Proceedings of the Royal Society of Edinburgh, 146A, 1195-1210, 2016
DOI:10.1017/50308210515000906

Liouvillian first integrals for a class of generalized
Liénard polynomial differential systems

Jaume Llibre
Departament de Matematiques, Universitat Autonoma de Barcelona,
08193 Bellaterra, Barcelona, Catalonia, Spain (j1libre@mat.uab.cat)

Claudia Valls

Departamento de Matemadtica, Instituto Superior Técnico,
Universidade de Lisboa, Av. Rovisco Pais, 1049-001 Lisboa, Portugal
(cvalls@math.ist.utl.pt)

(MS received 29 April 2014; accepted 17 September 2015)

We study the existence of Liouvillian first integrals for the generalized Liénard
polynomial differential systems of the form z’ =y, y’ = —g(z) — f(x)y, where

£(2) = 3Q(2)Q (x) P(x) + Q(2)2 P’ (x) and g(x) = Q@)@ (2)(Q(x)? P(x)? — 1) with
P,Q € Clz]. This class of generalized Liénard polynomial differential systems has the
invariant algebraic curve (y + Q(z)P(z))? — Q(x)? = 0 of hyperelliptic type.
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1. Introduction and statement of the main result

One of the most classical and difficult problems in the qualitative theory of planar
differential systems depending on parameters is to characterize the existence and
non-existence of first integrals in functions of the parameters of the system.

We consider the polynomial differential system

=y, oy =—glx) - fl)y, (1.1)

called the generalized Liénard polynomial differential system, where x and y are
complex variables and the prime denotes the derivative with respect to the time ¢,
which can be real or complex. Such differential systems appear in several branches of
the sciences, such as biology, chemistry, mechanics and electronics (see, for example,
[8,21] and the references therein). For g(x) = x the Liénard differential system (1.1)
is called the classical Liénard polynomial differential system.
Let
0

X =y~ (ole) + fa)y,

be the polynomial vector field associated with system (1.1). Let U be an open and
dense set in C2. We say that the non-locally constant function H: U — C is a first
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integral of the polynomial vector field X on U if H(z(t), y(t)) = const. for all values
of ¢t for which the solution (x(¢),y(t)) of X is defined on U. Clearly, H is a first
integral of X on U if and only if XH =0 on U.

A Liowvillian first integral is a first integral H which is a Liouvillian function,
that is, roughly speaking, one that can be obtained ‘by quadratures’ of elementary
functions. For a precise definition see [19]. The study of Liouvillian first integrals is
a classical problem of the integrability theory of differential equations, which goes
back to Liouville.

As far as we know the Liouvillian first integrals of some multi-parameter family
of planar polynomial differential systems have only been completely classified for
the planar Lotka—Volterra systems (see [1,9,15-18]).

Note that when g(z) = x system (1.1) is the well-known classical Liénard poly-
nomial differential system whose Liouvillian first integrals were studied in [11].
Moreover, the Liouvillian first integrals of these systems when 2 < degg < deg f
were studied in [12], and the Liouvillian first integrals of these systems when
deg g = deg f + 1 were studied in [13].

The case when f and g are general polynomials is still open. The study of Liou-
villian first integrals is based, in particular, on the search for what is called an
invariant algebraic curve. Let h = h(x,y) € Clz,y]\ C. As usual C[z, y| denotes the
ring of all complex polynomials in the variables x and y. We say that h = 0 is an
invariant algebraic curve of the vector field X if it satisfies

Ve - (ala) + S, = Kh

for some polynomial K = K(z,y) € C[z,y], called the cofactor of h = 0. Clearly, h
has degree at most m = max{deg f + 1,deg g} — 1. We also say that h is a Darbouz
polynomial of system (1.1). Note that a polynomial first integral is a Darboux
polynomial with zero cofactor.

The invariant algebraic curves are important because a sufficient number of them
forces the existence of a first integral. This result is the basis of the Darboux theory
of integrability (see, for example, [4-7,10]).

An exponential factor E of system (1.3) is a function of the form E = exp(u/v) ¢
C with u,v € Clz, y] satisfying

Vg — (al@) + S = LE (1.2)

for some polynomial L = L(z,y) of degree at most m, called the cofactor of E.
It is easy to check the following result for any generalized Liénard polynomial
differential system (1.1).

PROPOSITION 1.1. System (1.1) has exponential factors e*’ with cofactors x7~1y
for 3 =1,... , max{deg f,deg g — 1} and exponential factors of the form exp(u(x))
with u(x) a polynomial of degree at most max{deg f,deg g—1}. Moreover, if degg <
deg f, then system (1.1) has the exponential factors exp(z + [ f(x)dx) with cofac-
tor —g(x).

The main difficulty in studying the Liouvillian integrability of a polynomial dif-
ferential system is the characterization of the invariant algebraic curves and of the
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exponential factors of the polynomial differential system. For that reason we restrict
our study of the Liouvillian integrability of the generalized Liénard polynomial dif-
ferential systems (1.1) to the following:

' =y,
Y = —g(x) — f(z)y
=—Q(z)Q'(2)(Q(x)*P(x)* — 1)
- (3Q(2)Q'(z)P(z) + Q(z)*P'(x))y.

System (1.3) is motivated by the work of Zotadek [22]. More precisely, Zotadek
studied the Liénard differential systems (1.1) having a hyperelliptic invariant alge-
braic curve of the form (y+ P(z))? —Q(x) = 0, where P(x) and Q(z) are polynomi-
als. We consider the subclass of Liénard differential systems (1.1) studied by Zotadek
having a hyperelliptic invariant algebraic curve of the form (y + Q(x)P(x))? —
Q(x)? = 0; this is because such a curve factorizes into the two invariant algebraic
curves y + Q(z)(P(x) — 1) = 0 and y + Q(x)(P(x) + 1) = 0, which allows us to
study the Liouvillian integrability of the Liénard differential systems (1.1) having
such invariant algebraic curves.

Our main result on the Liouvillian integrability of the class of generalized Liénard
polynomial differential system (1.3) is the following.

(1.3)

THEOREM 1.2. The following statements hold for the generalized Liénard poly-
nomial differential system (1.3).

(a) When deg@ = 0, i.e. Q(z) = k € C, system (1.3) is Liouvillian integrable,
with the first integral H = y + k> P(z).

(b) When degP = 0, i.e. P(x) = k € C, system (1.3) is Liowvillian integrable
with the first integral

_ K2Q(x)? + Ky — 1
VY2 + 26y — 1)Q()2 + k2Q ()"

(c) Assuming that deg@ > 1 and deg P > 1,

(i) the unique irreducible Darbouz polynomials are hy = y+ Q(z)(P(z) — 1)
and hy = y+Q(z)(P(x)+1) with cofactors K1 = —Q'(z)(Q(z)P(x)+1)
and Ky = —Q'(2)(Q(x)P(z) — 1), respectively;

(ii) system (1.3) is not Liowvillian integrable.

Statements (a) and (b) can be checked directly from the definition of the first
integral. We shall divide the proof of statement (c) into different parts: in §3 we
shall prove (i), while the proof of (ii) will be given in §4.

Note that the main result in statement (i) is the uniqueness of h; and hs as
irreducible Darboux polynomials, because their existence follows from [22]. We
remark that exp(z7) are exponential factors for any generalized Liénard polynomial
differential system (1.1). The existence of rational first integrals of the form H =
y? + A(x)y + B(z) for the differential system (1.1) when f(z) and g(x) are rational
functions was studied by Wilson in [20].
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2. Auxiliary notions and results
The following result is well known. For a proof see, for example, [7, proposition 8.4].

LEMMA 2.1. Assume f € Clz,y] and let f = fi"* --- fI'= be its factorization into
irreducible factors over Clx,y]. Then, for a polynomial differential system (1.1),
f = 0 is an invariant algebraic curve with cofactor Ky if and only if f; = 0 is
an invariant algebraic curve for each i = 1,...,r with cofactor Ky,. Moreover,
Kf :anfl +'.'+n7'Kfr'

PROPOSITION 2.2. The following statements hold.

(a) If E = exp(u/v) is an exponential factor for the polynomial differential sys-
tem (1.3) and v is not a constant polynomial, then v = 0 is an invariant
algebraic curve.

(b) Eventually E = exp(u) can be exponential factors coming from the multiplicity
of the invariant straight line at infinity.

For a geometric meaning of exponential factors and a proof of proposition 2.2
see [3]. The existence of exponential factors exp(u/v) is due to the fact that the
multiplicity of the invariant algebraic curve v = 0 is greater than 1 (again, for more
details, see [3]).

The following result, given in [3], characterizes the algebraic multiplicity of an
invariant algebraic curve using the number of exponential factors of system (1.3)
associated with the invariant algebraic curve.

PROPOSITION 2.3. Given an irreducible invariant algebraic curve v =0 of degree k
in system (1.3), it has algebraic multiplicity £ if and only if the vector field associated
with system (1.3) has £—1 exponential factors exp(u;/v?), where u; is a polynomial
of degree at most ik and (u;,v) =1 fori=1,...,0—1.

In view of proposition 2.3 if we prove that e*/¥ is not an exponential factor
with degu < degv, there are no exponential factors associated with the invariant
algebraic curve v = 0.

We say that a C! function V = V/(z,y) is an integrating factor if it satisfies

XV = —div XV,

where div stands for the divergence of the vector field X.
In 1992 Singer [19] proved that a polynomial differential system has a Liouvillian
first integral if and only if it has an integrating factor of the form

exp (/Ul(x,y) dx-i—/Ug(x,y) dy),

where U; and Uy are rational functions that verify 0U;/0y = 0Us/0z. In 1999
Christopher [2] improved the results of Singer, showing that there are integrating

factors of the form .
u ,
exp <1}> Hfi)”, (2.1)
i=1
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where u, v and f; are polynomials and A; € C. From the Darboux theory of inte-
grability (see [7,10,19]) we have the following result.

THEOREM 2.4. The polynomial differential system (1.3) has a Liouvillian first inte-
gral if and only if system (1.3) has an integrating factor of the form (2.1), or,
equivalently, there exist p invariant algebraic curves f; = 0 with cofactors K;
for i = 1,...,p, q exponential factors E; = exp(u;/v;) with cofactors L; for
j=1,...,q and \j, pn; € C not all zero such that

p q
Z)\iKi + Zuij = —divergence of (1.8) = f(x).

i=1 j=1

3. Proof of theorem 1.2(i)

The proof is a direct consequence of the following auxiliary results.

PROPOSITION 3.1. Let h = h(x,y) be a Darboux polynomial of system (1.8) with
cofactor K # 0. Then K = K(z).

Proof. As system (1.3) has degg = 2deg f+1 =m+1 > 3, and K is a polynomial
of degree at most m, we can write K as

K(.’L‘,y) = ZKj(x)yj, (31)

=0
where K;(z) has degree at most m — j. By assumption, h satisfies

Vg~ loo) + F) 5 =Y Kyl (32)

J=0

where f and g were given in (1.3). We write h(z,y) = Eé‘:o h;(z)y’. Without loss
of generality we can assume that h;(z) # 0. Computing the coefficient of y't™
in (3.2), we get

0=h(z)Kn(x), ie Kpy(x)=0.
Therefore, repeating this argument for y!*™~1 ... 472 we get that K;(xz) =0 for
j=2,...,m—1. Hence, K(z) = Ko(z)+ K (x)y. Computing the coefficient of y'*!
in (3.2) we get hj(x) = hy(x) K1 (z), that is

hu(z) = C exp (/Kl(x)dx), cec.

Since h;(x) must be a polynomial in z, we have that Kj(z) = 0. This completes
the proof of the proposition. O

PROPOSITION 3.2. The unique irreducible Darbouz polynomials of system (1.3)
with non-zero cofactor are hy = y+Q(z)(P(z)—1) and hy = y+Q(x)(P(x)+1) with
respective cofactors K1 = —Q'(2)(Q(x)P(z)+1) and Ko = —Q'(2)(Q(z)P(x) —1).
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Proof. By direct computations we obtain that h; and ho are irreducible Darboux
polynomials of system (1.3).

Now we shall prove that these are the only irreducible Darboux polynomials
of system (1.3). Let h = h(z,y) be another irreducible Darboux polynomial of
system (1.3) with cofactor K. In view of proposition 3.1 we have that K = K(x).

Then,
oh oh
Vg — la@) + F) 5 = K@,
with f and ¢ as in (1.3).
Now we introduce the variables (X,Y") with
X=2 and Y =h =y+Q(z)(P(z)—1). (3.3)

Then in these variables system (1.3) becomes
X'=Y-QX)(P(X)-1), YV =-QX)QX)PX)+1)Y. (34

Let h = E(X, Y'). Then, if we denote by h= B(X) the restriction osz toY =0 we
get that h # 0 (otherwise h would not be irreducible). Note that h is a Darboux
polynomial of system (3.4) restricted to Y = 0, that is,

~QU)(P(X) ~ 1) S5 = K(OR, (35)

where K (X) is the cofactor of h, equal to the cofactor of h.
Solving this linear differential equation, we deduce that

h=Cexp|— K(X)
hec p( /Q(X)(P(X)—l)dX>’ C e\ {0} (3.6)

Let r(X) = —Q(X)(P(X) — 1). Without loss of generality we can assume that K
and r are coprime; otherwise, we divide by their common factor. We claim that

deg K < degr. (3.7)

We proceed by contradiction. Assume (3.7) and consider the Euclidean division of
K and r. We have
K(X) = s(X)r(X) +9(X), (3-8)

where (X)) cannot be zero, taking into account that K and r are coprime and
deg 1y < degr. Hence, (3.8) becomes

K(X) _ . (X))
5, (X) + 0 (3.9)
Integrating this equation and taking into account (3.6), we have that
R(X) = C exp(3(X)) exp ( / ‘f(()f)) dx), C e\{o}, (3.10)

where 5'(X) = s(X). Therefore, the first factor in (3.10) cannot cancel the second
factor of (3.10), and this contradicts the fact that h(X) is a polynomial. Hence, we
conclude that deg K < degr, which proves (3.7).
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We say that the polynomial r(X) is square-free if r(X) = Hle(X — ) with
ap £ apforl,j=1,... kand [ # j. We claim that

the polynomial  must be square-free. (3.11)

We again proceed by contradiction. Using an affine transformation of the form
X — X + a with a € C if necessary, we can assume that X is a factor of the
polynomial r with multiplicity p > 1. Then we write it as 7(X) = X*#s(X) with
s(0) # 0. We know that K(0) # 0, since K and r are coprime. Now we develop
K(X)/r(X) in simple fractions of X, that is

K(X) Cu | Cum 1 a(X)

rx) Cxe Txer Ty

where «1(X) is a polynomial with degay < degs and ¢; € C for i = 1,2,..., u.
Equating both expressions, we get that ¢, = K(0)/s(0) # 0. Therefore, (3.6)
becomes

_ c 1 Cu—1 a , o(X)
h(X) = k- ® 4= dXx
) CeXp<1—uX“‘1)eXp{/(X“‘1+ R ’
where C' € C\ {0}. The first exponential cannot be simplified with any part of
the second exponential. Thus, we get a contradiction with the fact that h must
be a polynomial. Therefore, we conclude that r must be square-free, and (3.11) is

proved.
Hence, we have

K(X) 71 Tk
= ) 192
r(X) X—oqJr JrX—a;€ (3.12)

Integrating (3.6), we get
MX)=CX —a) (X —an)? - (X —ag)™, CeC\{0}.

Since h must be a polynomial, we must have that 7, € NU{0} fori =1,...,k.
Now we introduce the variables (X,Y) with

X=2z and Y =hy=y+Q(z)(Plz)+1). (3.13)
Then, in these variables, system (1.3) becomes
X' =Y -QX)(P(X)+1), YV =-QX)(QX)P(X)-1Y.  (3.14)

Let h = h(X,Y). Then, if we denote by h* = h*(X) the restriction of i to Y = 0,
we get that h* # 0 (otherwise h would not be irreducible). Here h* is a Darboux
polynomial of system (3.14) restricted to Y = 0, that is

dh* .
—QX)(P(X) +1) = = K(X)h".
dX
Solving this linear differential equation, we deduce that

. K(X)
h —Clexp(—/Q(X)(P(X)+1)dX), CeC\ {0},  (3.15)
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Proceeding as we did for A, if we define r*(X) = —Q(X)(P(X) + 1), then we must
have that r* is square-free and that
K(X) 5 e

X)) X-a T X g

(3.16)

Integrating (3.15), we get
W (X) = Cu (X = B1)" (X = §2) -+ (X = B0), C1eC\{0}.

Since A* must be a polynomial, we must have that 8; € NU {0} fori=1,... L.
Note that if we denote by h = h(x,y) a Darboux polynomial of system (1.3) with
cofactor K = K (x), then

h=h+(y+Qx)(P(x)—1))hy = h* + (y + Q(z)(P(z) + 1))hy

for some polynomials hq, he € Clz,y]. Moreover, from (3.12) we obtain

K@) = - 006)(Pw) - 1)
where the prime denotes the derivative with respect to x, and from (3.16) we get
K () =~ Q) (Pla) + 1),
Hence,
' (x) _ h* (z)

which yields

iL/(x) _ h* (.’L‘) 2 = iLI<.’17) h* (.’13)
That is, i )
o) — '(@)h*(2) + h@)h* (@) _ Pi(2) + Py(x)
P(z) ﬁ/(x)h* (z) — E(ﬁ)h*'(m) Pi(z) — Pa(z)’ (3.17)
where

Pi(z) =K (2)h*(z),  Py(z) = h(z)h" (2).

It follows from (3.17) that any zero of Pj(x) — Py(x) must be a zero of P;(z) and
Py(x). This implies that P;(z) = aPa(x) with a € C. However, since P(z) is not
constant, because deg P > 1, this is not possible. Hence, we have a contradiction.
This concludes the proof of the proposition. O

PROPOSITION 3.3. System (1.3) has no polynomial first integrals.

Proof. We introduce the variables (X,Y) as in (3.3) and we get system (3.4). Let
h = h(X,Y) be a polynomial first integral. Then, if we denote by h = h(X) the
restriction of h to Y = 0, h satisfies (3.5) with K(X) =0, i.e.

dh

— =0.
dX

—QX)(P(X) - 1)
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Then

h(X)=éeC.

Since we can assume without loss of generality that h has no constant terms, we
have ¢ = 0, and thus h=0.

Now, introducing the variables (X,Y") as in (3.13), we get system (3.14). Then,
if we denote by h* = h*(X) the restriction of h to Y = 0, h* satisfies (3.16) with

K(X)=0,ie.
dh*
—QU)(P(X) + 1) T =0
Then
h'(X)=c"eC.

In short, any polynomial first integral h can be written as

h=(y+Q)(P(x) —1))g1 = " + (y + Q(z)(P(z) + 1))g2 (3.18)

for some polynomials g1, g2 € Clx,y]. Restricting h to y = —Q(z)(P(z) — 1) and
setting go = ga(z) = g2(z, —Q(x)(P(x) — 1)) (that is, go is the restriction of gs to
y=—Q(x)(P(x) — 1)) from (3.18) we get

0=c"+2Q(z)g2(x),

but since Q(z) is not constant because deg ) > 1 this is not possible unless ¢* =0
and go(x) = 0. Therefore, h can be written as

h=(y+Qz)(P(x) —1))g1 = (y + Q(z)(P(z) + 1))ge.
Hence,
h=[(y +Qx)P(x))* — Q(x)*]9
for some g3 € Clz,y] that satisfies

Vo —(Q)Q ()@ PP~ 1+ (3QQ (@) P+ Q)P (0)) 3 = Kga

with K = 2Q'(2)Q(z)P(z). In other words g3 must be a Darboux polynomial of
system (1.3) with cofactor K = 2Q’(x)Q(x)P(z). In view of proposition 3.2 and
lemma 2.1 we must have

miKi(z) + maKa(z) = 2Q"(2)Q(2)P(x), mi,ms € NU{0},
where K;(z) = —Q'(2)(Q(z)P(z)+1) and Ka(x) = —Q'(x)(Q(z)P(x) —1). This is
not possible because m; and mo must be positive integers, and this contradiction

completes the proof of the proposition. O

Proof of theorem 1.2(i). The proof of theorem 1.2(i) follows directly from proposi-
tions 3.2 and 3.3. O
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4. Proof of theorem 1.2(ii)

We divide the proof of theorem 1.2 into different steps.

LEMMA 4.1. System (1.3) has no exponential factors of the form exp(u/h) with
u and h coprime and degu < degh, h being one of the two irreducible Darboux
polynomials of proposition 3.2.

Proof. Let hy =y + Q(x)(P(z) — 1) and let E = exp(u/hy), with u and h; being
coprime. Clearly, after cancelling the exp(u/hi), we get that u satisfies

yol — (QUIQ ()@ P - 1)
ou

+(3Q(2)Q () P(z) + Q(x)*P'(x))y) 3y
+Q'(2)(Q(@)P(z) + Du = L(x,y)h1,  (4.1)

where L is a polynomial of degree at most m. We introduce the change of variables
of (3.3), and (4.1) becomes

(Y~ QU)(P(X) ~ 1) 2% Q(X)(QUX)P(X) + 1)y oL

+Q'(X)(QX)P(X)+ 1)a=LY, (4.2)

where & = u4(X,Y) = u(z,y) and L = L(X,Y) = L(x,y). If we denote by 7 the
restriction of @ to Y = 0, we have that & # 0 (otherwise % would be divisible by Y").
Evaluating (4.2) on Y = 0 we conclude that

~QUX)(P(X) 1) o+ Q(X)(QIX)P(X) + )i = 0.

Therefore, & must be a polynomial that satisfies (3.5) with
K(X) = -Q(X)(QX)P(X) +1).

Note that, proceeding as in the proof of proposition 3.2, we get that deg K (X)
must be less than the degree of Q(X)(P(X) — 1), which is not the case. Hence,
system (1.3) has no exponential factors of the form exp(u/hi) with w and h; being
coprime.

Let ho =y + Q(x)(P(z) + 1) and F = exp(u/hs) with u and hg being coprime.
After simplifying by u/hg, we get that u satisfies

ou

Yar (Q2)Q'(2)(Q(x)*P(x)* — 1)
ou

+(3Q(2)Q'(2)P(x) + Q(x)*P'(x))y) ay
+Q'(2)(Q(x)P(x) = u = L(z,y)hs,  (4.3)
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where L is a polynomial of degree at most m. We introduce the change of variables
of (3.13), and (4.3) becomes

(Y~ QU)(P(X) + 1)) 22— Q(X)(QUX)P(X) ~ 1)y O&

+Q(XNQX)P(X) - Nu=LY, (44)

where 4 = 4(X,Y) = u(z,y) and L = L(X,Y) = L(z,y). If we denote by @ the
restriction of @ to Y = 0, we have that @ # 0 (otherwise 4 would be divisible by Y').
Evaluating (4.4) on Y = 0, we conclude that

du -
—QM)(PX) + 1) 75 + Q(X)(Q(X)P(X) — 1)@ = 0.
Note that by proceeding as in the proof of proposition 3.2 we get that the degree of
(Q'(X)(Q(X)P(X)—1)) must be less than the degree of Q(X)(P(X)+1), which is
not the case. Hence, system (1.3) has no exponential factors of the form exp(u/hs)
with v and ho being coprime. O

LEMMA 4.2. System (1.3) has no exponential factors of the form exp(u/h}) with
u € Clz,y] coprime with h; for j = 1,2 and n > 1, and hy and hy being the two
wrreducible Darbouz polynomials of proposition 3.2.

Proof. The proof follows directly from proposition 2.3 and lemma 4.1. O

LEMMA 4.3. System (1.3) has no exponential factors of the form exp(u/(h*hy?))
with w, hy and hy coprime, n1 > 1, ny > 1, and hy and he being the two irreducible
Darboux polynomials of proposition 3.2.

To prove lemma 4.3 we state the following result, whose proof was given in [14,
lemma 3.2]. In fact, in [14] Llibre and Valls prove only one direction, but by working
backwards in the proof we readily get the other direction.

LEMMA 4.4. The functions exp(g1/h1),...,exp(g,/h,) are exponential factors of
some polynomial differential system with cofactors L; for j = 1,...,r if and only
if exp(g1/h1 + -+ gr/hy) is an exponential factor of the same differential system
with cofactor L =37 L;.

Proof of lemma 4.5. Assume that exp(u/(h7'h3?)) is an exponential factor of sys-
tem (1.3). Then, writing

ey
T P T P Y T
where ¢; and d; are polynomials of degree less than the degrees of hY and hb,
respectively, for K = 1,...,n; and | = 1,...,n9, and using lemma 4.4, we obtain
that each cx/h¥ and d;/h} must be exponential factors, but this is impossible in
view of lemma 4.2. This concludes the proof. O

Using lemmas 4.2 and 4.3 we get that the unique possible exponential factors of
system (1.3) are of the form e* with u € C[z, y].
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LEMMA 4.5. If system (1.3) has a Liouvillian first integral, then it has an integrat-
ing factor of the form exp(u(x,y))h} hy?, where u € Clz,y], A\, 2 € C and hy
and he are the Darboux polynomials of theorem 1.2(i). Moreover, the cofactor of
the exponential factor exp(u(x,y)) is a polynomial L = L(x).

Proof. Let L(x,y) be the cofactor of exp(u(x,y)). In order that system (1.3) has a
Liouvillian first integral, by theorems 2.4, 1.2(i) and lemma 4.1 we must have

— Q' (2)(Qx)P(z) + 1) — X2Q(2)(Q(z)P(zx) — 1) + L(z,y)
= f(z)
=3Q(z)Q'(z)P(z) + Q(z)*P'(x). (4.5)
We expand L in power series in the variable y as L(x,y) = Z;n:o L;(z)y’. Comput-

ing the coefficients of y/ with j > 0 in (4.5), we get that L;j(z) =0for j=1,...,n
and thus L = Lo(z). This concludes the proof. O

Since we are looking for Liouvillian first integrals of system (1.3), in view of
lemma 4.5, we can restrict our study to the exponential factors with cofactor L =
L(z).

PROPOSITION 4.6. System (1.3) has no exponential factors of the form exp(u),
where u € Clz,y] with cofactor L = L(x).

Proof. Let E = exp(u) with u € C[z,y] \ C and let L = L(z) = >, Bxz"* be the
cofactor associated with E with 8 € C. We write

u= Z uj(x)y’.
7=0

Without loss of generality we can assume that u,(x) # 0. By the definition of the
exponential factor in (1.2) we have

o~ (gl + f@) 3 = Y Bt (4.6
L
with f and ¢ as in (1.3). Then
Y d@)y T = Q@)Q (@) (Q@)*P(x)* ~ 1) Y juy(x)y’
j=1 j=1

—Q@)(3Q (2)P(x) + Q(x)P'(2) Y _ ju(x)y =Y fr®. (4.7)
j=1 k=0

We write
Q(z) = aqz?+lot. and P(x)=byz? +lo.t.,

where ‘l.o.t.” denotes the lower-order terms in x.
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Now we consider two cases.

Cast 1 (r > 2). Computing the coefficient of y"*! in (4.7), we get that u.(x) = 0,
i.e. without loss of generality we can take u,(z) = 1. Now we claim that if we write

u=u(z,y) =y + > ur_j(x)y ",

j=1
then, for j =1,...,r,
(agbp)’ 45
Up_i(x) = %ﬂ@qﬂ’) + lo.t., 4.8
(@) 7'(2q + p)? (48)
where Ay = (3¢ + p)r, As = q(2q + p)r + (3¢ + p)?r(r — 1) and, for £ > 2,
App1 = (3(] +p)(7“ — f)Ag + q€(2q +p)(r -0 — 1>Ag,1. (4.9)

Note that in view of (4.9) we have that A;y; > 0 for any £ =0,...,r — 1.
We start the proof of the claim. For j = 1, computing the coeflicient of y" in (4.7),
we get that

up_y(2) = rQ(x)(3Q' (x) P(x) + Q(z)P'(x)) = r(3¢ + p)aghpa ™! + Lo.t.
Integrating it, we obtain

azb,(3q + p)r

z297P 4 lo.t.,
2q+p

up—1(z) =

which coincides with (4.8) for j = 1.
For j = 2, computing the coefficient of y"~1 in (4.7), we get that

Uy _5(7) = Q(2)Q'(2)(Q(x)*P(2)* — 1)r
+Q(x)(3Q' (x) P(x) + Q(z) P'(2))(r — uy—1().

Now, using that

a’b,(3q + p)r
upr—1(x) = qp;qj_pp)xQ‘l+p + lLo.t.,

we obtain

/ _ 412 Aq+2p—1
Uy _o(w) = qag byra™dTP

azb,(3q + p)r
3 2, — 1)g2atp-129°P\77 7 294 4 | ot
+ (3¢ + plaghp(r — 1)z gty o
2
aa dgrop—1 , a2 B +p)T(r—1) 40,
= qa byra™ TP + a by % p TP 4 Lot
a*b?
= 2qq—|—pp (q(2q + p)r + (3¢ + p)?r(r — 1))z*2P~1 L 1o,
472
— Mﬁq-&-%—l +l.o.t.
2q+p
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Integrating this, we get
agbf)Ag

— 4q+2p
= 2!(2q+p)2x + l.o.t.,

Up—2(2)

which coincides with (4.8) for j = 2.
Now we assume that (4.8) holds for j = 0,...,L with L < r, and we shall prove
it for j = L + 1. Computing the terms in (4.7) with y" =%, we get

w1 () = Q'(2)Q(x)* P(a)(r — L+ Luy—p11(x)
+Q(x)(3Q (2)P(x) + Q(x)P'(x))(r — L)u,_r(z) + Lo.t.
Now, using the induction hypothesis and (4.9), we obtain that

(agbp)LflAL,l
(L—=1)1(2q +p)E-t

2 L
mxmqm +lo.t.

(L—-1)(2¢+p)

u._;_q(z) = qaébﬁx‘lq”p*l(r —L+1)

+ (3¢ + plagbpx® P (r — L)

L!(2q + p)*
— (agbp)LH (L+1)(2g9+p)—1
= Ii2g Lt (aL(2¢+p)(r—L+1)AL
+(3g+p)(r—L)AL) +Lo.t.
(a2by) "+ ALy

= gt T Lo,

Integrating the above equation yields
(agbp) T Ap
L'(2q+p)"(L +1)(2¢ + p)
(aZbp)t T AL
(L+1)!(2q +p)=*

Up—p—1(x) = gLADEa+P) 4 o ¢,

(LANCaP) 40t

which is (4.8) with j = L 4 1. This completes the proof of the claim.
From (4.8) with j = r — 1 we obtain

(agbp)r_lAT_l
(r=112q +p)"!

We recall that A,_; > 0. Now, computing the coefficient of 3° in (4.7), we get

u(z) = TP o, (4.10)
—Q(2)Q'(2)(Q(x)*P(x)* — Nuy (z) = Zﬁochk- (4.11)
k=0

Using (4.10), the degree of the polynomial on the left-hand side of (4.11) is (r —
1)(2¢+p)+4g+2p—1 > 6¢+ 3p — 1. Since the degree of the right-hand side is at
most m = 4q + 2p — 2, we have a contradiction.
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CASE 2 (r < 1). We write u = u(x,y) = up(z) +u1 (z)y. Computing the coefficient
of y? in (4.7), we get
uy(x) =0,

and without loss of generality we can take
up(z) = 1.
Furthermore, the coefficient of y in (4.7) gives

up(z) — (3Q(2)Q' () P(z) + Q(z)*P'(x)) = 0, (4.12)
that is,

uo(z) = 7 + /(36»2(17)62’(56)13(96) +Q(2)*P'(x)) dz,

0 being a constant.
B g
Finally, the coefficient of 3 in (4.7) gives

—Q(@)Q'(2)(Q(@)*P(2)* = 1) = Y fra™. (4.13)
k=0

Since g(z) = Q(z)Q'(x)(Q(z)?P(x)? — 1) has degree m + 1, from (4.13) we get a
contradiction. This concludes the proof of the proposition. O

Proof of theorem 1.2(ii). The proof of theorem 1.2 follows directly from lemma 4.5
and proposition 4.6. ]
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