOREM 3.2.6. Consider an arbitrary constant t > 2(n*> + 1) and a function f €
C2"+2(E§Qn), R) defined on a neighbourhood of the closed ball B;en) C R". Then, for
almost any Q2 € R" there exists y > 0 such that the function fo(x) = f(I) — Q.1 is
(y, t)-Diophantine Morse over B;Qn).

Proof. For any v € N* and K € N*, we consider the set C;;) = U UAEch (1.m) C/(\v);
by an application of Theorem 3.2.5, we obtain

n n
Vol €Y)) < " Card(Gr (n, m)CY /% < <Z C,;W)K"Z /%.
m=1

m=1

Now, for fixed y > 0, the set Cy") = [ gop CY satisfies

n
Vol(C)”) = (Z C&”)( > K 2>fy
m=1 K eN*

and this upper bound is convergent with our assumption on 7.
ForC") = ﬂy>0 C)(,U) we have Vol(C™") = 0and C = Uven+ C™ satisfies Vol(C) = 0.
Finally, for any 2 € R"\C, the function fq(x) = f(x) — Q.x is (y, v)-Diophantine
Morse over B;Qn) for some y > 0 and we can choose T = 2n% + 3 > 2(n% + 1). O

COROLLARY 3.2.7. (Prevalence of the Diophantine Morse functions)  The set of (y,
2n? + 3)-Diophantine Morse functions for some y > 0 is prevalent in C*"t2(R", R).

Proof. In the previous theorem (Theorem 3.2.6), we can choose T = 2n2 43> 2(n2 +1)
and, for almost any Q2 € R"\C, the function fo(x) = f(x) — Q.x is (y, t)-Diophantine
Morse over Eg’) for some y > 0. This is exactly from the definition of a prevalent set with
the probe space given by the linear forms. o

3.3.  End of the proof of the main result (Theorem 1.3). Returning to the dynamics, our
result of exponential stability (Theorem 2.5) together with the prevalence of Diophantine
Morse functions (Corollary 3.2.7) implies that for an arbitrary real analytic integrable
Hamiltonian % and for almost all linear forms w € L(R", R), the modified Hamiltonian
hy(x) = h(x) + w(x) is exponentially stable with fixed exponents of stability (since the
latter quantities depend only on the steepness indices). Indeed, for almost any 2 € R”
there exists y > 0 such that the integrable Hamiltonian hq (/) = h(l) + Q.1 is (y, 7)-
Diophantine Morse with T = 3 + 2n2. Hence, according to Theorem 3.1.2 the integrable
Hamiltonian hgq is (y, 3 + 2n%)-Diophantine steep with indices equal to two and finally
Theorem 2.5 ensures that hg is exponentially stable with the desired exponents. O

Acknowledgements. The author wishes to thank Francois Ledrappier for his careful
reading and his remarks which significantly improved the paper.
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A. Appendix. Exponential stability with a Diophantine steepness condition

A.l. Description of our proof. Our proof is based on the following simple algebraic
property. Let @ € R” be a rational vector, i.e. w is a multiple of a vector with integer
components. In such a case, the scalar products |k.w| for k € Z" such that k.« # 0 admit
a lower bound £ > 0. Then, let w € R” be a rational vector and K € N* a positive integer,
there exists a small neighbourhood V' of @ which depends on K such that |k.«'| > £/2 for
any o € Vand all k € Z"\(w)*+ with ||k|li = |ki| + - - + |ka| < K. Moreover, if we
find a second rational vector @ € V, then the scalar products |k.| admit a uniform lower
bound for all k € Z"\{(w) N (@)1} and ||k||; < K. If w and & are linearly independent,
we also have Dim((w)* N (®)1) =n — 2.

Along these lines, we can ensure that if we find a sequence (w1, . . ., @;,) of close enough
rational vectors which are linearly independent (i.e. (wy, ..., w,) form a basis of R"), then
all the scalar products |k.w,| admit a uniform lower bound for k € Z" and ||k||; < K with
K € N*.

Now, consider a trajectory of the perturbed system starting at a time #y which admits an
increasing sequence of times 7o < t| < --- < t,, for some constant K € N* such that each
frequency vector Vi (I (t)) is close to a rational vector wy foreach k € {1, ..., n}. Assume
that (wy, ..., w,) is a basis of R"” composed of rational vectors which are close enough to
one another to satisfy the previous algebraic property with the constant K. Then, I (#,) is
located in a resonance-free area up to some finite order and a local integrable normal form
can be built up to an exponentially small remainder allowing one to confine the actions.

Our result of stability (Theorem 2.5) is proved by contradiction in the following way.
Assume that a solution of the perturbed system starting at an initial time #y admits a drift
of the action variables over an exponentially long time. Then, the Diophantine steepness
of the integrable Hamiltonian ensures that, for a small enough perturbation, the sequence

of times (1, ..., t,) and the basis (w1, . . ., w,) can be build recursively. Hence the actions
are confined, which gives the desired contradiction.
The closeness of Vi(I(t;)) to wi for k € {1,...,n} is given by an application of a

classical theorem of Dirichlet for a simultaneous Diophantine approximation which yields
a minimal rate of approximation of an arbitrary vector by a rational one. This last argument
gives an upper bound on the order K of normalization which can be carried out and imposes
our value of the stability exponents a and b.

A.2. Normal forms. In order to avoid cumbersome expressions, we use the notation
u <*x v (respectively u %< v, u <*x v, u =< v) if there exists 0 < C < 1 such thatu < Cv
(respectively uC < v, u = Cv or uC = v) and the constant C depends only on the
dimension n, the bound M, the radius R, the analyticity width s and the exponent t but
not on the small parameters ¢ and y. We consider the perturbed Hamiltonian H which is
holomorphic over the domain V, P defined in (2).

Let A be a sublattice of Z" and K € N*. A subset D C Br C R" is said to be
(o, K)-non-resonant modulo A if, at every point I € D, we have

k.VA(I)| = [k.w(I)| > a forall I € Dandk € ZL\A

where Z = {k € Z" such that ||k|; < K} with a fixed K € N*.
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In the neighbourhood of such a set D, the perturbed Hamiltonian H can be put in a
A-resonant normal form & + g + fi where the Fourier expansion of g contains only
harmonics in Z% N A while the remainder f is a small general term.

More specifically, we will consider the set

VisD = V(D) x W(T") = {(1, ¢) € C?" such that dist(, D) < r and
Re(p) € T"; Maxe1,...my|Im(p;)| < s}

equipped with the supremum norm || - || s for real or vector-valued functions defined and
bounded over V,. ;D. Using this notation we obtain the following lemma.

LEMMA A.2.1. (Normal form [20]) Suppose that D C Bp is (o, K)-non-resonant modulo
A and that the following inequalities hold:

<+ <M ©R), C<k (A.1)
e<x—, r=<xMin[—,R]), - <K. .
K A K s

Then we can define an holomorphic, symplectic transformation ® : V, ., D +—— V, D
where ry = r/2,s, = s/6 which is one-to-one and real-valued for real variables such
that the pull-back of H by ® is a A-resonant normal form Ho ® = h+ g+ fouptoa
remainder f, with

sK
lgllr.s. ¥ e and ”f*”r*,s**#b‘exp(—?).

Moreover, |[I1f o ® — Idj ||, s, *7/6 uniformly over V,, s, D where 1] denotes the
projection onto the action space and 1dy is the identity in the action space. Hence,

Vr/3D C n](q)(vr*,s*p)) C VZr/3D-

COROLLARY A.2.2. With the notation of the previous lemma, consider a solution of the
normalized system governed by H o ® and a time t;y € R. Let A be the affine subspace
which contains I (t;) and whose direction A @ R is the vector space spanned by A; then

sK

dist(Z(t), Ax) = 11 (2) — Akl *<e  for|t — | < exp( G ) and |t| <7, (A2)

where 7T, is the time of escape of V., 5, D.

Proof. We denote by Q the orthogonal projection on (A)L. Since H o ® is in A-resonant
normal form, we have (d/df) Q(I (t)) = —Q(dy f+) and by the Cauchy inequality

11() — Al = 1QU @) — TN = 12 fu (I, @D Ir 5 1T — T %= 6;

provided that |t — #;| < exp(sK/6). O

A.3. Nearly periodic tori, non-resonant areas and approximation. A vector w € R”" is
said to be rational if there is ¢t > 0 such that tw € Z", in which case 7 = Inf{t > 0/tw
€ 7"} is called the period of w. Consider ¢ > 0 and w € R" \ {0} a rational vector of
period 7, the set

By(w) = {I € Bg such that |Vi(I) — o] < o}

is called a nearly periodic torus.

https://doi.org/10.1017/50143385706000927 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385706000927

920 L. Niederman

THEOREM A.3.1. For K > 0 and ¢ > 0 such that 2KoT < 1, the set By(w) is
(1/27, K)-non-resonant modulo the Z-module A spanned by Z, N ().

Proof. First we have the following lemma.

LEMMA A.3.2. Let Q be the hyperplane (w)*, then for all k € 7"\ we have |k.w| >
1/7.

Proof. We have |k.w| = 1/7T |k.Tw| = 1/T |k.«| for some o € Z" and |k.«| # O since
k ¢ (@)t = (w). Hence |k.o| > 1 and |k.0w| > 1/7. ]

Then dim(A) < n — 1 since @ # 0 and for all I € By(w), for all k € Z \ A, we have

1 1
k.Vh(D)| > |k.o| — |k||[VR(I) —o|| > = - K —
I (D] = kol = k[VAU) — ol 2 = 0>z
according to our threshold in Theorem A.3.1. O

Now, for an integer m € {1, ..., n}, consider a decreasing sequence of positive real
numbers o > - -+ > @, and m rational vectors (w1, .. ., @) in R" with respective periods
(11, ..., 7,) such that

lwjr1 —wjll <oj forallje{l,...,m—1}.

We denote by 2; the hyperplanes (a)j)l and by I; the sets 1 N --- N Q;, for
je{l,...,m}.

Consider a positive constant K so then the Z-module (respectively the R-vector space)
spanned by Z N Z; is denoted by A ; (respectively A; ® R).

LEMMA A.3.3. With the previous notation, if
2m — j+1DKo;T; <1 (forall j €{l,...,m}), (A.3)
then the nearly periodic tori
B; = {I € Bg such that ||[Vh(I) — w;|l < (m — j + D)o;}
are (1/27;, K)-non-resonant modulo A j for j € {1, ..., m}.

Proof. Consider j € {2,...,m} and I € Bj; since the sequence (0;)1</<; is decreasing,
we have |l —wjll <o+ +0j-1 < (j—1—=Dg foralll € {1,...,j— 1} and the
assumption [|VA(I) — w;|l < (m — j + 1)g; yields

IVA(I) —w|| <(m —Dor < (m—1+ 1) foralll e{l,...,j—1}.

Then, the argument of the previous lemma (Lemma A.3.2) ensures that, for all € Bj,
foralll € {1,..., j} and for all k € Z}\2;, we have

1 1
kVh()| > = —(m—1+ 1K —
| ()Ile (m +)9122Tl

with the thresholds (A.3).
Hence, for all k € Z% \ A, the scalar products |k.Vh(I)| are lowered by 1/27; for any
I e Bj. O
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Below, we will need the following direct corollary of Dirichlet’s theorem on the
simultaneous Diophantine approximation (see Lochak [11]).

LEMMA A.3.4. For any x € R" and any Q € N¥, there exists a rational vector x* of

period T which satisfies
Vn—1 1
I* = xll < = with <7< 2 (A4)
TV 0= lIx Ml oo X Nl oo
for the Euclidean norm || - || and the maximum of the components | - || co-

Proof. We can renumber the indices in such a way that x = £(%1, x’) for some x’ € R*~!
and § = [|lx||oo-

The question is now reduced to an approximation in R”~!. Indeed, Dirichlet’s theorem
yieldsg e N*and !’ € Z" ! suchthat 1 < ¢ < Q and ||gx’ —'||ec < Q=D

If x* = &(£1,1'/q), we have

I — xloe < 20 VOD — * — x| < VA — T2 V0D
q q

for the euclidean norm.
One can check easily that x* is a rational vector of period 7 = ¢ /& which satisfies the
desired claim. a

A.4. Fitted sequence. We first prove that the existence of a sequence of rational vectors
as described in the previous section along a trajectory implies that the actions are confined.
Then, in the following sections, we show that a drift of the action variables implies the
existence of such a sequence which gives a contradiction.

Hence, Theorem 2.5 of exponential stability would be proved.

We study the perturbed system governed by the Hamiltonian H which is holomorphic
over the domain V, ;P defined in (2).

For 1 <m <n,let (w1, ..., wy) be a sequence of rational vectors.

As previously, for j € {1,..., m} we define Q; = (a)j)L andZ; = Q1 N---NQj;also
let A ; be the Z-module spanned by Z% N Z;, and finally d; = dim(A; ® R).

Definition A.4.1. (Fitted sequence) For m € {1, ..., n}, consider an integer K > 6"/s.
A sequence of rational vectors (wi, ..., @y,) is called a fitted sequence of order K for a
solution (7 (), ¢(¢)) with an initial time £ if there exists:

(1) anincreasing sequence of times such that

to <t <--- <ty <tg+exp(sK/6);

(2) adecreasing sequence of radii R > ro > - -+ > rp;
(3) adecreasing sequence of domains

Di = {I € Di_1 such that |[VA(I)—wi_1|| < 4M(m—k+1)ry} and Pr=DixT"

fork € {1, ..., m} with Dy = Bg;
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(4) holomorphic, symplectic transformations ®; : Vrik)gsk Dy +— Vi 5. Dk where
(rik), sk) = (rx/2,s/6F) which are one-to-one and real-valued for real variables
with .
k
ITT; o ©f — Idl”r*(k),sk <% r3 fork € {1,...,m}.

Then, the application W, - o 1 0---0 ®; is defined over D x T" and we assume
that Ho W~ !is in Ag-resonant normal form up to a remainder of order ¢ exp(—sK/6) as in
Lemma A.2.1. From now on, we will denote by / ®) = 7 o Wi (1, @) the averaged actions
under the transformation W and Ay = ||I(k) — I”rik)’sk; hence Ap <*r; + --- + r¢ for
k € {1, ..., m}. Finally, the following three properties should hold:

@ IVRI* D)) — wx|l < Mry fork € {1,...,m} with I© = T;
() IO — 10| < ri fort € (1, typ1] withk € {0, ..., m — 1};
(iii) the dimensions (dy, ..., dy) satisfy: d; > --- > d; > --- > d;, =0.

THEOREM A.4.2. Consider a trajectory which admits a fitted sequence of order K.
If 1(to) € BR/2 and the threshold & <* ry, is satisfied, then we have

1(6) = I(to)|| < (n+ 1)*rg  forty <t < to + exp(sK/6). (A.5)
Remark A.4.3. Our construction goes forward in time but the same results are valid
backward in time.
Proof. First, we have || 1(¢) — I (tp)|| <rop < (m + 1)2rg for ¢ € [tg, 1;] and

Apkri+ -4+ ry = Ar<xkry forke{l,...,m},

which implies that, for all ¢ € [#, tk+1],

1@ = 1@ < 1@ = 1PN+ 1P @ = 19 @I + 110 @) = 1@l
<2Ar +re <*%2kri +r, (forallk e {1,...,n—1}).

Finally, the domain of definition of D,, contains a neighbourhood of 7(#,) and ¥,
transform the considered Hamiltonian H to an integrable one up to a perturbation of
magnitude ¢ exp(—sK/6) since d,, is equal to 0.

Hence, H o W 1(1™ o™y = h, (I™) + f,(I"™, ") and an application of
Cauchy’s inequality on the real domain P, yields

[y, =< (%)
*<x—expl —— ).
Pu  Sm 6

Then, for ¢ € [, to + exp(sK/6)], the threshold & <* r,,, implies

Ofm
ago(m)

11U (£) — 17 ()| < |t — ]

=Tm

P

and hence

WI(t) — L)l < 1T (2) — T @) || 4+ 1T @) — 1 @) | 4+ 119 (tn) — 1 (t) |
< 2Am + rm 4*2””'1 +rm
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= () = 1)l = 1) = I(tp)|l + 1 tm) — I (tm—DIl + - -+ 1L (1) — I(20) ||
<2(Am+--+AD)+rmt+rm—1+--+ri+ro
<x2[m+ (m — 1) + -+ 1ry +mry +ro <% (m + 1)rg

since r1 > ro, and this yields the required inequality since m < n. a

A.5. Formal construction of a fitted sequence. Here, we assume that there is a
sufficiently high density of rational vectors and look for the relations which should
be satisfied by the parameters ¢, t, y, K, s, the radii (R,ro,...,7,) and the periods
(71, ..., 7,) to ensure the existence of a sequence fitted to a trajectory which admits a
drift of the action variables as a result of our Diophantine steepness condition.

LEMMA A.5.1. Consider two constants 0 < 7, 0 < y < 1, an integer K > 6" /s and
a solution of the perturbed system with some initial condition (I (ty), ¢(to)) in Br x T"
such that the action variables admit the following drift:

there exists t,, € [to, to + exp(cK)]  with  |[1(t,) — I(to)|| = (n + 1)*ro

for0 < ry < R/[2(n + 1)?2].

A sequence (w1, ..., wn) of rational vectors is a fitted sequence of order K for the
considered solution if the radii (ry,...,ry,) and the periods (11, ...,T,) satisfy the
following relations:

i rn<y/K%

(i) e<x1/2M(ri/2)P fork € {1, ..., m — 1} where we denote py = pq,;

(i) rgs1 < (1/6M)(ri/2)P fork € {1,...,m — 1};

iv) 8M@m —k+ DKnryTy < 1fork e{l,...,m};

(V)  the thresholds (A.1) are satisfied with the parameters €, K, ry and oy = 1/27%.

Proof.

First step. We assume the existence of a 7j-periodic rational vector w; such that
IVRI® (1)) — w1]| < Mr; for a given time t| € [ty, tp + exp(sK/6)] which will be
determined explicitly in the next section.

Consider the domain D; = {I € Bpg such that |VA(I) — w1| < 4Mmr;}. With our
threshold (iv) in Lemma A.5.1, Dy is (1/271, K)-non-resonant modulo A . Then the last
condition of Lemma A.5.1 implies the existence of a normalization & with respect to A
from Vril) D to Vyy 50D1and ¥y = @ !is the desired transformation.

Iterative step. Assume that an increasing sequence of times fp < #; < --- < fx <
to + exp(cK) and a sequence of periodic vectors (wi, ..., wx) with respective periods
(71, . . ., Ty) which satisfy the assumptions of a fitted sequence have been built up to order
k € {l,...,n—1}. We denote the projection Projg = Proj x (respectively Proj,, ,) by Qk
(respectlvely Q). According to Corollary A.2.2, one can see that the normalized actions
1% satisfy

IO @) — 10 @) — QI P (1) — 1P @) = 10U P (1) — IP @) xxe  (A6)

fort € [, Inf(zo + exp(cK); )] where ¢ is the time of escape of Dy.
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If | QTP 1) — I® )| < ri/2 forall 1 € 15, 1o + exp(cK)[, the inequality (A.6)
and the threshold (ii) of Lemma A.5.1 imply

k k 1 Ik Pk Ik
11O@ — 10 @) < W(?) +5 = sincery < 1, p¢ > land M > 1.

Then, as in the proof of Theorem A.4.2, we have
(&) =T <2Ak +re<x2(r1 + -+ -+ 1) + 1 forall 1 € Jt, 1o + exp(cK)[
which yields
() — Tl < 2(A1+ -+ A + 7+ +rc+ro<x(k+ Do < (0 + Do

while we have assumed || (z,) — I (t9)|| = (n + 1)2ry. Hence, there is an escape time
. Tk
bk € Ntk 1o+ exp(K)L with Q1Y () = 10 @) = -

Since I® (1) + Q1P (1) — I® (1)) is a continuous path in the subspace Ay =
I®@) + A R, the steepness of & yields ;41 € [#, t«] such that

Pk
IProj > (VAU ® (1) + Qi1 ™ (1) = 1P @) = (r—") ,

2 (A7)

1QuI® @) = 10 @) = 5 forallt € [t .
Moreover, the inequality (A.6) and threshold (ii) in Lemma A.5.1 together with p; > 1

imply that

M Pk 1 Pk
VAU P (1)) — VRAP (1) + QP (terr) — 1P @) < m(%") - 5(%")

and

1 Pk
(A7) = [ Qu(VAU P (t))| = IProj (VAT (s = 5(%") :

In the same way, (A.6) and (A.7) allow one to prove that

10k P (1) — 1P (1)) < %k — TP @) = 1P @) < forallt € (1, tri1].

Finally, we assume the existence of a 7y (-periodic rational vector wy; such that
IVR(I® (1 41)) — wps1]| < Mris1 which implies that

ok — @rr1]l < ok — VRA*D @) || + 1VRI D (1)) — VAP (1)) |
+ IVEA® (1)) — VRAP @ )| + 1IVRA® (t541)) — opp1 |
= ||lox — g1l < 3Mry + Mriy < AMry. (A.8)

Moreover, threshold (iii) of Lemma A.5.1 implies that

M (1 Pk
1Ok (VAU ® (t41)) — w1l < IVAI P (t41)) — w1 | < Mrgqy < A (3)
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and

1 /7

Pk
IOk (@Dl = 11k (VAU (s D)l = 119k (VAU P (t41)) — w1 || = 3 <5> ,

and hence wy41 is not orthogonal to the previous rational vectors and dy4+1 < dk.
Consider the domain

Di+1 ={I € Dy suchthat |[VR(I) — wi41l| < 4M(m — k)ri+1},

the inequality (A.8), threshold (iv) in the definition of a fitted sequence and Lemma A.3.3
together with the distances ox = 4Mry ensure that Dy is (1/27¢41, K)-non-resonant
modulo Ag4;. Finally, threshold (v) of Lemma A.5.1 and Lemma A.2.1 imply the
existence of a normalization @iy with respect to Agy; from Vrik+l))sk+lpk+1 to

Vierr.si Pk+1 and the desired transformation is given by Wy = @, /| o Y. a

-1
k+1
A.6. Complete construction of a fitted sequence. Here, we tackle the problem of
Diophantine approximation of the frequency vectors (Vh([ ), VR D (1), .. .,
Vh(I"=D(1,))) which was the missing ingredient in the previous section.

LEMMA A.6.1. Consider two constants 0 < 7, 0 < y < 1, an integer K > 6" /s and
a solution of the perturbed system with some initial condition (I (ty), ¢(to)) in Br x T"
such that the action variables admit the following drift:

there exists t, € [tg, to + exp(cK)] with |1 (t,) — ()]l = (n + 1)%rg

forO0 <rop < R/[2(n + 1)2].

Assume that

rPO

R
) n=
2(n + 1)2) AM

where we denote py = ppn. Then, in the previous construction of a fitted sequence, for all

0<rp< Inf(y,

sequences of strictly positive constants (Q1, ..., Q) there exists a Ti-periodic rational
vector wy which satisfies

vn—1 1 40

VR(I*D (1)) — < ———— with T < —————
IVA( (7)) — il = p- wi e Do

Q]/(nfl) MS fOrkG{l,...,m}.
k

(A.9)

Proof. With our drift of the action variable, the Diophantine steepness assumption together
withrg <y <1 and pgp = p, > 1 allow one to find a time #; € [0, t] such that

IVRI )] = (3 + D2y = Ln + D)2rf?

and | I(t) — I(tp)] < %(n + 1)2rg forall ¢ € [1g, t1].
Moreover, with our bound M > 1 on the norm of the Hessian matrix, we obtain

1? 1? 1)2
iran = 5 forat i - rap < Y < U2,
In the regular case, we remove this first step since we can use a uniform lower bound

on the gradient Vi ([).
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Now, we can ensure that for any I € B(I(t1), [(n + 1)2/4M]r6)0) we have

n+1 IVA(DI
) re’ < = IVA(Dlleo = IVR(D|| = M

0 = n

and Lemma A.3.4 applied to x = Vh(I(¢)) implies that, for any Q > 0, there exists a
rational vector w of period 7 which satisfies

Jn=1 1 4
lw — VR < = mm—gTs——ély. (A.10)
TQl/ =1 M (n+ Dry°

Then, a repeat of the arguments in the proof of Theorem A.4.2 shows that, for k €

{1,...,n},
IO @) — 1) < (k + 1)%r

if x <t < fxq1 With tyg1 = 1o + exp(sK/6) and r; < r}°/4M implies that I (1) €
B (1), [(n + 1)2/4M]r0) forall k € {1, ..., m}, and hence (A.10) implies (A.9). O

From now on, for a fitted sequence of length m, we will denote
mo=1land mx = pg, -+~ pa, Wwhered; =dim(A; @ R)andk € {1,...,m}. (A.1l)
With the previous lemmas, one can prove the following theorem.

THEOREM A.6.2. There exists a sufficiently small positive constant C such that for an
arbitrary trajectory of the perturbed system which admits a drift of the action variables as
in the previous lemmas, if

1
B = , a= p , b:ﬁ and 8<C]/1/a,8<C)/1/b,
2(L+n"py...pn-1) I+ £0
(A.12)
then one can find a fitted sequence of lengthm € {1, ..., n — 1} for the considered orbit.
The parameters of this sequence are
/n — 1 8ﬁl’lkﬂk
K =Ele %]+ 1andry = 8b; Tkl = " foranyk € {0,...,m — 1}
M Ty
(A.13)
where E[x] is the integer part of x € R.
Proof. In order to build a fitted sequence, our parameter K, the radii (rq, ..., r,) and the

periods (71, ..., 7)) should satisfy the following thresholds:

@) 1x<xK; ...

Summary of the thresholds
i 1*xK;

R PRI

(i) O0<rg < Inf(y,

R
ﬂn+1ﬂ>’

. 2
@iv) r < F’
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(V) e=xkrffforke{l,....m—1}
andfork € {1,...,m}:
Pk—1.

(Vi) ekl
(vil) eTpK < ry;
(viil) KTpry <% 1.
Here, we apply Lemma A.6.1 with the bounds

Qi1 = e DB T fork e 0, ... m— 1),

and hence we have the upper bounds 7;41 < [4/(n + 1)]8_/3_("_1)/3”k”’< on the periods.
With the choice of parameters (A.12) and (A.13), all the previous thresholds are satisfied
and there exists a fitted sequence for the considered trajectory for a small enough
perturbation. O

A.7. End of the proof of Theorem 2.5. Now, we check that the inequality & <*ry, is
satisfied with our choice of parameters (A.12) and (A.13); hence Theorem A.4.2 implies:

11(t) — I(t)| < (n + 1)*rg  forto < t <xto + exp(sK /6)
while we have assumed the existence of an escape time,
ti € [t0, to +exp(cK)]  with |1 (t,) — I (to) || = (n + 1)*ro.

This contradiction ensures the confinement of the action variables over an exponentially
long time, exp(sK /6), which is greater than exp(se~“/6) with our choice of K. This fulfils
the proof of Theorem 2.5. O
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