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Abstract

We prove two estimates for the expectation of the exponential of a complex function of a random per-
mutation or subset. Using this theory, we find asymptotic expressions for the expected number of copies
and induced copies of a given graph in a uniformly random graph with degree sequence (d,, .. .,d,) as
n— 0o0. We also determine the expected number of spanning trees in this model. The range of degrees
covered includes d; = An + O(n'/***) for some A bounded away from 0 and 1.
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1. Introduction

For infinitely many natural numbers #, consider vectors
d(n) = (dy(n),...,dy(n))€{0,...,n—1}".

Since we consider asymptotics with respect to n — 0o, we will generally assume that # is suffi-
ciently large and just write d in place of d(n), and similarly for other variables. Everywhere in the
paper we assume that

d(n) is a graphical degree sequence;

that is, there exists a graph on the vertex set {1, . . ., n} such that d;(n) is the degree of vertex j, for
j=1,...,n. Let G4 denote the uniform random graph model of simple graphs on the vertex set
{1,..., n} with degree sequence d. By G ~ G4 we mean that G is a random graph from Gg.

We study the occurrence of patterns in G ~ Gy such as subgraphs or induced subgraphs iso-
morphic to a given graph. Using this theory, we find asymptotic expressions for the expected
number of some more general structures, namely spanning trees and r-factors. Our aim is to pro-
vide formulae that cover sufficiently large and general structures so they could be subsequently
used to estimate moments and derive tail bounds for the limiting distribution of the corresponding
random variables.
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For any vector v = (vy, ..., v;), let
vl = max |y
j=1...t

denote the infinity norm of v. We also use this norm for functions with finite domain. We will use
the following parameters that depend only on d:

1 — d
d=— d;, A= R
ng n—1

" (1.1)
1
R=- di—d? s=|d—4d,....d,—d)|.
nj:ZI(] ) Ica Il

We consider the range of d which satisfy the following assumptions for some constant 1 € (0, %)

and some constant ¢ > 0 which is sufficiently small depending on #:

1

§<n'?"* and min{A,1-1}>——.
6n%logn

(1.2)
The set of graphs with degrees d satistying (1.2) is non-empty for sufficiently large ». This is
implied by the enumeration results in [10] and also follows directly from the Erdds—Gallai char-
acterization of graphical degree sequences [2]. The random graph model G is thus well-defined.

Let G(n, p) denote the binomial model of random graph, in which each edge is present indepen-
dently with probability p. Note that the degree sequence of a random graph from G(n, p) satisfies
8 < n'/?*¢ with high probability for any p = p(n). Our results show that counts of small sub-
graphs in G4 closely match those in G(n, A), but for larger subgraphs the two models diverge, and
correction factors that we will determine are required.

Let G and H be graphs with the same vertex set {1, 2, ..., n}. The number of copies of H in G
is the number of spanning subgraphs of G that are isomorphic to H. For given d, H, the random
variable Ny(H) is the number of copies of H in G when G is taken at random from Gg. The first
problem we consider is the expectation E Ng(H). If h = (hy, . . ., hy) is the degree sequence of H,
then we define

1< 1
j= j=

Note that m = nu; /2 is the number of edges of H. Define Aut (H) to be the automorphism group
of H, which is the set of permutations of the vertex set {1, . . ., n} that preserve the edge set of H.

Theorem 1.1. For any constant n € (0, %) there is some €1(n) > 0 such that the following holds for
every fixed € € (0, e1(n)]. Let d be a degree sequence which satisfies (1.2). Suppose that H is a graph

on vertex set {1, . .., n} with m edges and degree sequence h such that
142¢ 8 s —1/2+ 1/2+4¢
m<n T Wgn T and ||h|<n . (1.4)
n

Then, as n — 00,

n! 1—A R
E N4(H) = TAut ()] A" eXP(T(M% +2u1 —2u2) — m(ﬂ% + 1 — u2)
1—22 1—21 12+
e > i+ O~y ).
jkeE(H)
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The result of Theorem 1.1 simplifies for graphs H with moderate degrees, as shown in the
following corollary.

Corollary 1.1. Suppose the assumptions of Theorem 1.1 hold for some fixed n € (0, %) and € €
(0, e1(n)]. Suppose also that (3 < A2nl/2H0 Then, as n — oo,

|

m(u? + 1 — pa) + O(n—1/2+">).

1—A
m 2
-~ 2y — 2 _
exp( o (ny +2m “2)
(1.5)

Furthermore, if (1 < n 3¢ then

E Ny(H) = A1+ O(n~ V24 4 a2y,

n!
|Aut (H)|
which matches the binomial random graph model G(n, A) up to the error term.

McKay [9, Theorem 2.8(a,b)] gave formulae for the number of perfect matchings and cycles of
given size in G~ G4 whend = (d, . . ., d) is regular (in other words, when § = 0). Applying (1.5)
in these cases (H is a perfect matching, or a cycle of a given length) reproduces these expressions
when d is regular, and generalizes them to irregular degree sequences. Kim, Sudakov and Vu [5]
obtained a result overlapping the last part of Corollary 1.1 for the case that H has a constant
number of edges and d is regular with d = o(n).

For regular subgraphs H, we have the following result.

Corollary 1.2. For any constant n € (0, %) and every fixed € € (0, £1(n)], the following holds as
n— 0o, where g1(n) is provided by Theorem 1.1. Let d be a degree sequence which satisfies (1.2).
Suppose also that h < n*¢ is a positive integer and nh is even.

(a) Let H be an h-regular graph. Then

E Ng(H)

n! 1—X h
laut(q) " P ( g =2 =55, 40 )>

(b) The expected total number of h-regular spanning subgraphs of G ~ Gg is

V2 (2am\" -1 1-2x Rh .
- _ _ -~ ) — —1/2+n
(h!)"( e ) eXp( 4 4) h(h =2) 212n+o(n ))'

The proofs of Theorem 1.1 and Corollaries 1.1 and 1.2 are given in Section 4.

Our second main result concerns the expected number of (labelled) spanning trees in Gg.
This extends, and corrects an error in, a result of McKay [9, Theorem 2.8(c)]. McKay consid-
ered the regular case only, and gave the first term as 7(1 — A)/(21). However, the correct value is
—(1 —1)/(21), as below.

Theorem 1.2. For any constant n € (0, %) there is some €,(n) > 0 such that the following holds
for every fixed € € (0, e2(n)]. Let d be a degree sequence which satisfies (1.2). Then, as n — oo, the
expected number of spanning trees in G ~ Gq is

1—-Ax R
n" 2l exp(—— - =+ O(n_1/2+’7)).
n
The proof of Theorem 1.2 is given in Section 5.
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Let G and H[" be graphs with vertex sets {1, ..., n}and {1,. .., r}, respectively. The number of
induced copies of H') in G is the number of induced subgraphs of G that are isomorphic to H.
For givend, H "], the random variable Nd(H [r]) is the number of induced copies of H [l in G when
G is taken at random from Gg4. Our third main result estimates the expectation Nd(H "]y when r is

not too large. If W=y, ..., h;) is the degree sequence of H "], then we define
r
o=y (hj—i(r—1)" fort>1. (1.6)
j=1
Let m= % ;:1 h; be the number of edges of the graph H "], Note that the automorphism group

Aut (HM)isa subgroup of the group S, of all permutations of {1, ..., r}.

Theorem 1.3. For any constant n € (0, %) there is some €3(n) > 0 such that the following holds for
every fixed ¢ € (0, e3(n)]. Let d be a degree sequence which satisfies (1.2). Suppose that H"isq graph
on vertex set {1, ..., r} with m edges and degree sequence h") such that

r<n'/?*  and A3(1 FSE Z|h —AMr=1DP <n7 V2, (1.7)

Then, as n — 00,

~ r. r_ -
ENd(H[rb_m( )Am“‘ DO exp (A + Ay + 4 + O™/,
where
w) Ra)z
Ag=— ,
0= T —an A=
_ (1 —=2A0)w; a)f
= 21 —Mn 41— )2
R rwy (1—21)ws3
_ _ _ =0 4e 1 2 ,
A I e e~ Ot (logn)?)
1 —2))R rop Yy (dj—d)y?
R ( )R j=1\" — O(n~1/3+n/3+4ey

22(1— A2z 222(1— A)2nd

For induced subgraphs of more moderate order, the terms A; and A; fit into the O(n~Y/2+m)
error term.

Corollary 1.3. Suppose the assumptions of Theorem 1.3 hold for some fixed n € (0, %) and € €
(0, &3(n)]. Suppose also that
(14 82/n) < A2(1 — A)*nt/2H,

Then, as n — oo,

- 7
ENgHM) = —— AN (1= )G exp (Ag + O(n~ /2 +0 1.8
a(H") = Aut (HT] ( ) (1—=2)""exp (Ag+ O(n ). (1.8)
Furthermore, if r < n/3=¢ then
7l
ENyHMN = — A (1 =)D (1 4 o~ V2 4 pel2)),
A = gy (1) 70 =07 4 0070 70

which matches the binomial random graph model G(n, 1) up to the error term.
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Note that assumption (1.7) is always satisfied if r<n'/3¢ and n= % The proofs of

Theorem 1.3 and Corollary 1.3 are given in Section 6.

Xiao, Yan, Wu and Ren [12] obtained a result overlapping the last part of Corollary 1.3 for the
case that H has constant size and regular d = (d, . . ., d) with d = o(n). The relationship between
the two random graph models G4 and G(n, A) was also studied by Krivelevich, Sudakov, Vu and
Wormald, who established concentration near the mean when r = O(1) and d = (n/2, ..., n/2);
see [6, Corollary 2.11]. The following includes their result as a special case.

Corollary 1.4. For any constant n € (0, %) and every fixed ¢ € (0, e3(n)], the following holds, where
e3(n) is provided by Theorem 1.3. Define Amin = min{X, 1 — A}. Suppose also that

logn

—1 °
min

r<2-—e)
log A

Then E Ng(H") — 00 as n — oo, and

N (H
Nf(H R 1| > ne/6 4 g~ V/6+1/3 ) = O(n~8/6 4 n=1/6+0/3)
ENg(HU) 7|7 '

Since a clique is a subgraph if and only if it is an induced subgraph, we can use either
Theorem 1.1 or Theorem 1.3 to estimate the expected number of r-cliques. Taking H to be K,
plus n — r isolated vertices in Theorem 1.1, or H [l — K, in Theorem 1.3, we obtain the following
corollary.

Theorem 1.4. For any constant n € (0, %) there is some €4(n) > 0 such that the following holds for
every fixed € € (0, e4(n)]. Let d be a degree sequence which satisfies (1.2). Then, as n — oo, for any
positive integer r such that r < n'/?*¢ and 83r* /(\3n3) < n™1/2¥N, the expected number of r-cliques
inGeGyis

n\ _ (r (1 — M) (r —3) R (1 —1)2+50)r _
(r) ’ exp( 2)n + 222n? 122212 +Oln )

The formula for the number of independent subsets of size r can be obtained from the formula
given in Corollary 1.4 by simply swapping the roles of A and 1 — A.

1.1 Outline of our approach

Our proofs are based on the asymptotic enumeration results of McKay [9]. To illustrate the nature
of our task, the proof of Theorem 1.1 relies on a theorem from [9], here quoted as Theorem 4.1,
that the probability of a subgraph H appearing in a fixed location in G ~ G4 has the form

P(d, H) = A" (dH) +0(1) (1.9)

for a certain function F. In order to find the expectation of the number of all appearances of
isomorphs of H as subgraphs, we need to sum P(d, H') over all H' = H. Clearly, this is equivalent
to finding the expectation of ef@”>M)+o() \where d is a uniformly random permutation o of the
entries of d.

Since the function F(d, H) in (1.9) is too large to allow useful expansion of the exponential, we
must estimate E e"@"H) directly. We do this by applying the theory of exponentials of martingales
developed in [4], which we summarize in Section 2. In order to facilitate similar applications in the
future, in Section 2.2 we prove some general theorems about the expectations of the exponentials
of functions of random permutations. Theorem 1.1 and its corollaries are proved in Section 4.
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The proof of Theorem 1.3 is given in Section 6. It follows by a similar argument starting from
[9, Theorem 2.4], which is quoted here as Theorem 6.1.

The first k entries in a random permutation form a random k-subset, so the same theorems
can be used to estimate the expectations of the exponentials of functions of random subsets, and
thereby functions of hypergeometric and multinomial distributions. We use this theory to prove
Theorem 1.2 in Section 5, as multinomial distributions appear naturally for counts of trees with
given degrees.

2. Expectations of exponentials

First, in Section 2.1 we review some notation and results from [4]. Then, in Sections 2.2 and 2.3,
we prove some auxiliary results which will help us to apply the machinery from [4] in the discrete
setting.

In this paper we will only apply the machinery of this section to real-valued martingales.
However, the complex-valued discrete setting is also covered in this section, in order to provide
bounds which may be useful for future applications. In particular, such bounds can be useful for
determining asymptotic distributions by analysis of the corresponding characteristic functions
(Fourier inversion).

Given a complex random variable Z, two types of squared variation are commonly defined. The
variance is

VarZ=RE|Z-EZ*?=E|Z* — |E Z* = Var RZ + Var JZ,
while the pseudovariance is

VZ=E (Z-EZ2)?*=EZ>— (E Z)*> = Var RZ — Var IZ + 2i Cov (NZ, IZ).

We will need both. Of course, they are equal for real random variables.

2.1 Complex martingales

Let P = (§2, F, P) be a probability space. A sequence F = Fy, . . ., F, of o-subfields of F is a filter
it Fo C--- C F,. A sequence Zy, . ..,Z, of random variables on P = (£2, F,P) is a martingale
with respect to F if

(i) Zjis Fj-measurable and has finite expectation, for j=0,...,n,
(i) E[Zj| Fi1l=Zj1forj=1,...,n.

Observe that Zi=E (Z,] .7-}] a.s.foreachj=0,...,n.
Let Z be a random variable on P. We use the following notation for statistics conditional on F;j,
forj=0,...,m

EjZ=E[Z] Fj
Vi Z=E[(Z-E;2)* | Fj] =E; Z2* — (E; 2)%,
diam; Z = diam [Z | F}].

Here the conditional diameter of Z with respect to o -subfield 7’ of F is defined as

diam [Z| F']= sup [esssup M ™2) | F'l+esssup [ —R(e ?2)| F1], (2.1)

Oe(—m,m]
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where the conditional essential supremum of a real random variable X with |X| < ¢ a.s. can be

defined (see [1]) by
esssup [X | Fl=—c+ lim (E[(X+0)"| .F/])l/r.
r—>00

When Z is real, we can restrict (2.1) to & = 0 and then diam [Z | F] is the same as the conditional
range defined by McDiarmid [7]. In the trivial case ' = {f}, £2}, the (unconditional) diameter can
be alternatively defined by

diam Z = diam [Z | F'] = esssup |Z — Z'|, where Z' is an independent copy of Z. (2.2)

For more information about conditional essential supremum and conditional diameter, see e.g. [1]
and [4, Section 2.1]. We will use the fact that the diameter and conditional diameter are seminorms
and so, in particular, they are subadditive.

The following first-order and second-order estimates were proved in [4, Theorem 2.7 and
Theorem 2.9], and are stated below for convenience.

Theorem 2.1. Let Z =27y, Z;, ..., Z, be an a.s. bounded complex-valued martingale with respect
to a filter Fo, . .., Fp. Forj=1,...,n, define

Rj=diam;_; Z;, Q= max{diam;_; E;(Z, — Z))*, diam;_; E; (RZ, — RZ)*}.
Then the following estimates hold.

(a) Eg €% = e%0(1 + K(Z)), where K(Z) is an Fy-measurable random variable with

|K(Z)| < esssup [eé Zim K |.7-'0] —1 as.

(b) Ege?r = fot3 Vo Zn(1 4 L(Z)e% Y 3Zuly where L(Z) is an Fy-measurable random variable
with

n
1 1 5 5
|L(Z)| < ess sup [exp(z (ERf + gRij + gRJ‘-l + 3—2Q]2>) ' ]-"0] —1 as.
j=1

The following lemma, proved in [4, Lemma 2.8], is useful for bounding the quantities Q; when
applying Theorem 2.1(b).

Lemma 2.1. Under the conditions of Theorem 2.1, we have

n
Ej (Zn—Z)*= Y Bj(Zk— Zj—1)’
k=j+1
for0<j< n
An important example of a martingale is made by the Doob martingale process. Suppose
X=(X1,...,Xy) is a random vector on P and f(X) is a complex random variable of bounded
expectation. Consider the filter Fo, ..., , defined by F; =0 (Xy, ..., X)), where 0 (X1, ..., X))

denotes the o-field generated by the random variables Xj, . . ., X;. In particular, 7o = {, 2} and
E, is the ordinary expectation. Then we have the martingale

Zi=E[f(X1,....,X) | Fil, j=0,...,n.
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It was shown in [4, Lemma 3.1] that for this case the conditional diameter satisfies the following

property:
diam; f(X) has the same distribution as §;(X1, . . ., Xj), where (23)
(Sj(xl, .. ,xj) =diam [ f(x1, x2, . .. 3 Xjs X1 - - - , X))l
Here the variables Xj, . . ., X, are random and x1, . . ., x; are fixed.
2.2 Random permutations
Let S,, denote the set of permutations of {1, ..., n}. We will write a permutation as a vector: if
w €Sy mapsjtowjforj=1,...,n, then we write w = (w1, @2, . . ., wy). For any w, o € S, define

wo0o =(Wg>-..>W0g,).

That is, o acts on w on the right by permuting the positions of w, not the values.

Now suppose X = (X, ..., X,) is a uniformly random element of S,,. Although the random
variables X, ..., X, are dependent, the Doob martingale process is still applicable: for a given
permutation w = (wy, . . . w,) € S, and the function f: S,, — C, define

Zi(@) =E [f(X) | Xj = wj, 1 <j<kl. (2.4)

The sequence Zy(X), Z1(X), . . ., Z,(X) is a martingale with respect to the filter Fy, . . ., F,,, where
for each k, the o -field Fy is generated by the sets

Qk,U:{wesnle:Uja 1<j<k}

for all k-tuples (o1, . . ., o) with distinct components. From now on we simply write Z instead
of Z(X), fork=0,...,n.

Since Z,, = Z,,— and F,, = F,—1, we will find it convenient to stop the martingale at Z,_;. In
the following we will use the notations of Section 2.1 for statistics conditional on F.

Given a function f: S, — C, we use the infinity norm

I /Il = max | f(w)].
wEeSy,
Foranyj,ac{l,...,n},and any w € S, define
DYVf(w) =f(w) — f(wo (ja)).
Here (ja) € S, is the transposition which exchanges j and a. Now, let

R ,
) — (ja) ; _
ol f,Sul=—— > IDVOS], 1<j<n—1
n Ja:j+1

n n
Al f> S = D ID*ODIDSY, 1<jER<n—1.

(n=1)n = a=j+1 b=k+1
Note that the parameters o and Aj satisty the triangle inequality:

Ol][f +f/> Sn] ga][f) Sn] +aj[f/’ Sn],

/ , (2.5)
ALf + £, 80) < Al Sl + Al S, Sul.
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The following lemma provides bounds on the quantities that arise in Theorem 2.1.

Lemma 2.2. Let X = (X, ..., Xy) be a uniformly random element of S,. Let f: S, — C and let
(Zo, Z1, . . ., Zn—1) be the Doob martingale sequence given by (2.4). Write ay = o[ f, Syl and Ay =
Ajk[f, Sul. Then

diam;_; Z; < aj, 1<j<n—1, (2.6)
diamj_1 Ej (Zk — Zk—1)” < 204 Ajs 1<j<k<n-—1 (2.7)

Proof. First, observe that Z; can be represented by a function of j arguments:
Zj(w) =fi(w1,...,w), ®ES,.
Recalling (2.2) and (2.3), we have

diam;_; Zj = max | fi(o1, . . ., 0j) — fi(o1, . . . ,aj,l,aj/)|,
where the maximum is taken over all j-tuples (o1, . . ., 0j) with distinct components, and oj/ +
01, . . ., 0j—1. By definition of f; and Z;, we have
| fi(on, ... o) = filot, ..., 051, 07)]
=E[fX)|Xi=01,... , Xj =O’j] —-E[fX)|X1=01,... » Xj—1=0j-1, Xj =Oj/]|
1 < ,
= ‘— Y EDVSX) | Xi=o1.... Xj=0; Xa=0]]|,
n=J a=j+1
since o] must occupy some position a € {j+ 1, ..., n} in o, and by symmetry each possibility is
equally likely. Therefore
(01,2 0) = fi01, - ., 031, 0] < Z IDYOf|| = o, (2.8)
a=j+1
which implies the bound (2.6) for diam;_, Z;.
Now we proceed to the bound for diam;_; E; (Z; — Zi—1)>. Define f: S, — C by
f(©) = (Z1(©) — Zi1(@))* = (fil@1, . . ., o) — fiet (@1, .- 1)
Since DU “)f(a)) is the difference of two squares, we have
DIV f(w) = f(w) — f(wo (ja))
= (Zi(w) = Zx_1(@) + Zi(w o (ja)) — Zy_1(w o (ja)))
X (Zp(w) = Zg—1(®) — Zi(w o (ja)) + Zx—1(w o (ja))).
Using (2.6) applied to f, we have | Z;(w) — Zx_1 ()| < diamg_; Z; and hence
1Zk(@) — Zy_1 () + Zi(w o (ja)) — Zx_1(w o (ja))| < 2 diamy_; Z < 2.
Therefore, applying (2.6) tof gives
diamj_1 Ek (Zk - Zk 1)2
< oylfs Sul = — Z IDYOF |
a=j+1
2
< 2k Z max | Z4(w) — Z1(@) = Z(@o(ja)) + Z1 (o ). (2.9)
n— ] a=jt1 weS,

In the remainder of the proof we work towards an upper bound on the summand.
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For any c€{1,...,n} and any permutation (k b), with 1 <k < b < n (either a transposition
or the identity permutation), write kb for the image of ¢ under the action of (k b). Given k €
{1,...,n}, define the set

={(b,C)|k<b#C<n}

of distinct ordered pairs with both entries at least k.
Now we consider two cases.

Case 1. First, suppose thata € {k+ 1, ..., n}. To begin, observe that

1
n—k)(n—k+1)

Zi—1(w) =

x Y EfX) | Xi=01. .., X1 =01, Xp = 0p Xe =04 (2.10)
(bo)el;

using arguments similar to those which led to (2.8). Next, let X=Xo (k b), which is also a
uniformly random element of S,;, and write

E[fXo(kb) | Xi=w1,...,Xk—1 = 0p—1, Xp =0k, Xc= wal
=E [f(X) |X1 =wis... ,sza)k, Xc(kb) :a),,].

Note that ¢/ = ¢k?) ranges over {k+ 1, ..., n} as c ranges over {k, . .., n} \ {b}. Therefore
1 > ELf(Xo (kb)) |X X Xy = 0j Xe =]
o =Wl .. X1 =p_1, Xp =i, Xe=w
n—K)n—k+1) 1 1 k—1 k—1 b k> ¢ a
(bC)EIk
X) | Xi=w1,...,X =0, Xg =w, 2.11
(n_k)(n_kH)Z Z [f&) X1 = k=0 q] (2.11)
b=k =k+1
1
Zm Z f(X)|X1=a)1, Xk—a)k,X/—a)u]
=k+1
=E[fX) | Xi=w1,..., Xk =0r] = Zk(w), (2.12)

similarly to (2.8), since the summand in (2.11) is independent of b.
Arguing as above with X = X o (j c) gives

Zi—1(wo(ja))
:fkfl(a)l,...,(l)j_l,a)a,(l)j+1,...,a)k,1)
. 1
T n—kn—k+1)
x Y E[fXo(o) | Xi=w1.. ., X1 =1, Xp =0 Xe=w,l. (2.13)
(bo)ely

Finally, let X=Xo (j ¢) o (k b), which is a uniformly random element of S,;, and recall that kb
ranges over {k+ 1,...,n}as crunsover {k, ..., n}\ {b}. Arguing as above gives
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1
n—k)(n—k+1)
x Y E[f(Xo(jo)okb) | Xi=wi,..., X1 =0k1, Xp =) Xc=0,]
(b€l

1
T —km—k+1)

X Z E[f()?) |)’Zl =a)1,...,5(:j_1 =wj-1, ija)u, )A(:j_i_] = Wikl s

(b€l
Xio1 = o1, X = op Xc(kb) = wj]
n—k+1 sz(“"’(f“) =Zk(wo (ja)). (2.14)
Combining (2.10)-(2.14), we find that whena e {k+1, ..., 1},
|Zk(@) = Zi—1(w) — Zi(w o (ja)) + Zk_1(w o (ja))]

. 1
S (n—km—k+1)

x Y ED*IDIYX) | X =1, ..., Kot = k1, Xp =0 Xe = 04]

(b,C)EIk
<Gz 2 IDEPDUA. (2.15)
(bo)ely

Case 2. Now suppose that ae{j+1,...,k}. Define z=0b if a=k, and z=a if ae{j+

1,...,k— 1}. Arguing as above, we have

Zi(w) = n——k—{-IZE[fXO(kb) | X1 =w1,. .., X1 = wp_1, Xp = wgl,

1
Zi—1 () = PRy ZE X)) Xi=w1,..., Xk =01, Xp = k),

Zr—1(wo(ja)= k+1 ZE[on(]z))le 1, .. X = g1, Xp = gl
1
Zlwo @)=y

x Y E[f(Xo(jz)o(kb) | Xi=wr,..., X1 = w1, Xp= .
b=k

Combining these, we find that whena e {j+1,...,k},

IDEPDUAFY (2.16)

1
1Zi(@) = Zi1 (@) = Zi(w o (ja)) + Zxa (@ o (a)l < - —
b=k
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Consolidation. Now we perform the sum over a. From (2.15) and (2.16) we have

D 1Zk(@) = Zg—y () = Ziw 0 (@) + Zg—1 (@ o (j a))]

a=j+1
- pkb) plic) (k b) 1(j b)
<— 2| fl+— ZHD DY
(bc)eIk
1 k-1 n
— p*bplayg), 2.17
+— Z D 1l (2.17)
a=j+1 b=k

using the fact that (2.15) is independent of a in Case 1. Replacing the dummy variable c in the first
sum by g, and observing that any term with k = b equals zero, we can rewrite the right-hand side
of (2.17) as

— Z ZHD""’)DWH Z Z IDEODIO| = (n — j) Aj.

a=j+1 b=k a=j+1 b=k+1
Substituting this into (2.9), we conclude that
diamj_l Ej Z, — Zk_l)z < 20 Ajk

as required. (|
Combining the bounds proved above with Theorem 2.1 gives the following.

Theorem 2.2. Let X be a uniformly random element of S, and let f : S, — C. Write oy = g (f, Sp)
and Ay = Aj(f, Sn). Then we have the following.

(a) E e/ = EfO(1 4 K(f)), where K(f) € C satisfies
1 Zn—laz
K(f)] <es Zm1 % — 1.
(b) E /00 = B2 VO (1 4 1(fex VorS D), where =31}, axAy and L(f)€C

satisfies

n—1

IL(f)Iéexp<Z (é ]+ oc],BJ—}— +§,3j2)) _

j=1

Proof. Let Z(X)=(Zy,Zi,...,Zy—1) be the Doob martingale sequence given by (2.4). By
applying Theorem 2.1 to Z(X), it remains to show that

Risaj Q<2
The first bound is given by (2.6) and the definition of R;.
Observe that D(j“)(iﬁf(a))) = S)%D(j“)f(a)) foranyj,ae{l,...,n}. Therefore
-9’thn]<aijn 1<j<n—1,
AR, Sul K Aplf.Sul, 1<j#k<n—1.
Using (2.7) twice (for f and %f), we find that both quantities diam;_; E; (Z —Z;_1)? and

diam;_; E; (RZ — MZ;_1)? are bounded above by 2a Ajy. Since the conditional diameter is
subadditive, we can apply Lemma 2.1 to obtain the remaining bound on Q;. O
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2.3 Random subsets and other discrete distributions

Using our estimates for random permutations, we can also apply Theorem 2.1 for functions of ran-
dom subsets of given size, as well as functions of random vectors with standard multidimensional
discrete distributions, such as the hypergeometric distribution or the multinomial distribution.
We now define analogues of the operator DU for these cases.

Subsets. Let 2[" denote the set of all subsets of {1,2,...,n}. For a given f: 21— C, and for
every A € 21", Jet

DYVf(A) =f(A) — FA®D (v a}),

where @ denotes the symmetric difference. Note that if [A N {j, a}| =1 then A & {j, a} has the
same size as A. Let By, ,, denote the set of m-subsets of {1, . . ., n}, and define

amax[fa Bn,m] = maX|Dg a)f(A)l)

where the maximum is taken over all A € B, ,, and all j,a € {1, ..., n} such that je A and a &€ A.
Similarly, define

kb j
Amax| f> Bym] = max| DY DY V£(4)),

where the maximum is over all distinct j, k,a, b € {1, ..., n}and all A € B, ,, such that j, k € A and
a, b ¢ A.Note that amax| f, Bym] and Amax| f, Bn,m] depend only on the values of f on the set By, .

Sequences. For a given function f: Z¢ — C, and for every x = (x1, . . ., x¢) € Z*, define

DY f(x) = f(x) — Fx),

where x” has all entries equal to those of x, except that the jth entry is increased by 1 and the ath
entry is decreased by 1. For positive integers ¢, m, define

N ={(x1,...,x¢) € {0, 1,2,...}£:x1+~~~+xg:m}.

Note that if x € Ny, with x, > 0 then x’, defined above, also belongs to Ny ;. (If x has any positive
entry then no other entry can equal m.) Define

cmaxLf Nen] = max| DY f(x)], (2.18)
where the maximum is over all x € Ny, and all distinct j, a such that x, > 0. Also, define
Amax|f, Negn) = max|D§ ¥ DY f (x)1, (2.19)

where the maximum is taken over all distinct j, k, g, b, such that min{x,, x;,} > 0 and all x € Ny ,,,.
Again, observe that amax[ f, Ne,m] and Amax[ f, Ne,m] depend only on the values of f on Ny .

Theorem 2.3. Consider any one of the following three possibilities.
(i) X is a uniformly random element of By, ,, where m < n/2.

(ii) X =(X1,...,X¢) is an Ng,-valued random variable with the hypergeometric distribution
with parameters ny, . . ., ng = 0 such that ny + - - - + ng = n > 2m, that is,

—1 ¢ )
P(X:(xl,...,xg))=<:1> ]‘[(Z{), (%1, - x¢) € Npy:
=1

7
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(iii) X=Xy, ..., Xy) is an Ny p,-valued random variable with the multinomial distribution with
parameters pi, . .., p¢ > 0 such that py + - - - + pg = 1, that is,
14 Xj

P(X = (x1,...,%))=m ]_[L' (x1, . ..,x¢) € No. (2.20)

With A = By, or A = Ny, and given a function f: A — C, let tmax = Omax| f> A] and Amax =
Amax| f> Al. Then we have the following.

(a) E S — eEf(X)(l + K(f)), where K( f) € C satisfies |K(f)| < €8 max 1,
(b) E ef ) = BfX+3 VIO (1 1 [(f) e2 Var X)), where L( f) € C satisfies

1
L(f)| <exp (2 Tt 6m 202 Amax +2mat 4= m amaxArznax) -1

Proof. First suppose that X has the distribution described in (i), and deﬁnef: Sy — Cby

f(a)l, oo op)=f(o1,...,0m}), ®eS,.

Let Y be a uniformly random element of S,. Observe that f(X) and f(Y) have the same
distribution, and hence

E/® gD, Efx)=EFY)

and similarly for Vf(X) and Var Jf X).
Letaj = og[f S,] and A]k = ]k[f Su] denote the parameters used in Lemma 2.2, defined with

respect to the function f and set S,. We will apply Theorem 2.2 to the function f Then the
bound (a) follows immediately from Theorem 2.2(a), since

Omax forj=1,...,m
aj <
0 forj=m+1,...,n

Next, note that ,Bj =0forj=m+1,...,n, and Ajk =0 if k > m. We now estimate Ajk when
j<k<m.

If b<m or a<m then D*? DU “)f 0, since f depends only on the set of the first m
components of the input permutation. Next, observe that if a = b > m then

ID%® DYVF|| < 20tmaxs
while if a # b and a, b > m then
ID%Y DIDF|| < Apa.

Therefore
2(n — m)omax + (n —m)(n —m — 1) Amax 2
(n—j)(n—k) n—m

Hence using Lemma 2.2 it follows that

/N

Umax T Amax.

Ajk <

2
Bj < (m _j)amax< Omax + Amax)
n—m
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forj=1,..., m. Using these bounds and the fact that 2m < n, we find that
n—1
=Y
S (e + Jeott 3t + 507)
j=1

1 1 2 - 5
< —mozfnax + 5 Olrznax<m(¥max + Amax) Z (m—j)+ gma;lnax
j=1

5, 2 P e 9
+§amax n_mamax+Amax Z(m_])
=1

1 1 2 2 5 4 5 3 2 2 :
éim max+6m O ax Amax + += mozmax—}—ﬁm Oax n_mamax+Amax
< 1 3 1 2.2 2
=X zmamax + gm amaxAmaX + 2lemax + m amaxAmax

We used the inequality (a + b)? < %az + 3b? in the final line. Applying Theorem 2.2(b) completes
the proof for when X has the distribution described in (i).

Next, suppose that X has the hypergeometric distribution described in (ii). Take disjoint sets
A1, ..., Ag with |A;j| = nj for each j. If we choose a random subset BC Aj U - - - U Ay with size m,
then X =(|BNAil,...,|BNAg|) has the required distribution. Now we can consider f(X) as a
function of B and apply case (i).

Finally, suppose that X has the multinomial distribution described in (iii). Apply case (ii) with
nj = [p;jt] and let t — oo. O

We remark that by giving tighter bounds on factors of the form m/(n — m) in the above proof,
the constants in the error term |L| for (b) can be improved. We do not pursue this here.

3. Moment calculations

Now we prove a lemma that will be used repeatedly in the following sections.

Lemma 3.1. Suppose u, v: {1,2,...,n} — R. Define the function WV =,,,: S, - R by

n

W(o)=> u(j)v(oj) foro €S,

=1
Let X = (X, . .., Xy) denote a random permutation uniformly chosen from S,. Define
n n
a= 0 i, V=10 v)
j=1 j=1

Finally, let
o= (max u(j) — min u(])) (max v(j) — min V(])) .
J J J J

(i) Then
EU(X)=ni7 and Ee¥® = QB W)+ Var W(X)+L

for some L € R with |L| < not + 11 nat
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(ii) Nowletu',v' €{1,2,...,n} — Randlet i/, V' be the average value of u', v, respectively. Let
V' =W, . Then

Cov (¥(X), ¥'(X)) = ﬁ ,221 (u(j) — )W () — i) ; (v(k) — V)V (k) — 7).
In particular,
Var ¥(X) = ﬁ Z (u(j) — i) Z (v(k) — )%
j=1 k=1

(iii) For distinctj,k € {1,...,n}, define Ej: Sp — R by
Ejx(0) = (u(j) + v(oj))(u(k) + v(ox)).
Then

E Ej(X) = (u(j) + 7)(u(k) +7) — n(nl_ ICELE
i=1

(iv) Forj,k,¢,me{l,...,n} withj, k distinct and £, m distinct,
O((llull + IIvID*/n)  if {j, k} N {€, m} =4,
Cov (Ej(X), Epm(X)) =
o((Jlull + lIvIDH otherwise.

(v) Fordistinctj, ke {l,...,n},
Cov (Ex(X), W'(X))

= % (' () — @) (k) + ) + (' (k) — &) u() + ) Y (V@) = V(' (a) = 7)

a=1
n O((IIMII + IIVII)ZIIM’IIIIV/II>
n
= O((Jlull + VD1 1IV'1D).
Proof. We calculate that
n n
EWX)=> u() Ev(X)=7 ) u(j) = niiv.

j=1 j=1

Next we apply Theorem 2.1(b) and Lemma 2.2 to the Doob martingale for ¥: §,, — R, as defined
in (2.4). Observe that for 1 <j < a < n we have

DVW(0) = (u(j) — u(@)(v(0}) — v(0a)).
Therefore ||D(j “)\If|| <o and o[V, S,] <a. When 1<,k a,b<n are distinct, observe that
D% Doy (5) = 0. Otherwise we can bound
ID*P DU < 2DV < 20,

which leads to the estimate Ay [V, Sy] < 4a/(n — j). Applying Theorem 2.2 and observing that

Bi < 4a? gives the stated bound on L. This completes the proof of (i).
For part (ii) we may assume without loss of generality that i1, v, &/, V' all equal, by shifting u, v,
u', v if necessary. This shifts the distributions of W and W’ but has no effect on their covariance.
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Next observe that forj, k=1,...,n,

Cov (”(I)V(XJ)> u/(k)v/(Xk)) — (Z v(i)v/(i)) u(]):/(k) (1 _ (n+1) lj;ék>,

5 n—1
i=1

where 1 is the indicator variable which equals 1 when j # k and 0 otherwise. Summing this
expression over all pairs (j, k) proves the first statement of (ii), and replacing W’ with W completes
the proof of (ii).
For part (iii) we calculate that
-2 1 - N =\2
E X)VX)] =¥ — - D i) -9,

i=1

from which (iii) follows.
For part (iv), it is not difficult to prove by induction on k that

E [v(X1)v(Xp) - - - v(X)] =7 + O™ ") [|vl|*  for k=0(1). (3.1)
This follows using the fact that for k > 1,

E [vX)v(X2) - - - v(Xi)V(Xpet1)] ZE (VXD)V(X2) - - V(X)) | X1 = 1] v(i),

after observing that the average of {v(j) | j # i} equals v+ O(||v||/n). It follows that

2
E Eg(X) = (u(j) + ) (u(k) +v>+o(””” ) (3.2)

n

Therefore Ej(X), E¢m(X), E Ej(X) and E Egp(X) are all O((Jlull + IvID?), from which we con-

clude that Cov (Ejx, E¢m) = O(([[u]l + (V]I )*), for any distinct j, k and distinct £, m. In the case that
{j, k} N {€, m} =0, it follows from (3.1) that

4
E [Eg(X)Eem(X)] = (u() + P)(u(k) + P)(w(@) + 7)(um) + ) + o(@)
The improved bound on Cov (Ejr(X), E¢em(X)) follows directly.

Finally we prove part (v). First we calculate Cov (Ex(X), v/(X;)) under the assumption that
i & {7, k}. In this case

E[memﬂ

=—ZE[ u(f) + vX)) (k) + v(Xy)) | X; = al v/(a)

_ / —v(a) nv — v(a)
_;;v(a)((u(])—f— Y )(u(k)—i-ﬁ)

1
- - b—'2>
(n—1)(n—2) b%ﬂ (v(b) —7)

=V (u(j) + v)(uk) +v) —

v —\2
gy g (W(b) — V)

u(j) + u(k) +2v <~ _ vl 1Vl
_—;v(a)(v(a)—v)+0< = )

nn—1)
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The second line follows from applying (iii) to the restriction of u, vto {1, ..., n} \ {a}. Subtracting
EEjx E V/(X;) using (iii), we find that

2|14/
Cov (Eg(X), v/(X))) = WZHM—V /@) — ) +O(”V“nyvn>-

n(n
Now suppose that i € { j, k}. When i = j, using similar calculations as above, we obtain

n 214,
E [0V ()] = - 3 () + v@) (k) +7) V(@) + o(w)

a=1
and hence

2114/
Cov (Ex(), V() = u<k>+le @9 -7+ o LAELDIL),
n n

A similar formula holds when i = k. Now summing over all i, we obtain the stated formula for
Cov (Ej(X), ¥'(X)), completing the proof. O

4. Subgraphsisomorphic to a given graph

If H is a graph on the vertex set {1, . . ., n}, let P(d, H) be the probability that G ~ G4 contains H
as a subgraph. The starting point for our arguments is the following result adapted from McKay
[9, Theorem 2.1]. We state it using the parameters defined in (1.1) and (1.3).

Theorem 4.1. For any constant n € (0, %) there is some €5(n) > 0 such that the following holds for
every fixed € € (0, e5(n)]. Let d be a degree sequence which satisfies (1.2). Suppose that H is a graph

on the vertex set {1,...,n} with m < n'*% edges and degree sequence h= (hy, . .., hy) such that
k| < n/?*1e. Then
P(d, H) = A" exp (f(d, h) + g(d, H) + O(n~"/>*")), (4.1)
where
(1-2) (1-2%)
S ) = ]+ 2 = 2p) = 5 s Z (dj — d)h

1 . 2 2
—i—WZ(dj—d)hj —WZ(dj—d) hj,
j=1 j=1

1

dH)=——— di —d — hj + Ahj)(d — d — hy + Ahy).

g(d, H) m—x)nZ.Z (d; j -+ Mhj) (e K+ Ahg)
jkeE(H)

Proof. Theorem 2.1 in [9] is stated slightly differently. It supposes two constants a, b > 0 with

a+b< % and the second part of (1.2) reads

n

min{d,n—d—1}> .
3alogn

If ¢ = &(a, b) defined in [9, Theorem 2.1], then (4.1) holds with the error term O(n?). To obtain
our formulation, take a =22, b= % —n and e5(n) = &(a, b). Clearly, for any ¢ < ¢5(n) formula
(4.1) also holds with the same error term, since all assumptions depending on & become more
strict. ]
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Lemma 4.1. Let A =Jg2, Ax € C be such that for each k, Ay # ¥ and SUP4ea, la] < 00. Suppose
ar = O(1) as k — oo for every sequence ay, ay, . . . with ay € A for each k. Then sup, 4 |a| < oo.

Proof. For each k there is some a;c € Ay such that |a§(| 2 Sup,ey, lal — 1. Now we have sup,.,|al <
supi>1layl +1 < oo. O

Remark 4.1. Lemma 4.1 will be useful whenever we need to sum Theorem 4.1, or similar the-
orems, over many values of the parameters. For fixed 7, there are only finitely many degree
sequences d and graphs H for each # that satisfy the conditions. Therefore, applying Lemma 4.1 to
the sets consisting of the error terms in Theorem 4.1 for these d and H, scaled by a factor n'/2~7,
shows that the error term is uniform over d and H. That is, there is a function C(7), not depend-
ing on ar/lzy other parameters, such that the absolute value of the error term is bounded above by
C(n)n=1/2+n,

In order to compute the expected number of subgraphs isomorphic to H, we must sum P(d, H)
over all possible locations of H. We will find it convenient to average over permutations of the
degree sequence d rather than over labellings of the subgraph H; by symmetry, this is equivalent.

For a permutation o €Sy, let d° =(dy,,...,d,,) denote the permuted degree sequence,
and let
(1—2), , (1—22) 1 «
= 201 —20n) — ——— — dy. — d)h;
flo) == (ud + 21 = 2p10) — = s+ le (do; — Al
R —
2 2
+ 2212 Z (dUJ' - d)hj - 22212 Z (dgj —d) hj’
j=1 j=1
1
gr(o) = i D" (do; — d — bj+ Mhj)(do, — d — hyc + ).

jkeE(H)

Since fi(0) =f(d°, h) and gy (o) = g(d?, H), Theorem 4.1 implies that the expected number of
subgraphs isomorphic to H in a uniformly random graph with degree sequence d is

!
(14 O(n~1/2+ny) m WM E [exp () + g (X)), (4.2)

where the expectation is taken with respect to a uniformly random element X of S,,. Here we have
used the uniformity of the error term O(n~'/2*") in Theorem 4.1, as explained in Remark 4.1.
Define

£1(n) = min {ss<n), %n} , (4.3)

where ¢5(n) is provided by Theorem 4.1. Before proving Theorem 1.1, we apply the results of
Section 3 to obtain the following expressions.

Lemma 4.2. Let n € (0, %) be constant. If assumptions (1.2) and (1.4) hold with ¢ € (0, £1(n)], then

(1-2x), , (1—232) R
Efm(X) = 2u1 —2 — — ,
fo Q) === (i + 201 = 2p2) = — 5 = 3 — o1
1—A _
Egn(X)=——— > hihg 4 O(n~ V21,
jkeE(H)

R
Var [f(X) + gu(X)] = m(m — u3) OV,
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Proof. We repeatedly use the following bounds in our estimates:
npy <2 R m < 2nDA/24e)  anq R <82 < it

The expression for E f,,(X) follows directly from applying Lemma 3.1(i) to the terms of f;(X).
(The first two terms are constants, the third and fourth term both give zero since the average of
do; — d is zero, and the fifth term of f, provides the final term in the expected value.) Similarly,
using Lemma 3.1(iii) and (1.2) we have
R

—Mni(n—1)

Egn(X) =
Jk €E(H)

which matches the given expression after applying the assumptions.
Recall that for real random variables X, . . ., X; we have

t t
Var|:ZXj:| = Z Cov (X, X).
j=1 jk=1

For all positive integers i, £, and for all jk € E(H), define the functions wih) Ej: Sn >R by

n
WO (o) =" (do — d)' hf
j=1
Ejx(o) = ((A — Dhj+ do; — ) (A — Dhg + do, — d)
forall o € S,,. Using Lemma 3.1(ii) with u(j) = h; and v(0;) = d(,]. — d, we find that
1 R(pa — pn3)  R(uy — i) _
V —\Ij(l’l) X — 1 — 1 O 1/2+T) .
ar|:)m X) A2(n—1) An +0(n )

Applying (1.4) and Lemma 3.1(v) with u(j) = (A — 1hj, u'(j) = hj, and v(j) = V'(j) = d; — d, we
obtain

Y Cov (WD), Eg(X))

jkeB(H)
= O(ur ([lull + VD 1/ V1) + RO. — 1) Z ((hj — w)hy + (h — 1)hy)
jkeE(H)
=O(7’l2+66).
Consequently
1 1
Cov| —wED(X), - —————Ex(X) ) = O(n~1/2H),
0V<M 00~ B0 ) = 0 ™24)
Observe also that
1
Var| - ———— E (X
ar[ A1 — 2 2. Enl )}

jkeE(H)

1
=m Z Z Cov (Ejx(X), Eie (X))

jkeE(H) iteE(H)

— 4
(m||h||0<((1 — IRl £ 8)Y) + m? O(«l NIED ))

n

21— a2t
= O(n~ /21, (4.4)
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This follows from Lemma 3.1(iv), using the fact that there are at most m||h| pairs of adjacent
edges of H and at most m? pairs of non-adjacent edges of H.

We can now verify that all the remaining contributions to Var [ f,(X) + gu(X)] are O(n—1/%+m),
Using Lemma 3.1(ii), we have

R
o [m P )} % =06/, (45)
1 ey (DR =R
Var|: 20%n? v (X)i| T win2n—-1) O(n ), (4.6)

where Ry = Z]’Ll (dj — d)*. For any two real random variables Z, Z' we have |Cov (Z,Z')| <

max{Var Z, Var Z'}, so the three covariances involving two of the quantities in (4.4)-(4.6) are also
O(n~1/2+1). The only remaining covariances are

11/(12)( )) R(ps — p1a2) —O(n _1/24,_,7) and

223n(n—1)

1
Cov| —w®V(x
Ov<kn &), 2)\2 2

1 (2 — ) Y0, (di—a)’
C —\Il(l’l) X , (2 1) X - _ ] -0 —1/24n ,
OV(Kn &), = )»2 DAY 223n2(n—1) (n )
using (1.4), since R < 82 and M% < u2 < 3. This completes the proof. O

Proof of Theorem 1.1. Define €;(n) as in (4.3). We will apply Theorem 2.2 to estimate (4.2). The
expected value and variance of fj + gi are given in Lemma 4.2. It remains to prove that

n—1

1 5 _
> (6 o + 0‘1131+ : +§:sz) = O(n~ /241,

j=1

where o = o[ fi + gu, Sul, Bj = Zk it axAjand Ay = Al fu + gu, Sul-
Without loss of generality, we can assume that

hiy=2hy>--->h,y,

We calculate that for 1 <j<a<n,

. 5h;
DV =0l ).
DY “ | (M

S 1—0 8h;
;(fn> Sul = Pk

Observe also that | D*?) pi@) full = 0 whenever j, k, a, b are distinct. Otherwise, for 1 <j<a<n
and 1 < k < b < nwith j, k, a, b not all distinct, we use the bound

Therefore

) ) Sh;
ID%Y DU g1 <2 DYDfy|| = O<TJ).
n

Thus

Aglfin S] = O —21
i 51=0(56,5)

https://doi.org/10.1017/50963548320000498 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548320000498

Combinatorics, Probability and Computing 481

Next we need to consider gy, and calculate that

; (8 + h))*h;
IDY gy || = O<4),

Al = A)n?
since only the terms of gy corresponding to edges incident with j or a can contribute. This
gives us
(84 hy)*h 1
. S]l=0 —2 2L )=0 /2+4s.
a][gH nl <)L(1 — )L)n2> (n )

Suppose that j, k, a, b are all distinct, with j <a and j < k < b. If {jk, jb, ab, kb} N E(H) =0,
then

|D%? DYDgy | =0,

and otherwise

, (8 + hj)?
D*Y plidgy | = o ——L— ).
|| &l =0 S0

8 + hj)* hj
Ajklgn, Sn)] = O(ﬁ) (ljkeE(H) + n_—]k)

To see this, we recall that

Aplgm Sl = =0 Z Z ID®P DI gy

a=j+1 b=k+1

Therefore

and observe that there are at most h; choices for b > k such that jb € E(H). Also, there are at most

n — j choices for a: dividing the product of these by (n — k)(n — j) leads to the term h;/(n — k).

Similarly, there are at most /i choices for a > j such that ka € E(H), and then at most #n — k choices

for b > k. If jk € E(H) then there are at most (n — k)(n — j) choices for a, b, and there are at most

(n — k)hy edges with at least one end-vertex in {k+ 1, ..., n} (this counts the choices for ab €
E(H)). The ‘diagonal’ terms (where a = b or a = k) satisty

. . (8 + h;)?h;

(kb) ryja) Gy, 1 _ of O

D™ DYy || <2||DV¥gull = O(MI — A)nz)'

So their contribution to A k(8> Sn) is bounded by

o( (8 + hj)?h; )
M1 —=M)n2(n—j) )

Combining estimates above and recalling (2.5), we conclude

Shi

aj:O(k—ri+n_l/2+4£), 1<j<n,
Sh; (8 + hj)? h;

Ar=0 ] / 1, L)), 1<i<k<n

1= 2 (et + 7 25) ) 1<k

Using the inequality (x| + [y)* < 4(]x|> + |y]?) for each term of the sum, we get

_ s 3
_ 8713 _
1/2+4 _ 1/2+12
Z (( / ) )_o(—w Y ) 47)
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This is O(n~1/2t1) by (1.4) and our assumption & < %n. We now want to show that the other
error terms from Theorem 2.2 all fit inside this bound too.

Now
n—1 1
Z Lirern) < Z Tk <1+logn,
k=j+1 k=j+1
so Lemma 2.2 gives
n—1
=2 ) il
k:j—‘rl

_ 82hjz N 5+ hj)2 8 hj2 logn
AZn? A2(1—=)nmd

=0

82h2 5h4logn
kznz kz(l—) )

] h3 logn \?2
1—)»)712

2
( JH_I/M) )

n—1 n—1 Shi 3
ICTEDS O((/\—rf + n””‘*"") )

which is O(n=1/2+1), similarly to (4.7).
For the two remaining terms, note that

n—1 4 n—1 3
8h 8hj
2 :O —1/2+4s — 2 :O ] —1/244¢

J

Y N

@)

From this we find that

whenever the right-hand side is O(1), and furthermore both Z};l oz;1 and ZJ’;I ,sz are covered
by O(n~1/2+1), Applying Theorem 2.2 and using Lemma 4.2 completes the proof. O

Proof of Corollary 1.1. To show (1.5) we recall that, by assumption, s < A2n!/2* Hence

— Z (h + hp) = 3=O(n—1/2+'7).
]keE(H) JkeE(H)

To prove the second part of the corollary, we can use the bound R < 82 < n1*2¢ and observe that

1 < since each hj is a natural number, and p} < u; by the power mean inequality. O

Proof of Corollary 1.2. Part (a) is a simple application of Corollary 1.1.

To prove part (b), note that the argument of the exponential in part (a) depends only on the
degree h, and not on the finer structure of H, within the error term. Therefore, using the logic in
Remark 4.1, the expected number of spanning h-regular subgraphs is

Mo L= ey R ~1/247
G (n, h) A exp( o h(h—2) Z)LG—i-O(n ) ),
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where RG (1, h) is the number of labelled regular graphs of order n and degree h. From [8] we

know that
(nh)! W —1 3
RG (n,h) = (a2 202 ) exp| — 2 + O(k’/n) ).
Now apply Stirling’s formula and observe that h*/n < n=176¢ < n=1/24+1 by (4.3). O

5. Spanning trees

As another application of our results, we calculate the expected number of spanning trees of
G ~ G4 where the degree sequence d = (d, . . ., d,) satisfies (1.2). Recall the parameters defined
in (1.1).

5.1 Plan of attack
For some ¢ > 0, to be chosen later, define
D={(h,...,hy)e{,2,....n =1} hy+---+h,=2n-2},
Dgood = {(h1, ..., hy) €D: hy, ... hy <°),
Dpad = D\ Dgood-
Let 7 be the set of all labelled trees with n vertices. For h € D, let Tj, be the set of all T € T with

degree sequence h, and note that every T € T belongs to 7j, for some h € D. It is well known that
the number of trees with degree sequence h is

n—2
I7hl = (hl—l,...,hn—1> (5.1)

(see [11, Theorem 3.1]). Also define
Tgood= |J Tn and Toaa= |J 7T

heDgood heDypag

A tree is called good if it belongs to Tgo0d, and otherwise it is bad.
Our approach will be to write the expected number of spanning trees in a uniformly random
graph with degree sequence d as

Y P@AT= Y PET)+ Y P@ET) (5.2)

TeT T€7—good TERad

Theorem 1.2 follows immediately from Lemma 5.3, which counts good spanning trees, and
Lemma 5.4, which counts bad spanning trees. In fact bad spanning trees will turn out to be rare,
so the second sum will contribute a negligible amount relative to the first sum.

5.2 The expected number of good spanning trees

It will be useful to define a random variable related to the degree sequence of a tree uniformly
chosen from 7, or from 7j,. Since we are only interested in good trees, we will also consider the
truncation of these random vectors, where any entry larger than | n* | is replaced by [n* .

Lemma 5.1. Let X =(Xj,...,X,) be the degree sequence of a random tree uniformly chosen
from T. Then, for any fixed ¢ > 0, the following hold.
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(i) The random vector (X1 —1,...,X, — 1) has a multinomial distribution with parameters
m=n—2,k=n, A =---=Ag =1, in the notation of (2.20).

(ii) Next, consider a random variable Y € {0, 1,2, ...}", whose components are i.i.d. Poisson
variables with mean 1. For each y, we have that

P(X; =y1+1,...,Xn=yn+1)=P(Y1 =y1,...,Yn=yn|Y1+---+Yn=n—2).

(iii) Define the random variable Z = (Zy, . . ., Z,), where Zj = min{Xj, |n3¢ ]} for each j. Then,
uniformly over j # k,

EZj=2+0(n""), EZ =5+0n"),
VarZj=1+ Oo(n™Y), Var Zj2 =274+0(n""Y), Cov (Zj, Zy) = —n 1+ 0om?).

Proof. Statements (i) and (ii) are well known and follow easily from (5.1).
For (iii), note that the probability generating function of X is

pE) =D ITal & =n"" 2y ey A x)"
h
This allows computation of small moments of X, for example
0 2
EXi=—plx =2--.
1 axlp( a1 ”
The differences between small moments of Z and the corresponding moments of X are within the

given error terms. To see this, we can set all but one of the arguments of p(x) equal to 1 to find the
distribution of the degree of one vertex. Thus we find that P(X; =¢) < 1/(t — 1)! for t > 1 and so

P(Z #X)<nPX, > [n*])= o(e_”3£).

Statement (iii) follows. O
The following result from [3, Section 3] will be useful.

Lemma 5.2. Let ¢1, . .., ¢, € R and let h be a sequence such that Ty, # (). Then

Flm > Y h= ((ém)(i(m—n@) - (; (hj—1)¢j2))

TeTy jkeE(T) P
and
1 1
2= X om)-eo(x-mg T 3 an)
" reT, jkeE(T) W T, jkeB(T)

for some K with
1 4
K| < —n | max |¢;| — min |¢@; .
IK] 3 ( ; &5l ; |¢]|>
Define

1
£2(n) = min {85(17), gn}, (5.3)

where ¢5(n) is provided by Theorem 4.1.
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Lemma 5.3. Let n € (0, %) be constant. If assumption (1.2) holds with € € (0, e2(n)], then the
expected number of good spanning trees is

1—A R

Z P(d, T) =n""2 A" lexp[ ——— — +O(n~ /7y ).
20 2)2n

TEEood

Proof. For a good tree T, we can apply Theorem 4.1 to estimate IP(d, T). The function f(d, h) in
Theorem 4.1 depends only on h, not on the tree T itself. We can ‘average out’ the contribution of
g(d, T), which depends on the structure of T, using the function g(d, h) defined by

- 1
L) _ 2 L@
| 7nl
TeTh

Then we can write
> P, T)=1"" exp (f(d, h) + O(n~/>T7)) 3~ 84D
TeTh TeTh
= 2"V | Thl exp (f(d, h) + g(d, h) + O(n~1/2+1)).

Define
b= dj—d—hj-i—)nl’lj
g nyA(l — A)
for j=1,...,n. Using Z;lzl (di—d)=0, ||| <n** and |Y ", hjaj| = O(n maxj|a;|) for any
ai, ..., ay, the first part of Lemma 5.2 gives
1
L by — O(n—1/2+28y,
T > | > ¢idr=0( )
Ty jkeE(T)

Combining this with the second part of Lemma 5.2, we find that g(d, h) = O(n—1/2+2¢) The
assumption ||| < n* and the fact that j; =2 — 2/n for a tree imply that

1—x, , (1—22) R 5
— W+ 2m) - —— u3+2m22(dj—d)hj
j=1

2(1— 1)

+ O(n—1/2+88 4 n—H—lOs).

Applying Theorem 4.1, we have, since & < én,

> P@T)=1+0n /et Y ( e )ef*(d”‘% (5.4)

s b h—1,..., hy—1
where
20—2) 1—2 R 1 <
*(d, h) = — — di — d)*h; + — d; — d)h;.
frd by ==— TR 2“"2]»_21(’ )]+Mj_21(, h

We now rewrite (5.4) using the random variable Z defined in Lemma 5.1, by extending the sum
over Dgqoq to all of D, as follows:

3 P, T)=n"2pn 00 (R @) R (1, e @2)), (5.5)
Te,Tgood
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Applying the estimates from Lemma 5.1(iii) to f*(d, Z), we have

Ef*(d, Z) = ——— — — + O(n~1/>*7),
. " (5.6)
Var f*(d, Z) = 7t O(n=1/2+m),

Observe that by Lemma 5.1(i), f*(d, Z) can be written as a function of a multinomial distribution:
P2 =fX—1,...,X, — ).

We will apply Theorem 2.3(iii) to the functionf Recalling (2.18) and (2.19), we calculate that
Omax = O(n~1/2128) and Apax = 0. Therefore, using (5.6),

* 1—A R
(d.2) _ _ _ —1/2+
Ee/ @) = exp< gz, T O ")). (5.7)

Next we bound E [1p,, def "(42)]. From the definition of f we have f*(z) S}A‘(z) for all z €
{1,2,...}", where

2 1<

f@=5+ J; (d; — d)z;.

For o €S, define
=241 w,-a
() =—+ — - —d)z;.
Y % /

We now apply Lemma 3.1 to estimate

1 A~
- Z ef7@ forze{l,2,... )"
n

T oeS,

Defining

and Vi =z

for j=1,...n, we find with respect to a uniformly random permutation o € §,, that fg (z) has
expectation 2/A and variance at most

R n
2
—— ) =z
A2n(n—1) JZ; ]

The parameter o required by Lemma 3.1 satisfies o =O(n~'/2*4¢/)). Consequently, by
Lemma 3.1(i),

1 Z n
— Y @ = o) 1T, (5.8)
" oeSy,
where
Co R
T 2%n(n—1)
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Since Dgood is invariant under permutations of the components, E ef@ isa symmetric function
ofdy,...,d,. Therefore

. 1 P n g2
E [1p, ,e/P] <E[1p, e/ ?)] :]E[lpbad; > ef“(z)i| = O(¥/*) E [1p,,, ¢ == 5],
ToeS,

Next, note that Y; + - - - + Y, has a Poisson distribution with mean #, and hence, by Stirling’s

approximation,
e nn—Z
P(Y1+ +Yy=n-2)=———=0(n"""?).
(n—2)!
Applying Lemma 5.1(ii), we obtain
]P)(Xl =y + L..., X, =yn+ 1) = O(nl/z) P(Yl =Vl > Y, Zyrt) (59)

Therefore

n . . 3e 12
E [1p,,e/ @] = 0 n'2) Y P(Y=(p1,..., ) e 2 M0 LY,

Yloe)n
where the sum is restricted to sequences (y1,...,y,) of non-negative integers such that (y; +
L...,yn+ 1) & Dgood- Recalling that the components of Y are independent, we can separate the

sum and use the union bound on the constraint. This gives

E [1p,, e/ @] < O n*?)(Z) + 2,)" ' 2,

where
L] el 5 el e
21 = Z _! eC(}/-H) and 22 = Z 7 eCVl X
y=0 y=Ln¥*]+1
Since
=1
_ —1+2¢ /92 1. 2_
C=0(n /A%) and Zj!(]+1) = 5e,
j=0
we conclude that
L)1 o1
=y — (1+ Cly+1)* + O(n™>F17)) = 1+ 5C + O(n™>*17%), (5.10)
=
== 0.
Therefore
E [1p,,e/ D] = 0(n*/?) exp (2/1 — n** + O(n* /32)) = O(e ™" /?), (5.11)
Combining (5.5), (5.7) and (5.11) completes the proof. O

5.3 The expected number of bad spanning trees

To complete the proof of Theorem 1.2, it remains for us to bound } ;7.  P(d, T). Note that we
cannot use Theorem 4.1 directly since T fails the required degree bound. However, we can choose
a subgraph F C T to which Theorem 4.1 applies and use the fact that P(d, T) < P(d, F).
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Lemma 5.4. Let n € (0, %) be constant. If assumption (1.2) holds with & € (0, e2(n)], where e2(n) is
defined in (5.3), then the expected number of bad spanning trees is

> P, T)=n""2 A O(e™"/?).
T€7—bad

Proof. Let T be a bad tree. Define F(T) to be the set of all subgraphs of T that have maximum

degree at most #°¢ and at least n — 1 — ZJ , max{0, x; — n**} edges. Since one such subgraph

is obtained by deleting max{0, x; — |[n* |} arbitrary edges incident with each vertex j, we have
F(T) # (. We also have that for any permutation o of the vertices, F(o(T)) = o (F(T)). Since
g(d, F') = O(n*¢ /1(1 — 1)) for all F' € F(T), using Theorem 4.1 we can write

Z P(d, T) < ek_l(l—k)_lO(nzg) Z )Ln—l—zj';l max{0,x;—n%} Z fz(F/
T€Tbad T€Tvad |F(T F'eF(T)

where z(F') is the degree sequence of F' and jAf is defined as before. The expression on the right is
a symmetric function of d, so we can average it over all permutations of the elements of d. The
same calculations that led to (5.8) show that

— Z e GE) Z/A)eczjﬁlmin{xj,n}s}z‘
' o€S,
Therefore
> P@,T)
Teﬁad
< ek—l(l—k)—lo(nza) kn—l Z A Z?:l max{O,xj_nSS}eC Z?:l min{xj,n“}z
~
T€7-bad
< e)u—l(l—)\)—lo(nk) )\fl—lnn—z
* Z PY = (1, .., ya)) A~ 2im MOy 1) (OO minlyy L)
PRI
using (5.9). As before, the sum is restricted to those sequences (y;,...,y,) of non-negative

integers such that (y; + 1,..., y4 + 1) & Dgood-
Separating the sum and applying the union bound, we have

n . _.3e n B . 3612
Z P(Y =1, . ym) A > max{0,yj+1-n>) eCZj:I min{y;+1,n°} <n(Z + Eé)n_lzé,
Yisee)n

where X; was defined earlier and

Therefore, using (5.10),

1
Z P(d, T) < A" 1 n"2 exp <—n35 + A7 4+ —O(n28)>
Al —A
Telﬁ)ad
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6. Counting induced subgraphs

Recall the parameters defined in (1.1). In this section our starting point is the following result
adapted from McKay [9, Theorem 2.4] in the same way as Theorem 4.1 was adapted from
[9, Theorem 2.1]. We require notation that generalizes (1.6):

;
wg =Y (dj—d)’(hj—(r— 1)) fors,t>0.
j=1

Theorem 6.1. Let n € (0, %) be constant. Then there is a constant g¢(n) > 0 such that the following
holds for every fixed e € (0, es(n)]. Let d be a degree sequence which satisfies (1.2). Suppose that H'"l
is a graph on the vertex set {1, . . ., r} with degree sequence h'") = (hy, . . ., h,) such that r < n'/*+¢,
Then the probability that G ~ Gg has H') as an induced subgraph is

A1 —2)@-m
20)1,1 — w2 r? (1 — 2)\.)600,1 4w ,0wo,1 — 600 1 20)1 0

XeXP( 2(1—mn 2n | 21— n (1 —

+

rQo11 — w0 —wo2) (1 —20)(wo3 + 3wy,1 — 3wy, 2) O(n=1/2+1)
21(1 — 1)n? 612(1 — 1)*n? ‘

Now, for a given permutation o € Sy, let
o o)-Z (do; — d)* (hj — A(r — 1)),

Note that wo (o) is independent of o and equals w; from (1.6). Let finq: Sn — R be defined as

ind(0) = 2010(0) —wy  * | (1—20Nw1 | 4w10(0)w) — o] — 20 (0)?
Jnd@) == T T T i — 41 = nn?
rQwi1(0) = w20(0) —@2) (1 = 20) (@3 + 3w2,1(0) = 3w12(0))
20(1 — Jyn? 622(1 — 1)°n? '

Observe that the considerations of Remark 4.1 apply to Theorem 6.1. Thus we find (under the
assumptions of Theorem 6.1) that the expected number of induced copies of H!") in a uniformly
random graph with degree sequence d is

~1/24n r! m 1 _ G =m @ [ pfinaX)
(1+0O(n ))|At(H )|(>k 1—=2x) E [¢/nd*)]] (6.1)

where the expectation is taken with respect to a uniformly random element X of S,,.
In the proof of Theorem 1.3 we will use the following bounds given by the power mean
inequality:

8 ! 5 ! 1/3
L N =D <P S - —DP)
x(l_x)n;'f (r=i<r x3(1—x)3n3];'1 (r=1l

4 r 23 (6.2)
> > "l —ar =D <3 5 e 1) /
m]‘=1|]_ (r=1DI"<r (Ml_—wg|]_ (r— )|) .
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Before proving Theorem 1.3, we apply the results of Section 3 to obtain the following
expressions. Define

£3(n) = min {sm), %n} . (6.3)

Lemma 6.1. Let n € (0, %) be constant. If assumptions (1.2) and (1.7) hold with ¢ € (0, e3(n)], then

2 2 2
W) r (1—2M)w, w] r“R
Efig(X)=—— 2 _
JindX) = =27 G—n T on T —n (=2 2n(l— 2
_ rey  (1-20w3  (1-2M)Rw T o,
(1 — 02 6x2(1 — a2 222(1 — A2
Varfug() = RO _TAD G
indW =020 — 22 22(1— A)2nt :

Proof. We will often employ the bounds R < §2 and [hj —A(r—1)| <7
In order to easily apply Lemma 3.1, we extend the sum defining w; (o) to n terms by appending
Zeros:
n

a)S,t(O) = Z ujvo'ja (64)
j=1
where, forj=1,...n,
(hj —A(r—1))" ifj<r,

uj= and vj=(d; —d)".
0 ifjizr+1,

When applying Lemma 3.1, it will be convenient to use the identity

n n
> w() — W@ () — @)=Y uiyu () — niil .
j=1 j=1
If u(j) = q]].‘ and v/(j) = q]? forj=1,...,n, for some sequence (g, . ..,qn) € R" and k, t > 0, then

we can apply the power mean inequality to bound this expression by O(1) Zj":l |qj|k+t.
By Lemma 3.1(i),

E [w5(X)] = (Z (dj — d)S) ( D (hj—a(r— 1))f).
j=1

This implies that E [w,+(X)] = 0 for any t > 0, and that

Crape(X) ] R (1 =201 (X0 (1 —=2MRw;
201 —n2 | 201 —)n?’ 202(1—A)2n2 | 2x2(1 — A)2n?’
Finally, applying Lemma 3.1(ii) shows that

E [1,0(X)*] = Var [w1,0(X)]

=itz (1) we-n(7))

= O(Ryr),
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again using the fact that [E [w; ¢(X)] = 0 for the first equality. Therefore
w1 ()(X)2 Rr —1/2 _
El-————————|=0 —— ) =0 2448y = O(n~ /7)),
[ 20(1 — )2 (1 — yn? (n )= Ol )

Combining the above expressions and estimates leads to the expression for E fiq(X).
Now for the variance. From Lemma 3.1(ii) we have

nR a)2 (w3 + w?)
Var [w1,1(X)] = p— (a)z — 7) Raw; + O(Tl) (6.5)
Combining (1.7) and (6.2) gives
2 4/3.,—1/3+2/3
__Rop (PPN i,
22(1—2)%nd n
1/3,—1/34+2n/3
__Ren _ (IPaTIPTRN e,
AZ(1 —A1)2n3 n

Therefore the first term of fig has variance

Var|: w1,1(X)
A1 —=X)n

sz —1/2
— le) /24y,
:| T + O(n )

Also

ra)l,l(X) _ I’ZR w) _ 5275 . —1/2+4
Var[x(l - A)n2:| - O(x2(1 oy n4> - O<A2(1 EpYE n4> =0

Using Lemma 3.1(ii), we have the following rough bound:

Var [y, (X)] = O(8% r#111). (6.6)
Hence
v r[%: - O()Lz 1 _)\)2 4> — O(n~ /2y,
h r|:)»r(1w2—’—0)(»))(r)12: - O()Lz 1 _)\)2 4> =O0(n 1/2+n
Var[ma;z;l—%: B O<)»4 1 —x)4 4) = O(n™1/2%m),
v r[)@(?—z—())f)lnz: ZO(M Ty 4> o(n=1/2+m),

The final variance that we must calculate is Var [w; o(X)?]. We have

4
Var [w1,0(X)*] < E [w1,0(X)*] Z(Z(% d)) ((”)4 (Z (dk—d)>. (6.7)
: k=1

oS,

Note that the second term is 0 since Z,’ézl (dx — d) = 0. Expanding the right-hand side of (6.7) as

E| Y clinizis, ia)di, —d)(di, — d)(diy, — d)(d, — d)}

i1,i2,13,i4=1
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we find that c(iy, iy, i3, ia) = 0 if i, ia, i3, i4 are distinct. The part
r 4
(X -)
j=1
has r* — (r)4 = O(r*) other terms while the part

(7’)4 <Z (dy — d)>

has n* — (n)4 = O(n?) other terms. Therefore
Var [w;0(X)?] = O(r*8* + r*8*/n) = O(r*8*),
which proves that
w1 O(X)2 ~1/2
Var| ———— | =0 /24y,
ar[zx(l “y | T

Hence we see that only the first term of fi,q(X) has non-negligible variance. It follows that any
covariance which does not involve the first term will automatically fit within the O(n= Y%ty error
term. We now compute the remaining covariances. Lemma 3.1(ii) implies that

Cov (0 (X), ws¢(X)) = O(§7s pRHi+1y,
which shows that

w1,1(X) w1,0(X) B 5272 B e
COV(A(I —)n’ A1 —A)n3> _O<m> =0(n m.

Using assumption (1.7) and bounds (6.2), (6.5), we find that

o1(X)  renX) \ r
CoV()L(l — M Al — A)nZ) T 21— )2 Var [w1,1(X)]

327‘(1)2
=0 ——
A2(1—a)2nd

413 ,—1/3+2n/3
~o( =)
n

=O(n~1/2%0),

Applying Lemma 3.1(ii) and using the same kind of argument, we find that

w1,1(X) 2,1(X) 8w,
Cov R =0 ————
Al =) A2(1 — A)2n? A3(1—A)3n3
$p1/3,-1/3+20/3
—of 2~
( Al —M)n )
= O(n~ /241,

COV( 011(X) _ o12(X) ):O<52 X1 lhj—Mr—nP)

M1 —=1)n’ A2(1 — r)2n? A3(1— )3

= O(n™ /7).
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The following term will contribute to the answer, so we calculate it precisely. Writing
w1,1(0))= ZJ 1 u]vgj using (6.4) with s=t=1, we have i =w;/n and v =0. Similarly, write

wr0(0) = ZJ 1ujv(, using (6.4) with s=2 and t=0, giving &' =r/n and ¥ = R. Applying
Lemma 3.1(ii) gives
Cov w1, 1(X)  —rwpX)
A1 —)n’ 201 — A)n?

r

=~ 1)Z(d d)((d; — d)* — R)

’ r w1 r(n—r)
(Bl 2)(-2)

j=1

n 13
_ ez (G -d) + O(n~ /2t (6.8)
2A2(1 — A)2m ' '

Finally, we need

w11(X)  o1X)?
COV(x(l—)\)n’m—x)nZ) e /\)2 - ZZCOV( (), @1,1(X), (6.9)

j=1 k=1

where E]k(a) = (dy, — d)(d,, — d). If j # k then each covariance in the sum on the right-hand side

matches the settlng of Lemma 3.1(v) with uj = 0 for all j, and v; = d; — d. Note u =v =0. Write

V' (X) = wy,1(X) using (6.4) withs =t =1, giving /' = w; /nand V' = 0 By Lemma 3.1(iv), if j # k
then

o 83r

Cov (Ej(X), 01,1 (X)) = 0(7)

since u(k) + v = u(j) + v = 0 for all j, k. Therefore the terms in (6.9) with j # k contribute

r 83r 1
_ —1/2+

The terms in (6.9) with j = k contribute

1
A2(1—2)*n

3
d w)i)z 3) = O(n™ /2,
—2)2n

5 Cov (w1,1(X), w20(X)) = (;\2(1

using the earlier expression for this covariance (6.8) and the bound w; = O(r?). Thus we see that
(6.9) does not contribute significantly.

Combining all the estimates above (and multiplying (6.8) by 2) gives the stated expression for
the variance of fih4(X). This completes the proof. O

We can now prove our main result about induced subgraphs.

Proof of Theorem 1.3. Define £3(57) as in (6.3). We will apply Theorem 2.2 to estimate (6.1). The
expected value and variance of fi,q are given in Lemma 6.1. It remains to prove that

n—1

1 3 1 5 4 5 2 —1/2+
Z <g“j + gajﬂj + 3% + gﬂ]> =O(n™!/21M),

j=1

where o = [ find> Sul, Bj = Zk it arAjk and Aj = Aj| finds Sl
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Without loss of generality, we can assume that
lhi =A(r =D = [hy = A(r = D[ = = [hy = AMr = 1)].
Foranys, t,and 1 <j < a < n, the function w;; satisfies
A O(8°|hj — A(r — 1)|")  forj<r,
1D gl =
0 otherwise.
Also, we have
) . 0(8%r) forj<r,
1D wi gl < 2llwroll Dol =
otherwise.

Let & = ;[ find> Su]. Observe that aj = 0 for j > r. By our assumptions, we have
1,8, hj= on'/?8),  wy =2m— A(;) =0(n'12%).

Thus, using the above bounds, we find that o; = O(y;) for 1 < j < r, where
8lhj — A(r —1)]
)/j =
A1 —M)n
Note that for any s, ¢, and distinct 1 <j, k,a,b <nwithj <aandj < k < b, we have

—1/2+4¢

ID*ODV Vg, =0,
0(82) fork<r,

”D(k b pli ﬂ)wio | =
otherwise.

Let Ajx = Ajil find> Sn]. We have that Ay =0 for k > r. Observe also that
ID* DU DLl < 21D*Vfinall = O™,

ID*ODURL 41| < 21DYPfinall = O(14).

Thus, using the bounds above, we find that Aj = O(n~ ') for 1 <j<k<r.
Using the inequality (|x| + [y])* < 4(|x|> + [y|?) for each term of the sum, we find that

n—1 r
2“1'3 =0(1) Z 7”1'3
j=1 =1

_ - 8lhj — A(r— 1) —1/2+4¢ 3)
Eof( e
(53 S b= A= 1P

A1 —A)3nd

n m—3/2+125)

— O(n—1/2+ﬂ)
by (1.7) and the bound & < %n. Observe that j =0 for j > r and

Bi = O(rajn ey — O(y; n /2ty forj<r.
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Using the power mean inequality, we bound

n r
Z (X],BJ — O(n—1/2+48) Z ij
j=1 j=1

r 2/3
< O(n~1/2+4e),1/3 (Z 7/]'3)

j=1

r 2/3
— O(n—l/3+4€+8/3) <Z J/J3)

j=1
— O(n~ 12+

as before. The two remaining terms also have negligible contribution:
n—1 r r
Saf < =0 Yy =002
j=1 j=1 j=1

n—1 r
Z ﬂjz — O(n—1+88) Z yjz — O(n—l/2+?’])‘
j=1

j=1

Applying Theorem 2.2 and using Lemma 6.1, we complete the proof. The bound A, =
O(n~1/3+4¢4n/3) in the theorem statement follows directly from (1.7) and (6.2). O

Proof of Corollary 1.3. To show (1.8), observe that w; = O(r'*1). Therefore the assumption
r2(1 4 82/n) = O(A*(1 — 1)>n'/2+7) implies that

21 2.1—Mn 201 —A)n2 222(1 — A)2n?

rr (1—-20)w r’R (1-2MRw; _(r*(1468%/n)
2n (Az(l—k)zn

) — O(n71/2+7])’

2 4
oh n rw; n (1 —2A)ws _0 r _ O(n_1/2+"),
401 —Mn? 201 —A)n2 - 6M2(1 — A)2n? AZ(1 — 1)2n?

n 13
o1 2y G A7 (P — O(n~ 12+,
2A2(1 — 1)%nt AZ(1 —A1)%nd

For the second statement, observe that the assumption r = O(n'/3-¢) implies that 72(1 +
82/n) = O(n*/?) and so

wy Rw, 7’3(1 +52/}’l)
_ + =0
201 =M)n  2X2(1 — A)2n? A2(1—2)%n

,
= O(n1/3)hz(1 _ A)Z)

=0 n
- <A2<1 —A)2>

=0(n¢/?).

Applying (1.8) completes the proof. O
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Proof of Corollary 1.4. The bound on r in the corollary statement implies that r = O(log n) and
is equivalent to A . > n~?"¢. The fact that E Y,, — 0o thus follows from Corollary 1.3. In order
to prove the concentration, we use the second moment method in a standard fashion. Define

_(n r!
~\r/|Aut (HI)]

and let Hy, . . ., Hy be a list of all the potential induced copies of H"l. Let pjx be the probability
that both H; and Hj. occur simultaneously as induced subgraphs, and define

Ee= > pr 0<t<r
1<k<N
|V(H)OV (Hy)|=t

We know that E Y,% = ZZZO E; and now we compare E Y,% to (E Y,)2. The probability p;x is not
provided directly by either Theorem 1.1 or Theorem 1.3 but we can infer it from the second part
of Corollary 1.3. By summing over all the possible subgraphs induced by V(H;) U V(Hy), we find
that E; asymptotically matches the corresponding expectation for the binomial random graph
model G(n, 1) to relative error O(n—4/2 + n=1/2+"). Therefore we have

h n—r r! ’ 2m r(r—1)—2m —&/2 —1/2+n
E°_(r>( r )<|Aut<HM)|)A 4= (Ot o)

= (E Y,)2(1 + O(n~%/% 4 n~1/2ty),

To bound E; from above for ¢ > 1, we can assume that two induced copies of H{"! always overlap

correctly. This gives
2
n r n—r r! )\27}1(1 )r(r 1)— 2m)L (2)
r)\t)\r—t/\|Aut (HI')] min

< (E Y,)2@n 2 Va4 o)),

min

E;

N

—2+¢

. Ly
Using the condition Al .. > n , we have that

(n~ 1211 —(e= 1/z)t O(n~ Y21y fort=1

min
and
(n'2¢? Amf; D2 — o3y fora<t<r
Therefore
E Y, = (EY,)’(1+0(n /> +n~1/2t1)),
which implies that
Var Y, = (E Y,,)> O(n~¢/? 4 n~1/2+1),
The desired result now follows from Chebyshev’s inequality. 0
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