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The magnetohydrodynamic (MHD) turbulence appears in engineering laboratory flows
and is a common phenomenon in natural systems, e.g. stellar and planetary interiors
and atmospheres and the interstellar medium. The applications in engineering are
particularly interesting due to the recent advancement of tokamak devices, reaching very
high plasma temperatures, thus giving hope for the production of thermonuclear fusion
power. In the case of astrophysical applications, perhaps the main feature of the MHD
turbulence is its ability to generate and sustain large-scale and small-scale magnetic fields.
However, a crucial effect of the MHD turbulence is also the enhancement of large-scale
diffusion via interactions of small-scale pulsations, i.e. the generation of the so-called
turbulent viscosity and turbulent magnetic diffusivity, which typically exceed by orders of
magnitude their molecular counterparts. The enhanced resistivity plays an important role
in the turbulent dynamo process. Estimates of the turbulent electromotive force (EMF),
including the so-called «-effect responsible for amplification of the magnetic energy and
the turbulent magnetic diffusion are desired. Here, we apply the renormalization group
technique to extract the final expression for the turbulent EMF from the fully nonlinear
dynamical equations (Navier—Stokes, induction equation). The simplified renormalized set
of dynamical equations, including the equations for the means and fluctuations, is derived
and the effective turbulent coefficients such as the viscosity, resistivity, the «-coefficient
and the Lorentz-force coefficients are explicitly calculated. The results are also used to
demonstrate the influence of magnetic fields on energy and helicity spectra of strongly
turbulent flows, in particular the magnetic energy spectrum.
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1. Introduction

The study of the dynamics and description of the magnetohydrodynamic (MHD)
turbulence is of interest from the point of view of engineering and astrophysics.
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The majority of astrophysical magnetic fields, including the terrestrial field, are generated
by turbulent flow of a conducting liquid, such as plasma or liquid metal in the interiors of
planets, stars, accretion discs, etc. The flow is typically driven thermally, compositionally
(cf. e.g. Roberts & Soward 1972; Brandenburg & Subramanian 2005; Dormy & Soward
2007; Roberts & King 2013) or by the development of violent instabilities such as e.g.
the magneto-rotational instability (cf.Balbus & Hawley 1991a,b). The investigation of
turbulent magnetized flows involves the description of a very complicated dynamics of
small-scale fluctuations (cf. Zeldovich er al. 1987; Zeldovich, Ruzmaikin & Sokoloff
1990) and hence it is extremely difficult and requires sophisticated mathematical tools; see
Tobias, Cattaneo & Boldyrev (2013) and Tobias (2021) for a review of different approaches
and results. To simplify the problem, various assumptions have been put forward and,
in particular, a common simplification in the theoretical approaches is the assumption
of the so-called weak turbulence, which corresponds to a weak amplitude of turbulent
pulsations and linearization of their evolution. Such an approach allows us to calculate the
electromotive force, i.e. the «-effect responsible for magnetic energy amplification and the
turbulent diffusion (cf. e.g. Steenbeck, Krause & Radler 1966; Roberts 1994; Moffatt &
Dormy 2019), but lacks the crucial effect of the nonlinear dynamics of the fluctuations.
As argued in Tobias et al. (2013), in some cases the regime of weak turbulence can be
sustained for long times, nevertheless, it is much more common for natural systems to
develop into the strong-turbulence regime, where the evolution of turbulent fluctuations
becomes nonlinear. This difficulty is resolved here, by application of the renormalization
technique, a statistical closure approximation which is based on systematic, subsequent
(iterative) elimination of thin wavenumber bands from the Fourier spectrum of rapidly
evolving variables (cf. e.g. Ma & Mazenko 1975). The first to apply this technique in
fluid mechanics were Wyld (1961) and Forster, Nelson & Stephen (1977), to study the
statistical properties of stationary, homogeneous and isotropic turbulence. However, the
first to apply the renormalization group method in magnetohydrodynamics was Moffatt
(1981, 1983), who calculated the kinematic « coefficient, in a simplified case of a given
stationary, homogeneous and isotropic turbulence flow field, unaffected by the Lorentz
force; other interesting numerical and analytic studies of the kinematic dynamo problem
by Vincenzi (2002) and Arponen & Horvai (2007) involved the incompressible, stochastic
Kraichnan—-Kazantsev model of turbulence and focused on determination of the magnetic
Prandtl number dependence of the mean field growth rate for that model. A few years
after the pioneering works of Moffatt, a comprehensive work on renormalization of the
hydrodynamic equations in the absence of the magnetic field was published by Yakhot &
Orszag (1986). A number of works on renormalization in non-magnetic stirred, stationary
turbulence followed, such as e.g. McComb & Watt (1990, 1992), McComb, Roberts & Watt
(1992), Rubinstein & Barton (1991, 1992), Smith & Reynolds (1992), Lam (1992) and
Eyink (1994) with seminal reviews by Smith & Woodruff (1998) and McComb (2014).
A notable contribution came from Kleeorin & Rogachevskii (1994), who calculated the
renormalized Lorentz force for non-helical, stationary, homogeneous and isotropic MHD
turbulence, in the absence of dynamo action; the effect of chirality in natural turbulence
which leads to the «-effect and the effect of gradients of the mean fields on the dynamics of
fluctuations have been excluded from their analysis. A couple of years earlier Adzhemyan,
Vasiliev & Gnatich (1987) utilized the renormalization techniques from quantum field
theory to comment on the full dynamo problem, with the inclusion of the velocity
evolution affected by the Lorentz force, and concluded that the spectral scalings for the
turbulent kinetic and magnetic energies are necessarily different. Barbi & Miinster (2013)
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used similar techniques and developed a numerical algorithm to compute renormalized
flows, which reproduced standard theoretical scalings. Reviews of approaches to
the description of turbulence and MHD turbulence based on the renormalization
group technique can be found in Adzhemyan, Antonov & Vasiliev (1999) and
Zhou (2010).

A powerful method which allows us to relate the mean electromotive force and turbulent
magnetic diffusion to the turbulent energy and helicity tensors is the so-called two-scale
direct-interaction approximation dating back to Kraichnan (1959, 1965) and developed e.g.
by Yoshizawa (1990) and Yokoi (2013, 2018); see Yoshizawa (1998) and Yokoi (2020) for
a review. It is based on the idea of the introduction of the Green’s function of turbulence,
that is, a tensorial response function to an infinitesimal impulse force and an ad hoc
introduction of two scales of turbulence in space and time related by the same parameter
of expansion. Despite its limitations, it allows us to describe the mean electromotive force
in strong turbulence once the statistical properties of the underlying small-scale chaotic
flow are known.

Recent investigations of Mizerski (2020, 2021) involved applications of the
renormalization group method to study the effect of non-stationarity and anisotropy on
the MHD turbulence in what could be called an intermediate regime (cf. also Mizerski
(2018a,b) for the effect of non-stationarity in weak turbulence). Due to the high complexity
of the mathematical approach in the case of non-stationary and non-isotropic turbulence,
the effect of nonlinear evolution of the fluctuations has been included only at leading order
at each step of the renormalization procedure. As a result, although reliable estimates of
the electromotive force (EMF) could be made, the wavenumber dependence of all the
turbulent coefficients, likewise of the energy and helicity spectra, was not fully resolved.
Moreover, the effect of gradients of the mean fields on the dynamics of turbulent pulsations
has been neglected.

In this work the renormalization group method is applied to the full system of MHD
equations, including the back reaction of the Lorentz force on the flow. Moreover, the
effect of gradients of the mean fields on the evolution of turbulent fluctuations is included,
which allows us to calculate turbulent diffusivities. The large-scale EMF is calculated for
the dynamic nonlinear problem of strong, stationary turbulence, i.e. full renormalization
of nonlinear terms is performed including the influence of the turbulent fluctuational
diffusivities and of the fluctuational a-effect at each step of the renormalization procedure.
Renormalized dynamical equations for the mean and fluctuating fields are obtained, which
contain turbulent coefficients describing the net nonlinear effect of short-wavelength
fluctuations, such as the turbulent viscosity, EMF (including the turbulent magnetic
diffusivity and the «-coefficient) and turbulent coefficients describing the effective
Lorentz force at large scales. In numerical approaches to the MHD turbulence there are
serious issues with resolution sensitivity, thus an explicit form of the turbulent coefficients
is very desirable, however, they are often inserted into the dynamics of mean fields in
an arbitrary way, estimated from observations but entirely unrelated to the dynamics of
the fluctuations, which is then lost. Here, by application of the renormalization method
we derive explicit recursion differential equations for all the turbulent coefficients (mean
and fluctuational ones). Analytic solutions are provided for the two cases of non-helical
turbulence (which effectively reproduces the results of Kleeorin & Rogachevskii 1994)
and helical turbulence. The case of weak turbulence is also presented for comparison with
the fully nonlinear case of strong turbulence and the former is used in § 3 to introduce the
reader to the undertaken analytic approach.
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2. MHD equations and the mean-field dynamo problem

To study the MHD turbulence in an incompressible conducting fluid (plasma) we consider
the following dynamical equations describing the evolution of the velocity field of the fluid
flow U(x, t) and the magnetic field B(x.r)

oUu 1
— +U-VYU=f—-VII+—(B-V)B+vV?U, (2.1a)
ot Ko p
oB 2
E—l—(U-V)B: (B-V)U +nV-°B, (2.1b)
V.U=0 V-B=0, (2.1¢)
where v is the fluid’s viscosity,  the magnetic diffusivity and
32
n=4+ > (2.2)
P 2pop

is the total pressure, with p denoting the thermodynamic pressure, p the density and g
the vacuum permeability. Without loss of generality we may assume that the forcing is
solenoidal

V.f=0. (2.3)

The first (2.1a) is the well-known Navier—Stokes equation with the Lorentz force, whereas
the second one is the induction equation derived from Maxwell’s laws and the material
Ohm’s law (the latter also utilizes the assumption that the time scale associated with
electromagnetic waves L/c is much shorter than any time scale in the fluid flow). The
solenoidal constraints for the dynamical fields (2.1¢) simply express the law of mass
conservation and Gauss’ law for magnetism. For the purpose of simplicity we rescale the
magnetic field in the following way:

B
N/TYZ

so that the prefactor 1/ p in the Lorentz-force term in the Navier—Stokes equation is lost.
Next, denoting by angular brackets the ensemble mean,

— B, 2.4)

() — ensemble mean, (2.5)

let us assume
(f) =0, (2.6)
U=({U)+u, B=(B)+b, p={p) +p, (2.7a—c)

and write down separately the equations for the mean fields (U) and (B) and the turbulent
fluctuations u and b; this yields

% +((U) - V)(U) = =V {IT) + ((B) - V)(B) + vW*(U)
—V - ((uu) — (bb)), (2.80)
% =V x (U) x (B)) + V x (u x b) + nV*(B), (2.8b)
V.(B)=0, V-(U)=0, (2.8¢)
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where £ = (u x b) is the large-scale EMF and

88—2' — W2+ (U) - VYu+ (u-V)(U) — (B) - V)b— (b-V)(B) + VIT

=f — V. (uu—bb)+V - ((uu) — (bb)), (2.9a)

aa_lt’ —nV2b+ ((U) - V)b— ((B) - V)u+ (u- V)(B) — (b- V)(U)

=V x(uxb—(uxb)), (2.9b)
V-b=0, V.-u=0. (2.9¢)

Furthermore, we assume scale separation between the means and the fluctuations, and
express the dynamical fields using a Fourier transform defined in the following way:

Ay o] )
ui(x, ) = / &k / dwii(k, w) e *x=en (2.10a)
Ar —00
Ay oo n .
bi(x, 1), = / &k / dwb;(k, w) e *x=on (2.10b)
AL —00
Km o] . )
(U)i(x, 1) = / d*x / dow(U);(k, w) e ®*=D (2.10¢)
0 —00
Km o0 o .
(B)i(x, 1) = f dk / dw(B);(k, w) e **=®D (2.10d)
0 —00

where the upper cutoff for the mean-field Fourier modes «,, and the lower cutoff for the
fluctuations Ay, satisfy

Km < AL @2.11)

In the above we have also introduced upper cutoffs for the Fourier modes in the velocity
fluctuations A, and in the magnetic fluctuations A, which in natural systems appear
due to viscous kinetic energy dissipation and resistive dissipation of magnetic energy;
for generality the magnetic and kinetic cutoffs are assumed unequal, A, # A,. The
assumption of separation of spatial scales is standard in mean-field theories, put forward
in order to allow for analytic formulation of the dynamics of large-scale fields. Such a
clear separation is often absent in natural systems and energy is present at all scales.
Still, there are many cases when scale separation is very apparent. Hughes & Tobias
(2010) have estimated that a reasonable scale separation of approximately a decade
between domain size and the size of the most energetic turbulent eddy, is achieved in
numerical simulations with 1000° spectral modes, which accurately describe the dynamics
at magnetic Reynolds numbers of the order O(10°). Even more importantly, natural
scale separation is introduced by rapid background rotation in convective flows, such
as e.g. in the Earth’s liquid core, where the large length scale is defined by E~'/3L,
with £ < 1 being the Ekman number and L the thickness of the convection zone. There
are numerous examples of studies which utilize the multiple-scale approach for MHD
turbulent convection, such as, Childress & Soward (1972) and Soward (1974), or more
recently Mizerski & Tobias (2013), Calkins et al. (2015) and Calkins (2018). In the
mean-field theory a fluctuational wave vector k = 2 /L is associated with the length
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scale £, which is regarded as the typical size of the energetic eddies and Ay = 2n/Ly,
is defined by the size of the largest, most energetic turbulent eddies, Ly

The aim of this analysis is to study the effect of the statistically homogeneous, stationary
and isotropic MHD turbulence. However, the MHD turbulence may in particular involve
the very important process of the generation of large-scale magnetic fields by the complex
flow (cf. Moffatt & Dormy 2019). This requires a lack of reflectional symmetry in the
flow, thus, for the sake of generality, we will study the general case of helical turbulence.
In other words, we consider an MHD system driven by a non-reflectionally symmetric
(helical) forcing f in the Navier—Stokes equation. The forcing is assumed Gaussian with
zero mean (cf. (2.6)) and is fully defined by the following correlation function:

~ A ’ ’ D() . Dl / /
(filk, w)fj(k', ")) = kTOPij(k) + lkTIEijkkk Stk+K)s(w+ o), (2.12)
where
kik;
Pij(k) = &; — 2" (2.13)

is the projection operator and Do, D1 and oy, o1 are real constants; the correlations
function satisfies kj(fi(k, a))f?(k/, @)) =0 and k{fi(k, a))fj'(k’, ")) =0. The term
proportional to D; introduces lack of reflectional symmetry (for which helicity can be
used as a measure), thus it is crucial for the large-scale dynamo process. The value of
oo = —2 (at D1 = 0) corresponds to fluid in thermal equilibrium (cf. Landau & Lifshitz
1987) whereas o¢g = 3 was shown by Yakhot & Orszag (1986) to correspond to the
Kolmogorov-type turbulence in the absence of a magnetic field. We will, therefore, assume
oo > —2 and consider non-equilibrium flows. The o exponent will turn out to influence
the turbulent magnetic energy and helicity spectra and we will demonstrate that the value
of o1 =5 corresponds to k—>/3 spectral scaling for turbulent helicity, reported for the
inertial range of helical isotropic turbulence in a number of works, e.g. Brissaud et al.
(1973) and Chen et al. (2003). Furthermore, we assume that the turbulence is forced only
at small scales, i.e. within the wavenumber band k > Aj.
We can calculate a positive definite quantity

8T[D0

F2(k, w) = / K2 d$2y, / d*q (fitk, o)fi (K, o)) = 02 >0 (2.14)

where §2j denotes a solid angle associated with the vector k and to simplify notation we
have introduced a four-component vector notation

q =k, o), / d*K / - do'(+) = / d*q (). (2.15a,b)

This implies
Dy > 0. (2.16)

The renormalization group technique is an iterative procedure based on successive
elimination of thin wavenumber bands from the Fourier spectrum of the fluctuating
fields. In this way, the effect of thin bands of modes with the shortest wavelengths on
the remaining modes is calculated at each step of the procedure. The final aim of this
approach is to obtain recursion equations for coefficients describing the effective mean
Reynolds stress, the mean EMF and the mean Lorentz force (see (4.30a,b)) as functions
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of the wavenumber at each step of the procedure. The Reynolds stresses are responsible
for the creation of the turbulent viscosity, and the mean EMF for the creation of the
turbulent magnetic diffusivity and what is traditionally called the «-effect, which involves
the part of the EMF that is linear in the mean magnetic field. The recursion equations
(provided in (A91a—e)) are then solved for kK — Ay in order to obtain the final forms
of the large-scale viscosity, EMF and the Lorentz force which appear in the renormalized
mean-field equations and include the effect of nonlinear evolution of turbulent fluctuations.
However, for the sake of clarity, we start by considering the simplified limit of weak
turbulence, with linearized evolution equations for fluctuations, rather common in the
literature on mean-field dynamo theory. This does not involve renormalization, however,
it will set the grounds for § 4, where the renormalization method is applied. Moreover,
the linear regime, considered in the next section, demonstrates at a simple level the basic
ideas of the mathematical approach undertaken to provide a comprehensive picture of
the isotropic, homogeneous and stationary MHD turbulence, which may amplify mean
magnetic fields.

3. Introductory problem of forced system with very weak turbulent fluctuations -
linearization

Utilizing the scale separation assumption and introducing

Km

&= A_L X = ¢ex, (3.1a,b)
one can write
(U)i = (U)oi + exiGjj, (B)i = (B)oi + exjl7, (3.2a,b)
where
(V)i
(U)o =(U)(e =0)=01), G;= % = 0(1), (3.3a,b)
J
9(B);
(B)o=(B)(e=0)=0(), Ij;= X o). (3.4a,b)
J

Of course, formally, the gradient matrices are defined at ¢ = 0 in the expansions, however,
we neglect terms of the order O(g?), which allows us to substitute for Gji(e =0) and
Ij(e = 0) with G and I7; note that, (U)o and (B) are still allowed to vary on length
scales significantly larger than e~!. The latter expansion allows us to express the terms
((U) - V)u and ((U) - V)b in the following way:

A .
((U> . V)u = lf d4q(<U>()m + EGm].xj)kmlj{,(q) el(k.xfwl)
- Gm . u2
= i/ d*q | (Uyom + Ussin [ e="2x; | | kniti(q) e ®*0 + O [ 3=
u I
A .
— 1/ d4q(U>0mkml"\ti(q) el(k.xfwt)

L
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Ay
= / d4q {(1<U>Omkm - SGmm)ill(q)

U G, . G, . Uu?
+§km I:iil (k — 87, (1)) — U; (k+ 87, a))“ el(k-x—a)l) + 0 <82I> s

(3.5)

where U is the velocity scale and £ is the length scale of variation of turbulent fluctuations
and we have defined the vector (Gy,); = Gy, for j =1, 2,3, composed of rows of the
matrix Gpj; of course, Gyn = V . (U) = 0. For the purpose of this section, to simplify
the notation we will put i/ = 1.

As explained above, for the sake of clarity, we start by considering the simple problem
of weak turbulent fluctuations and the dynamical equations linearized about the means

(—iw 4+ V) ii(q) — ik - (B)obi(g) + ikiIT + R™ = fi(g), (3.6a)
(—iw + nk*)bi(q) — ik - (B)oili(q) + R{” =0, (3.6h)
where
RY = eGjitj(q) — eTybj(q) + Lknlii(k — £G, @) — i1k + £Gyp, )]
— Skulbi(k — €Ty, @) — bi(k + eI, )] = O(e), (3.7a)
RY = eTyiy(q) — eGybj(q) + Skmlbitk — Gy, @) — bi(k + £Gp, )]
— Ykuliti(k — €Ty, @) — iti(k + €Ty, )] = O(e). (3.7b)

Since the mean velocity (U)q only creates a shift of the frequency w — w — k - (U)o, we
simply absorb it into the frequency. This is allowed here, since we do not introduce into
the problem the time-scale separation and the Fourier frequencies take all real values from
—o00 to oo, whereas the norm of the wave vectors is bounded from above. For the velocity

and magnetic fields, likewise the forcings are solenoidal
k-a=0, k-b=0, k-f=0. (3.8a—c)

Thus, by applying the projection operator to both sides of the equation (2.13) and after
some simple algebra we get

@, kB o

D= T e@ T T erimde o (390
. 2
0 =t ew @ v | s e |
#}%PUR;”), (3.9b)
with
o(q) = w4+ ivk? — % (3.10)
926 A13-8
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Of course the problem, although linearized in fluctuations, remains nonlinear because
of the presence of the forcing f, which allows us to calculate the turbulent transport
coefficients and the o-effect.

We consider the simplest case of a statistically stationary, helical forcing defined by
(2.12). The small corrections from the gradients of means R™ and R® will be treated in
a perturbational manner within the asymptotic limit ¢ < 1. A similar linearized problem
that can be easily compared with the one studied here, has been solved in chapter 12.4.1 of
Moffatt & Dormy (2019), although the authors’ interests lie predominantly in the «-effect
(see also the rest of chapter 12.4 in that book, for other interesting aspects of the linearized
regime in stationary turbulence).

In addition, let us also assume that the mean magnetic field is weak enough, so that terms
of the order (k - (B))? can be neglected. By the use of (3.9a,b) and (3.10) and neglecting
terms of the order O(s2, (k - (B))z, ek - (B)) we can calculate the mean EMF and the
mean Reynolds and Maxwell stresses in the following way:

K - . / ,
& = €jluiby) ~ €y f dat / d*q /ng(q)fk(q D) et x— (ot
(a) + ink™#)o(q')o (q)

(b)
+€"k/ d4q/ atd <ﬁ(‘1)Rk @) il k) -x—(@+a)1]
v (@' + ink'?)(w + ivk?)
dq kpkim
ko1=2 (0% + n*kH) o (q) 12

4 4 ei[(k+k/)-x—(w+w’)t] R . .
+€ijk/ d Q/ d’gq (@ + kD) (@ + kD) {eFknm(q)un(q))

~ nD (B)péijkéjkm/

— eGia i @bn(@))
Skl @bk = £Gn, ) = (i @bk (K + G, )]
LKL @i = e, o)) = @itk (K + e 1] (3.11)
. . /ei[(k+k/)-x—(w+w/)t] £,
~) ~ [ g [ @t | Gi@i)
Pt Fi @R (@) + Palk) (@R (@) }

o(q)o(q)
~—1p d4_q Pij(k)
2 ko0 (2 + v2i4
— SGk / d4 / 4 ! ]k(k/ ﬁ(‘])un(q )) 1[(k+k/)-x—(a)+a)/)t]
! T @ + k) (o + kD)

el[(k+k’)-x—(w+w )Z]P'k (k/)k/ . .
[t [ 05 e e @K G

— (i@ (K + £Gp, )] + (i <)), (3.12)
(bib;) ~ 0, (3.13)
926 A13-9
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where (i <> j) in (3.12) denotes terms of the same structure as all the three previous ones

but with exchanged indices i and j. Now we substitute for & and b the leading-order terms
from (3.9a,b) and make use of (2.12) and €3 Pjx = 0 to obtain

d4q k ki
& = 20D (B £
i n 1< )p/kgl—z (w2+7’)2k4)(6()2+\)2k4)
3(B) / dq Pjn (k)
Oxy J k902 (2 + k) (0? + v2kY)

kik 1
-D d4 iKm
! / T (@2 + v2i)

— nDo¢jjk

1+iely, -x 1—iely, -x
X - — - , (3.14)
w—ink? =2¢k-T,) o —in(k?+2¢ek-T,)
d'q  Py(k)
o 1 ij
)~ =300 | e oty
3(U)x / d'q Py (k)Pi (k)
D
T ] o (w1 o2
k D D
.1 4 m 0 .1
+ 15/ d 4 A [@Pik(k) + lkTIEiklkl}
Pi(k — eGu)(1 +1eGp +x)  Pir(k + £Gp)(1 — ieGyy - x)
1L _F
w —ivk? = 2sk - Gy) o —iv(k? + 2¢k - G,)
+ (I <)), (3.15)

where we have also made use of the fact that w? 4+ n%k* and w? + v2k* are both even
functions of w, which implies

o0 w o0 w
d =0, do——— = 0. 3.16a,b
/_oo © (@2 + v (@2 + k) /_oo @@+ V22 (3:16a.0)

The last line of (3.14) and the last two lines of (3.15), obtained by integration of the
Dirac functions of the type §(k + k' — £G,,) over the k¥’ domain have a non-symmetric
integration domain for the wave vector k. Therefore, to simplify the calculation we make

a substitution k — k + %sGm. Hence, making use of

/ A2k .. . knky =0, forany odd N and all m, . .., n, k, (3.17a)
N— ———
N
o kpki 4
/ % a2 =t = ?nsmi, (3.17b)
o kpkokok, 47
/ K> dg% = 15 Crndng + Smpdng + Smgdup), (3.17¢)
/ ™ ! T (3.17d)
oo w(w/z + vzk/4)(a)’2 + nzk/4) - W](\J + n)k/6’ ’
o0 do’ T
> (w/z + vzk/4)2 = 2v3k/6’ (3'176)
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1 1 ooek- Gy
(K2 £ ekl Gp)o0/2 — koo 2kfoot2 3.17f)
1 1 2en2k2k . T
~ o “ (3.179)

w? + n2k* — 2en?k2k - Ty, e 2kt (0?4 n2k*)?2°
where £2 denotes a solid angle and neglecting terms of order O(?) we get

812D, dk 872Dy A dk
- — —— " Vx(B) —
3v(v+1n) kot 3v(v+1n) | koot?
812D, A dk 872D A dk
-—— (B — —— " Vx (B —
3v(v + 1) a4, ko 3v(w4n) | koot?

872D 1 1
- T et | B
3(o1 — DHv(v +1n) AZI A0l

872Dy 1 1
- - V x (B)
3(00 + Dy +m) \ AT Aot

A
[(B)o + (x - V)(B)]/A

A

A

AL LA 872D, 872Dy
~ o1—1 (B>_ O'0+1V X (B>’
3o — Dv(v+mA; 30+ Dv(v +n)A,
(3.18)
142Dy (3(U);  a(UY\ (v dk
—<Mﬂ/£j> ~ 2 + 2
15v ox; 0x; A, koot
272Dy U U\ (A dk
— 2 — t.
5,2 ( +ao)( oy, + ™ )/AL roos2 T eons
271°Dy a(U) dk
v(ﬁ‘jm + 6jim)ijjm T
212 (5 — 1 1 AU  A(U);
=~ nz( 00) Dy pry S ( (i + < >])+const.
15v4(og + 1) ALO A% 0x; ox;
AL<A 27(5 — D AU  AU);
g 2r 6200 Do (00N UL | (3.19)
15v2(0g + 1) AZ‘)H 0x; Ox;
In the above we have also used
Gupkykik, kiG ki G
P; (k— %sGm) = Py (k) — g( i S m"z; £ ”“), (3.20)

and A = min(A,, Ay); in principle, both cutoffs can be infinite. Therefore, in a weak
turbulence with a weak mean magnetic field and in the limit Ay << A the turbulent
magnetic diffusivity and viscosity and the so-called a-coefficient defined as

& =a(B)—@m—nV x (B), (3.21)
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take the form

872D, 872D
ﬁ=n|:1+ T } o (3.22)

3(00 4+ Dvn(w 4+ AP | 300 + Do + a0t

) 27%(5 — 00) Dy 272(5 — 09) Dy
p=v |1+ — T |~ T (3.23)
15v° (00 + DA, 15v=(o0 + DA,
2
D
&= 81Dy (3.24)

3(01 — v +m At

It follows that models of weak turbulence with a forcing for which the correlations are
defined with o¢ > 5 are unphysical, since they lead to negative turbulent diffusion.

4. Renormalization procedure of the MHD equations

Let us introduce the non-dimensional variables

f—Ff, U~UU, b+ Bb, (B)+ Bo(B), I~ LFII, (4.1a)
U
Lx, t —t, 4.1b
x = Lx — 7 (4.1b)
FU
Do = £0073D0, D1 = £0174D1, (4.16‘)

where £ is some length scale of variation of the fluctuations,

2N e <2 A= min(A, Ay 4.2)
— —, = min , .
AL T T A s

and the scales U/ and B are defined by the norm of the initial velocity fluctuation, i.e.
B ~U = ||lu(t = 0)||;2; in an analogous way we define By = |[(B)(t = 0)|;2 and the
characteristic length scale of variation of the mean fields will be denoted by

2
<t 4.3)

Km

Physically, we can associate the scale of the stirring force F = /w;DoL03, where wy
is the scale of the fluctuational frequencies, with the magnitude of the driving force, thus,
for example, the buoyancy force. On the other hand, the helical part proportional to D can
be associated with the Coriolis force, which in natural systems is typically responsible for
introducing a lack of reflectional symmetry, thus 22U = /w;D1 L1 ~4, where §2 denotes
the magnitude of the background rotation. The aim is to try to mimic in the simplest way
the turbulence in astrophysical systems. Of course, this is a great simplification, because
the Coriolis force introduces anisotropy (one distinguished axis of rotation), which is
neglected here in order to obtain analytic results for strong isotropic turbulence. A study
of the a-effect in non-isotropic rapidly rotating turbulence via the renormalization theory
has been done in Mizerski (2021), in an effectively weakly nonlinear limit.
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We introduce the following non-dimensional parameters:

U? vU nA By
ROZ—, V= TS, "= o ’3:—’
LF L2F L2F B
and
b B? £L
== &=
u? L
Defining

and assuming

_ ) B
V(U)"Vé‘g, V(B)wgﬁzi_o,
£ L B L

we can rewrite the dynamical equations in non-dimensional form

A(U)

(4.4a—d)

(4.5a,b)

(4.6a,b)

4.7a,b)

——L 4+ ¢Ro({U) - V)(U) = —eV(IT) + sRoBH((B) - V)(B) + £’E,V*(U)

ot
— eRoV - ((uu) — H(bb)),

3(B) Ro

—— = ¢Ro((B) - V)(U) — e—((U) - V)(B) + cRoB~'V x (u x b) +

ot B

ou
at
+ RoeV - ((uu) — H(bb)) — Roe(u - V)(U) + RoHe(b - V)(B),

ot
+ Roe(b - V)(U) — Roe(u - V)(B),

V.(B)=0, V-(U)=0, V-b=0, V-u=0.

(4.8a)
82 =2
FEWV (B),

(4.8b)

— —E,V?u+Ro((U) - V)u — RoBH((B) - V)b + VIT' = f — RoV - (uu — Hbb)

(4.8¢)

B_b —E,,V2b+R0((U) - V)b = RoB((B) - V)u+ RoV x (u x b) — RoeV x (u x b)

(4.8d)

(4.8¢)

Note that H #0 is associated with the presence of the Lorentz force, i.e. when H =0
the dynamo problem becomes kinematic. We stress here that the turbulent fluctuations are
defined in such a way that they do not depend on the slow variable X since spatial scale
separation has been assumed. Of course, the Reynolds and Maxwell stresses as nonlinear
quantities do depend on the slow variable. For the formal two-scale direct-interaction
approach see Yoshizawa (1998) and Yokoi (2020), where the dependencies on slow and
fast variables are formally treated with the multiple-scale asymptotic method. We now

introduce the following assumptions:

Ro<1, 1&B<KRo™,

Em — 0(R0?), = ¢ = O(RO),
AL

(4.9a)
(4.9b)
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and
H = 0(1), (4.10)

where the assumption (4.90) allows us to retain the effect of weak gradients of means
V(U) and V (B) on the fluctuations at the highest order. Introducing a new shorter notation

A; o] A
q = (k, ), / d3k/ do(-) = / d*q(+), (4.11a,b)
AL —oQ
so thate.g.
Ay )
ui(x, 1) = / d*qiii(g) &7, (4.12)
and utilizing ((3.2a,b)—(3.5)) the equations for the fluctuations take the form
(—iw + E,k)ii(q) — iRopH (K - (B)0)bi(q) + ikilT = fi(q) — iRokj{L" — HL]
+iRok;[(I") — H(I{")] — RoeGyiij(q) + RoHe I'yb;(q)

Ro N
- 7 mliti(k — Gy, ) — uij(k + Gy, ®)]

R ~ ~
n 70 bi(k — €Ty, ) — bk + £T 'y, )], (4.13a)

(—iw + Eyk*)bi(q) = iRoB(k - (B)o)iti(q) + iRokI{"™ — iRokj(I{"™)

)

+ RoeGyibj(q) — Roe Tjii(q)

R ~ A
- Tokm[bxk — £Gy, @) — bik + £G, 0)]

R
+ Tokm[ﬁi(k —ely,, w) — uj(k+ Iy, w)], (4.13b)
k-i(q) =0, k-bg)=0, k-f(g) =0, (4.13¢)

where the constant term —Rok - (U)o has been absorbed into the frequency w (as in the
previous section) and

Ay Ay N N
1 = 0y, / g — i), 1P =0, / d*bitq — )bi(q), (414a,b)

A
Hyb) = OA€jjk€kmn / d*q (g — 4)bn(q). 4.15)
with

A =min(Ay, Ay), 04, =0(Ai — k). (4.16a,b)

The convolution integrals possess the following symmetry properties:

() _ 7 (b _ 1) (ub) _ _ y(ub)
Hij _Hji’ ]Il.j _]Ijl., Hij __]Iji . 4.17a—c)

Factors 6 were added for clarity in the following calculations. It should be noted at this
stage that the convolution integrals, which represent the nonlinear interactions between
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fluctuating turbulent fields, are not neglected in the evolution equations for the fluctuations
(4.13a,b), and their role is crucial. In fact, it is the aim of the entire renormalization
procedure to go beyond the weak turbulence regime and quantitatively express the effect of
those nonlinearities on the dynamics of the mean fields. Therefore, contrary to the findings
of the previous section, where the MHD turbulence was studied in the weak regime (i.e.
under neglection of JIE;‘), Hl(jb) and Hg‘b) in (4.13a,b)), we will now investigate the nonlinear
evolution of the turbulent fluctuations and its effect on the dynamics of mean fields. This
corresponds to a regime when the turbulence is no longer weak and, although we have
assumed Ro < 1, we will refer to the studied regime as the ‘strong-turbulence’ regime, to
clearly distinguish from the simplest case of a weak, linear turbulence.

In order to eliminate pressure we apply the projection operator (2.13) to both sides of
the Navier—Stokes equation (4.13a) and, after some simple algebra, we get more explicit

expressions for i;(¢) and b;(q)

R I . Pin(k)
ig) = i) - 3iRo—"=2 00 — HI) — (I50) + H(I{)]
u u
k- (B)o
- Ro(Ro,B)H—kj[]Ilg.”b) - (]Il@j““)]
u¥n
Pk Pik)  «
— Roe i€ )ijitk(q)+R0H8 ;/( )ijbk(q)
u u
. k- (B A ) k- (B n
+ iRoRop)He P G b (@) — iRo(Ropy HE =B i ()

u¥n YuVn

Ro . N
- gkmpy(k)[uj(k — &Gy, w) — Mj(k + Gy, w)]
u

Ro ~ ~
+ gkmpij(k)[bj(k —&ly, w) —bj(k+ely, w)]
u

| k-(Blo, .
—iRo(RoB)H knlbi(k — Gy, w) — bi(k + Gy, w)]
YuVn
. k-(B), . R
+iRo(RoB)H knlti(k — eIy, w) — nj(k + eI, w)], (4.18a)
YuVn
k- (B)o

h : N ‘Ro
bilg) = iRop i) +i- K" — (1)
n

n

Ro ~ Ro R
+ —eGybj(q) — —elju;(q)
Vn n

Ro A N
— —kulbi(k — Gy, w) — bi(k + Gy, w)]

2yy
Ro R ~
+ 2—km[ui(k —&ly, ) —uj(k+ely, )], (4.18b)
Vn
where
Pipn(k) = ki Pin(k) + kyPim(k), (4.19)
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k- (B))? : ,
Yu=1vv+ H(Roﬂ)z%, Yo = —iw + EJK%,  yy = —iw+Ek*. (4.20)
n

The following simple transformation allows us to return to original dimensional variables
E,—v, E,—n H-—1 Ro—1, p—1. (4.21a—e)

In the non-dimensional variables the isotropic, homogeneous and stationary forcing is still
defined by the same formula

. . D D
ik, w)f: (K, ) = [kT(;Pij(k) + ilele,-jkkk] Sk + k)8 (w + ). (4.22)

(Of course when we return to dimensional variables Dy — Do, D1 — Dj.)

We can now comment on the second assumption in (4.9a), which states that the mean
field is much stronger than the fluctuating one, but Ro <« 1. The former allows for proper
formulation of the problem, since, for a strong mean field, the fluctuating magnetic field
(4.18D) is expressed at leading order by the stirring force and the nonlinearities, which are
of the order O(Ro), and can be treated in a perturbational sense. The iterational procedure
of renormalization is then applicable. On the other hand, the assumption Rof < 1
allows for expansion of factors such as y,! and therefore explicit calculation of Fourier
integrals in the nonlinear [-terms. In turn, the final recursion differential relations for the
coefficients describing the renormalized EMF, the Reynolds stresses and the Lorentz force
can be solved analytically; thus, in particular, the full leading-order form of the turbulent
diffusivities and the «-coefficient can be determined.

We now start the renormalization procedure of taking successive little bites off the
Fourier spectrum from the short-wavelength side in order to obtain the final nonlinear
effect of the fluctuations on the means. At the first step of the procedure we introduce a
parameter A, which satisfies

0 = Apax — 21 K 1, where Ay = max(Ay, Ay), (4.23)
and divide the Fourier spectrum into two parts

i (k, w) = 0(k — )i (k, »), ori; (k, ) =j(k™, ), A1 <|k™| < Apax, (424)
i (k, w) =0 (1 — k)it (k, »), ori (k, ) = j(k™, w), [k~| <A1, (4.25)

and the same for b and j” The equations for the fields z)f (k, w) and l;f (k, w) are obtained
by projecting (4.13a) onto the direction perpendicular to k (with the use of (2.13)), and
averaging both P(k)- (4.13a) and (4.13b) over the first shell (1] < k < Ajax)
(—iw + E,k)iis (q) = [~ (@) + iRoBH(k - (B))b7 (q)
— JiRoPipy RV — HIG,) — (I87) + H(IG, )]
Ay
- %iROPimn(k) {QA\, / d4q/[(it; (q/)ﬁ; (g — q,)>c
— (it (gt (q — "))
Ay ) . A )
— Hoy, / d*q'[(b;(@)b;; (g — q))e — (b (d)b;; (g — c/))]}
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— RoePy(k)Gjiii () + RoHePy(k) b (g)

Ro A e Ay
- Tpij(k)km[uj(k — &Gy, 0) — Uj(k™ + Gy, 0)]

+ %P,j(k)km[z}j(ﬁ —ely, ) — bj(k™ + &y, ©)]  (4.26a)
(—iw + Eyk*)b7 () = iRoB(k - (B)o)iiy (q) + iRoki[T{" "™ — (I\"" 7))

+ iRokj€iji€kmn / ! d*q (@, (q)b;; (g — q)e

— (7B (g — 4] + RoeGyb7™ (q) — RoeTyiis ()

- %km[b (k= = £Gp, 0) — bi(k™ + £Gyy, )]

RO < <
7 mli(k~ — ey, ) — i (k= + ey, w)]. (4.26b)

On the other hand, to get equations for itl> (k, w) and lA71> (k, w) we utilize (4.18a,b),
however, we substitute explicitly for u;(¢g) from (4.18a) into the equation for the fluctuating
magnetic field (4.18b) but neglect terms of the order 0(Ro%) and O(Ro* (Ro,B)z)

u

~ 1 s . P (k) < < < <
i (q) = @ - %IRO%[H%‘”) — HILD — (@“D) + H(IE )
u

_ HRO(ROIB)mkj[Hg‘<b<) _ <H§fu<b<)>]
Yu¥n ’
— Roe 10 G, @)

M

Vulk™ = Gy @) V(K™ + £Gpy, 0)

—i@szn[J(”) H,JI,(},’)] HRo(Rop) <y) kJ(”b)+R(”) (4.27a)

u u¥n

Ro fi(k”™ — G, 0) (k™ + G, )
= 5, kP ) {f’ - L - }

5 H k B > ,RO <p< u<b<
b,?(q) = iRop < >0fi (q) +1y_kj[ﬂl§]y b=) <Hz('j b )>]
n

Yu¥n

k- (B)o

Pin(R)[L%) — HI®D — (107 + H(IL )]
YuVn

+ 1Ro(Rop)

0 Ro f(k™ — el ) (k™ + ey, ®)
8E}f]‘>(q)+_km ﬁ — m _ﬁ — m
2 Vu(k — eIy, a)) Vu(k +8rm,a))

YuYn Yn
k- (B)o

Ro
+ ly—kjoﬂg"’) + Ro(Rop) Pl 3% — HI] + R, (4.27b)
n

YuVn

where (-). denotes the conditional average over the first shell (1] < k < A,,4y) statistical
subensemble, described at the beginning of Appendix A (cf. McComb et al. 1992 and
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McComb & Watt 1990, 1992); furthermore, we have defined

A
I (g) = 64, / d*q'ii ()i (g — ). (4.284)
Ay . R
I (g) =64, / d*q'b;(q)b; (g — g, (4.28b)
(ub) G ; .
I (@) = €je€romn / d*q'li, (g)b;, (g —q) + i,,(g)by; (g — )], (4.28¢)

and the rests in (4.27a,b) are given by

R > > > >
R =~ {%iPimn[HEZn) — HI)) + HRop <P }

Yu Vi

Ro . > k- ( ) >b>)

+— {%IP,-mnan,z‘n)) H(IYY] 4+ HRop k(e >}, (4.294)

Yu Vn
Rl(b) : []I(u>b> (Hl(;t>b>)>]

Vn :

k M (B) > > > >
+ 2Ro(RoP) = = Piml Ty, — I, = () + H{T,, )
ul¥n

>I7>

1.
(4.29b)

~ iHRo(Rop)> BV y<y2>) N R L 4
n

The rests will be neglected either on the basis of generating only third-order statistical
correlations, as in the case of all the terms of second order in u~ or b, or because
of the kept order of accuracy in the asymptotic limit Ro < Rof < 1, which will
allow us to neglect terms of order O(Ro(Rop)?). For details the reader is referred to
Appendix A.

In what follows we provide a short description of the asymptotic renormalization
procedure, described in detail in Appendix A. First, we introduce (4.27a,b) into (4.26a,b)
and calculate the dynamical effect of short-wavelength components i (k,®) and
l;f (k, w) on the evolution of i~ (k, w) and l;f (k, w) (long-wavelength modes). This
results in corrections to some of the terms in (4.26a,b), but also generates terms with a
new structure. Therefore, a next step is necessary, involving calculation of the effect of
the next shell 1o = A — 64 < k < A1 (new short-wavelength modes) on the modes with
k < A1 — 84 (new long-wavelength modes). We can then take the limit of infinitesimally
narrow wavenumber bands 51 — 0, which leads to differential recursion relations for
all the coupling constants introduced into the equations for long-wavelength modes by
couplings of the short-wavelength ones. Moffatt (1983) obtained such equations but in the
kinematic case with the turbulence flow given beforehand, unaffected by the Lorentz force.
In the non-magnetic case, Yakhot & Orszag (1986) calculated the leading-order correction
from short-wavelength modes in the Navier—Stokes equation which was proportional to
kzitf(S/l, thus creating a viscosity correction; the turbulent viscosity was then obtained
from an equation of the form dvy,/dA = f(1) with an * initial” condition veg (1 = A) =
v. In the case at hand under the assumptions Ro < Rof « 1, the explicit calculation of
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two initial steps of the renormalization procedure is enough to derive the final differential
recursion relations with satisfactory accuracy. The details of the procedure are provided in

Appendix A.

4.1. Dynamics of mean fields
The renormalized mean-field equations take the following form:

U _ (B)? _

%WL((U)-V)(U) =-V (%Jer%)+Q(<B>-V)<B>+W2<U>, (4.30a)
9(B) =V x (@(B)) +V U) x (B 7VZ(B 4.30b
7 = x (@(B)) +V x ((U) x (B)) + nV~(B), (4.300)

where the coefficients v, 77, @ Q and Q,, include the effect of the turbulent fluctuations on
the means. We note that, in the absence of chirality (in non-helical turbulence), D; = 0,
the «-effect vanishes, i.e. @ = 0. In such a case, unless the mean flow is capable of
generating the mean magnetic field through advection and stretching, that is via the term
V x ({(U) x (B)), the mean magnetic field can only decay from some initial state through
the effective diffusivity 7 and the transfer of the magnetic energy to the kinetic one via the
Lorentz force. In other words, unless the energy transfer through V x ((U) x (B)) and
the Lorentz force can account for magnetic energy gain, in the reflectionally symmetric
case we are dealing with the problem of magnetic energy relaxation. On the other hand,
in chiral turbulence, the a-effect can account for rapid amplification of the energy of the
mean magnetic field. The saturation of the energy occurs via the effect of the turbulent
magnetic diffusivity and the effect of the Lorentz force present in the & coefficient.
The two coefficients Q and Qp in the mean-field Navier—Stokes equation describe
the renormalized Lorentz force. The general differential recursion relations for all the
renormalized coefficients v, 77, @, Q and Qp are solved in Appendix A, see (A91a—d) and
below.

4.2. Dynamics of turbulent fluctuations in the limit k — A

The evolution of the fluctuating fields in the limit k — A is governed by the following
set of equations in the Fourier space:

[—iw + D)k i (q) = fi(q) + ik - (B)o)bi(g)

3P ()L — L) — (L) + (L]

U
= Pyll)——= < i iu(q) + Py (k) — B >fbk(>

- %Pij(k)km[uj(k = V(U)m, @) — ij(k + V{U)p, ®)]
+ APyl ki [bj(k — V (B) 1y, ) — bj(k + V (B)y, ®)], (4.31a)

[—iw + i (K)k*1bi(q) — i (k)ejukibi(q)
= i(k - (B)0)ili(q) + iRok{[I["” — (Ii™))]

o{U); - d(B); .
(U) (q) — <>uj(q)

7
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— Lkmlbitk — V{U)m, @) — bitk + V(U), )]
+ %km[it,-(k — V{(B) s, w) — ij(k + V(B);, w)]. (4.31b)

The general formulae for all the renormalized coefficients v (k), (k) and & (k) are provided
in Appendix A, see (A54a,b) and below. We now turn to the problem of turbulent energy
and helicity spectra and their scaling laws with respect to the wavenumber.

4.2.1. Energy and helicity spectra in the limit k — A
It is of interest to determine the scaling exponents of the energy and helicity spectra and
show how the scaling laws change when the turbulence shifts from the weak regime to
the strong one; the former is characterized by weak fluctuations and thus the dynamical
equations for fluctuations are linearized about the means as in (3.6a,b), whereas, in the
strong regime, defined by (4.8c¢,d), the dynamics is predominantly determined by the
nonlinearities V « (uu — bb) and V x (u x b) in the fluctuational equations. Naturally,
the spectral scaling laws for energies and helicity will be determined by the exponents oy
and o1, which define the correlation function of the stirring force, cf. (2.12). Unfortunately,
those are not well-established quantities. The only clue is provided by comparison with
the Kolmogorov-like spectral scaling laws in the non-magnetic case. Such a comparison
allows us to determine the spectral structure of the forcing correlations (i.e. the values of
the exponents og and o) which lead to the expected kinetic energy and helicity spectra
in the absence of a magnetic field. Yakhot & Orszag (1986) have demonstrated that
the purely hydrodynamic (non-MHD), viscously controlled renormalized scaling of the
kinetic energy spectrum agrees with the Kolmogorov k—>/3 law for oy = 3. Below, we will
demonstrate that the value of oy = 5 corresponds to k—>/3 spectral scaling for turbulent
helicity (expected in helical isotropic turbulence, cf. Brissaud et al. 1973 or Chen et al.
2003).

Within the considered asymptotic limit Ro < Rof < 1 the fluctuating velocity and
magnetic fields at each step of the renormalization procedure at the leading order are given
by

. 1 . ~ . K;: -
iii(q) ~ fi(q), bi(g) ~ ik - (B)—f(q), (4.32a,b)
(g Yv
1 . o
Kix = ﬁ(yn&-k +idek),  ve =y, — kK (4.33)
o

where the y-factors are now defined using the renormalized fluctuational diffusivities for
small wavenumbers

Yo = —iw + VO, yy = —iw + (k. (4.34a,b)
It follows that the fluctuating vorticity at the leading order takes the simple form
R . N i R
wi(q) = i€jikjun(q) = ——€iickifi(q). (4.35)
»(q)

With the aid of (2.12) and (3.17a,b), it is now possible to write down explicit general
formulae for the turbulent spectra of the fluctuating kinetic and magnetic energies and
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helicity in the following way:

1[(k+k’)-x7(a)+a/)t]

(ex) = % (ui(x, Hui(x, ) = 2/ d'q / @) 7@ i@fi@)
o [ [
= 4mDy " ko0—2 e w2+v(k)2k4
A dk
— 472 -
=4n”Dy /A SR (4.36a)

(em) = 2 (bi(x, Dbi(x, 1))

— LBy / d*q / gt FmknK i @Ki(q') (@) el e+ x—(@roNn
n@yv(q)

Kok,
(@? + V2N y2 (@ v2(—q)

D=

(B)(B)n / d*q [m«m Py (k)8

2200 Dy
+ o'k T ]k(k)P]k(k)_'_a C€jki€jkkike (vy (@) + vn(=q))

_Ampe [Ty k 267 T (K 4.36b
—?< ) AL Zei ( ) anZe( )kal , (4.36b)
k/ [k ) ox— (w1 R
k ui(x, n)wix léljk q ; iqkq
(hie) = (ui(x, Hwi(x, 1)) = d'q | d*q- i @f@))
Y(@vv(q)
8D /A dk /00 dw
= —87
Vg kot ) 0+ b2k
2 A 1
= —8]'[ Dl AL de, (4366‘)
where
00 V214 ©21,2 2
Nk 4+ ak”+ w
k) = d , 4.37
e1(k) /_Oo P + VDRI — G2 — 02)? + 472K (4.37a)
o0 1
Tok) = d . 4.37b
2(®) /_oo © @ PO — &K — 0P + 47K’ (+:376)

Note that &, denotes the kinetic helicity (in contrast to the magnetic one). Thus the spectral
densities are given by the integrands in the final expressions for each quantity

) 472Dy . 47 .

ex(k) = S0k em(k) = — 3 —(B)? [el(k) —ZanIez(k) } (4.38a)
~ 8TE2D1
hi (k) = e (4.38D)

Recall that, in non-dimensional units, the total magnetic energy is (B)? 4+ B2 (b?)
where by assumption B >> 1. Furthermore, since by the use of (4.18b) the fluctuating
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magnetic field satisfies b = O(Rop), the fluctuating magnetic energy constitutes a
O(Ro?) correction to the total magnetic energy. Note also that the fluctuating magnetic
energy spectrum is in general strongly influenced by the helical component of the
forcing. B

In the following sections the results for all the renormalized coefficients v, 7, &, Q and
Qp, V(k), 11(k), (k) and the spectral densities &y (k), &, (k), i (k) will be provided. We
start with the simplest case of reflectionally symmetric turbulence, D; = 0, when the
a-effect is eliminated. This will allow for a smooth introduction to the more complicated
problem of helical turbulence considered in § 6. Moreover, in the next section we will
explicitly consider two distinguished regimes of the MHD turbulence — the strong and
weak regimes.

5. Non-helical MHD turbulence

The MHD turbulence in the absence of the flow chirality has been studied via the
renormalization group method by Kleeorin & Rogachevskii (1994). They have concluded
that the MHD turbulence creates a strong negative contribution to the effective mean
Lorentz force so that, in particular, the effective magnetic pressure can in fact become
negative. Here, we will recall some of the results of Kleeorin & Rogachevskii (1994),
at least in a qualitative way, and study the reflectionally symmetric MHD turbulence in
two distinguished regimes: weak and strong. Moreover, by inclusion of the gradients of
the means in the evolution equations for the fluctuations, the correspondence between the
renormalized fluctuation diffusivities V(Ar), 17(Ar) and the mean transport coefficients v
and 1 will be clearly demonstrated.

5.1. Strong turbulence

In strong turbulence the evolution of pulsations is nonlinear and to take proper account
of the nonlinearities V « (uu — bb) and V x (u x b) we apply the renormalization group
technique. The details of the procedure are postponed until Appendix A and, here, we only
provide the final results. First, the recursions for the fluctuational diffusivities (A57) and
(A61) have to be resolved; the general solution of the latter is obtained via the method
of characteristics in (A63a,b) and also (A67), (A68). Including the dominant terms in the
limit Ay < k < A yields

1 272Dy (5 — I3 240
D(k):—ﬁ(k):[ Do 0")} wherea= 1| [1+ —"_ _1}.
a

S5(0+ 1) K@+D/3” 2 3(5—00)
5.1)

Let us first examine the Fourier spectra of turbulent kinetic energy and helicity and the
magnetic energy which are obtained from (4.38a,b) by substitution for v (k) and 7 (k) from
(5.)andD; =0= a =0,

R 5(00 4+ 1)7"? (n?2Dg)?/?
e(k) = 4 [2(5 — 0_0)] EIESYER (5.2a)
2
2,0(k) = 4_n<B>2 Dy o 10(op + 1) (B) ’ (5.20)

37 koA 5+ ke 3a(l +a)5 — o) k
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where we have used

o0 1 b
Zoi (k) = d = : 5.3
1 (k) /_oo “ @+ V2K (2 + 72K D + ) 4-3)

Observe that we have reproduced the result of Yakhot & Orszag (1986) for the kinetic
energy spectral scaling law, namely, that it corresponds to the Kolmogorov spectral law
k—>/3 for oo = 3. The k! spectrum for the magnetic energy, independent of the value of
00, 1s in agreement with the findings of Kleeorin & Rogachevskii (1994) and an earlier
dimensional analysis of Ruzmaikin & Shukurov (1982). Since the parameter o describes
the forcing which generates the turbulence and we have determined that, in the non-helical
case, oy = 3 is consistent with the expected turbulent energy spectrum, in the following
we will only consider the case with op = 3. The strong-turbulence energy spectra in the
non-helical case are therefore given by

21.12/3 2
4(/57°Dy) ? 2%. (5.4a.b)

o) = =g ek =3

and the fluctuational diffusivities take the form

2 1/3 ) 1/3
D 1 D 1
D<k>=(u) - ﬁ<k>=a<“ O) . AL<k< A, (55ab)

5 k473’ 5 K43’
where
41 —1
a= fT ~ 2.17. (5.6)

Having found v (k) and 7(k) we can introduce them into the recursion relations (A81)
and (A9la—c) for the mean-field coefficients, which can be solved to obtain in the limit
k—> AL < A

o dda—1) A N 570
AN ——————"In— =~ —2.6In— Ta

P 15 AL AL
0~ 5 In 2 (5.7b)

- n— ~—In— .
3a AL AL
1/3 1/3
I_ Dy 4/3

V= E ( ) /3 = (80n2> L7, (5.7¢)

where L is the largest fluctuational length scale and thus could be interpreted as the size
of the largest eddies in the system. It follows that

v="(Ar), n=1n(Ap), (5.8a,b)

i.e. the fluctuational diffusivities at the largest turbulent scales and the mean diffusivities
are equal. Note that, in agreement with the results of Kleeorin & Rogachevskii (1994)
in the strong-turbulence limit, the contribution to the Lorentz force from interactions of
turbulent pulsations, which becomes dominant when Ay < A, is negative, cf. (5.7a,b).
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5.2. Weak turbulence

The weak turbulence corresponds to the simplest case when the amplitude of the turbulent
pulsations is small enough so that their evolution can be considered linear, as in (3.6a,b);
this means that the terms V - (uu — bb) and V x (u x b) are neglected in the evolution
equations for the fluctuations. Tobias et al. (2013) argued that, under certain conditions, the
state of weak turbulence can survive for long periods of time without being destroyed by
nonlinear interactions of wave packets, which nevertheless eventually still lead to transition
into the strong-turbulence regime.

The case at hand in fact does not require renormalization, since the nonlinearities are
neglected. The turbulent diffusivities can be taken from the introductory § 3 with D; =0
and the coefficients Q and @, can be calculated in a similar way. However, we can
alternatively utilize the recursion differential equations for the turbulent diffusivities and
the Lorentz force coefficients obtained via the renormalization, which can be found in
(A81) and (A8la—c) and, for the current case of weak turbulence, replace the fluctuational
diffusivities V(k) and 7(k) by the molecular ones, v and n. The solutions in the limit
k — A < A are provided only for the case op = 3

- 212 (4n —v) Dy

=l-— """ 5.9
Qp 15V277(U+77) Ai ( (1)
- 212 Dy
=1- =, 5.9b
¢ 1502 A} 90
2 2
D D
o0 T (5.9¢)
150247 150247
272D 212D
i=n+ 0 _~ 0 (5.9d)

3w+ mat T v+ At

The Fourier spectra of turbulent kinetic energy and helicity and the magnetic energy are
obtained from (4.38a,b) by substitution v = v and # = 5 and D = 0, which yields

47’D 47’D 1
—o ) = s (B o (5.10a.b)
e

e (k) = = .
ek B+ K

6. Helical MHD turbulence

We now turn to the more complicated problem of MHD turbulence with chirality. In
natural systems such as e.g. stellar and planetary interiors, chirality is typically introduced
into the flow by rotation of the system; the latter creates the Coriolis force in the
rotating frame which breaks the reflectional symmetry. However, since it also introduces
significant complexity through anisotropy, we get around this difficulty by considering a
non-reflectionally symmetric but statistically isotropic forcing; this allows us to perform
the renormalization of the MHD equations in the strong-turbulence regime.

6.1. Strong turbulence

The case of strong turbulence is nonlinear and thus we apply the renormalization
technique. As remarked below (A45d), at the leading order, the turbulent fluctuational
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viscosity remains unchanged with respect to the non-helical case (cf. (5.5a,b)), and thus
takes the form

2 1/3
. m“Dy 1
v(k) = (?) an AL <k K A, 6.1)
and we recall that this result is obtained for oy = 3.
Let us also recall that, in helical, isotropic, homogeneous and stationary turbulence, the
magnitude of the helicity spectrum (4.38b) is bounded by the energy spectrum (cf. e.g.
Moffatt & Dormy 2019, p. 198, (7.54))

(k)| < 2kéx(k), for all k. (6.2)

This implies D1 < k1=°0=1pg. The recursion differential equations for the turbulent
fluctuating magnetic diffusivity (A54a) and the turbulent fluctuating EMF (& coefficient)
(A54b) can be solved explicitly in the limit

—1—o
D()Aal 0
L

1, 6.3
D, > (6.3)

which, for o1 — g9 — 1 > 0, determines that the helical component of the driving force is
weaker than the non-helical one at all fluctuating wavelengths Ay < k < A (cf. (2.12)),
consistently with (6.2). In other words, in such a limit the non-helical driving dominates
the helical one and, roughly speaking, this could correspond to a situation expected
in many natural systems where thermal/compositional buoyancy is stronger than the
Coriolis force. Of course, the total effect of the helical driving remains non-negligible
and significantly affects the dynamics of the mean fields through creation of the a-effect.
The solutions for 77 and & in this limit take the form

2 1/3
o . m“Dy 1
n(k) = ClV(k) =a (?) k4—/3, AL < k < A, (6461)
% (k) 001 5 10D (D) 1 AL <k< A, (64b)
= -V == AR = ’ .
* (2a + DDy Qa+ DDy \ 5 [

with the constant a ~ 2.7 given in (5.6).
Substitution of v(k), (k) and @ (k) from (6.1) and (6.4a,b) into the formulae (4.38a,b)
leads to the following form of the energy spectra in helical MHD turbulence, in the limit

(6.3):

472Dy 4(/57*Dg)*?

. 472 Dy D1(V + 20)a
e’"(k)%_<B>2|:wv 5 OrA(r “2<7+2:|
3 (v + )k N2 (v 4 1)~k°!
~ 22! Di 6.5b
~ §< ) ; - D%k”l—z ) ( . )
. 5t\'? 8D,
hk(k) ~ — (lTo) ](‘71——10/3’ (6.5C)
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where we have used
(D + 21)

1O SR

Ler(k) ~ o (6.6a,b)

(0 + kS’
Similarly to what we have done for the exponent oy, we can now compare the obtained
helicity spectrum (6.5¢) with the Kolmogorov-type scaling for an isotropic, homogeneous
and stationary turbulence Ay (k) ~ k=373 (cf. Brissaud et al. 1973; Chen ef al. 2003) which

leads to

o —R=3=0=5 (6.7)
The parameters o( and o7 describe the statistical properties of the forcing which generates
the turbulence and since the values of op =3 and o7 =5 correspond to the expected
turbulent energy and helicity spectra, in the following we will only consider the case with
o9 = 3 and o1 = 5. Finally, the turbulent energy and helicity spectra are given by

R 4(/512Dg)? 2,1 . 57\'? 8D,
ex(k) ~ T» em(k) ~ 3(3) %» hy (k) ~ — D_O W (6.8a—c)
Furthermore, in the currently considered limit
DoAr > Dy, (6.9)

(cf. (6.3) with o9 =3 and o; = 5) the mean renormalized coefficients v, 77, O, Qp at
leading order remain unaltered with respect to the non-helical case (cf. equations (A91a—c)
and the discussion below)

2 1/3 2 1/3
_ . m“Dy 1 L n“Dy 1
V= U(AL) = ( ) T/:i’ n= T](AL) =a ( ) T/:i’ (610a,b)
AL AL

5 5
oA 872D /A da 1 8 A 6.10)
A — =~ —=—In—, .
g 15 J,, 593 3a A
- 8(4a — H)m?Dy (A da 1 4(4a—1) A
A)y=——" 77 o~ n 6.12
Op(AL) 150 /AL PR 5 AL ©.12)

and the effect of chirality is expressed by the «-effect

o 10D, 72Dy
a=a(Ar)

1/3

1
= +0R2R 4U+ R4U, 6.13
Qa4+ 1Dy \ 5 ) Ai/3 (Ro”(RoB)*U) + o(Ro"U), (6.13)

Note that, in the latter expression, the quenching effect of the Lorentz force vanishes at
the order Ro? (Ro,B)Z(B)2 (cf. the expansion of the y_l factors (A8)) and thus saturation
effects for the mean magnetic field evolution can only be present at the unexplored order
Ro*(RoB)*(B)*.

It is also of interest to point out that, in strongly helical strong turbulence, when the
helical component of the driving force (2.12) is of comparable magnitude to the non-helical
one at all wavelengths (and (6.3) is not satisfied), the k-dependencies of the fluctuation
coefficients 77(k) and & (k) and hence also of the magnetic energy and helicity spectra are
likely not to take the form of simple scaling laws. The general system of equations for the
turbulent renormalized fluctuational coefficients 77(k) and & (k) obtained in the asymptotic
limit Ro < Rof « 1 is provided in (AS4a,b) with the integrals 7 (k) and Z, (k) defined
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in (A50a,b); at the leading order of the limit Ro < Rof < 1, the turbulent fluctuational
viscosity (k) is still given by (A58) in the general strongly helical case, which reduces to
(6.1) for Ay < k < A.Once v (k) , 77(k) and (k) are known, the mean coefficients 7, &, Q
and Q, can be computed from (A91la—d), with v unaltered with respect to (6.10a,b). In
principle, this general case which consists of (A54a,b) and (A91a—d) with the aid of (ASS),
(A50a,b) and (A85a—d) and the ‘boundary’ conditions

A =n &) =0, GA) =1 aA)=0, 0W=104) =1,
(6.14a—)
can be solved numerically.

6.2. Weak turbulence

The case of weak turbulence is fairly simple and, as already remarked, does not
require renormalization, because the nonlinearities V - (uu — bb) and V x (u x b) in the
equations for the fluctuations are neglected. Therefore, the evolution of the fluctuations is
not influenced by the effects of nonlinearities and thus there is no effect of turbulence
in the fluctuational turbulent coefficients, i.e. V = v, 7 =n and & = 0. It follows that
the mean turbulent diffusivities v and 7 can be taken from the introductory § 3. The
Lorentz-force coefficients Qp, Q and & can be calculated with the use of the recursion
differential equations (A91a,b,d) obtained via the renormalization, where for the current
case of weak turbulence we replace the fluctuational diffusivities v(k) and 77(k) by the
molecular ones v and n and substitute & (k) = 0. The solutions in the limit k —> A; < A
are provided for op =3 and 07 = 5

_ 2n2(4n —v) D , 212 D
0, =122 @n=v Do 5 21 Do (6.15a)
15020 (v 4+ 1) A} 1502 A}
2 2 2 2 2
D 272D 272D 472D\ (B
1—,:%, ,—,:“—04, a = T .- 2” 1B) —. (6.15b)
15v=A7 3v(v+nA; 3vv+nmA;  15ven(v +n) A}

It is also notable that the effect of the Lorentz force is now present in the EMF at the
order (B)?, contrary to (6.13); hence, strong turbulence tends to suppress the saturation
effects for the mean magnetic field, and the magnetic energy (B)? can saturate only above
a certain threshold, when the saturation effects can enter the dynamics. We also emphasize
that, in the current case of weak turbulence, there is no need to invoke the asymptotic
limit (6.9) and the results are valid for Dy Ay /D1 < 1. Furthermore, although it may seem
obvious it is perhaps worth mentioning that the role of turbulent magnetic diffusivity in
the large-scale dynamo process is non-trivial and naive substitution for v and n of their
turbulent counterparts in the expression for & in (6.15b) does not lead to anything similar
in form to the strong-turbulence value (6.13).

The Fourier spectra of the turbulent kinetic and magnetic energies and the helicity can
be obtained from (4.38a,b) again, by substitution » = v and 7 = n and & = 0, which
yields

8T52D1
vk3

47’Dy 47°Dy 5 1
—5 emlkh) = ————(B)" 5,
vk 3vn(v +n) k

er(k) = he(k) = — (6.16a—c)

Note that the energy spectra are the same as in the case of non-helical weak turbulence
(5.10a,b).

926 A13-27


https://doi.org/10.1017/jfm.2021.707

https://doi.org/10.1017/jfm.2021.707 Published online by Cambridge University Press

K.A. Mizerski

Summarizing, the physical pictures of the helical weak and strong turbulence considered
here are rather simple, i.e. the pictures differ from their relevant non-helical cases only by
the presence of helicity and non-zero EMF: & in the case of weak turbulence and both &
and « in the case of weakly helical strong turbulence. Note, however, that, as remarked
at the end of the previous subsection, the helical turbulence outside the asymptotic limit
Do Ap > D1 is much more complex than the non-helical case even in the isotropic case.

7. Role of diffusivities

It is very important to understand the role of viscosity and magnetic diffusivity in the
presented approach. First of all we recall that the assumption

RoB < 1, (7.1)

is utilized to facilitate the Fourier integrals by expanding the integrands in Taylor series in
Rop, such as e.g. in (A8). One must realize that this implies we assume (cf. (4.20))

H(Rop)*(k - (B))*

, 7.2
| — i + Eyk?| (72)

| —iw + E k| >

for all admissible values of w, thus, in particular, for @ close (and equal to) zero.
Consequently, we require

2 2 (AL ? 2
EyEy A7 > H(Rop) (A_ . (B)) ~ (Rop)”, (7.3)
L

hence, the approach is valid only when both the diffusivities are non-zero, thus for
example the limit E, < 1 and/or E, < 1 must be taken with care, incorporating (7.3).
In other words, setting v = 0 makes the problem ill posed, because the w-integrals cease
to converge. The case of n = 0 is similar and at least some of the w-integrals diverge in
this limit. Hence, we must require

v #£0, and 5 #£0, (7.4a,b)

for soundness and consistency of the mathematical approach. However, we can easily
see from the analysis in § 3 that, for weak turbulence, setting n = 0 leads to a vanishing
a-effect (vanishing of the part of the EMF which is not proportional to V (B)) for all values
of Rop, despite irregularity of the w-integral in the perturbation expansion for Rog < 1.1t
is clear from the first line in (3.11) and @-(q)fk(q/ )) ~ 8(w + ') that, since the integrand
is an odd function of w, the entire integral over —oo < w < oo must vanish, even without
expanding in Taylor series in Rof. Consequently, we arrive at the well-known result that, in
a weak turbulence, the mean-field dynamo does not operate when the magnetic diffusivity
is too weak and negligible (cf. Moffatt & Dormy 2019).

Equation (7.3) involves non-dimensional Az and (B), which by definition are order-unity
quantities. It follows that the validity of the current approach can be expressed in a more
straightforward manner

Pm
2.2
Rmje

vn

T > B2 (1.5)

> B2, or equivalently

where Rmy, = UL/n is the magnetic Reynolds number based on the global length scale L, a
useful parameter in the description of the MHD turbulence in natural systems, in particular
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the theory of natural dynamos. From the point of view of applications to real astrophysical
systems, the condition (7.5) is quite restrictive, since the astrophysical length scales are
very large and the condition (7.5) demands that the magnetic Reynolds number Rm;,, which
is proportional to L, is ‘not too large.” Nevertheless, the upper bound for Rmy, can be very
large in particular for high-Pm systems, and then the magnetic Reynolds number is allowed
to be very high.

8. Estimates of the turbulent coefficients in natural systems

For the sake of providing sensible estimates of the turbulent coefficients v, 77, & v,  and &
we associate the non-helical part of the forcing ~ Dy with the turbulence driving which,
e.g. in natural systems, could be realized by thermal/compositional buoyancy and the
helical part ~ D with the Coriolis force, which in natural systems is typically responsible
for lack of reflexional symmetry in turbulence (cf. discussion below (4.3)). We recall here
the expression for force correlations

2 TN, Doy .D k / /
(filk, o)fi(k', ")) = k—3Pl~j(k) +1k—4€ijk? Sk+K)s(w+ ). (8.1)
Since

]:2 £6
2 9
o

(filke, 0)fi (K, @)) ~ (8.2)

in accordance with the above statement we assume the following for the non-helical
driving and the helical part of the forcing:

F? = Dows, 4Q2°U* = Fjious = D105 L, (8.3a,b)

where the latter has been estimated with the magnitude of the Coriolis force F = 22U.
Taking wy; = £2 and fixing the length scale at the maximal fluctuational length scale £y,
one obtains

_4u? F?

~2
D o Dy="5 = 16823 £3Ra”E*, (8.4a,b)

where
~  FL3 v
=L E

Ra = , = —. 8.5a,b
v? 292.L7 ( )

Hence, for example for thermal buoyancy driving F = gB8AT, where § denotes the
thermal expansion coefficient and AT the temperature jump across the fluid layer, the

parameter Ra = gﬂAT£z/v2 is proportional to the standard Rayleigh number; E is
the Ekman number based on the maximal fluctuational length scale and molecular
viscosity. Let us also introduce the new Rossby number

U
2QLL

Ro = (8.6)

Note that, if we assume the magnitudes of the driving F and the Coriolis force 22U to be
comparable, then RaE? = O(Ro) and Ro = O(Ro).
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8.1. Estimates for strong turbulence in the limit F > 22U

When driving (say thermal) is strong and its magnitude significantly exceeds the
magnitude of the Coriolis force the situation corresponds to that defined by (6.9); the latter
is equivalent to F > 222U by (8.4a,b). Thus, in the current case, the turbulent coefficients
can be estimated using (6.10a,b) and (6.13), which yields

1/3
. 2pp\'"* 1 [ Pet\Y
v=vd ={73 1465\ sonze
L

Fo\23 .
~0.112.L7 (92—06) ~ 0.272 L3 (RaE»H*3, (8.7a)
7 =1(AL) = ab ~ 0.742.L2 (RaE*)*/3, (8.7b)

1/3
10Dy - 4Q%U? L] !
Qa+1)Dy T Ly \80mQF*

4/3
58 ~o [ 2%L —n
~ .QOCLWROZ ( L) — 0.43QL.Ro°(RaEH ™3, (8.7¢)

Such expressions may be useful in particular applications of the theory to the MHD
turbulence. For example, in natural systems such as stellar and planetary interiors or
accretion disks, the observational data allow us to estimate the parameters 2, Ly, 1?5, Ra
and E for a particular system and in turn obtain estimates of the turbulent diffusivities and
the magnitude of the a-effect with the use of (8.7a—c).

It is also of interest to point out that similar estimates can be made for the case
of weak turbulence under the assumptions Ro < Rof < 1, in which case v &~ 1.7 x
10732.L2RaE?, i = 510Pm/(1 + Pm) and & = —(ii/L,)(Ro" /E*Ra’). However, the
case of strong MHD turbulence seems to be much more common in natural systems.

8.2. The a-effect in weak turbulence with very weak molecular diffusivities v and n

It is evident from §7 that the presented theory is valid only for non-zero molecular
viscosity and molecular magnetic resistivity and, moreover, there exists a lower bound for
their product (7.3). However, there are known and important cases of vigorous plasma
flow when the molecular diffusivities of the plasma are extremely small, such as for
example in the interstellar galactic medium, intracluster medium and some accretion disks.
A consistent description of the MHD turbulence in such objects requires estimates of the
magnitude of the a-effect when both E, and E,, are very small and (7.3) is not satisfied
in order to properly incorporate the dynamo effect. Therefore, it seems useful to provide
such an estimate at least for the simplest case of weak turbulence, when we can neglect
the effect of turbulence on the diffusivities, to clearly demonstrate the differences between
such a case and the case of finite diffusivities characterized by (7.3). Neglecting of the
mean-field gradients, the mean EMF can be calculated as follows (cf. § 3 or Moffatt &
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Dormy 2019; Mizerski 2020):
&i = € {ujby)

e [ gt 4 K - (B) 2o NE LK) x— (o))
= eyk/ d q/ d’q @ T Do @)@ (fi@f(q)) e

k- (B
=_i€ijk€jk1D1/ d*q 5 . I
ko (q)>(w — ink?)

kmk;

_ 4
= 200181 [ 4 TPl @P @ 1 Pk’ 58

where we recall
(k- (B))?

8.9
W+ ink?’ (89)

o(q =w+ ivk? —
and since |0 (q) 12(w? + n2k4) is an even function of w we have used
o0
/ dow/|o(@))*(@* + n*k* = 0. (8.10)
—00

Next, we express |o (q) |2 in the following form:

2 2172
lo(g)|* = ‘a) (1 — —C(:; +<I;2<4> + ik? |:v + n—g; J:I;L}
?(@* + n?*k* — (k- (B)?)? + K*[v(w?® + n%k*Y) + n(k - (B)*]?
(w? + n2k*)?2
ot + ?[k* (V2 4+ n?) — 2(k - (B)*] + (vnk* + (k - (B))?)?

= o+ 2k . (8.11)

Using

o0 1
/_oo dww4 + @?[k* (V2 4+ %) — 2(k - (B))?] + (vnk* + (k - (B))?)?
TT
T R0+ nvnk* + (k- (B)?]’

and introducing spherical variables (k, 8, ¢) with & = 0 on the axis of the mean magnetic
field, one obtains

(8.12)

& = 20D\ (B /‘ﬁ—q i
i = 2nD1(B)m B o +w2[k4(v2 +n2) = 2(k - (B)?] + (vik* + (k - (B))?)?

2m7D1 2“ kk; /K>
= d(cos 9) ,
v+ 7]) AL nk4 + k2(B)2 cos? 6

87[ nD1 (B)i vnk2
5 arctan (8.13)
(w41 (B2 vnk2

So far, we have simply calculated the EMF for the weak-turbulence case in
a straightforward manner, without making any simplifying assumptions about the

926 A13-31



https://doi.org/10.1017/jfm.2021.707

https://doi.org/10.1017/jfm.2021.707 Published online by Cambridge University Press

K.A. Mizerski

magnitudes of the diffusivities or the magnitude of the mean magnetic field. In particular,
we have avoided the expansion in small Rof such as in (A8) which would require (7.3).
We now make a somewhat opposite assumption to Rof < 1 that the field is strong enough
and/or the diffusivities are weak enough so that
AL K ) . (8.14)
Vi

This allows us to express the EMF in the following way:

o 872nD, (B); { 1 TS vn A }

o B2 | 242 T 2BAL B2 AL
4m*nDy  (B); { . nmAL}
(v + A2 (B)? (B)
2 .
~ ‘“T_”Dlzﬂ;_ (8.15)
(v +mn) Az (B)

Utilizing the same approach as in (8.4a,b) we get the following estimate for the mean «
coefficient

16R0° 233
(1+Pm) (B

Such an estimate is valid in the limit of extremely weak diffusivities which enter the
expression only through the magnetic Prandtl number based on molecular diffusivities
Pm = v/n. It is noteworthy that the EMF is inversely proportional to (B)? at leading
order. Hence, the coefficient & is singular at (B) = 0 but, according to our assumption
(8.14), (B) = 01s excluded in the considered regime. Still, it is of some interest to observe
that the relation (8.14) could be satisfied by a relatively weak mean magnetic field and
extremely weak diffusivities, which would make the magnitude of the EMF rather large
and thus vivid amplification of the magnetic energy (B)? would be expected.

(8.16)

o~

9. Limitations of the current theory and relations to some previous nonlinear
approaches

The main limitations of the current theory result from the assumptions of isotropy,
homogeneity and stationarity of the forcing (cf. (2.12)). The forcing has been assumed
to act only at small scales and its non-helical and helical components to be related to
buoyancy driving and the Coriolis force, respectively. In other words, the latter effects
can only be considered at small scales, which seems right for the buoyancy force, but,
as shown in Yokoi & Yoshizawa (1993), the large-scale Coriolis force in inhomogeneous
turbulence can contribute to the so-called vortex-motive force and the creation of complex
large-scale flows; such flows can then significantly alter the large-scale hydromagnetic
dynamo process.

Furthermore, the gradients of the mean fields have been assumed weak in the presented
theory, according to (4.6a,b) and (4.9b). This is just enough to calculate the leading-order
form of the turbulent diffusion, but, in conjunction with the assumed statistical isotropy
of the driving force, eliminates some effects which are based on the inhomogeneity
of turbulence, in particular the effect of strong gradients of means on the small-scale
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turbulence, which can contribute to mean-field dynamo. For example, the effect of
magnetic pumping or the shear-current effect (Krause & Ridler 1980; Rogachevskii &
Kleeorin 2004), the so-called cross-helicity dynamo (Yokoi 2013) and the cross-helicity
effect coupled with the mean magnetic strain (Yoshizawa 1990; Yokoi 2013) have been
excluded in the presented theory. In addition, stationarity of the forcing has recently been
shown by Mizerski (2018a,b, 2020) to be significantly limiting, as interactions between
waves with distinct frequencies provide a powerful mechanism of mean-field dynamo
generation, operating even in the absence of magnetic diffusion.

However, the advantage of the presented theory lies in the clarity of the considered
model, with a given driving force that conceptually can be attributed to common physical
effects. Such an approach allows for clear estimates of transport coefficients in real
systems, in contrast to approaches which only relate statistical properties of the turbulent
velocity and magnetic fields. The estimates provided here include the nonlinear dynamics
of the MHD turbulence and in this sense are more accurate than commonly used estimates
of the EMF based on weak (linear) turbulence.

10. Conclusions

The presented analysis was focused on the derivation of the full set of MHD equations
describing the dynamics of strong (fully nonlinear) stirred turbulence and the derivation
of its statistical characteristics such as the energy and helicity spectra. This includes
the evolution equations for the mean velocity and mean magnetic field, likewise the
equations for the turbulent fluctuations. We have considered the more general case of
helical turbulence, since in many natural systems the helicity plays a crucial role of
inducing the large-scale magnetic dynamo effect, thus substantially modifying the physical
picture of the MHD turbulence. An important feature of the analysis performed was the
inclusion of the effect of the Lorentz force on the flow, hitherto scarcely considered in the
literature. We have applied the renormalization technique in the spirit of Moffatt (1983),
Yakhot & Orszag (1986) and McComb et al. (1992) (see also Smith & Woodruff (1998)
for a review of the method), which allowed us to incorporate the effect of the nonlinear
terms in the dynamical equations for turbulent fluctuations, in the limit of a small ‘Rossby’
number Ro, defined as a relative measure of the fluid’s inertia with respect to the stirring
force. The main results are listed below.

e The full set of the renormalized mean-field MHD equations was derived, including
the effective form of the large-scale Lorentz force in the mean Navier—Stokes
equation for strong helical turbulence; the Lorentz force was reported to be strongly
influenced by the turbulent diffusion.

* Moreover, the complete form of the mean EMF, including the effect of gradients of
the mean fields was obtained for the studied parameter regime; both its linear and
nonlinear dependences on the large-scale magnetic field, the latter resulting from
the action of the Lorentz force, were described within the considered asymptotic
limit Ro < Rof < 1.

* The effect of nonlinearities V - (uu — bb) and V x (u x b) and the gradients of
the mean fields V(U) and V(B) on the dynamics of the turbulent fluctuations has
been included. This allowed us to obtain all the turbulent renormalized coefficients,
such as the mean turbulent diffusivities v and 7, the mean turbulent & coefficient,
the Lorentz force coefficients Q) and Q and the fluctuational diffusivities U and 7
together with the fluctuational & coefficient for the two cases of strong non-helical
turbulence and strong helical turbulence in the limit Dy Az > Dy, cf. §§ 5 and 6.
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e Furthermore, the turbulent kinetic and magnetic energy spectra and the turbulent
helicity spectrum were obtained for strong helical turbulence.

e We have reported that the mean turbulent diffusivities and fluctuational turbulent
diffusivities are the same in the case of strong turbulence, i.e. v = V(AL), 7 =
n(AL).

e The general recursion differential equations for all the turbulent coefficients are
provided in (A54a,b) and (A91a—d) with the aid of (A58), (A50a,b) and (A85a—d)
and with the ‘boundary’ conditions (6.14a—f). In particular, it is noteworthy that
(A54a,b) and (A91d) contain the influence of the fluctuational magnetic diffusivity
on the a-effect. The aforementioned set of recursion differential equations can
be used to resolve the subgrid dynamics in numerical simulations, i.e. to provide
the effective turbulent coefficients for simulations with a given spatial resolution,
incapable of fully resolving the dynamics of small-scale turbulent fluctuations.
Assuming the highest wavenumber achievable in a simulation is Ay, the recursions
(A54a,b), (A91a—d) with (A58), (A50a,b) and (A85a—d) and with the boundary
conditions (6.14a—f) can be solved numerically on the interval Ay < k < A (or
even for A = 00), which grasps the effect of subgrid fluctuational dynamics and
provides reasonable estimates of effective diffusivities and the « coefficients for the
dynamical (4.30a,b) and (4.31a,b).

e From the point of view of applications to the MHD turbulence in particular physical
systems it is desirable to provide estimates of the turbulent coefficients that can
be utilized for the theoretical description of the phenomenon, e.g. in numerical
simulations. Such estimates have been provided in §8 based on an assumed
correspondence between the helical component of the driving and the Coriolis force
in natural systems.

e It is to be emphasized that the presented analysis is valid only for non-zero
diffusivities, therefore no conclusions can be drawn for the limiting case of v =0
and/or n = 0. However, the limit of weak viscosity and/or magnetic diffusivity is
accessible within the range of validity of the constraint (7.3).

e Of particular astrophysical interest is the limit when both the molecular viscosity
and resistivity are extremely low, unattainable within the presented approach based
on renormalization in strong turbulence. However, we have considered such a
limit in § 8.2 for the case of weak turbulence defined by the linear evolution of
fluctuations (i.e. neglecting the nonlinear terms V - (uu — bb) and V x (u x b) in
the evolution equations for the fluctuations). The full form of the EMF for wave
packets has been calculated and the « coefficient was shown to be proportional
to (B)~2 in the limit (B)/ /i > Ap; in this limit the small diffusivities enter
the expression for the mean EMF only through the magnetic Prandtl number,
a ~ (1 + Pm)~Y(B)~2, where Pm = v/1.

e For the sake of clear comparison, all the turbulent coefficients and turbulent energy
and helicity spectra were also calculated for the case of weak helical turbulence in
the limit Ro < Rof < 1 under the constraint (7.3).

e Naturally, all the renormalized @ and & coefficients are proportional to Dy, that is,
the magnitude of the non-reflectionally symmetric component of the stirring force.
It follows that the a-effect is impossible if the turbulence is not helical: (D = 0) =
(¢ =0).

A significant limitation of the presented analysis is that the turbulence, i.e. the stirring
force, was assumed to be isotropic. This is a great simplification since natural astrophysical
and geophysical flows, in the majority of cases, possess at least one distinguished axis
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associated with the background rotation, which introduces anisotropy. Application of the
renormalization group technique to rapidly rotating MHD flows has been considered in
Mizerski (2021), within what might be called an ‘intermediate turbulence’ limit when the
effect of nonlinearities is included only at leading order at every step of the renormalization
procedure.
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Appendix A

The details of the renormalization procedure applied in order to obtain the mean-field
equations are given in here. First of all, we clarify how the ensemble averaging should be
understood and explain the concept of a conditional average over a statistical subensemble
for short-wavelength modes. We adopt the approach of McComb et al. (1992) (cf. also
McComb & Watt 1990, 1992). The essential idea of this approach is the introduction of
a subensemble of flow realizations including near-chaotic statistical properties for the
short-wavelength shell 11 < k < A, but remaining quasi-deterministic for kK < A;. The
subensemble average can be precisely defined and then, utilizing the assumption that in
the turbulent cascade the energy transfer in the Fourier space is local (i.e. the assumption
of ergodicity of the system), the following crucial properties can be proved:

@=(@)e =0~(q), (@~(@u=(q))e~u~(@Qu=(q), (Ala)
@ (q)Ne~= W@ (@) =0, (@ (@u(q))e~u~(qu (q)).~0, (Alb)
(@ (@i (q))e ~ (w” (Qu” (q)). (Alc)

For details see particularly section IV and the beginning of § V in McComb et al. (1992).
We now substitute the expressions for short-wavelength modes from (4.27a,b) into the

conditional averages in the equations for long-wavelength modes in (4.26a,b). Neglecting
higher-order correlations of the type (i itff‘,j)c etc. (which eliminates the rests in

(4.27a,b)) and using (]A‘f)c =0, (u)c =i and (l;f)c = ZA)f one obtains
(i (q)ity, (g — q))e — (it (@it (g — )

R o A
= —mf’mk — K7 @)IW (g — 4))e — Hf, (@)IP) (g — q))e]
iRo

— mpmqp<k/)[<f; (q—a)IW @) —H{f; (q—q)IL) @))c]

+ O(Ro(Rop)) (A24)

(u; (‘I)Mj g—4q)) = m(ﬁ (‘1)]; g—9))
Pjy(k — /)
»w@)n(g—q

— Roe 0% Gl @) (q— )
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Polk) 7 a- i @)
(g —qr(g)? 7 k
_ Ro(ky — ky)Pjg(k — K) [ (7 @)y ((k— k) — eGp, 0 — )
2 (@) vig — q) Wk —k)> — Gy, 0 — o)

— Roe

@)y =) +£Gp, 0 — o)
Wtk —K)> + Gy, 0 — o)

_ RokPy(K) 7@ — gk —eGp. o)
2y (@) v(g — q) WK™ —eGp, o)

(f7 (g — gk + Gy, o)) ;
_ (K> +¢G,. o) i| + o(Ro”), (A2b)
(b (g)b; (g — q))e — (b (d)b; (q — 4)) = O(Ro(Rop)), (A2¢)

(b7 (@)b; (q—q))
(K - (B))((k — k) - (B)

— —(Rop)? f7(@)f7 (q — 4)) + O(Ro*(Rop)?),
(Rof) Yu @)V @) vu(q —q)vn(qg — ) Vi @)@ =) (Ro"(Rop)")
(A2d)
(i @b (g —q))e — (i5(q)b> (g — )
iRo /Ny 7> T (ub) /
= (ks — KD (@) TP (g — 4))c + ORO(RoP)), (A2¢)
g )Vr;(q —q)
. iROB€mn(k — k') + (B)o  ~ o .
o247 (g — gy = P& = K) - B0 54— gy
Yu @) vu(g —q)vy(q—¢q')
- Roe€im Ly @iz a—dq))
w@n@—q)mq—q) " Tip M~ 1
RO€jmn N @k — k) =&l 0 — o))
ki —k
i 2yv(q)yn(q — q’)( = [ Yu((k —K)> — eI, 0 — o)
@k = k) + el 0 — o) 3
Yullk— )7 + 0 — o) }“(R" g A

Let us note that the inclusion of the O(Ro(Rop))-terms in the fluctuational equations
and O(Ro® (Rop))-terms in the equations for the means would lead to inclusion of the
effect of the Lorentz force on the turbulent diffusivities. In particular, the effect of
the Lorentz force on the turbulent magnetic diffusivity could be important, as it would
lead to a complicated dependence 1 ((B)). Nevertheless, we will neglect this effect here
for simplicity. More precisely, the term (A2c¢) accounts for the Lorentz-force effect of
short-wavelength fluctuations on the long-wavelength ones (fluctuational Lorentz force
acting on fluctuations), whereas the term (A2d) and the first term in (A2b) contribute
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directly to the effective mean Lorentz force, acting on the mean field (U) (mean
fluctuational Lorentz force acting on the mean velocity); of course, to get the Lorentz
force from the first term in (A2b) we need to expand the y;l factors in powers of (Rof )2.
The former, that is the fluctuational Lorentz force acting on the fluctuational velocity, is of
less importance, as it turns out to influence the effective diffusivities, the a-effect and the
mean Lorentz force only at higher, negligible orders and this is why it will be neglected.
This will still allow us to obtain the leading-order form of the turbulent EMF and the
mean Lorentz force in strong turbulence with Ro <« Rof < 1, that is with inclusion of

the nonlinear evolution of turbulent fluctuations. Substituting once again for &~ and b~
from (4.27a,b) into all the J-terms in (A2a) and (A2e) and making use of the symmetry
q +— q — ¢  under the integral | d*q’ one obtains

A,
4, / d*q' L (g (g — q))e — (0, (q)i (g — g))]

Ay Ay i‘t<( //)P (k _ k/) A>( /)A>( a4 //) X
= —1R06AV / d4q// d4q// q q nqp/ (]jm q f;) q/ q// q )(,
ACOACEL SVACEY 'S
Ay A a5 (g ) P (ke — K @F (g — 4 — )
_ iROGAV/ d4q// d4q’/ q q mqp/ (Jjn q Jip t{ q// q )C
W@ nwqg—9)vnq—q9 —4q")
+ O(Ro(Rop)), (A3a)

A
f d*q e (qHb; (g — q4))e — (ic(g)b; (g — )]

A A k= Kb g —q —q") .
= iR0€, 516, / d*q / d*q’ P FZ (D7 @))e
v W@ @ vyg—q) e

+ O(Ro(Rop)), (A3b)

where now the ¢'-integrals are taken over an intersection of the domains 1) < k' < A,x
and 1| < |k —K'| < Apax, i€

(K <k < Apare, 11 < |k —K| < Apax). (A4)

Following the approach of Yakhot & Orszag (1986) and Smith & Woodruff (1998) we
calculate the ¢'-integrals to lowest non-trivial order in the distant-interaction limit

k
== 0. L o, (A5a,b)
w

which stems from the assumption of local energy transfer in the Fourier spectrum of a
turbulent cascade. The lowest non-trivial order in k/k" and w/w’ is obtained by simply
setting k = 0 and w = 0 in the integrands in the expressions for corrections to the means
(A2b), (A2d) and (A2f) (accordingly they will all turn out to be proportional to § (k)5 (w)),
but in the formulae for corrections to fluctuations (A3a), (A3b) we set w = 0 and we
need to expand the integrands in powers of k up to the first order (in the non-magnetic
case considered by Yakhot & Orszag (1986) the integrals vanish at the order (k/k’)°
and expansion in powers of k/k" of the integrands to the first order is also necessary;
this results in a viscous correction of the order ~ vk?). The integrals are then calculated
by substitution &’ > k’ + k/2 hence symmetrization of the integration domain which in
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spherical spectral variables (k, 8, ¢) at the first step takes the form

{k/ A <k < max;— 1, T L < cosh < e 1
A 1 A2 _ k/2 A2 _ klZ
and%-i_1 <k’<Amax,—% < cosf < %} (A6)

In the case when the zeroth-order term ~ (k/k’ )0 vanishes, no corrections of the order k
(and higher) from the integration domain are necessary, hence it simplifies to

(K <k < Amar). (A7)

This way the total renormalized corrections from short-wavelength modes in (4.26a,b) are
proportional to k>, which implies that the lowest non-trivial order in distant interactions
produces corrections to diffusivities.

We also utilize the assumption Rof < 1 to expand the inverse y,-factors

1 1
Vu(@', K)yu(=/, —K') — |po(@, K)[?

1 1 1
— H(RoB)* (K - (B))? [ + }
(RoB)~( (B)) I (@, k’)|2 (o, k’))/n(—a)/, k) Yol k’))/n(a)', k)
+ O((RoB)™), (A8)
where
. 2
Valw, k) = —iw + Ek* + H(Roﬂ)2@, (A9)
n

Yo, k) = —iw + E,k2,  yy(w, k) = —iw + E k. (A10a,b)

Substituting for the force correlations from (2.12) into (A2b), (A2d) and (A2f), taking the
limit of distant wavenumber interactions (A5) and making use of

Pipn(K)mn = 0, Pipn(k)€nk = 0, for all i, k, (Alla)
€ijk€kmn = Sim(sjn - 5in8jm’ (A11D)
/ A2k . . .knkp =0, forany odd N and all m, .. ., n, k, (Allc)
~———
N
o kmky 4T
2 min

/k A2 =7 = =0 (Al1d)

o kmknkpk, 4T
/ K dsz% = 15 Crndog & Smpdng + Smgdup), (Alle)

where §2 denotes a solid angle, we obtain

Ay . Ay
o, [ dtqe®n [ dq i @iy g - o)
Av ghq' kf]k;,Pg,-(k/)(wlz — E Egk'*)
k/o0 (w/2 +E5k/4)2(w/2 +E%k/4)

= —2(Rop)*HD(B)4(B)y04, /
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IU), A dtg Pip(K)Pi(K) + Pip(K)Pjr(K)
+ROEUDO ax QAV\/. k/o-o_z (w/2+E%k/4)2

A, d4 'k D
— 1RoDyb,, / Rk |:—0Pl~q(k/)
Iy (@)l

k'0
Dy ,} [ij(k/ —eGp)(1 +1eGp - x) _ Pjy(k' +¢Gp)(1 —ieG), -x)]

ko k' —eG,, —o') Wk +¢G,, —o')
A, d4q/k/ D
1 p 0 /
— LRoDy / — P |:—P- 3
2 A |Vv(q/)|2 k90 J4
LD ] [Pa® =G +ieGy -x)  Piy(K +2Gy) (1 —i2Gy - x)
fron 1 Wk — eGp, —a) Yok + eGp, —a)
+ const. + o(Ro*) + O((RoB)*), (A124q)
oy i(kx—awr) M al /
04, d*ge d*q (b7 (q)b; (g — 4))
Ay gy KK Py(K)
_ 2 q g p” Y
= (RO:B) DO(B>q(B>p9Anf ko0 (w/z +E§k/4)(w’2 +E,2]k’4)

+ O(Ro*(Rop)?, (Rop)™), (A12b)
A _ A R

oo f digelkx—on / & @z @b (g — )
A d4ql kkal/c

k/o1—2 (a)/2 —J,—E%k/“)(a)/z +E%k/4)
A ddq KKKk (w? — EJEKY

k/al—Z (a)/z + E%k/4)2(a)/2 + E%k/4)2
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— RoE,;Dy Wekmn Ko0=2 (w2 + E2k"*) ()% + Erz;k/4)

= 2RoBE;D; <B>Os/

+ 4H(R0,3)3EnDl (B)r(B)s(B): /

Addg Kk, —i+el-x i+el-x
+ RoD) ko1 @2 +E2k/4 iw +E |k, —eIl|2 N / 2
v n 1l 1w +En|k + el

+ 0(Ro®) + O((Rop)), (A12¢)

where the corrections O((RoB)*) and O((RoB)’) account for the neglected higher-order
terms in the expansion (AS8). The three last lines of (A12a) correspond exactly to (3.15)
times Rof,,, whereas the first, third and fourth lines of (Al12c) correspond directly to
(3.14) times Rop, with v and n replaced by E, and Ej,. It follows that, at the first step of
the renormalization procedure, the corrections in the equations for the means generated by
the averaged couplings of fluctuations take the final form

A, . Ay
— &R00j04, / d*geltkx—on / d*q (7 ()i (g —q)
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8T2HD, Ro(Rop)? | 4% (B)? (B)-)B) | 6 /'A” dK’
= — ¢ _— . e
ISE2(E, + Ey) 2 A keer2
2125 —00)Do 5, 2cn A dr
+ TE‘%g Ro“V <U>i9Av \//;l W’ (A13a)

_ Ay , Ay A «
SHROBJGA,] / d4q el(k-x—a)t) / d4q/<bl> (q/)b]> (q _ q/)>

_ 872HDy eRo(Rop)? [4?ﬁ (B 6)(B)] 0 /‘An d_k,
15E,E,(E, + Ey) 2 S et
(A13b)
An . A')
%sHRoé,@An/ d4qel(k'x_“”)/ d4q’(13j>(q/)l3;(q—q/))
_ 872HD, cRo(Rop)? [?@] 6, /And_k/ (A13¢)
3EvE;7(Ev +E77) 2 ; n o k'oot2’

A i A R
Ro€mn / d*gelkx—en / d*q (i (g)b (g —q))

’D A dr H(RopB)? A dK
s Rzﬂ(B>kUA g =28y kmu}

T 3E, (B, + By kK9 5 EE,
812Dy ) - A dr
— M—RO 8(V X (B))k /(7—4-2’ (A13d)
v(Ey + Ep) Ko
where we have used
/00 o' EEgk* — o _ 7 AL4)
oo (@ F E2N2(0? + E2)? 2E2EZ(E, + EpK''0
/ " do/— Bk — o E . (A1S)
coo (@7 + EZKN (02 + E2K4)? T 2EE, + EDKO

Furthermore, the corrections from short-wavelength modes to the equations for
long-wavelength fluctuations in (A3a,b) can be expressed as follows:

Ay
on, / &g/ Lz @i (g — @) — i, (@) (g — g))]
Ay d4q/ anp(k - k/)Pmp(k/)
k'°0 Y (q,)yv(q - q/))/u(_q/)
. ~e Av d4q/ qup(k - k/)Pnp(k/)
_ lRODOI/lq (q)QAU / k'0 Yo (q/))/v (q _ q/)yv(_q/)
+ O(Ro(Rop)), (Al6a)

= —iRoDoit; ()04, /
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A
/ &4 (@) @ — e — (@)D (@ — g )]

- A ks — K. Do,
= iRob (q)€nsre / d*q S [

)4 q)€nsr rqp Yo (q/))/u(—q/))/n (q _ q/) ko0
+ O(Ro(Rop)). (A16b)

mq (k/) + 1 emqlkl]

Making the aforementioned substitution k' — k' + %k to symmetrize the domain of
integration one obtains
Ay
oa, [ @U@ (@~ e~ @i (g = )

&y Pagp (3 = &) P+ 110
(K2 + K k)2 |y (K + Sk, o) 2y (K — 1k, —a)

diq Pugp(3k — K)Pup(K' + 3K)
(K2 + K-k |y (K + Lk, )20 (K — 3k, —a)
+ O(Ro(Rop)), (Al7a)

Ay
— —iRoDiiZ (g)6, /

Ay
— iRoDyity ()0, /

A
o / 4L (@)b7 (@ — d))e — (@)b7 (@ — 4]

2 A d*q €rgpPmg (K + 116) (ks — K,
:iRODOb;(q)ekmnensr/ 5 /q e 7;(1[7 flnq( 22 )(% s : S)
(k"= =+ kike) 707 |y, (K +- sk, )|y (K — 5k, —a')
s A d*q €ranemat (k. 4+ L) (k. — 1k
+R0D1b;(q)ekmn€nsr/ = fl v r/qp n;ql( ! 22 1)(/s 12 5)
(K= + kik) V= 1y, (K + sk, o) 2y (K — Tk, —o)
4+ O(Ro(Rop)). (A17b)

Next, we use the following expansions in k/k" up to the first order:

kK kK kK ky + kpk!
1 m=p™r m™p map
Pup (k/ + k) = Pup() + —h Ll — L (A18)
Kk Kk kK ky 4 Kk kg + 2knk) K,
Pugp ( k= k,) ~Pugp (k) +2 k4 kr = 2k2
+ SkgPup(K') + Yy Prg (K, (A19)
1 i —iw’ + Evklz —EK -k (A20)
W& + 3k Py = gk, =) (@B
1 B —ie + Epk'”?
ok + 3, ) Py (K — Sk, —o) (@7 + ESk) (0 + E3K*)
Ek -k
(@? + E2k*) (w? + E2k*)
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~ 2E} — Ep)w KK - k(=i + E k)
(w/z +E%k/4)2(a)/2 +E%k/4)2

(A21)
1 _ 1 oo k- k
(K2 + I k)o0/2 Koo 2k/o0+2’

and symmetry arguments such that [ o/f;(/)d’ = 0 for any function f;(«') symmetric
about ' = 0 which allows us to transform (A17a,b) into

(A22)

A
— LiRoPiyun (k)6 4, / dq Ui, (@i, (g — g))e — (i, (@), (g — g)]

212(5—00) . 5 9. A dr
~“sE Ro*Dok*1i (q)6 4, /ﬂ it

+ O(RO*(Rop), k), (A23a)

A
iRokj€jjk€amn / d*q' i (qhb; (g — q))e — (05,(d)b; (g — 4))]

8w oD Kby ( )f
=——— — Ro
3Ev(Ev +E77) 0 9 k/ao—i-z
872Ro?*

+ le(éljklk bk (Q))/ o

+ O(Ro*(Rop), k), (A23b)
where we have also used
o0 do’ T
/;OO (a)lz +E%k/4)2 = 2E13)k/6’ (A24)
/ T ! - T (A25)
o @2+ B (@ + B2 T EVEy(E, + EDKS

We now utilize the assumption of narrowness of the first spectral bite A — A =
84 < 1 and define the following coefficients which describe the average effect of the
short-wavelength fluctuations with wavenumbers from the narrow band 41 <k < A on
the means (cf. (A13a—d))

_ 812 s
1) = O, E, — 464 E,)Ro*Dy—— , A26
Qp( 1) + ISEEEH(EV—I-EW)( ALty Ay n) o 0/1(1,0+2 ( a)
_ 812(04 Ey + 604 E 54
o) =1 155;; v T 0ME) b o 0 (A26D)
v (El) +E ) /110
_ 812R0%Dy 84
Ep()) = 3E E T E MUM (A26¢)
2
- 27125 —o09)  , 84
E,()) =E, + ———— " Ro*Dofy ——, A26d
v( 1) v+ ISE‘% o Dy AV/1(1r0+2 ( )
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812 Ro*> DA

3 Ey(E,+E) A"
872 Ro*(RoB)’H DA

as(d]) = — , A26
aS( 1) 5 E%EU(EV—FEU) /1(171+2 ( f)

(A26¢)

aa(dy) =

(where a = ay — &S(B)z) and the effect of short-wavelength fluctuations on the
long-wavelength fluctuations corresponding to the band A; < k < A1 (cf. (A23a,b)) is
contained in

y 273(5—00) , sA
Eu(/ll) = EU + TE%RO DOQAVW’ (A27a)
E.(1) =E, + 82 ro2p, 4 (A27b)
= —_—FF— O s
il " 3ENE, + Ep) 0t
. 812R0? 64
a(d) = s———=Di1—; (A27¢)

3E,(Ey +Ep) A7

With the use of those definitions we can write down the dynamical equations (4.8a,b) and
(4.26a,b) in the new form, with the effect of the short-wavelength modes u~, b~ expressed
through the effective EMF and the Lorentz force

(U) ((p)

2
5, T eRo(U) - V)(U) = —eV s +R0,32HQp(/11)<B> )

2
+ eRop*HQ(A1)((B) - V)(B)
+ Ey(11)e*VH(U) — eRo(V - (u=u~) — HV - (b=b )), (A28a)

a<B> — gV - ~ 2 B —IV < <
oy —EV X [(@a(A1) — as(A1)(B)")(B)] + ¢Rop X (u= x b~)

2
+ eRo((B) - V)(U) — e%((w -V)(B) + %E,,ul)v2<3>, (A28b)

(i + E,k)i (g) — iRoBH (k - (B)0)b7 (@) = [~ (q)
— 3iR0Py(R)[If,) — HI — (1)) + H(I50))]
— RosP;(k)Gjidii; (q) + RoHe P (o) Thi: ()

Ro ~op < ~op <
- 7kmpy(k)[uj(k — &Gy, ®) — Ltj(k + Gy, w)]

Ro A ~
+ > mPij(k)[bj(k~ — &I, ) — bj(k~ + &I, )], (A28c)

(—iw + E k)b (q) — ia () ejkiby = iRop (k - (B)o)it= (q)
+iRok[I{ ") — (1177
+ RoeG,-leJj< (g) — Roe Ejﬁf (@
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Ro 7 < 7 <
_Tkm[bi(k — &Gy, w) — bi(k™ + Gy, w)]

Ro ~ < ~ <
+ Tkm[ui(k —ely, w) —ui(k= + eIy, o)]. (A28d)

In order to proceed to the second step of renormalization we need explicit expressions of
the type (4.18a,b). To that end, we introduce a short notation

v~ (q) — iRoBH (k - (B)o)l;< (@) = r.h.s., =f< (q) + rem,, (A29a)
ynb=(q) —i&(A)k x b= = r.h.s., = iRop(k - (B)o)it=(q) + remy, (A29b)

with
Yo = —iw+ EK%, yy = —iw + Ek. (A30a,b)

From (A29b) we can write

b= %(yn +ictkx) (iRoB (k - (B)o)it(q) + remy)

_ Rop(k- (B)o)

v (iyyu(q) — ak x u(q)) + K - remy,, (A31)
o
where we have defined the operator
1 ‘v 2 2 12%2
Kix = ﬁ()’nfsik +iaejk)), vy =y, —kTa”. (A32)
o

Next, on defining
H(Rop)*(k - (B)o)*
2
Ya

Yu=Yv+ ZE (A33)

and introducing (A31) into (A29a) we get

Vult(q) + i%H(Roﬂ)z(k- (B)0)’k x it(q) = r.h.s., +iRoBH(k - (B)o)K - remy,.

¢ (A34)
Inverting the latter equation yields
u(q) = K - [r.h.s., + iRopH(k - (B)o)K - remy]
=K -f(q) +K - rem, + iRoBH(k - (B)0)K - K - remy, (A35q)
b(q) = iRoB(k - (B)0)K - K - f(q) + iRop(k - (B)o)K - K - rem,,
— H(RoB)*(k - (B)0)’K - K - K - rem), + K - remy,, (A35b)
where
7 (- L 2 2
Kix = = | Vudik —1i—H(Rop)"(k - (B)o)€jjik; | , (A36)
e Ya
2
~ - (07
Vo =71 — kZFH%Roﬁ)“(k - (B)o)*. (A37)
o
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We can now substitute back for the reminders rem, and rem;, which leads to explicit
expressions for i1;(q) and b;(q)

i1i(q) = Kifi(q) — 3iRoKPjmn (R)[I{t) — HIL) — (I8 + H(IE))]
— Ro(RoP)H (k - (B)o)km KK (I — (110)y)
— RoeK;jPjn(K)Guiiii(q) + RoHe K Py (k) i (g)
+ iHRo(RoB)e (k - (B)0) KKt Gimbum (q)
— iHRo(Rop)e (k - (B)0)K;iKjk Nt (q)

Ro - . A
- Tkaiijk(k)[uk(k — &Gy, w) — ur(k + Gy, )]

Ro - A A
+ Tkatijk(k)[bk(k —ely, w) — bk + el y, w)]

— SiRo(Rop)H (k - (B)0)knKjKiilbi(k — £G, @) — bi(k + £Gp, )]

+ JiRo(Rof)H (ke - (B)oYknKiiKitl i (k — eIy, ) — ek + 6T, )],
(A38a)

iRoB(k - (B)o)KKiufi(q)

+iRo[Ky — H(Rop)*(k - (B)0)*KyKKulkm I — (I

+ 3Ro(RoB) (k + (B)0) KKk Piomn (K) [y — HI) — (I8 + H(I)]

— iRo(Rop)e (k + (B)0)KyjKjPim (k) Gruniln (q)

+ iRo(Rop)He (k - (B)0) KKk Pion (k) Iynbn(g)

+ Roe[Ki — H(Rop)* (k - (B)0)*KyjK;xKia]Gimbm (q)

— Roe[Ky — H(RoP)* (k - (B)0)*KiKxKia] Dimim (q)

— YiRo(Rop) (k - (B)0)kmKjKjPra (k) ity (k — &Gy, ) — iiy(k + £ G, )]

+ %iRo(ROﬁXk  (B)0)kn KK Pry()[by(k — €Ty, ) — by(k + €Ty, )]
1RolKy — H(RoP)*(k - (B)0)*KiKjxKialkmlbi(k — € Gy, )

— b;(k + &Gy, w)]

+ SRo[Ky — H(Rop)* (k - (B)0)*KyKxKalkmlitn(k — Ty, w)

—uk +ely,, w)]. (A38b)

We now proceed to the next step of the renormalization procedure which consists of
a step-by-step elimination of infinitesimally small wavenumber bands from the Fourier
spectrum from the short-wavelength side. We introduce A,, which satisfies

M= - K1, (A39)

bi(q)

and, again, split the remaining fluctuational Fourier spectrum Az < k < A; into two parts
by defining new variables (but keeping the same notation)

0(k — )i (k, o) > i (k, w), (for 1 < k < A1), (A40)
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0 (A2 — k)it; Sk, w) — i (k, ), (fork < Ay), (A41)

and same for b and j‘ The equations for the fluctuations are also split, as in the first step
(cf. (4.26a,b) and (4.27a,b)), i.e. we have

(—iw + E,k®) i () = [~ (q) + iRoBH (k - (B)o)b7 (g)
— JiRoP i (O[5, — HI) — (I54)) + H(I, )]

A,
— YiRoPjyy (k) {QAU / d*q Wi (q)i, (g — q))e — (i, (@), (g — )]
A,] R R R R
—Ho,, / d*q'[(b;,(q)b; (q — q))e — (b (d)b;; (g — q’))]}
— RoeP;j(k)Giiti () + RoHePy(k) [iby (q)
Ro e A g <
- TPij(k)km[uj(k — &Gy, w) — uj(k~ + Gy, )]
R . .
1 TOP,-J-(k)km[bj(k< — 6T, ®) — bj(k= + &, )], (A424)
(—iw + EnkZ)lgf (q) —ix (/ll)ézjkkj@;f (q) = iRoB(k - (B)o)u; (q)
+ lROkJ[Hl(Iu<b<) _ (]Il(]u<b<)>]
A ~ ~
+ iRokegxcim / 0 102 B (q — e — (207 (g — 4]
+ R08G,~jl;j< (@) — Roe L7 (q)

R N
- 7" mlbi(k= — eGp, @) — bi(k™ + £Gy, )]

+ L klii (k= — el @) — (k= + ey, )], (A42b)

for the new long-wavelength modes and for the short-wavelength ones it is enough to write
iy (q) = Kif 7 (q) — %iRof(ijnm(k) [0 — HIGD — (1)) + H(I% )]

Pull) Sk =G 0) itk + Gy )
— Roe \ k WPk | - -
oy Ol @ - /" )[n(ﬁ—sGm,w) 7K+ 6Go, )
R
— =Py (L) — HIG1 4+ (Ad3a)
Vv

b7 (@) = iRoB(k - (B)0)KyKiufy (g) + iRoKiknn (L, " — (I "))
fitk™ — eIy, ) B Ffilk™ + T, ) j|

Ki - 1
— Roe—1T73,,f~ (q) + =RoK 1k
e imfy (@) + 3R0Ki m|:]/v(k>—8rm’w) Vw(k™ +elp, ©)

+ iRoK;tky J? 4 - - (A43b)

1 o .
Kie = 3 Oy + ey, Yo =y, — kK&, (A43c)
o
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~ 1 a

Kix = — ik —i— H(RO,B) (k - (B)o)ejiuk;, (A43d)
T e
3 H(RoB)?(k - (B)o)?
7 = 7o + TEOP) ;2 B, (Ad3e)

as the remaining terms indicated by the dots create negligible corrections within the kept
order of accuracy (we neglected terms of order o(Ro%) and O(Ro?* (RO,B)Z); the J-terms
will not contribute to the corrections in the equations for the means and in the following
calculation of corrections in the fluctuational equations we will neglect terms of order
O(Ro(Ro,B)z) in the above expressions for i, (¢) and l;f (g¢); we have also neglected

0((R0,3)4) terms in ya) Of course now (-). denotes conditional average over the second
shell (1p < k < A;) statistical subensemble.
According to the above remark, for the sake of the fluctuational equations, i.e.

calculation of the corrections from short-wavelength couplings of the type (&;I;; Ye —
(it,,b,7), all we need from the expressions (A43a,b) is

i (q) = %ﬁ(q) _iRop I HIO) 4 (Ad4a)
b7 (g) = iRop G- Bjo) i 5 (@) + iROKinkiJ0 + - . (A44b)
Yv

Repetition of the sub-steps undertaken in the first step of the renormalization procedure,
but with the modified expressions for the short-wavelength modes it (g) and l;l> (9), leads
to modification of the mean and fluctuational EMF (including the turbulent magnetic
diffusivities — mean and fluctuational) and the mean Lorentz force. However, it is quite
clear from the expressions (A44a,b) that the fluctuational turbulent viscosity remains
uninfluenced by the fluctuational EMF & at leading order and is thus unaltered with respect
to the previous step of the procedure (recall that we neglect the terms of order O(Ro(Rop))
in the fluctuational corrections (i, i, ). — (i, i, ) and (b>b>) (B;I;; )). The effect of
the fluctuational EMF & is pronounced in all the remaining short-wavelength couplings as
follows:

(i1:(q)b;; (g — @) — (i7,(a)b; (g — q))
iR0K,q(q — q R /
- %(’% — k) @38 (g — 4))e + O(Ro(Rop)), (Ad5a)
(a7 (@i (g —4))

= Ka(@Ki(q — q){f7 @7 (q—d))

Pjp(k - k/) P> NP> /
o g — g 2T @I @ = a))
Pip(K)

— Roe

=@’ Gl (q — a)F7 (@)

_ Rotky — k)Pjg(k — k') [(jf; @)y (k= K)” — Gy, 0 — o))

2yv(@) (g — 4) ik —K)> — eGp, w — @)
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@ik —K) 456Gy 0 — w’>>}

v ((k — K)> + 8Gp» w— o)

_ RokPy(K) [ (@ =gk —eGp. o)
2p(@)vv(g@ —4q) nwk” —eGy, o)
(f7 (g — gk + Gy, o)) 5

_ = 156Gy, ) } +o(Ro), (A45b)

(b7 (@b (g — 4))

= —(Rop)*(K' - (B))((k — k') - (B))Kir(q)Ki(q)

x Kin(q — ¢ Kun(q — q)(J7 @)F; (a - 4)

+ O(Ro*(Rop)?), (A45¢)
mn (117, (q)b; (q — 4))

= iRoBetm((k — k') + (B)0)King (4 Knp(q — 4 Kpi(q — 7 (@7 (q— q))

_ Rogekmnf(mq(q/)Knl(q - q,)np
v(q—q)

(f7 @ (a—4q))

(f7 (@)fi((k — K)” — eT , 0 — o))
Vo((k —K)> — ey, 0 — )

+ %ROfkmnkmr(q/)Knl(q B q/)(kq - k;) |:

@ik = k) el 0 — o) .
Wk —I)> +ely, 0 — o) } + o(Ro%). (A45d)

A.l. Renormalized fluctuational coefficients v, 11 and &
Making use of (4.28¢) and (2.12) we start by calculating the fluctuational EMF at the

second step
A
f 4L (@)B7 (@ — d))e — (@)D7 (@ — g
A d*q Kng(g — )
K90 [1(g)2

A q4,/ /
. d"q' Kng(qg —q)
—ROD1b‘,<v(q>€qsz€trw€mrl/ /o1 T; (q/)|2

v

+ O(Ro(Rop)), (A46)
and, substituting for K,,;(q — ¢'), from (A43c) one obtains

= iRODOEfV (q)éqstetrw/ (ks — k;)Pmr(k,)

(ks — k)k)

A
€ / &g L0 @7 (@ — D)) — @)D (g — 4]

Addg (g —q) (ks — K)Pur(K)
koo |y (@) Ply2(q — q) — (k — K')2a?]

= iROD()l;; (q)ékmnénstetrw/
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Adtq ik, — k) (ks = k)P (K)
ko0 [y (@) Ly (g — 4) — (k — K)?a?]
A dtq Yo(qg — q) (kg — kK,
Ko lyo (@) Ly (g — 4) — (k — K)*a?]
d*q/ it (ky — k) (ks — kK]
ko 1yo(@) Pl (g — ) — (k — K)?e?]
+ O(Ro(Rop)). (A47)

+ iRODOI;Z (q)ekmneqstetrwenuq /

— RoD; b; (@) €rmn€nst€rrwemrl /

— RoD, by<v (9) €kmn€qst€trw€mri€nuq /

Since

VT]Z(_q/) _ k/2a2 — (1(()/ + Enk/2)2 _ k/2 2 — _w/z + Erzlk/4 _ k/2a2 + Ziw/Enk/z,

(A48)
|y)72(_q/) _ k/2a2|2 — (60/2 _ E%k/ﬁl- 4 k/2a2)2 4 4w/2E%k/4’ (A49)
we introduce the following notation
- (k/) /oo o w/z +E%k/4 _ a2k/2 (ASO )
1 - oo w (wlz +E%k/4)[(a)’2 _ E2k14 +a2k/2)2 +4a)’2E%k/4]’ a
(K ” dw E2k/4 ok A50b
2(k) = foo (w 2 +E2k/4)[(a)/2 E%k/4 + Olzk/z)z + 40)/2E%k/4]’ ( )
which allows us to express the fluctuational EMF in the form
A . R R
iRk [ ' 10 6b; (@ = @)~ @7 (g = )
81Dy o Z1(A2)84 54
=-— RO%E, p— kb (q)
4
81tDo , 5. Ia(A2)84
Ro*& (iejkibi (4))
004
2
8nDy 5+ Il (/12)
+ =5 Ro? —— Gejkibg (@)
2
8nD Tr(A2)84 5~
_ ”3 LR« 2(012_)4 K2b5 (q)
4
+ O(Ro(Rop), k). (ASI)

This leads to the following expressions for the corrections to the fluctuational diffusivity
7 and the « coefficient

8‘JTD() VZI (/12)8/1 83TD1 VIQ(/lz)S/l

Sn=n1) —n) =— — , AS52
n=n(l) — 1) 3 o 3 4 o (A52)
. . . 8D . T1(12)84  8mDg  1r(A2)84
5 = G() — &) = —— s - TR (AS3)
K 3 P
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and we have returned to the dimensional variables (cf. discussion below (4.20)). It is now
clear that in all the following steps of the renormalization procedure no terms with a new
structure can appear in the fluctuational equations and thus we can now take the continuous
limit 54 — 0O of the obtain recursions, which yields

dn _ 8Dy . Z1(A)  8mD; . Ir(A)

- 3 N~ T3 e+ (A542)
dv 87D . Ti() 8Dy Tr(A
do _ _8aDi, 1D 8Dy Lr(D) (A54b)
da 3 g6 3 Yoo

The latter constitute the general form of renormalized recursion differential equations
for the fluctuational magnetic diffusivity 77 and the & coefficient. On the other hand, the
equation for the fluctuational turbulent viscosity can be obtained from (A27a)

v 2n*(5-o00), Do

i . A55
da 1502 v po0+2 (A35)

Given that we assume v and 7 finite (non-zero), the fact that we have written down the
differential recursion equations in the above form means that we are allowed to group
terms in the Ro—, Rof —expansions in the following way:

i = Ro*(fi + O(Ro(Rop))) + Ro*(f2 + O(Ro(Rop))) + - - . (A56)

In other words, at each Ro*" order we can take the leading-order form of the coefficient
next to Ro*" (neglecting the O(Ro(Rop)) terms) and we are left with a series of the form
>, f.Ro*". In this way we grasp the full leading-order dependence of the turbulent
fluctuational diffusivities and & on the wavenumber £ in the limit Ay < k < A by keeping

in the corrections from short-wavelength modes of the form Ro%f (¥, 7, &) at each step of
the renormalization procedure, where f(+) denotes here a function different for each of the
coefficients v, 77, &.

We start by considering the viscosity (A55) which is independent of 77 and &

di3 ; 212(5 — 00) Do

= — A\) SAGO+2 ’

s (AST)

which can be solved explicitly with a boundary condition P(A) = v,

272Dy (5 — 0¢) 1 1 13
f)(/l)=|:v3+9AV T "0( - )} : (A58)

500+ 1)\t~ pootd

and since, ultimately, we are interested in the limiting case A7 < k < A when the 0,4,
coefficient becomes irrelevant, it will be dropped in the following. In strong turbulence,
when A7 < A4 K A, we may expect

sy = (F0) "L AS9
V() = 3 B3 ( )

where we have substituted o = 3 since this value leads to the Kolmogorov-type scaling
for the kinetic energy — cf. § 5.1 and Yakhot & Orszag (1986).
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A.1.1. The case of non-helical turbulence D1 = 0
When the helical component of the driving vanishes, D; = 0, we have

bl
=0, T1(k)=coo—<r> A60a,b
& D= o (A60a.b)
and (A54a) takes the form
. .di 8n? D
G+ T =~ ° (A61)

da B

We take op = 3 and change variables according to (A59) in the limit A; < A < A, which
yields
oo dn y
w+n)— = 10v. (A62)
dv

The general solution of the latter equation obtained via the method of characteristics can
be written in the parametric form,

. (v — Co)a
n = aCos — —aja (A63a)
. vy — Co
v = Cps + P (A63Db)
where s is the parameter along the curve 77(D),
a=1WAT—1), a=lWaT+1), cp=1TD0 (A64a—c)

NZT
and Vg = V(s = 0), 179 = n(s = 0). General solutions are not attainable in the explicit form
(D), however, in the considered limit of small wavenumber 1 < A the turbulent viscosity

becomes large, which implies that the terms ~ s%/% are negligible and the solution of (A62)
takes the following simple form at leading order (a simple example with a/a approximated
by 0.5 may be helpful to get some bearings. In such a case (A63b) can be inverted with
the use of the Cardano’s formulae for a cubic equation. In the limit of small wavenumber
A & A one can neglect (Vg — Cp)?/ C(z) with respect to 203 /27C3, which implies that the
discriminant of the cubic equation vanishes. It follows that there is only one non-trivial
root s = V/Cy and hence 1y = avy at the leading order):

n=av. (A65)
We gather the strong-turbulence results for renormalized diffusivities with o9 = 3,
s = (T20) 7 L (BT L 4 ke, ass
v(k) = 5 @’ nk) =a 5 YR L=<k A, (Ab6ba—c)

and also provide the simple solution of the form 77 = av for the case of general o

1/3
. 272Dy (5 — 09) a
n=av(d) = [ 5007 D) JFICTESITER (A67)
where in general
a=1{ 20 (A68)
o2 3(5 — 09) ‘
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A.1.2. Helical turbulence with Do Ay, > Dy
In the case at hand the effect of D is weaker than that of Dy and we have |& |k < Vk?, 17k,
which allows us to write

T

Ti(k) ~ m, Ir(k) ~ —m. (A69a,b)
The expressions (A54a,b) simplify to
dij _ 872Dy & - (UU)(P + ) (4700)
da 3¢ v+ 17)2A7
da _ 8n°D ta— @+ (A70)
da 3 V0412
where we have introduced the length scale
Do =1 (A7)
D
The current limit is defined by
> 1, (A72)

which in tandem with |&|k < Dk, k> allows us to further simplify the magnetic
diffusivity equation

di 82Dy 1
a3 v+
The latter equation is the same as in the non-helical case (cf. (A61)), thus, in the limit
A < A K A, we can write down the solution in the form
n=av. (A74)

(A73)

Next we transform (A70b) into

d(%) 1 (& 10@(%)—(““)1
TJrE(E) ST dta? W (A7)
which in the limit A; < 1 < A has a solution in the form

10 v 10D

a= - = V. (A76)
2a+1¢  (2a+ 1)Dg
Verification of consistency shows that, indeed,
. 10 v . .
“=2a—+12 LKNd=avd < U > 1. (A77)
So that, finally, in the limit
BoAr _2mDo oy 4 < a <o, (AT8)
D LD -
we obtain
v(k) = A nk) = ad ak) = _1r 4 (A79a—c)
k4/3° k4/3° (2a + 1)Dg k#/3°
) 1/3
A= (TESDO> ,a= (/A1) (A80a,b)
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A.2. Renormalized mean coefficients v, 1, «, Q, Qp

Similarly to the case of the fluctuational viscosity, the mean turbulent viscosity at the kept
order of accuracy remains the same for both the non-helical and the helical turbulence,
and it is obtained from (cf. e.g. (3.19) with ¥ substituted for v)

dv 27%(5 — 00)Dy
— = 7 A8l
daA 1592(2)A00+2 (As1)

The solution of the latter equation in the case of strong turbulence takes the form

b=+ (nZDO)m ! (“ZDO)W L v (A82)
D=y A = D(A).
a3 i3
5 AL 5 AL

Next, we proceed to calculation of the mean EMF

A
€omn / a4 g E 5> (VD (g — )

= _iROIBkank/ - (B >0Kmq(q )Knp( q )Kpl( ¢1) |: ql(k/) + lk/g qukkli]

k'00

Roﬁgékmn Kni(— q)Flp
(@ (=4

, D
k/<70 mp(k ) + 1 Empkkk

Roe D Dy
_ WIZ:;P |:k"2) ml(k’) —|—1 Emlkkk:| [ nl(8F _ k/ —w )(1 n 18F X
Vv
w(—ely — K, —)(1 —iel, - x)] + o(Ro%). (AS3)

The algebraic manipulations needed to obtain the explicit form of the EMF are
cumbersome, but at this stage conceptually straightforward, thus, we now provide the final
result

A
8=ekmn< / d*gelkx—en / d*q (i, (q)b; (q — q)>>

8D E, dK 81Dy A g dik
= Z—LRoB(B) / 621 (K) + === Rop (B} / (K
A2 A2

3 k'o1— k'oo—4

e y ) )
+ (R HRoB B3 (B / 0K’ [DO“Iw(k) DTk )]

2 k/(T()—ﬁ k/(Tl—6
8Dy d(B), U E, dk’ , 8nD1 3(B), A g dk’
- 3 Ro 9%, €kmn o0—4 (k) - Ro 9%, €kmn o1— o1 —4 Z(k)
(A84)
where
o0 /’ k/
ILl(k/) =/ dev 2 _ 24 52 /ZfL21 - v2) 14,1272 (/2 12 1,04\2° (A85a)
—00 [(w —Enk + ack'?) —|—4E,7k o7 (@' + E5K'*)
fri(@ k) = Epk*[2E,E\K (EJK* — 62K + %)
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- Zw/z(E%k/4 +&2k/2 +w/2)](1::2k/4 _ &zka +w/2)

_|_ Z&Zk/Z(E%kM‘— _ &2]{/2 /2)[E2 k/6 VZEvk/4 _ (ZEU + Ev)w/zk/Z]’
(A85b)

T (k) = / T , YEICRLY) . (A850)
—o [(@? = B2k + 62K%)? + AE2K w1 (0 + EZK*)?
fia( k) = 2E,K*(E;K* — 62K + o) EZEK® — &°E k" — (2E, + E,)w?k?)
+ (ELKY — &K% — oD REENNEKT — &K% + o)
— 20 (EJK* + &K% + o). (A85d)
The curl of the EMF then reads

o, 0 A eon [ s
eRop leykax ekmn< / d*gelkx—en f d4q/<u;<q’>b;<q—q’>>>

87 E,dk'__ | Aogdk | -
_?Ro [Dl fh o= Il(k)+Dofﬂz woo—aL2(K) | (V < (B))i

8m 2 2
+ ?HRO (Rop)

A > / /
/ ! ¥ [DoaILz(k) B DIILl(k)] (¥ % ((B)2(B))];
1

5 k/0'0—6 k/o‘1 —6

9

87 A E, di/ A g dk :
+ 5 Ro? |:Do / co—a D1 K) + Dy f km_ﬂz(k’)] (VZ(B))i.  (A86)
A2 A2

Let us point out that, in the limit D{ /Dy < Ap,

. 00 E E K4 — w2
T (K) ~ 2B,k / do oo T 0 - (A%T0)
oo (@2 B2 + E20%2 E2E,(E, + EpkB
oo 2EEN® — (2E, 4 3E) Ek*0” + o E, +2F
ILZ(k/)%2/ dof —— 2 4 2 V43 Z n”z 42 - “2”(2 v“+ “n)j; 10°
e (@2 + E2k*)3 (02 + E2Kk4) E2E2(E, + E)2K
(A87b)
The Lorentz force can also be calculated using
Y i
/ digelxeninz (tf)it,-> q—4)
, Dy
= Ku(q)Ki(—q) k’ff Py (k) +1kT€kluk
4. (A88a)

A ) . R
/ d*qe®¥D (b7 (q)b7 (g - )

= (RoB)*(B) (B kK, Kix(q) Kim(—q)
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% Ki(q) Knn(—4) [kTPzn(k/) +ige Eznuk }

+ O(Ro*(RoB)?), (A88D)

where the dots indicate the terms proportional to V(U) which contribute to the mean
turbulent viscosity. Finally, we get

A A )
— ¢RoV . / d4q/ / d4q el(k-x—a)l‘) <”/‘tl> (q/)lf;tj> (q o q/))

167 HRo*(Ro 4V<B>2 VY(B)||D . dk/I K
—EF 0( ﬂ)|: T_(<> )( )][OLI k/00,4 Ql()

L adk
—D; /A T Qz(k’)} + o(Ro") + const., (A89a)

A A
S 4 4 i(k-x—wt) 7, 5
eRoHV - / d*q / d*qe'®* =D (b= (¢")b7 (q — )

6w _ (B)? _ Dy [ dK .
= 6= HR0*(Rop) |:4VT —~ ((B)-V)(B)] [7 /Al poo—a203(k)

b L GE dk’I . 5
! 1 ko3 04(K') | 4+ o(Ro™ (Rof)?), (A89D)

A A
IHRo / d*q / d*qe'®*=D (b= (q))b7 (g — ¢))

167 (B! [Dy [ dK L §E, dk/
= THRo (Ro /3)— [7 A = ———To3(k') — D1 A o1 Toa(K)
1 1

+ O(Ro*(Rop)?), (A89¢)

where
/EvEnk/4(E%k/4 _ a2k/2 + a)/2) _ w/Z(E%k/ﬁl- + O[Zk/z + (1)/2)

To1(kK) = / dw —
> (a)/ +Evk/4)2[(a)/2 _E%k/4 —1—0{2](/2)2 +4w/2E%k’4]

El

(A90a)
/ ° - EEK®—o’E N — QEK? + E kD)o
Z.Q2(k) = ./;oo dw (w/2 + Ezkm)z[(w/z E%km + azk/z)z + 4w/2E%k/4]’ (A90b)
. 3(k/) B foo i /E%k/4(E2k/4 k/2 +w/2)2 +a)/2(w/2 +k/2a2 +E72}k/4)2
Q e (a)/Z +E2k/4)[(a)/2 _ E%k/4 + a2k/2)2 + 461)/2E%k/4]2
00 2k12[(E2k/4 2k12 o 60/2)2 4 4w/2E2k/4]
Y " (A90c)
oo (w/z +E2k/4)[(a)/2 Ezk/4 +a2k’2)2 —i—4a)’2E,2]k/4]2’
00 (EZk/4 Zk/2)2 + (EZk/4 + 0[2/(/2)6()/2
IQ4(k/) = f /( 24 Ezk/4)[( 2 B2k 4+ o2k2)2 + 4 /2E2k/4]2' (A90d)
_ w w 1 o W' 1

It is clear now that following the steps of the renormalization procedure does not
introduce any new terms of an order lower than O(Ro*(Rop)?, Ro™) in the expressions
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for the coefficients O, Qp, n and @. In the limit 64 — 0, (A84) and (A89a—c) transform
into the following set of recursion differential equations (cf. (A26a—f)):

dQ 16w & y
5= ?Ro2 {Do o3 [Igl(/l) + IQ3(/1)] 6 —— [T () + Ey°Tpa(D] ¢
(A91a)
dQ, 64xn 1 1 & l.
d—f = 5 Ro {DOW |:IQ1(/1) - §IQ3(A)] —-Di5=5 [IQM — —Ep*Tp4(2) }
(A91b)
dE 8 Pl Pl
d_; = _?“Roz |:D /1”( )Il(/l) +Dlj‘( )Iz(/l):| (A91c)
de  8m | B0 & (1)
-3 Ro |:D Torm Z ) + Do/l IQ(/l)i|
8 Doa(D)Z2(1)  Di1Zpi(A
= ot op | XD - DD | 2 (A91d)

Finally, we solve the above set of differential equations, with the obvious ‘boundary’
conditions

E (A) =0, a(A)=0, QA =1, Q,A) =1, (A92a—d)

in the limit A; > ¢~ =D /Do. Returning to dimensional units (cf. (4.21a—e)), and
taking the limit 4 — Ay (with Ay < A), for strong turbulence with op = 3 and o7 = 5
one obtains for the EMF

T TT
Th)=—— D) =———— . A93
0= oo B = g (A93a)
T1 (k) ~ 25k> / T Viik! — o T (A93b)
~ w - )
Ll n o RN (@02 + VA2 T (0 + k®
o 2piPkS — (20 + 3)ikte? + ot (V + 27w
T (k) ~ 2 d = . (A93
LZ( ) -/;oo @ (w2+ﬁ2k4)3(w2+f)2k4)2 52;72(154_;7)2/(10 ( C)
i 8%°Dy 1 10 17 8x*Dy |1
dl T 31+ a)A2 |73 Qa+ D)1 +a)2e2 11/3 3(1 + a)A2 17/3°
(A94q)
do 40 (xDo\"T, 10 1
dl~ 30+ae\ 5 Qa+ D(1+a) | 27/3
812 [ Do (v + 27 D
S Doa2n) _ Difpp (A94D)
5 0220+ )27 v 4+ )’

926 A13-56


https://doi.org/10.1017/jfm.2021.707

https://doi.org/10.1017/jfm.2021.707 Published online by Cambridge University Press

Renormalization group analysis of the MHD turbulence

and hence with v, 17 and & given by (A79)

5= (AL aA _ 10D A
n=mn L) = —75, o = .
A (2a+ DDy 473

(A95a,b)

Note that the correction proportional to (B)? in the & coefficient vanishes, thus, in strong
turbulence, the effect of the Lorentz force on the a-effect is pronounced only at higher
orders. Furthermore, in the limit Dy Ay, > D we have

00 Pkt — w? T
To1 (k) ~ d - , A96
01() /_oo VR TR 4 ) 2R+ ke (A%6a)
0 v2v16 w72 712N\ 2
N vk® — 2nk* + vk )w b
Ton (k) ~ d - , A96b
02(k) / C @ + D2 + KD T 2025 + )2 (A365)
To3 (k) / T ! T (A96¢)
~ = , c
o oo (@ + N (@2 + KN T B + kS
00 1 (302 4+ 9017 + 877
Tou(k) ~ “2k4/ d = . (A96d
o) =K | e I W S T s k(A9
thus the Lorentz-force coefficients are
A~~~ gy~ 2Dy A (A9Ta.b)
~——In—, ~N——In—. a,
L 30 A POk 15 AL

It is of interest to point out that, in the case of weak turbulence, the mean diffusivities

and the @, Q and Qp coefficients are obtained from (A91a—d) with the integrals given by
(A93a—c) and (A96a—d) but all the fluctuational diffusivities replaced by the molecular
ones V = v and ) = n and with @ = 0.

As a final note, it is to be stressed once again that the entire renormalization technique
fundamentally relies on two important assumptions regarding the properties of the flow.
Firstly, we recall that the statistical correlations between short-wavelength fluctuations
of the order higher than second, i.e. terms of the type (i ﬁj?f”,j)c have been neglected.

Secondly, the limit of distant interactions (AS5) corresponding to an assumption of
ergodicity of the system has greatly simplified the calculations.
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