Proceedings of the Royal Society of Edinburgh, 143A, 745-764, 2013

Existence and multiplicity of positive solutions for
the nonlinear Schrodinger—Poisson equations

Ching-yu Chen, Yueh-cheng Kuo and Tsung-fang Wu
Department of Applied Mathematics, National University of Kaohsiung,
Kaohsiung 811, Taiwan (tfwu@nuk.edu.tw)

(MS received 20 April 2011; accepted 27 March 2012)

We study the existence and multiplicity of positive solutions for the following
nonlinear Schrédinger—Poisson equations:
—Au+ Au+ du = Q(z)|uP"%u  in R3,
—A¢ =u? in R3,

where 2 < p<3or4<p<6,A>0and Q € C(R3). We show that the number of
positive solutions is dependent on the profile of Q(z).

1. Introduction

In this paper, we are concerned with the coupled system of Schrodinger—Poisson
equations of the form:

— — 3
Au+Adu+ou= f(r,u) inR ,} (L1)

—A¢p =u? in R?,

with the function f(z,u) being nonlinear in w. In the case when f(z,u) = 0, the
wave function u satisfies the stationary solution of a quantum system proposed by
Benci and Fortunato [4], describing the interaction of a particle with an electromag-
netic field. The time-independent ¢ is the electrostatic potential and is dependent
on u according to Maxwell’s equations. The Schrédinger—Poisson equations are thus
also known as the Schrondinger—Maxwell equations. Another linear version includ-
ing an additional linear term V' (z)u describing the effect of an external potential
has been treated in [8,10], with the potential V' (z) assumed to be radially symmet-
ric. The existence of a sequence of solutions has been proved for both of the linear
systems [4, 8].

More recently, systems of a nonlinear version of the Schrédinger equation cou-
pled with a Poisson equation, of a form similar to (1.1), have been widely studied;
see, for example, [1,2,12,19,21] and the references therein. The nonlinearity of
the Schrodinger equation has its origin in the interaction among particles; many-
particle systems can be found, for example, in the study of condensed matter or
problems in nonlinear optics. A plethora of problems has been investigated under
various conditions of f concerning the existence of solutions, ground-state solutions
and the multiplicity of results. Azzollini and Pomponio [2] and Zhao and Zhao [21],
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for example, studied ground-state solutions depending on the value of p for A > 0
and for cases when A is dependent on z in systems with power-type nonlineari-
ties. Ruiz [19] investigated the existence of positive solutions for the nonlinearity
f(x,u) = |[ulP~2u, 2 < p < 6; the results were further improved by Ambrosetti and
Ruiz [1] by showing the presence of multiple bound states when certain conditions
on the parameters are satisfied. The semiclassical limit of the nonlinear system,
where the Planck constant 7 — 0, has also been investigated [11,18]. The existence
and asymptotic behaviours of the solutions describe the particle-like matter in the
transition from quantum to classical mechanics.

In this paper, we are particularly interested in the existence and multiplicity of
positive solutions for the following system:

—Au+ M+ du = Q(x)|ulf?u in R3,}

E
A =u? in R?, (E)

where two ranges 2 < p < 3 and 4 < p < 6 are considered, with A > 0, and
Q € C(R?) a non-negative function for both cases. The following theorems are our
main results.

THEOREM 1.1. Suppose that 4 < p < 6, and the following conditions hold.
(Ql) hmmﬁoo Q(l‘) = QOO > 0.

ere exist some pownts x-,x°, ..., x" in suc a x*) are strict maxima
Q2) Th st ints xb, 22 kin R3 such that Q(x* trict
and satisfy

Q(2") = Quax = sup Q(z) >0 foralli=1,2,... k.
rER3

Then there exists g > 0 such that, for every A > Ao, (Ex) has at least k
positive solutions.

THEOREM 1.2. If Q*° < Qumax, then there exists A > \o such that for every A > A
we can find at least one ground-state solution among the solutions of theorem 1.1.

Furthermore, using a similar argument to that employed by Ruiz [19, theorem
4.1], we have the following non-existence result.

THEOREM 1.3.

(i) Suppose that p =3 and sup,cps Q(x) < 1. Then, for any A >0, u =0 is the
unique solution of (Ey).

(ii) Suppose that 2 < p < 3 and sup,cps Q(z) < (p —2)?>7P(3 — p)?~3. Then, for
any X > 20=2/(p=3) 4, =0 is the unique solution of (E ).

From the results above, we are inclined to the possibility that p = 3 is the critical
value and that (multiple) positive solutions may exist for 3 < p < 4. Work is
currently ongoing to verify such a result; additional conditions on Q(x), however,
may be required in order to prove that this is indeed the case. Note that for this
particular range of 3 < p < 4, and with Q(z) = 1, Azzollini and Pomponio [2] and
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Zhao and Zhao [21] have demonstrated the existence of ground-state solutions; in
the problem considered in [21], an external potential is considered and the solution
exists subject to various conditions imposed on the potential.

This paper is organized as follows. We first outline the notations and preliminaries
in § 2, before proving theorem 1.1 in §3 and theorems 1.2 and 1.3 in §4.

2. Notation and preliminaries

By the change of variables ¢ = A\~1/2, v(z) = £2/(?=2y(ex), (E)) can be rewritten
as
—Av 4 v+ P73/ P2 gy — Q:|v[P™%v in R3, (B.)
—A¢p =0? in R3, :
where Q. = Q(ex).
We first recall some well-known results (see, for example, [2,4,8-10,12,19]). For
every u € L'?/5(R?), there exists a unique solution ¢, € D"?(R?) of

—A¢p =u® in R
It follows that (u,¢) € H'(R?) x DV2(R3) is a solution of (E.) if and only if u €
H'(RR?) is a critical point of the functional I. o_: H'(R?*) — R, defined as

_ _ 1
L. () = Hlulfn + 307702 [ o2 [ Quup (2)

1/2
lullg: = (/ |Vu|? +u2)
]R3

being a standard norm in H*(R?), and ¢ = ¢,. Moreover, the function ¢, possesses
certain properties (see [2,12,19]) that we shall outline below using a functional
defined with a more general non-negative function b(z) in place of @Q.; the functional
given by (2.1) defined using Q. above is thus a special case. The properties obtained
will automatically be applicable if (). is used instead.

with

LEMMA 2.1. For each u € HY(R?), we have the following.

(1) lloullprees) < Cllullfy:, where C does not depend on u. As a consequence,
there exists Cy > 0 such that

/RS b < Collult:.

(ii) ¢y =0 and

bu(z) = 1/ u?(y) dy.

Cdn s |2 — Yl

(iii) For anyt >0, ¢y = t>¢y.
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For u € H'(R3), ¢ > 0 and a non-negative bounded function b € C(R3?), there
exists zo € R3 such that

b(20) = bmax := sup{b(z) | = € R3} > 0.
Define
_ _ 1
kmmw=%M@H&¥””W2’W%M—Eéf@mm

Me,b(gc) = {u € Hl(RS) \ {0} | < ;,b(z)(u)vu> = 0}7
= inf ]
Qe b(z) ueﬁﬁyh(m) g,b(x) (u)a
where I’ () denotes the Fréchet derivative of I ;). For brevity, we write I, j,),
I b(z)’ M6 b(z) and Qg pz) as Iep, Is p» Mep and ogp, respectively. The Sobolev

1nequality,

lullFp < [lulFp + @2/ @2 [ O u’

:/mwgmmm%IMMMeMw
3
implies that there exists ¢g > 0 such that ||ul| g1 = ¢ and
11 11 p—2
Ly(u) =z — = ||JullZ + (5 — = )ete=3/00=2) wu? > 2,
o) = (5= 3 )l + (3 - 3) R

for all w € M, p. Thus, the functional I, ; is bounded below on M., ;.
Define

o) = (Lp(w) ) =l + 090 [ g = [ b

Then, for u € M, ,
(6L (11) ) = 2l[ul|Zps -+ 4=/ =2) / b — p / bluf?
R3 R3

= (2= p)|lull?: + (4 — p)etr=3)/(P=2) (b 2

= —2fufZ — (p—4) / bluf?
RS

< —2c2

<0,

which implies that M, is a C' manifold, and so the Nehari manifold M, is a
natural constraint for the functional I .
For each u € H'(R?)\ {0}, we define

2 \l/(p—2)
tou = ”u”Hl > 0.
7 fR3 |ul?

Then we have the following result.
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LEMMA 2.2.

(i) Suppose that 4 < p < 6 and € > 0. Then, for each u € H'(R?)\ {0}, there is
a unique to > o, such that t.u € M,y and

I p(tew) = sup I p(tu) = sup I p(tu).
>0 t>t0.u

(i) Suppose that p =4 and ¢ > 0. Then, for each u € H*(R3) \ {0} with

blu|p — =3/ (r=2) buu® >0
R3 R3 ’
there is a unique
1/(p—2
. el S
T\ s Jup = =3/ 0-2) [ 6,02 O.u

such that t-u € M. and

I p(teu) = sup I p(tu) = sup I p(tu).
>0 t>t0.u

Proof. (i) Fix u € H'(R3) \ {0}. Let
hu(t) =t 3|ul|F, — 71 /R3 blulP  for t > 0.
Clearly, tu € M, if and only if
ha(t) + c4(p=3)/(r—2) dpu® = 0.
R3

We have hy,(to..) = 0, limy;_,g+ hy(t) = 0o and limy_, o0 hy, () = —00. Since 4 < p < 6
and

t) = =21 ully, = (p =90~ [l

=752l ~ -0 [ olar)
R3

<0 forallt>0,

h,(t) is decreasing for ¢ > 0. Since h,(to,) = 0 and lim;_, o hy (t) = —o0, there is
a unique t. >ty such that

hu(te) + cAp—3)/(p—2) duu? = 0.
R3

Thus, t.u € M. ; and

A oltw) = ¢ (hu(t> + et/ (=) / ¢uu2>,
at™® B3
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which implies that I ,(tu) is increasing for ¢ € [0,t.), decreasing for ¢ € (., 0)
and

I p(teu) = sup I p(tu) = sup I p(tu).
20 =10,

(if) Fix u € H'(R?)\ {0} with

/ |u|p_54(p*3)/(p*2)/ buu® > 0.
R3 R3
Let
12,2 _ t° A(p—3)/(p—2) 2
ma(t) = Ty(tu) = L2 |ully, — = / fufp — £1r=3)/p / bur?) fort >0,
p R3 R3

Since
i, (8) = tlul%, — ( [ e — s [ ¢u)
R3 R3

there is a unique

2 1/(p—2)
t. = ||u||H1 »
) fR?, |ulp — e4(p=3)/(p-2) fRS byu? 0,u

such that t.u € M., and

I p(tew) = sup I p(tu) = sup I p(tu).
>0 t>t0.u

This completes the proof. O
Furthermore, we have the following lemma.

LEMMA 2.3.
(1) Q0 byay < Qe byay Jor all e > 0.
(i) @ep, < Qep, for all e >0 and for all by,by > 0 with by < by.

Proof. The proofs are almost identical to that in Azzollini and Pomponio [2, lemma
2.12]. O

3. Proof of theorem 1.1

We shall first make use of the profile of @ to construct Palais—Smale (PS) sequences
which are used later to prove theorem 1.1. For a > 0, let C,,(z) denote the hypercube
H?:1(Zj —a,z; —a) centred at z = (21, 22, 23), and Cq(z) and 0C,(z) denote the
closure and the boundary of C,(z), respectively. By conditions (Q1) and (Q2), we
can choose a number [ > 0 such that Cj(x?) is disjoint and Q(x) < Q(z*) for all
x € 0C)(z*) and for all i = 1,2, ... k.

Next, we need a generalized barycentre map. By this we mean a continuous map
@: LP(R3) \ {0} — R3 that is equivalent to the action of the group of Euclidean
motions in R3, that is, for every ¢ € R3 and u € LP(R3)\ {0}, we have ®(u) = &(|ul),

D(u(x —€)) =€+ D(u(x)) and D(u(ex)) = e 'd(u(x)). (3.1)
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Such a map has been constructed in Bartsch and Weth [3, theorem 2.1] and Cerami
and Passaseo [7].
Let Cj,. = Cje(2'/e) and

Ni={ue M.q. |u>0andd.(u) € Cf/s},
ON!={ue M.q. |u>0and d.(u) € 30;/5}7

for i = 1,2,...,k. It can be readily verified that NI and ON! are non-empty sets
for alli = 1,2,..., k. Consider the minimization problems in N¢ and ON{ for I, o_,

vE = uien]\f]; I.g.(v) and 7. = uelgf\f; I.g.(u) fori=1,2,... k.

Let w be a unique positive radial solution of
—Au+ U = Quax|ulP?u  in R?, _
(E0,Quax)
u € H'(R?), e

such that Iy q,.. (W) = @0,Q,... For small ¢ > 0 satisfying /¢ < 1, we define a
function ¢. € C1(R3,[0,1]) such that

1
1, <1,
ol < 72
Ye(z) = 1
07 > —=,
o > 72

and |Vt.| < 2 in R3. Let

ve.i(2) =w<x— x)q/)g(x— x) fori=1,2,... k.
13 3

Then we have the following result.

LEMMA 3.1. Suppose that 4 < p < 6. Then
(i)
A(r=3)/(p—2) /RS ¢v5,i(x)v§,i(m) —0 ase—0,

(i) there exist positive numbers €1, Do such that
/]1@3 Qev? i (x) — gdp=3)/(p=2) /11&3 Go. (2)Vei(x) = Do for all e € (0,€1).
Proof. (i) Since
0 < etP=3/(=2) /]RS Bon +(2)Ve,i(x) < Coe® @D/ =D |1y |1%,

and

2p
||U5;i| ?‘Il - p— 2a07Qmax as € — O’
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we obtain
84(;073)/(1772)/ ¢U5,'i($)v57i(x) —0 ase—0.
R?)

/]RS Qevsz‘(x) = /]R3 Q:wP (JE — f)wé’ (x — a;’)

= | Q@ )w” +o(e)
R3

(ii) Since

with o(e) = 0 as ¢ — 0, by

Dw? = @ >0
/RS Qz")w 5 520 Qmas

and case (i), there exist positive numbers 1, Dg such that

/3 Qeugi(x) o 54(?*3)/(?*2) /3 ¢’Us‘i($)v57i(m) > DO for all € € (0,51).
R R

This completes the proof. O

Using lemmas 2.2 and 3.1, for each p € [4,6) and € € (0,£1) there exists

loeilld )/
te; > | — >0 3.2
= <IR3 Q6|Us,i|p) ( )

such that ¢, ;v.; € M, g_. The following result is obtained.
LEMMA 3.2. We havet.; =+ 1 ase — 0.

Proof. Since t. ;v.; € M, q., we have

(Do)
g S ot
s [ o (s (o)

_ _ xi .fL‘i
+ 54([) /(e Q)té,i /3 ¢w(x—wi/e)w5(x—xi/a)w2 (.’1? - é_)?ﬁ? (.T - ) .
R

2
2
ts,z’

Since

from lemma 3.1,
2

Hw”%{l = /]R3 Qmaxw?,
+o(e)

—
€ e Jlm
—iz, [ Qar(o-T)ur(s- L) +ote

=17, / Q-(ex + z)w? + o(e),
]RB

tiszllip = t?,i
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where o(g) — 0 as ¢ — 0. Moreover,

4 lw(e = a'/)ela = xi/e)3 N/
e (fRs Qf?w(x_l'i/f)wg(x—xi/g)?> =1+ o(e).

Thus, t.; — 1 as e — 0. O

Using the ideas in [6,14], we have the following results.

LEMMA 3.3. Suppose that 4 < p < 6. Then, for each positive number n < ap Q...
there exists €, € (0,e1] such that, for any € € (0,¢ey),

.. < 7i < 00,Quax + 1 foralli=1,2,... k.
In particular, the N are non-empty sets.

Proof. First, we show that ®.(t ;v. ;) € C}

e By the definition of 1. and ¢.; — 1
as e — 0,

Dt v.,) = % +o(e),

where o(¢) — 0 as ¢ — 0. We conclude that @, (t. ;v:;) € Cli/g. Thus, ¢ ve,; € N
Moreover, by lemmas 3.1 and 2.2,

(D)l
3 £ H1

_ _ Z‘i J}i
+ i54(p /(e Q)téel,i /]RS‘ ¢w(m—xi/e)w5(:c—xi/s)w2 (l‘ - 6)1/}3 (SL‘ - >

13
tP i i
5 Quur(e-L)ur(e- L)
R

= %HwHip — %/RS Q(ex + zHw? + o(e). (3.3)

IE7QE (tE;L',UE,i)

2 2

£,

2

From (3.3), we have
I 0. (teiVei) = 00,Quax + 0(€).
Therefore, there exists €, > 0 such that, for any € € (0,¢,),
7 < 00,Quax +1 foralli=1,2,... k.
This completes the proof. O

LEMMA 3.4. Suppose that 4 < p < 6. Then there are positive numbers § and 5
such that, for anyi=1,2,... k,

AL > 0. Quax +0 for all e € (0, 5).
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Proof. Fix i € {1,2,...,k}. Assume to the contrary that there exists a sequence
{en} with &, — 0 as n — oo such that . — ¢ < Q0,Q,,.,- Then there exists a

sequence {u,} C ON{ such that &(u,) € 0 li/sn7

ol 2090 [ gt = [ Qe

and
I, q., (up) = ¢ < 00, Qua, @S 1T — 0.

It follows that {u,,} is uniformly bounded in H*(R?®). Moreover, by

[, du® < Coluly.

we have
ai<P—3>/<P—2>/ bu,u2 =0 asn— oo,
R3

2 = / Q..
R3

Thus, there exists a sequence {t, } C R* with ¢, — 0 such that

which implies that

un|? + o(1). (3.4)

||tnun||%{1 = /3 an‘tnun|p
R

and
IEern (tnun) > Q0,Q.,, Z Q0,Qumax
which implies
I, q., (Un) = 00,Quax- (3.5)
Next we shall show that

/R Qs — Qe Jlunl? = o(1). (3.6)

Supposing otherwise, we may assume that there exists a positive constant Cj such
that, for large n,

‘/]RS [Qmax - an]|un|p > C’O~ (37)

By (3.4) and (3.7), there exists a sequence {s,} C Ry such that

HsnunH%{l = /3 Qmax|5nun|pa
R

and, for large n,

— ||Un||2 1 ||un||2 1 Co -1
sbm2 = i < H =(1+—35—] +o(1). (38
fR3 Qmax|unl? fRs Qe,, |Un|p +Co ||UnH12ql ( ) ( )

With {u,} being uniformly bounded in H!(R3), there also exists ¢y > 0 such that

s2 <1—c¢y for n sufficiently large.

https://doi.org/10.1017/50308210511000692 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210511000692

Positive solutions for the nonlinear Schrodinger—Poisson equations 755

Thus, by (3.4) and the Sobolev inequality, there exists dy > 0 such that

1 1
I, q., (un) = <2 — p) lun % + o(1)

1 1 1 1
> (5 5 Yl + (5 = 3 Jeollu s + o0

>« + 1.1 cod
Z (0,Qmax 9 P 0¢0>
for n sufficiently large; this contradicts (3.5). It then follows from (3.4) and (3.6)
that
falis = [ @uasdtal” + o) (3.9)

and

1
Ieszn (un) = %Hun”%ﬂ - ]; /Rs Qumax|un|” +o(1) = A0,Qmax (3.10)

Using the results of (3.9), (3.10) and [20, lemma 7], {u,} is thus a (PS)a,, -
sequence in H'(R3) for Iy g,.... Since u, € M., q. , we deduce from the Sobolev
imbedding theorem that ||uy,| g1 > v > 0 for some constant v and for all n. Apply-
ing the concentration-compactness principle of Lions [15,16] to |u,|P, there exist
positive constants R, § and {z,} C R? such that

/ |up|? =60 for all n, (3.11)
BN(ZT:,;R)

where BY(2,;R) = {z € R® | |z — 2,] < R}. Let @, = un(z + 2,). From the
translation invariance of the functional Iy g,..., we conclude that {&,} is also a
(PS)ac.q,,..-sequence in H'(R?) for Iy q,... Then, by (3.11), there exist a subse-
quence {1, } and a non-zero uy € H*(R?) such that

Up — ug  in H'(R?),

Uy — Ug a.€. in R3,

/ |t [P — |ugl? > 6.
BN (0;R) BN (0;R)

This implies that ug is a non-trivial solution of (Ep g,.,. ). By the Fatou lemma

1 1 . 1 1 -
200 < Touuc ) = (5= ) [ ol < timint (5= 3 [ P =0

and 80 10,0y (U0) = Q0,Qpay - Moreover, by the strong maximum principle, ug is a
positive solution of (Ey g,,..)- Set wy, = Uy — ug. Since {uy, } is uniformly bounded,
by the Brézis-Lieb lemma [5], we obtain

/ [in? = / I / fwal? + o(1). (3.12)
R3 R3 R3
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Moreover, i, — ug weakly in H'(R3); thus,

anllF = lluollF + [lwnllz + o1). (3.13)
Combining (3.12) and (3.13) gives

el = [t +o(0), (3.14)

and so
11 ) _
375 wnllzr1 = 10,Qumax (Wn) = 10,Quax (i) = L0,Quax (20) + 0(1) = o(1).

This implies @, — uo strongly in H'(R?). Moreover, ¢(u,) € 9C},. and iy,(z) =
un(z + 2,), we have

Enzn = enP(Un) — €n@(Uy) = €, P(uyn) — enP(up),

and so dist(e,2,,0C;(x)) — 0 as n — oco. Without loss of generality, we may
assume that £,2, — 2o € 9C;(2*). By condition (Q2), Q(20) < Qmax- Subsequently,
using (3.4) and (3.6), we can conclude

ol = [ Qluol < | Qunasluol”
R3 R3
this contradicts the earlier result that wug is a positive solution of (Ey g,,.. ). This

completes the proof. O

Using lemmas 2.3, 3.3 and 3.4 for a positive number 1 < min{J, oo, g,,...} and
taking 9 = min{e,, €5}, we obtain, for any € € (0, &),

0. <7 < min{2a0.0,...,7.} < min{2a. g, 5} foralli=1,2,...,k (3.15)
Adopting the idea of Ni and Takagi [17], we have the following result.

LEMMA 3.5. Suppose that 4 < p < 6. Then, for each ¢ € (0,&q9) and u € N, there
exist o > 0 and a differentiable function t* : B(0;0) C H'(R3) — Rt such that
t*(0) =1, t*(v)(u — v) € N¢ for all v € B(0;0) and

o 2 fR:i (VUVSO + USD) + 454(p_3)/(p_2) f]Rs ¢uu90 - pr:i Q€|u‘p_2u§0

((#)(0), ) [ullFrs = (0= 1) Jos QelulP

for all v € H*(R3).
Proof. For u € N¢, define a function F,: R x H(R?) — R by
Fu(t,v) = (I o (t(u = v)), t(u — v))
2 /R 9= o)+ (= 0)?] 4 < 0D 2y / Suri?

R3
- tp/ Q:|u —v|P.
R3
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Then, F,(1,0) = (I 5_(u),u) = 0 and

d _ _
SF(1,0) = 2ully, + 440/ 02 / but® — p / Qlul?
R3 R3

= =2ulfy +~ o= 4) [ Qupup

< 0.

According to the implicit function theorem, there exist ¢ > 0 and a differentiable
function t*: B(0;0) C H*(R3) — R such that t*(0) = 1,

2 [pa(VuVe +up) + 4e4p=3)/(p=2) Jrs Pt — P [ps QclulP2up
”U”%{l - (p - 1) fRB Qe|u‘p

((£)'(0), ¢)
and
F,(t*(v),v) =0 for all v € B(0;0),
which is equivalent to
(I o. (" (v)(u—v)),t"(v)(u —v)) =0 for all v € B(0;0).
Furthermore, by the continuity of the maps @. and t*, we have
(QL(t" (v)(u =), () (u = v))
= =2[t"(v)(w =) F — (p—4) /Rs Qe[t*(v)(u —v)[?
<0

and ,
B.(t" (v)(u— v)) € Gy,

still hold if o is sufficiently small. Therefore, t*(v)(u — v) € N! for all v € B(0;0).
This completes the proof. O

PROPOSITION 3.6. Suppose that 4 < p < 6. Then, for each € € (0,£¢), there exists
a sequence {up,} C NI such that

I.g.(u,) =~:+0(1) and I o.(un) = o(1) in HY(R3).

Proof. If N! denotes the closure of N/, then first we note that N = N! U N for
eacht=1,2,...,k. Hence,

Vi =1inf{l. g (u) |u € NI} foralli=1,2,... k. (3.16)

Now we fix i € {1,2,...,k}. Applying the Ekeland variational principle [13], there
exists a minimizing sequence {u,} C N? such that

|
IE,QE (un) < ’7; + ﬁ (317)

and
1 _
I . (un) < Leg. (W) + —|lw — up |2 for all w e N_. (3.18)
n
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Using (3.15), we may assume that u, € N! for n sufficiently large. Applying
lemma 3.5 with u = u,, we obtain the function ¢} : B(0;¢,) — R for some €, > 0
such that ¢ (w)(u, —w) € N.. Let 0 < § < ¢, and u € H'(R?) with u # 0. We set
ws = ou/||lullgr and zs = ¢} (ws)(u, — ws). Since z5 € NY, we deduce from (3.18)
that

1
Q. (25) = Iz (un) 2 =25 — unllm.
By the mean value theorem, we obtain
1
(I2.q. (un); 75 = un) +0(llzs — unll) = = —llzs — unllar-
Therefore,
(I . (un), —ws) + (£, (ws) — (IL o, (un), (un — ws))
1
2 = llzs —unllm +olllzs —unl)). — (3.19)

Now we observe that t% (ws)(u, — ws) € N! and, consequently, we derive from (3.19)
that

GRS,

—6( I o (up), Il o (25),th (ws)(up —w
< E,QE( ) ”U”Hl t;ﬁ(wa) ,Qa( 5) ( 5)( 5)>
+ (th(ws) = (L . (un) = IL g, (25), (un — ws))
1
2 = llzs = unllm + olllz5 — unll)-

We rewrite the above inequality in the following form:

, U lzs —unllmr  o(||zs — unllmr)
< —+
< E,Qg(un)7 ||U|H1> S n S

Gl =11 ) — 1L, (20), (= ). (320)

Since we can find a constant C' > 0 independent of § such that

llzs — wnllmr < 6+ C(|t) (ws) — 1)

+

and . )
) 1]
6—0 )

for a fixed n, let 6 — 0 in (3.20) and, using the fact that

< @) <cC

lim |25 — a1 =0,

, U C
<167Qe (u7l)7 ||U||H1 > < g
The result implies that

L.g.(up) =~. +0(1) and Ié,QE (un) =o(1) in H1(R?).

we obtain

This completes the proof. O
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Proof of theorem 1.1. Fix i € {1,2,...,k} and let {u}} C N! be a sequence satis-
fying ‘
L. (up) =7t 40(1) and Ilg (un)=o0(1) in H'(R?).

Since {u’} is bounded in H!(R3), we can assume that there exists u{ € H!(R3)

such that
ul, — ul  weakly in H'(R?); (3.21)
u', — uf  strongly in L] (R®) for 2 < r < 6; (3.22)
ul, — uh ae.in R®. (3.23)

First, we claim that u # 0. Suppose the contrary, i.e. u§ = 0. Since {u}} C N! and
vi > 0, we deduce from the Sobolev imbedding theorem that |[uf ||z > v > 0 for
some constant v and for all n. Applying the concentration-compactness principle
of Lions [15,16], there are positive constants R,  and a sequence {z,} C R3 such
that

/ |ul (x4 2,)[P > 6 for n sufficiently large. (3.24)
BN (0;R)

We shall show that {z,} is an unbounded sequence in R3. Suppose the contrary.
Then we can assume that z, — 2o for some zg € R3. By (3.22) and (3.19),

L. rse
BN (20;R)

this contradicts uf = 0. Thus, {2,} is an unbounded sequence in R?. Set @’ () =
up, (2 4 zn). Since {a},} is bounded in H'(R?), we may assume that there exists
af € H'(R3) such that

@l — af  weakly in H(R?). (3.25)

From (3.24), we have @} > 0 and @} # 0 in R®. Set v,, = @}, — 4f. We distinguish
the following two cases:

(@) lvpllgr — 0 as n — oo;
(IT) ||vn|lgr = 6@ for large n and for some constant 6 > 0.
Assuming case I, we employ the argument in lemma 3.3 to obtain
2 = B(u) — () + o(1),

and so |®(uj,)| — oo as n — oo. This contradicts ¢(uy,) € C}..

In case II, we notice first that I. (uf)) — 0 strongly in H~!(R3). Condition
(Q1) and {un} C N! imply

sl + 090 [ on@r- [ @¥lapr=0 (20
and

[+ 207/ [ / Qe =o(l).  (3.27)
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By (3.26), (3.27), the Brézis-Lieb lemma [5] and [21, lemma 2.2], we obtain

a2 + 403/ @-2) / Go 0 / Qlual” = ol1).
R3 R3

Since ||v,| g1 = 6 for large n, it is straightforward to find a sequence {s,} C R*
with s,, — 1 as n — oo such that

|$nvn||3 + eP=3)/ (= 2)/ Gs,on (Snn)? / Q%|snvnl?,

and so
_ B 1
Yon|2 + 103/ 0-2) / fu 02—+ / Q[onl? > ac.ge + o(1).
R3 D Jrs

Similarly,

Ljai |3 + Leto=3/ 0 2>/ o (T /cm P> aege.

Thus, by the Brézis—Lieb lemma [5] and [21, lemma 2.2],
, . : 1 .
L. (uh) = @l + 340 9/07d [ o @2~ = [ Q=jaip+o()
R3S " D Jrs
1
= Hlenlif + 30/ [ g, 02 -2 [ Qlulr
R3 P Jgs

7 - - ~1 1 00 | ~1
+ %HUO”%P + i54(p 3/ (@=2) ¢ag (%)2 - */ Q> ag|” + o(1)
R3 P Jrs
2 20,0~ + o(1),

which implies that _ _
lim I g (u,) =7 > 20e,g; (3.28)
n—oo

this contradicts (3.15). Next we shall show that u?, — u} strongly in H*(R?®). This
can be done either by using case Il or by adopting a similar argument to that
above in order to arrive at the contradiction (3.28). Finally, we shall show that
uf € NL. Since {u;} C Ni, we have ul € NI UONL. Moreover, I. . (ud) =~ < 7t
and so uf, ¢ ON!. Thus, uj € NI It is clear that uf is non-negative, and, by
the maximum principle, u}, is therefore positive for i = 1,2,..., k. Moreover, the
ufy are different and the (uo,¢u ) are positive solutions of (E.). Taking Ao = ;>

and U;(x) = AV ®P=2yl (v/Az), we conclude that the (U;, ¢y, ) are positive solutions
of (E)\) O

4. Proofs of theorems 1.2 and 1.3

By lemma 3.3, there exists a positive function 7. with n. — 0 as € — 0 such that
the sublevel set

M(€7n5) = {U € ME)QE ‘ IEvQE (u’(b)) < aOvaax + nE}

is non-empty for e sufficiently small. Then we have the following result.
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LEMMA 4.1. Suppose that the conditions (Q1) and (Q2) hold and that Q> < Qmax-
Then
lim  sup inf  |P(u) —z|=0. (4.1)
e20ueM(en.) zeUi, Cl)ae
Proof. Let e, — 0 as n — oo; for any n, there exists u,, € M(g,,, ) such that

inf  |P(up)—x|=  sup inf | §(u) — x| + o(1).
welUl, Cfja., w€M(e,ne,,) €Ui_, Cf s

In order to prove (4.1), it suffices to find points z,, € Ule ;/2% such that

lim |®(uy,) — x,| =0, (4.2)

n—oo

possibly up to a subsequence. Then, similarly to the argument in the proof of
lemma 3.4, we have

aO)Qmax °

lim / Qe unl? = 2
n—00 Jp3 p—2
Moreover, there exists {z,} C R3 such that u,(- + z,) converges strongly in
H(RY) to ug, a positive ground-state solution of (Ep.g,... ). We prove that {e,z,}
is a bounded sequence in R®. Arguing by contradiction, we may assume that
len®n| = 00 as n — oco. Then

lim / Qo unl? = Tim [ Qent + enan)|tin (@ + 2P
RB

n—oo n—0o0 Jp3
— [ @l
R3
< / Qmax|u0|p
R3
2p
= o
p _ 2 07Qmax’
which is a contradiction. In conclusion, the sequence {e,z,} is bounded and it con-
verges to some g (up to a subsequence). We are left to prove zo € {z!,22,... 2*}.
Since

2p
= 1. p
— 500, Quax = 1M /R | Qe Jual

p

= lim Q(enx + enay)|un(x + xp)|P
n— oo

R3
/ Qo) uol?,
R3

which implies that Q(z0) = Qmax, i-€-
k
zo € {zt,2?,... 2"} C U Cl)a-
i=1

Then (4.2) holds. O
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Proof of theorem 1.2. We first show that there exists a positive number ¢ such that,
for every € € (0,€), M(e,n:) C Ule N{. This is done by using lemma 4.1. We can
thus find € > 0 such that, for every e € (0,€),

l
sup inf  |P(u) —z| < —
u€M(e,n:) er?:l CZZ/Za 2e

or
k
. i l
dist (@(u), U Cl/2s) <5 for all uw € M (e, n.),
i=1

implying that
k .
D(u) € U Cyj. forallue M(e,ne).

i=1

Therefore, M (e,n.) C U?:,l N! and we can find at least one ground-state solu-
tion (ug, du,) € NI of (E.) for some i = 1,2,...,k. By letting A =£"2 and
Uo(z) = A/ P=2yq(v/Az), we obtain (Up, éy,) as a ground-state solution of (E}).

U

Proof of theorem 1.3. Suppose that (u, ¢) € H'(R3)x D%?(R3) is a solution of (E.).
Then u € M. g_, i.e.

[|w)| % + =3/ (P=2) /R du? — /R Q:|ul? = 0. (4.3)

By the definition of ¢, we have

(ot = [ ot-n0)= [ Vo,

while, on the other hand,

/}RS Juf* = /RS(*A¢)\U| = /RB Vo Vlul.

1
/RS ul? < /Rg |Vul? + Z/W V|2 (4.4)

(i) Since p = 3 and sup,cps Q(z) < 1, inserting the inequality (4.4) into (4.3), we

obtain
0= [ (val+ay+ [ 9op - [ Q= [
R3 R3 R3 R3

implying that « must be equal to zero, and so u = 0 is the unique solution of (E)).

It follows that
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(ii) Since 2 < p < 3, e = A"/ and A > 2(P=2)/(P=3) "inserting the inequality (4.4)
into (4.3), we obtain

0= [ (vuP ) te o2 [ gop - [ Qujup
R3 R3 R3

1
> /Rg(m\? Fu?) Z/H@ Vo2 — sup Q(a) /R uf?

z€R3

> / (1P~ sup QLuP).

r€R3

However, the function g(u) = u? + |u|® — sup,cps Q(x)|ulP is non-negative and
vanishes only at zero if sup,cps Q(z) < (p— 2)*>7P(3 — p)? 3. Therefore, u must be
equal to zero, and so u = 0 is the unique solution of (E)). O
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