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Abstract

In this paper, we study the optimal proportional reinsurance problem in a risk model with two
dependent classes of insurance business, where the two claim number processes are correlated
through a common shock component, and the criterion is to minimise the probability of drawdown,
namely, the probability that the value of the surplus process reaches some fixed proportion of its
maximum value to date. By the method of maximising the ratio of drift of a diffusion divided to its
volatility squared, and the technique of stochastic control theory and the corresponding Hamilton—
Jacobi-Bellman equation, we investigate the optimisation problem in two different cases. Further-
more, we constrain the reinsurance proportion in the interval [0,1] for each case, and derive the
explicit expressions of the optimal proportional reinsurance strategy and the minimum probability of
drawdown. Finally, some numerical examples are presented to show the impact of model parameters
on the optimal results.

Keywords

Proportional reinsurance; Common shock dependence; Stochastic optimal control; Probability of
drawdown

1. Introduction

In the past few decades, optimal reinsurance problems for various risk models have attracted the
attention of a large number of scholars in actuarial sciences area, and the technique of stochastic
control theory and the corresponding Hamilton—Jacobi-Bellman (HJB) equation are widely used to
cope with these problems. See, for example, Browne (1995), Schmidli (2001, 2002), Promislow &
Young (2005), Bai et al. (2013), Liang & Bayraktar (2014), Liang & Yuen (2016) and Bi ef al.
(2016). The main popular criteria include maximising the expected utility of the terminal wealth,
minimising the probability of ruin of the insurer and so on.
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Optimal proportional reinsurance with common shock dependence

Our paper falls naturally within the area of optimally controlling wealth to reach a goal, which is an
important research topic. It began with the seminal work of Dubins & Savage (1976 [1965]), and
continued with the work of Pestien & Sudderth (1985), Sudderth et al. (1989), Browne (1997, 1999,
1999b), Young (2004), Moore et al. (2006), Wang & Young (2012a,2012b) and Yener (2015). A typical
problem considered in this research area is to control a process to minimise the probability of ruin. See, for
example, Promislow & Young (2005) found the optimal investment and quota-share reinsurance stra-
tegies to minimise the probability of ruin of an insurer who faces a claim process that follows Brownian
motion with drift. Bayraktar & Young (2008) considered the minimum probability of ruin when an
agent’s rate of consumption is ratcheted; i.e., it forms a non-decreasing process. Azcue & Muler (2013)
also studied the minimum probability of ruin, assuming that the decision-maker can invest dynamically
part of the reserve in an asset that has a positive fixed return. Biuerle & Bayraktar (2014) obtained that
the optimal investment strategy to minimise the probability of ruin is the one that maximises the ratio of
drift of a diffusion divided to its volatility squared, which was also shown in Pestien & Sudderth (1985).

Drawdown, measuring the decline of portfolio value from its historic high-water mark, is a fre-
quently quoted risk metric to evaluate the performance of portfolio managers in the fund man-
agement industry. A significant drawdown not only leads to large portfolio losses but may also
trigger a long-term recession. It is also considered as a key determinant of sustainable investments
since investors tend to overestimate their tolerance to risk. Besides, investors prefer to assess their
investment success by comparing their current portfolio value to the historical maximum value.
Therefore, portfolio managers have strong incentives to adopt strategies with low drawdown risks.
Recently, Angoshtari et al. (2016a) investigated the minimum drawdown probability problem over
an infinite-time horizon and showed that the optimal strategy which minimises the probability of
ruin also minimises the probability of drawdown if drawdown does not happen. Besides, Chen et al.
(2015) and Angoshtari et al. (2016b) both studied a lifetime investment problem aiming at mini-
mising the risk of drawdown occurrence. They found that the optimal strategy for a random (or
finite) maturity setting such as lifetime drawdown is very different from that of the corresponding
ruin problem. We can see other works involving drawdown such as Grossman & Zhou (1993),
Cvitanié¢ & Karatzas (1995) and Elie & Touzi (2008) for early references.

Even though lots of literature on optimal reinsurance problems in controlling wealth to reach a
goal has been worked out, there are still many aspects being worthily further explored. For
example, most of the literature about reinsurance optimisation is based on independent aggregate
claims. However, in practice, insurance businesses are usually dependent in some way. A typical
example is that an earthquake, hurricane or tsunami often leads to various kinds of insurance
claims such as death claims, medical claims and household claims. That is to say, a single event
generates claims from different lines of insurance. To depict such a dependence structure among
several classes of insurance business, the so-called common shock risk model may be of some
practical relevance. Research on risk models with dependent risk is increasing rapidly in recent
years. See, for example, Wang (1998), and Yuen et al. (2002, 2006). Meanwhile, some researchers
are devoted to solving the problem of optimal reinsurance. Bai ef al. (2013) sought the optimal
excess of loss reinsurance to minimise the ruin probability for the diffusion approximation risk
model. Liang & Yuen (2016) adopted the variance premium principle to study the optimal pro-
portional reinsurance problem for both the compound Poisson risk model and the diffusion
approximation risk model. Yuen et al. (2015) extended the work of Liang & Yuen (2016) to the
case with the reinsurance premium calculated by the expected value principle and to the model
with two or more classes of dependent risks. Liang et al. (2016) also studied the optimal rein-
surance—investment problems in a financial market with jump-diffusion risky asset, where the
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insurance risk model is modulated by a compound Poisson process, and the two jump number
processes are correlated by a common shock. However, among these papers with common shock
dependence, few of them are related to the problem of minimising the probability of drawdown.

As we know, with drawdown, the decision-maker wants to choose the optimal strategy which
minimises the probability that the value of the surplus process reaches some fixed proportion, say
a€[0,1), of its maximum value to date. Naturally, it seems more reasonable for insurers to bear
drawdown than ruin, where the wealth drops below a fix level, such as 0. It is obvious that, when
a=0, minimising the probability of drawdown is equal to minimising the probability of ruin.
Therefore, in our paper, we consider the optimal proportional reinsurance problem in a risk model
with two dependent classes of insurance business in two different cases, where the criterion is
minimising the probability of drawdown. In the first case, the level we set is a fixed one. Based on the
method of maximising the ratio of drift of the surplus process divided to its volatility squared in
Bauerle & Bayraktar (2014), we obtain the optimal results. In the second case, the level is not
necessarily a fixed one, then the method mentioned above does not apply. Thus, following the
analysis of Chen ef al. (2015) and Angoshtari et al. (20164, 2016b), we use the technique of stochastic
control theory and the corresponding HJB equation to tackle the optimisation problem. In particular,
since we constrain the reinsurance proportion in the interval [0,1] for each case, the optimisation
problems are discussed in three different situations, which makes the problem more challenging. By
some interesting analytic technique, we obtain the explicit solutions for the optimal proportional
reinsurance strategy and the minimum probability of drawdown, which strongly depend on the value
of the surplus wealth. In addition, we come to the conclusion that the optimal proportional rein-
surance strategy for the drawdown problem coincides with the one for the ruin problem if drawdown
does not happen. Moreover, we can see that, for the optimisation problem with common shock
dependent risk model, the way of solving the HJB equation to gain the optimal results is relatively
easier than the way of maximising the ratio of the drift of the surplus process to its volatility squared,
but the latter makes the analysis of the constrained control variables more convenient.

The remainder of this paper is organised as follows. In section 2, the model and the optimisation
problem are presented. With constraint on the reinsurance strategy, explicit expressions of
the optimal strategy and the corresponding minimum probability of drawdown are obtained in
sections 3 and 4. In section 5, we present some numerical examples which show the impact of some
model parameters on the optimal results. Finally, we conclude the paper in section 6.

2. Model and Problem Formulation

Suppose that an insurance company has two dependent classes of insurance business such as motor
and life insurance. Let {X;, i>1} be the claim size random variables for the first class following a
common distribution Fx/(x) with Fx(x)=0 for x <0, and 0 < Fx(x) <1 for x> 0; and {Y}, i > 1} be the
claim size random variables for the second class following a common distribution Fy(y) with
Fy(y)=0 for y<0, 0 < Fy(y) <1 for y>0. Then, the aggregate claims process generated from these
two classes of business is given by

S=Sit)+Sa(t)= > X+ Y. Vi

=1 =1

where N;j(#) + N(¢) (i=1, 2) is the claim number process for class i (i=1, 2), and Ny(¢), N,(#) and N(z)
are three independent Poisson processes with parameters Aq, 1, and J, respectively. Assume that X;
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and Y; are independent claim size random variables, and that they are independent of Ny(t), N»(z)
and N(#). It is obvious that the dependence of the two classes of business is due to a common shock
governed by the counting process N(t).

We allow the insurance company to continuously reinsure a fraction of its claim with the retention
levels ¢4(-) €[0,1] and g»(-) €[0,1] for X; and Y;, respectively, and the reinsurance premium rate at
time 7 is 8(q1(+), g2(+)). Let {Uy, £> 0} denote the associated surplus process, i.e., U, is the surplus of the
insurer at time ¢ under the strategy (q1(U,), g2(U,)). This controlled surplus process can be given by

dUt=(C—5(q1(Ut), qz(Ut))dt—ql (Ut)dSl (t)—qz(Ut)dSZ(t) (2.1)

where the constant ¢ is the premium rate. Moreover, from Grandell (1991), we know that the
Brownian motion risk model given by

Si(t)=ar'—b1By,
with a1 = (A1 + ))E(X) and b3=(4 +A)E(X2) can be seen as a diffusion approximation to the com-
pound Poisson process Sq(#). Similarly,

Sz(t)=azt—b2B2t

with a;= (A, + )E(Y) and b3=(1, +/1)E(Y2) can be treated as a diffusion approximation to the
compound Poisson process S,(¢). Here, By, and B,, are standard Brownian motions with the cor-
relation coefficient
AE(X)E(Y)
V(A1 +2)E(X?) (A2 +A)E(Y?)

Thus, E[B;B2;] =pt. With expected value principle:
c=(1+01)a1+ (1+6)az
and the reinsurance premium rate at time ¢ is
6(q1(Ur), q2(U1))=(1+11)(1=q1(Ur))ar + (1 +1,) (1=q2(Uy))az

where 0;(i=1, 2) and 7,(i=1, 2) are the insurer’s and reinsurer’s safety loading of the two classes of
the insurance business, respectively. Without loss of generality, we assume that 7,>6,, and #;> 6;
holds at least for one i (i=1,2), otherwise the problem becomes trivial.

Replace S;(#)(i=1, 2) by Si(¢)(i=1,2) in (2.1). Furthermore, we assume that the insurer is allowed to
invest all its surplus in a risk-free asset (bond or bank account) with interest rate . Then the process
evolves as

dU,= {TUI+LI] (6’1 —1+Mq1 (f],)) +a; (02—7]2 +1,92 (i]t) )} dt
+b1q1 (U:)dBri+baqs (0, dBy

or equivalently:

dU,= {TUt‘Hh (91 =M +mqi <Ut>) +ay (92*7127“'72% (m))]dﬁ

+ \/b%q% (Ut) +b3q3 (U,) +2b1baqn (Uz) 92 (i]t>det (2.2)
with Uy=u and B, is a standard Brownian motion. The similar model has also been studied in the

literature; see, for example, Yuen et al. (2015), Liang & Yuen (2016), Bi et al. (2016) and the
references therein.
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Define the maximum surplus value M, at time ¢ by

Mzzmax{ sup UL, Mo}

0<s<t

where My=m> 0. Note that we allow the surplus process to have a financial past, and that m is no
less than the initial surplus # by definition. We mean that when the value of the surplus process
reaches a €[0,1) times its maximum value, then drawdown occurs. Define the corresponding hitting
time by

Tyt =inf{t >0: U, SaMt}
We can see that, if @ =0, then we are in the case of minimising the probability of ruin for the fixed
ruin level 0. Besides, if the value of the investment fund is big enough, say, at least

ai(n—61)+ax(m—6>)
2

then the insurer can transfer all the risk, and the surplus value will never decrease, i.e., drawdown
cannot occur in this case. We generalise from this case in the following Remark 2.1.

Remark 2.1. Throughout this paper, we know there exists a unique

e ai (i —61)+ax(n,—62)
¢ r

such that
a1(01—mq) +a2(02—n,) +ru>0, for all u > u

and

a1(01—nq) +az(02—n,) +ru<0, forall u < u
If Up=u>u, then we can set ¢ (U,)=0, ¢5(U;)=0 for all £> 0, which implies

dU,= rf]t+a1(91—n1)+a2(6)2—n2)]dt2 0

Under this reinsurance strategy, the value of the surplus process is non-decreasing, so drawdown will
never occur. For this reason, we call #, safe level as defined in Angoshtari et al. (2016a).

In the following definition, we give the admissible set of (q1 (U,) 2 (U,))

Definition 2.1. Let (Q, F,P) be a probability space equipped with a complete filtration F, which is
generated by U(0<s<t). A strategy (ql (Ut) Q2 (f]t>§
conditions are satisfied:

is said to be admissible if the following

(a) (q1 (Ut)7q2 (f]t)) is F;-progressively measurable;

(b) 6]i<ﬁz) €10,1] fori=1, 2;
(c) Equation (2.2) for U, has a unique strong solution.

The set of all admissible strategies is denoted by D.
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Now assume that the insurer is interested in minimising the probability of drawdown, we denote the
minimum probability of drawdown by ¢(u, 1), which depends on the initial surplus # and the maximum
(past) value m. Specifically, ¢ is the minimum probability of 7, < oo, thus, we derive the objective function

JH (o, m)=P*" (7, < 00)=E"" (1, <o)
Here, P and E*" denote the probability and expectation, respectively, conditional on Up=u and
Moy=m. Then, the corresponding value function is given by

Plum)=inf [, m)

q1,92€

3. Minimising the Probability of Drawdown When m > u;

We first consider the case for which 72 > u,. Note that if am > u,, then the probability of drawdown
¢(u,m) =1 for all u <am, and when u < am, we have u > u, then according to Remark 2.1, the value
of the surplus will consistently increase, and thus the probability of drawdown ¢(u,m)=0 for all
u > am. In the following context, we shall investigate the case of am <u; in detail. When Up=u> us,
the drawdown is impossible; and when Uy=u < am, then the drawdown has occurred and the game
is over. Therefore, we assume that Uy=u € [am, ug). Up=u < u, implies that either U, < u, almost
surely, for all £>0, or U,=u, for some £> 0. Since 7 > u;, M, =m holds almost surely for all #>0.
Therefore, avoiding drawdown is equivalent to avoiding ruin with a (fixed) ruin level of am.

From Bauerle & Bayraktar (2014), we can see that the optimal proportional reinsurance strategy
with no constraint is the one that maximises the ratio of the drift of the surplus process to its
volatility squared in (2.2). Thus, when the arguments # and m indicate the initial surplus and the
maximum (past) value, respectively, the Proposition 3.1 can be derived.

Proposition 3.1. If 71> u,, the optimal proportional reinsurance strategy with no constraint is

- 2[A1 +ru)(arnapbibr—ain b3)

q1(u)= A
: (3.1)
& ()= 2[A +m](am.A,;b.bramb§)
in which A; and A, are defined by
{ Ar=ay(01—n1) +ax(02-1,) <0 (3.2)
Ar=biadns + biatni—2bibraraznnyp >0

Proof. From (2.2), we denote the ratio of the drift to its volatility squared by &(u), thus we have

()= (. q1,92) 241(91—'11 +mq1 () +ax (02— +1my92(u)) +ru
o*(u,q1,92) biqi (u) +b3q5 (1) +2b1b2q1 (1) g2 (w)p

(3.3)

Differentiating &(u) with respect to gq(u) and g»(u), respectively, we have
avny (6747 (1) + b33 (1) + 2b1b2d1 (1) 42 (u)p)
~[a1(@1—ny +mq1 (1)) + az (2= + 1342 () + 1u] (241 (1) b7 +22 (1) b1 b2p) =0
axny (0141 (1) + b33 (1) + 2b1b241 ()2 (u)p)
~[a1(01—ny +mq1 (1)) + az (2= + 1342 (1)) + 1u] (242 () b3 + 241 (1) b1 b2p) =0

Solving these equations yields the solution (3.1).
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On the other hand, by the technique of stochastic control theory and the corresponding HJB
equation, we can also get the candidate optimiser (see e.g., (4.3)) along the same lines in section 4,
which is exactly the same as the one in (3.1). Therefore, we can directly come to the conclusion that
the solution given by (3.1) is indeed the optimal proportional reinsurance strategy for the case with
no constraint. O

From Biuerle & Bayraktar (2014, theorem 4.1) and Karatzas & Shreve(1991: 339), we have the
following lemma.

Lemma 3.1. Let &(-) be given in (3.3), in which the reinsurance strategy is the optimal one. Then, the
minimum probability of ruin is given by

glu,m)
u,m)=1—
b (u,m) 2, m)
where g is defined by

u

g(u,m):J exp{—ZJimf(w)dw}dy. (3.4)

am

Note that g in (3.4) is the scale function associated with the diffusion process in (2.2).

Next, we shall focus on discussing the optimal reinsurance strategy which minimises the probability
of drawdown when m > u,.

Because of the constraints of (qj(x),q;(u)) and the result of ;ﬁz ;72/";1”17”21 ’72=,% >1, to get the
optimal strategy and the minimum probability of drawdown, we need to discuss the following three

cases:
Case 1: “;]"bb; 7y <1y < tf]z/—)bblzrlz (i.e.,q1(u)>0,g2(u) > 0)
Case 2: n < a;fbil 1 (i.e.,q1(#)<0,q2(u)>0)
Case 3: 25y, (i-e.,q1 () >0, 32(1) <0)

Since the proof of Case 3 is similar to Case 2, in the following context, we just need to present the
proof of Case 1 and Case 2 in detail.

b
Case 1: ‘Zl"bz' 7y <1y < a‘llzpb,;z 7.
In this case, g1 (#) >0 and g2 (u#) > 0. Let

_1 Ay
U=+ |—7——-2—~<—A
1= |:2(ﬂz'72/’h1[72*ﬂ1'71h%) 1]

==

— Ay
uz= —A
2 |:2(ﬂl'71/’b1[72 *ﬂzﬂzb%) 1:|

It’s easy to see that g1 (#1)=1, g2 (u2)=1.
For convenience, we assume that #; < u, as similar results can be obtained for #, > u,. From (3.1), we

can see that gq1(u), g»(u) are decreasing functions w.r.t. #. Thus, when #, <u <u, we have
0<g1(n) <1, 0<g2(u) <1, and hence g;(u)=q1(n), q5(#)=q> (). One can show that, under this
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optimal reinsurance strategy given in (3.1), we have

— /4(747619{743) — AZ
2 (u,q;,q3)  A(—A1—ru)b} b3(1—p?)

$11(u) (3.3)

On the other hand, when u <u,, we obtain ¢, (#) >1. Then we have to choose g;(#)=1. Inserting
q;(u)=1 into (3.3) and maximising the ratio of the drift of the surplus process to its volatility
squared, we can get

~ —(Ay+axn, +ru)+ 1/ (B+ru)*—4AC
q1(u)= (3.6)
am

in which A, B, C are defined by

2,2
A=—"2'T"%’
B=a; (01 —7’[1—/)[;2],7]) +a20, (37)

C-13 (17"
From (3.6), we know that g (#) is also a decreasing function w.r.t. # and when

1 {aml (B3-1?)

ul=—
r

S U (A
2(b%+b1b2p) ( 1+a2’72):|

we have g (#11)=1. Before we continue our analysis on the optimal results with constraint, we present
the following Lemma first.

Lemma 3.2. Under the assumption of u#; <u,, we have iy <u;.

Proof. Note that

2 72
! A2 )_A1:| 1 {“1’71(172 bi) —(Ar+azn,)

wy—ity =~ i S P
2 ! r 2(611}71/)51[?2—[12?72[?% r 2([9%+b1b2p)

_ biaini + bibypasns + araann, b —bibiaint —aint b3 bap—aiarn n, b b3
2r(b% + b1 bzp) (dzﬂzb% 7a111]/)b1b2)

Because of the assumption of #; <u,, we have
axnyb—ain, pbiby > arn b3 —azn,pbi by

then
> 422 13 2.2 4 127222 2 273 272
191612712+blbzpﬂzﬂz+4142’71’72191_b1bzal’71—alﬂlblbzp—dlﬂzﬂ1ﬂzblbz

> b (a1, b3 +ain, pb1by) + aran n, b} —bibsat i —aintbibrp—arazn n, bib3
=araynnybi—bibsain; + avniaznbibrp—aimibibrp
> avn; by (avmpbrba—axnypbiby)—ain by (ainy pbibr—asnypbib) =0

In Case 1, it’s clear that
21’([7% + b1 bzp) (aznzb%—amlpblbz) >0

then we have i1 <u,. O
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Therefore, when i1 <u <u,, we have 0 < g1 () <1, thus ¢} (#)=g1 (). Under the optimal reinsurance
strategy of (g (), qs(u1))=(q1(u),1), it follows that

(o qi,q3) —2A\/ (B+ru)*~4AC
o (u.q.q43)

$1a(u)= (3.8)

{ (B+ru)+ (B+m)274AC} 274AC

Finally, when am <u <1, we have to choose g} (#)=1 and g;(u)=1. Inserting (q;(«), q3(u))=(1,1)
into (3.3), and we obtain
(14 q’{,qﬁ) a101+a0, +ru

() b+ b1+ 20b1bs (3-9)

$13(u)=

To summarise, we give the optimal reinsurance strategy and the corresponding minimum probability
of drawdown for the case of # > u, with “2pb1 Ly <y < ph 7, in Theorem 3.1.

Theorem 3.1. Suppose that "”’bb 7, <my < ;lzﬂbbl 7,. Let Ay, A, be given in (3.2), A,B,C be given in
(3.7), and &11(n),E12(u),E13(u) be given in (3.5), (3.8), (3.9), respectively. Then, for any u € [am,u,],
the minimum probability of drawdown for the surplus process (2.2) is

1- 51'3‘((1:",'2) , am <u <max(am, i)

P(u,m)={ 1— ;‘:((:"Zt)) , max(am, i) <u<max(am,uy)
_ gu(um)

FRORE max(am,uy) <u < u

and the optimal reinsurance strategy is

(1,1), am <u < max(am, ity )
(q’{, q§)= (q1(u), 1), max(am, 1) <u <max(am,u,)
(q1(u), q2(n)), max(am, uy) <u < ug

in which gy;(u,m) (i=1,2,3) are defined by
g (u,m)=[, exp{ =2, &3(w)dw}dy,

gua(u,m)=[""exp{—2[) & 3(w)dw}dy

Py exp{ =2 ([ 15 10) + 2,0, E12(10) ) ooy
gus(u,m)=[om" exp{=2[" &5 (w)dw}dy

s fomexp{ 2 (S s+ 2y, G12(00) )i by

L@ { 2 (o £13.00) + [ 12 10)+ 2,601 (0) ) i by (3.10)

Remark 3.1. We can see that ¢(-,m) is a non-increasing and continuous function, which satisfies the
following boundary conditions: ¢(am,m)=1, ¢(u,m)=0. Furthermore, note that u, is a constant
and gq3(us,m) is finite. Indeed, the integrand in the expression for g3 is bounded by 1, then we can
get g13(uem) <u,—am < co. In addition, we know g(u,m) defined in (3.4) is non-decreasing, thus, g
and g1, are also finite
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Remark 3.2. Note that the relationship between am and i, (#;) is uncertain. Since we are only
interested in u € [am,u,], the notations of max(am, #1) and max(am,u;) are used in the expressions
for the optimal results. In this sense, the optimal reinsurance strategy depends on the values of @ and
m. This remark is also applicable for the following theorems.

By the same way, we can get the optimal results for the other two cases as follows:

Case 2: 7, < ”;lf'bzl 7.

In this case, q1(#) <0, g2 (u) > 0. Then we have to choose ¢ (#)=0, and thus we derive the minimiser

_ —2(A1 +7u)
U)=———-——-= 3.11
g (u) @ ( )
Let
o1
uy=5_(—aziy=241) (3.12)

it is easy to see that g, (u,)=1.

In particular, when #, <u <u,, we have 0 <q,(u) <1, then it follows that g}(#)=g,(«). Under the
optimal reinsurance strategy (g7 (u), g5(u))=(0,7,(u)), we have

pldids) @
o2 (u,q;,q3)  4b3(A1+7u)

& (u)= (3.13)

However, when am <wu<u,, we have g,(u)>1, thus we have to choose g¢j(#)=1, and then
we obtain

u(u,q;,q5) _ Avvaptru

B ) B

(3.14)

Therefore, we have the following theorem:

ﬂzpbl

Theorem 3.2. Suppose that ; < 7Ln,. Let Ay and A; be given in (3.2), and &1 (u),£22(u) be given
in (3.13), (3.14), respectively. Then for any u € [am,u], the minimum probability of drawdown for
the surplus process (2.2) is

- g;&’% ., am<u<max(am, ulz)
¢(M, m) - 22 (1,m) '
— auum) max(am, u,) <u <ug
and the optimal reinsurance strategy is
(0,1), am <u < max(am, u,)

(q’{7q§)={

(0752(“))7 maX(am, u,Z)SMSuS
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in which go;(u,m)(i=1,2) are defined by
821 (M7 m)=meeXp{72sz§22(w)dw}dy7
g2 (u,m)=[m"2exp{ =2 " &1, (w)dw}dy (3.15)
+ Lo 50 =2(Jin "0 0) + [, E21(10) ) doo |y

We can see that ¢p(u,m) in this case also satisfies the properties in Remark 3.1.

Case 3: 1y > ;jl;z 7.
In this case, q1(¢) >0, g2(#) <0. Along the same lines in Case 2, we can get the following result:

Theorem 3.3. Suppose that n; > a“lzpbl;z 7,. Let A and A, be given in (3.2). Then, for any u € [am,u,],

the minimum probability of drawdown for the surplus process (2.2) is

- 2321((2’7,,)) ,  am<u<max ((Jcm7 ull)
h(u,m)= ’
1= if(lz’% , max(am, uy) Su<ug
and the optimal reinsurance strategy is
(@ *)_{(1»0)7 am <u < max (am, u) )
1v92)=y ,
(G@1(),0), max(am,uy) <u<ug

in which g3;(u,m)(i=1,2) are defined by

831 (u> m) =.[Zmexp{_zjim€32 (W)dw}d%
g2, m)= [ rexp{ =22, £ (w)dwdy (3.16)
+ meVu’l exp{—Z (J"Z:vu/‘ & (w)+ fzmv,/l &3 (W)) dw}dy

and &3; (i=1,2), u; and g, (u) are given by

- ajny
&31(u)=— W2, )

b= g .
=2+ (—ain —24A1)

— -2(A
g, (w)==200m)

Remark 3.3. We can see clearly that the optimal proportional reinsurance strategies given by
Theorems 3.1-3.3 are strongly depend on the value of surplus #. Besides, if a=0 in Theorems
3.1-3.3, then we are in the case of minimising the probability of ruin for the fix level 0, and the
corresponding optimal results can be derived directly. Moreover, as the wealth increases towards u,,
the optimal reinsurance proportion approaches 0. It makes sense because when the value of the
surplus increases, the insurer can transfer all the risk to reinsurer, and thus the wealth will never
decrease, then drawdown cannot happen.

278

https://doi.org/10.1017/51748499518000210 Published online by Cambridge University Press


https://doi.org/10.1017/S1748499518000210

Optimal proportional reinsurance with common shock dependence

4. Minimising the Probability of Drawdown When m < u;

In the previous section, we show the minimum probability of drawdown and the corresponding
optimal strategy for the case of 72 > u,. In this section, we will consider the same problem for the case
of m <u,. Since M, can be larger than m, i.e., the level that we set is not necessarily a fixed one, the
special method in Biuerle & Bayraktar (2014) does not apply anymore. Therefore, following the
analysis of Chen ef al. (2015) and Angoshtari et al. (2016a, 2016b), we use the technique of
stochastic control theory and the corresponding HJB equation to tackle the optimal problem.

Again, we only need to consider function f on the domain O: ={(u,m) € (R*)*: am <u <m,m <us}.
Let C*! denote the space of flu,m) such that f and its partial derivatives f,, fiu» [ are continuous
on O. It follows from the standard arguments that if the value function ¢(u,m) € C*', then ¢ satisfies the
following HJB equation:

inf AT p(u,m)=0
q1,92€D

where
ATC p(u, m)=(ru+ar (01 —ny +11q1 (1)) +a2(62—m, + 1,92 (1)),

+ 5 (a7 ()b + g3 (u)b3 + 2pb1brq1 (u)q2 (1)) (4.1)

| =

Applying the method of Angoshtari et al. (2016a), we can get the following Verification Theorem.

Theorem 4.1. (Verification Theorem): Suppose that »: O — R is a bounded, continuous function,
which satisfies the following condition:

(i) h(-,m)e C*am,m) is a non-increasing convex function,
(i) h(u,) is continuously differentiable, except possibly at u,,

(i) B, (mm) >0 if m <u,

—

iv) hlamm)=1,
h(ugm)=0 if m>u,

AT h >0 for all g1,q, € D.

)
)
)
iv)
(v)
(vi)

Then, h(um) <$(um) on O. Furthermore, suppose that the function b satisfies the conditions
mentioned above in such a way that conditions (iii) and (vi) hold with equality for some admissible
strategy (q (), ¢ (1)), which is defined in feedback form (¢%(U;), ¢5(U,)). Then, we have h(um) = ¢
(u,m) on O, and (g7 (u), g3 (u)) is the optimal reinsurance strategy.

For convenience, we denote

f(q1(u), q2(u))=(a1n1q1(u) + azn,qa (u)) b, + % (1 ()b + g5 ()b3 + 2pb1brg1 () G2 (1)) b
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Differentiating f(g1(u), g2()) w.r.t gi(u) (i=1,2) yields

021‘ _12
) it 52y =02 P
0
szblbzhuu

It is not difficult to see that the Hessian matrix of f is positive definite, and thus Z‘ (q1(n), q2(m)) is
a convex function with respect to gju) (i=1,2). Therefore, the minimiser of f(q1(u),q2(u)) is
obtained at

s pbibrazny,—b3ainy b,
q1(u)= bfb%(zl—p%) S
(4.2)

N _ pbibyain—blayn, p,
q2(u) R0 Fu

If Theorem 4.1 (1) holds we must have h“ <0. Because of the constraints of (g7, ¢5) and the result

of :f;;bbz 7 “;I"lf’z‘ 7= 2 >1, we also need to discuss the three cases mentioned in the previous

section.

. apby a by
Case 1: aby <M < 72

In this case, qi(#)>0, q2(u)>0. If 0<g1(u)<1 and 0<ga2(u) <1 hold, then gj(u)=g1(u),
q5()=q>(u). Inserting (q’{(u),qi(u))z(ﬁh (4),g2(u)) into (4.1) and putting AT Ph(u,m)=0, we
obtain

by 1

huu T 2511 (14)
in which &;1(u) is defined by (3.5). Substituting ,% back into (4.2), then we have

2[Ay +ru) (aznzpln by—ain, b%)

q1(u)=
. (4.3)
G2 ()= 2[4, +VM](ﬂ1ﬂlAf;blbz—g2;hb%)

which is identical to (3.1) and satisfies q1(#1)=1 and g, (uy)=1.

Here, we also suppose that #; <u,. Along the same lines, we can get the results for #; > u,. Thus,
when 0<q(#) <1, 0<g2(u) <1, we have uy <u<u,. On the other hand, if 0<g;(x)<1 and
q>(u) > 1, then we have to choose g5 (#)=1, and derive the minimiser

pby ainy by,

Therefore, when 0<g1(u#) <1, we have gj(u)=q1(u), q5(u)=1. Substituting them into (4.1) and
letting Ah(u, m)=0, we get

huu T 2512(“)
in which &,(u) is defined by (3.8). Then it is easy to show that
—(Ay+axn, +ru)+/ (B+ru)*—4AC

ain

q1(u)=
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Under the assumption of #; <u,, we come to the conclusion that #; <u<u; when 0<gq;(u) <1
holds. Finally, if g () > 1, then we have to choose g} (#)=1. Inserting (¢} (u), ¢5 (#))=(1, 1) into (4.1)
yields

by 1

b 2&13()
in which &5(u) is defined by (3.9). In this case, we can get am <u <i1;. It is clear that the optimal
reinsurance strategy in this case equals to the one when 2> u.

Now considering the following boundary-value problem, we wish to find a solution at which a
certain function is minimised according to Theorem 4.1. When am <u <m <u,, we have

by 1
b~ 25(u)

h(us,us)=0, b, (m,m)=0 (4.4)
h(am,m)=1

We first present the solution of (4.4) for m € [max(am,u,),u;) in the next proposition, the solutions
for the other two cases of m € [max(am,it1), max(am,uy)) and m € [am, max(am,it1)) can be
derived by the same way.

Proposition 4.1. When ‘Z"blnz < < a“fpb,jz i, the solution of (4.4) on {(u,m)€ (R*)*: am<u<m,

max(am,u,) <m<ug) is given by

1—exp{[,,~f13(y)dy} - ;‘;&’ij am <u < max(am, ity )

h(u,m)=< 1—exp{[r—fi3(y)dy} - %, max(am, i) <u < max(am, u;)

L—exp{ [ —fis(y)dy} - L2000 max(am, uy) <u<m <u,

in which gy; (i=1,2,3) are given in (3.10), and f;3 is defined by

a[gw ) 2511(0‘3’)} ifu, <am
fis()= [813 ) 2512(0‘3’)} ifiry <am<uy (4.5)

[813 (§%)) 2513(“)’)} if am <y

Proof. Because of b in (4.4) satisfying the differential equation as well as the boundary conditions,
taking the integral of b, over [am,u], we get

h(u,m)=1+c1(m)g(u,m)
where g(u,m) is given in (3.4) and ¢((m) is a function of 7 to be determined.
Differentiating b w.r.t m, it follows that
by (1, m)=c, (m)g(1, m) + c1 (m)g (1, m)
=c, (m)g(u, m) + c1(m) (2a&(am)g(n, m)—a)

Next, we discuss the solution on cases. When max(am,u,) <u <m <u,, we have

b(u,m)=1+ci(m)g13(u,m)
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with
1

) )

Since b,,(m,m)=0, one can show that

rtm=———ep{ [ a0y}

a 813 (1457 Us
with fi3 given by (4.5). It then follows that
pam)=t-exp{ [ ~fiatdy}

gus(u,m)
813 (u57 us)

According to the continuity of b, the result for the other two cases, i.e.,
max(am, 1) <u <max(am,u;) and am <u <max(am, i), can be obtained along the same lines.

We complete the proof. O

Combining the results of Theorem 4.1 and Proposition 4.1, we get the following theorem:

Theorem 4.2. Suppose that “;l”bb; Ny <mq < :fﬂb[jz 7,. Let g1; (i=1,2,3) be given in (3.10) and f;5 be
given in (4.5). Then,

(i) if max(am,itz) <m<us, for any u € [am,m], the minimum probability of drawdown for the

surplus process (2.2) is given by

1—kq3(m) - ;';(Z‘s’;”j) , am <u <max(am, i)
d(u,m)=¢ 1—ky3(m) éff&‘%, max(am, i) <u < max(am, u,)
1—ky3(m) ~%, max(am,uy) <u<m <u

in which

tastm)=exp [ ~frsdy}

(i) if max (am, #1) < m<max(am,iiy), for any u € [am,m], the minimum probability of draw-
down for the surplus process (2.2) is given by

S 1—kq2(m) ’g%’ am <u <max(am, i)
u, m)=
1—kia(m) - %, max(am,ity) Su<m<u
in which
1y 21
tstm=esp ([ a0 s ) v} (4.6
m uy
with
Of[rzgy?y) *2512(053’)], ifiey <am
fia(y)=

a[ﬁ —2513((13/)] s if am <uq
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(iti) if am <m < max(am,ity), for any u € [am,m], the minimum probability of drawdown for the
surplus process (2.2) is given by

d(u,m)=1—kq1(m) %

in which

ki1 (m)=CXP{ (J: ~f (J’)—J:flz(y)—J:fB()’)) dy} (4.7)

fu(y)=a

with

[‘ﬁ —2513(00’)}

Also, the corresponding optimal reinsurance strategy has the form

(1,1), am <u<m < max(am, ity )
(q’{,qi): (q1(u), 1), max(am, i) <u<m < max(am,u;) (4.8)
(q1(n),q2(n)), max(am,uy) <u<m <u

Proof. Given the results of Proposition 4.1, it is not difficult to see that » satisfies Conditions (iv), (v)
and (vi) of Theorem 4.1. Besides, in Appendix A, we prove that h(u,m) is a non-increasing convex
function in # but an increasing function in 7. The only item remaining to show is that b as well as its
derivatives w.r.t. # and m is continuous at u=ity, u =u,, m=it; and m=u,. We give the proof of these
properties in Appendix B. Then, b also satisfies Conditions (i), (ii) and (iii). Therefore, we have ¢ =5
with the optimal reinsurance strategy (g7, q5) given in (4.8). O

b
Case 2: iy < 250,

In this case, g1 (#) <0, g2(#) > 0. The analysis is similar to Case 1, thus we give the following theorem
directly:

Theorem 4.3. Suppose that ; < “;pbb’ 1. Let g2; (i=1,2) be given in (3.15), g, («) be given in (3.11),
u’z be given in (3.12), and &3; (i=1,2) be given in (3.13) and (3.14), respectively. Then, (i) if
max(am, u,) <m < ug, for any u € [am,m], the minimum probability of drawdown for the surplus
process (2.2) is given by

1—kaa(m) - gi?((uif:j) . am<u<max(am,u,)
Hem)= - ,
L=k (m) - B2 max(am, uy) <u<m <ug
in which
fastm)=exp{ [ ~at)dy
with

[gzz () —2& (0‘3’)] if u/z <am
fo2(y)= | |
[822 (y.y) =265 (ay)] if am < u,
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(ii) if am <m < max(am,u,), for any u € [am,m], the minimum probability of drawdown for the
surplus process (2.2) is given by

1 & (u,m)
P(u,m)=1—ky1(m) P
in which
kzl(m)=exp{ (J —f21(Y)—J ,fzz()’)>dS’}
with
fulyma| o 2]
21y ©1(%,) 2\ay
Also, the optimal reinsurance strategy is
(0,1), am§u5m<max(am,u’2)

(q’{,qﬁ)={

(0,4, (n)), max(am,u,) <u<m<u

Proof. The proof is similar to Theorem 4.2, thus, we omit the details here. O

Case 3: 17, > ;fpbljz 7.
In this case, g1 () >0, g2(#) <0. Then we can get the following result:

aby

Theorem 4.4. Suppose that ; > 720Ln,. Let g3, (i=1,2) be given in (3.16), &; (i=1,2), u; and g, (u)
be given in (3.17). Then,

(i) if max(am,u,) <m<u;, for any u € [am,m], the minimum probability of drawdown for the
surplus process (2.2) is

1—ks3p(m) - 521 wm) — m<u< max(am, u’l)

¢(u m)_ 832 (s,115) 0
) 17k32(m)‘%’ max(am,u;)5u§m<us
in which
tatm=esp | ~falr)ay
with
a [m —2531 ((ly)] s lf T/lll S am
f2(y)=

a [m —2¢&3, (ay)] , ifam<u

(i) if am <m <max(am,u,), for any u € [am,m], the minimum probability of drawdown for the
surplus process (2.2) is
831(u,m)
u,m)=1—ks(m) =——"-~
$(u,m) 31(m) o2 ths, 1)
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in which
k31(m)=exp{ <J —fsl(y)—J ,fsz(y)> dy}

with

fulimal -2t )]

i PTC Y R
Also, the optimal reinsurance strategy is
. (1,0), am <u<m < (am,u))
(ql ) ql) = _ /
(g1(n),0), max(am,u;)<u<m<u

Remark 4.1. Comparing the expressions of the optimal reinsurance strategies in sections 3 and 4, it
is not difficult to find that the optimal drawdown policy follows the optimal ruin policy until
drawdown happens. In fact, we can see from Hipp & Taksar (2010: 246-247) that if the H]JB
equation in our paper remains the same, the optimal strategy is only determined by the drift and the
volatility of the controlled process. Therefore, as was mentioned in remark 3.2 of Angoshtari et al.
(2016a), we can also conclude that the same reinsurance strategy minimises the expectation of any
function that is non-increasing in the minimum surplus value or non-decreasing in the maximum
surplus value. The changes only happen in the boundary conditions. Besides, we can see that, the
calculation with the method in section 4 to derive the optimal strategy is relatively easier than the one
in section 3 when our surplus comes down to the process with common shock dependence, but the
latter facilitates the discussion of the constrained control variables in section 4.

In the following proposition, we investigate the behaviour of the process U, in a special case. We find
that the optimal reinsurance strategy will never achieve the safe level u, with positive probability
before reaching the (moving) lower bound am.

Proposition 4.2. Assume that the inequality #; <u#; <am holds in Case 1. Let U* be the optimal
controlled wealth starting at », 7¥: =inf{>0: U*(¢) >u,} and 7%: =inf{t>0: U*(¢) <am} be the
corresponding hitting times. Then P(7} <7;)=0.

Proof. Since we are only interested in whether the safe level can be reached before drawdown, we
may extend the domain of (g3,43) to R and set

_ [Aq +7u (aznzpblhzfamlhg)

qi(u)= A,
CIE (u): (A +m](ﬂ1'11zflb2*azﬂzb%)

for u < am. Define
b(u)=ru+ay (01—n1 +n1q; (1)) + a2 (02—nr + 195 (1))

and

$2(u)=(q; ()03 + (45 (1)) 03 + 2pb1b2q (1) g (1)

p(u) =".:mexp (—Z[Zm% dz) dy

Let
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be the scale function, and

" 2
=] p=p) s

P e ” P02

am

U(u’m)zr, Jx 2dz

Now we want to show that v(- co,m) = v(us,m) = 0.

Note that b(u)=0 for u <am, then p(—oo):f;:loldyz—oo. It follows from (5.74) of Karatzas &
Shreve (1991: 348) that v( - co,m)= 0. Besides, when i1 <uy <am, it is not difficult to find that
(97,95)=(q1,42) for any u € [am,u,], thus

b
sz((l:l)) =&11(u)=

A
FTEr— =)

Let

then we have

and

Therefore, we can see that

_d rs LI
THd+ 1) J g (e—x)

Then it follows from Feller’s test for explosions (Theorem 5.5.29 of Karatzas & Shreve, 1991: 348)
that P(z} < 7})=0. O

Remark 4.2. Note that when the surplus gets closer to the safe level u,, both the drift and volatility
of the optimally controlled surplus process approach to 0. Thus, it is reasonable to expect that the
safe level might not be reachable, which has been confirmed in Proposition 4.2.

Let =7}, A 7} denote the first hitting time of am and u, when the initial surplus # lies in (am2,u). From
proposition 5.5.32 of Karatzas & Shreve (1991: 350) and the result of v(u,m)=co0, we can derive
that 0 < P(r < o) <1. Furthermore, in combination with the Proposition 4.2, we can see that either
drawdown occurs with probability ¢(u,m)=P(r< o) or the optimal controlled surplus value lies
strictly between am and u,, for all time, with probability of 1 - ¢(u,m). The similar conclusion is also
derived in Angoshtari et al.(2016a).
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5. Numerical Examples

In this section, we assume that the insurer has two lines of business: one is heavy-tailed risk, and the
other is light-tailed risk. Let

Fx(x)=1— , x>0 —Fy(y)=1—¢2,y>0

(x+1)°
Then we have E(X)=1, E(Y)=1, E(X?) =1, E(Y?)=1. In the following examples, we perform five
examples to show the effect of different parameters on the optimal results. In these examples, we only

o dz/’bl azbl
consider the case of T, <y < At M

Example 5.1. In this example, we set r=0.03, A=3, 1y =4, =35 and 6; =6, =0.12. The results are
shown in Figure 1.

From Figure 1, we can see that the optimal reinsurance strategy (g7, q3) decreases as u increases. It is
to be expected, since, according to (3.1) and (3.6), we can prove that g} and ¢} are decreasing and
continuous functions w.r.t. #. Furthermore, we can observe from Figure 1(a) that g; is always less
than g5 when the two lines have the same safety loading for insurer as well as for reinsurer, say,
1 =12=0.22. It is also natural consequence since the insurer always tries to keep a smaller retention
level for the heavy-tailed risk business. However, when the reinsurer’s safety loading in the first line is
much larger than the one in the second, say, 7; =0.4 and 5, =0.15, it is reasonable for the insurer to
keep a smaller retention level for the cheaper one (see Figure 1(b)).

Example 5.2. In this example, we set a=0.1, r=0.03, 1,=4, 1, =35, 0,=0,=0.12 and =1, =
0.22. The results are shown in Figure 2.

Figure 2 shows that the minimum probability of drawdown ¢(u,m) satisfies the boundary conditions: ¢
(amm)=1 and ¢(u,m)=0. Besides, we can see that ¢(u,m) is a decreasing function w.r.t. # but an
increasing function w.r.t. 72 and A. They are natural consequences, since, when the value of the surplus
increases toward u,, the insurer can transfer all the risk to reinsurer, and thus the wealth will never
decrease, then drawdown cannot happen. However, the drawdown level increases as the maximum
(past) value m increases (See Figure 2(a)), and a greater value of 2 means a greater value of expected
claim number as well as safe level, which both could make drawdown more likely (See Figure 2(b)).

(@ 12 - (b) 12 -
— —q;
1 p - - - - qz 10 -- a3
08 ] 08 .
> 06 > 06
&3 =
T o4 T 04
02 02
0 0
~0.2 U -0.2 — -
20 10 0 U 10 20 Us 30 40 20 10 U o Ui 20 30 Us40
u u
Figure 1. The influence of # on the optimal reinsurance strategy.
287

https://doi.org/10.1017/51748499518000210 Published online by Cambridge University Press


https://doi.org/10.1017/S1748499518000210

Xia Han et al.

@ (b)
Vo —— m=60|
0.9 - —— m=70{ 0.9
v - - - m=80,
058 ] 0.8
07 ] 0.7
06 \ 1 _ o6
E \ S
= 0.5 VY 1 3 0.5
04 AR 1 o4
03 N ] 03
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Figure 2. The influence of 7 and 4 on the minimum probability of drawdown.

Example 5.3. In this example, we set r=0.03, 4, =4, 4,=35, 6;=0.1 and 6, =0.12. The results
shown in Figure 3.

are

From Figure 3(a) with 7, =0.25 and 5,=0.2, we can see that the optimal reinsurance strategy
increases when 4 increases, which implies that even though the greater value of A means a greater
value of expected claim number, the insurer still chooses to retain a larger share of each claim
because of the expensive reinsurance cost. However, when the reinsurance premium is small enough,
the insurer would rather retain a less share of the claim when the expected claim number becomes
larger. This kind of property is shown in Figure 3(b) with #; =0.14 and #,=0.25, where a greater
value of A(> 4o) yields a less value of the optimal reinsurance strategy g;. Besides, it is not difficult to
see that the optimal reinsurance strategy g5 in Figure 3(a) increases faster than the one in Figure 3(b)
when / increases, which shows once more that the reinsurer’s safety loading has a direct impact on
the optimal reinsurance strategy.

Example 5.4. In this example, we set r=0.03, A=2, 1, =7 and §; =6, =0.1. The results are shown
in Figure 4.
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Figure 3. The influence of 4 on the optimal reinsurance strategy.
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Figure 4. The influence of 1; on the optimal reinsurance strategy.

From Figure 4(a) with 7;, =0.21 and 5, =0.23, we can see that a greater value of 1, yields greater
values of the optimal reinsurance strategy g; and q3. It makes sense because the reinsurance premium
is much more expensive in this case, the insurer would rather retain a larger share of each claim even
though a greater value of 4, implies a larger insurance risk. However, when the reinsurer’s safety
loading is small enough, say n; =0.1 and 5, =0.12 as in Figure 4(b), to reduce the risk, the insurer
tends to purchase more reinsurance for class 2 because of the cheap reinsurance premium. Mean-
while, since g7} is much more sensitive to A, than gj, there is a trade-off in allowing g to increase or
decrease. When 4, is not large enough, say 1; < 4o, the insurer prefers to retain a greater share of each
claim as 1, increases, which could help increase the premium income. However, a greater value of 4,
also implies a larger insurance risk, when 1, is large enough, say A > Ao, the insurer needs to reduce
the risk of its insurance portfolios by transferring more risk to the reinsurer.

Example 5.5. In this example, we set r=0.03,4=3,1;=4,1,=35,6;=0.1 and 6, =0.12. The results
are shown in Figure 5.

Figure 5 further investigates the influence of the reinsurer’s safety loadings, i.e., 71 and 7, on optimal
reinsurance strategy. It is easy to see that a greater value of 7,(i=1,2) yields a greater value of
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Figure 5. The influence of 7, and 7, on the optimal reinsurance strategy.
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q:(i=1,2), which illustrates the intuitive observation that if the reinsurance premium increases, the
insurer would rather retain a greater share of each claim by purchasing less reinsurance. We also see
that as the value of 71(12) increases, the retention level of the other class first increases and then
decreases after reaching a certain level (say, 770). These observations are kind of reasonable. When the
company keep buying less and less reinsurance for one class, it eventually needs to reduce the risk of
its insurance portfolios by buying a bit more reinsurance for another class.

6. Conclusion

We first recap the main results of this paper. From an insurer’s point of view, we consider the optimal
proportional reinsurance problem to minimise the probability of drawdown in a diffusion
approximation risk model where the aggregate claim processes are correlated by a common shock.
Based on the method of maximising the ratio of drift of a diffusion divided to its volatility squared,
and the technique of stochastic control theory and the corresponding H]B equation, we investigate
the optimal results in the cases of 7 >u, and m <u,. Furthermore, in each case, we constrain the
reinsurance proportion in the interval [0,1], which makes the optimisation problems being discussed
in three different situations. The explicit expressions of the optimal proportional reinsurance strategy
and the minimum probability of drawdown are derived, which strongly depend on the value of the
surplus u, as well as the two important parameters of drawdown a and .

For the further research, there are still several interesting problems that deserve investigation. First, one
may take the life time of individual 7, into consideration so as to investigate the problem of optimal
insurance which minimises the probability of lifetime drawdown. Second, we can generalise the model
to the one that insurers can invest their wealth not only in risk-free bond but also in risky assets. Note
that if the process of risky assets is independent of the claim process, we can obtain the optimal results
by the same way as in our paper. However, if the assumption of independence is removed, the problem
will become more complex. Third, the problem of minimising the probability of drawdown in our risk
model can be extended to the more general objective function, such as minimising the expectation of
any function which is non-increasing with respect to the minimum surplus value or non-decreasing
with respect to the maximum surplus value. Fourth, under the criterion of minimising the probability
of drawdown, we can also consider the optimal proportional reinsurance strategy in a risk model with
multiple dependent classes of insurance business. All of these problems will be more challenging, but
also more meaningful and realistic to be discussed, and they are our future research work directions.
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Appendix A: Proof of Monotonicity and Convexity of h

Note that when u; <u <m <u, and the inequality am <1 <u, holds, we have

(at, ) =1 g3 () - S

g13(u57“s)
in which
kls(m)=eXP{J s*f13(y)dy}
with
fis( )—a[ L s >}
B e,y T
It then follows that
hm<u,m>=—%- 15 m) ae, 1)y 3 (am)gs (o, 1) —a]

_aki(m) [ gi3(u,m)
_813(1457145) l:l g13(m7m):|20

It is not difficult to see that b,,(m,m) =0 for u=m.
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Differentiating g;3 with respect to # yields

W:exp{ (rl &i3(w) +JMT§12(w) +r2§11 (w))dw} >0

am u u

and

62g13(u, m) _ 0g13(u, m)
ou? ou

&13(u) <0

Thus, we have b,, <0 and b,,,> 0. Along the same lines, we can get the same results for other cases.
Therefore, we conclude that h(u,m) is a non-increasing convex function with respect to the surplus
wealth # but a non-decreasing function with respect to the maximum (past) value .

Appendix B: Proof of Continuity of h, h,, h,, and h,,

The continuity of b is obviously satisfied, thus we only need to prove that its partial derivatives 5,
b, and b, are also continuous. To keep things simple, we assume that the equality am <ty <u,
holds. We only present the proof for the case of m € [uy,u,). The proofs for m € [i1,u;) and m €
[am, 711) can be derived similarly.

When am <u <, we have
k U
h“ (u7 m)z_gl,’)l(?;’i(:n]’zs) . CXP{_ZJamgL” (W)dw}
and
k U
N e T S R
When 1 <u <u; <m, it follows that
butum=— S0 exp{ -2 et besp{ -2 e}
and
b (u,m)=2&1, (u) _kulm) exp —2rl &3 (w)dw pexp —Zr Ep(w)dw
e P s (g, ) an P

We can see from (4.8) that (g7, 45)=(1,1) for u=i;, and thus

a101+a)b, +ru

512(”1)=§13(”1)=W

Therefore, it is not difficult to find that the partial derivatives b,, and b,,,, are continuous at #=it;. By
the same way, we can also prove that b, and b,,, are continuous at u =1u,.

Next, we show the continuity of ¢,,, at m=i1;. Since

1 ’

0g11(u,m
e [ g ) s o) )

hm(uam)z_ ou
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for am <u<m <y, and

by (u,m)=—

). 0g126(Za m)}

1 ,
FR P {ku(m)glz(%m) +kip(m

for ity <u<m<uy, then according to (4.6) and (4.7), it is obvious that kqy(#1)=k12(#1) and
Ry, (it1)=K, (i11). Besides, because of

a N a s 2 U y
gua(Z m) _ogu a(Z m) + 2a§13(am)exp{—ZJam§13(W)dw}J 1exp{—legu(w)dw}dy

u
then we have

0gi1 (i1, it1) _ 0g12 (i1, i11)
ou ou

Thus, it is clear that ¢,, is continuous at m=i1;. Along the same lines, we can also prove the
continuity of 4,,, at u =u,. Therefore, we conclude that » as well as its partial derivatives b,, b,,, and
b,,, is continuous.
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