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Abstract  Igusa varieties are smooth varieties in positive characteristic p which are closely related to
Shimura varieties and Rapoport—Zink spaces. One motivation for studying Igusa varieties is to analyse
the representations in the cohomology of Shimura varieties which may be ramified at p. The main purpose
of this work is to stabilize the trace formula for the cohomology of Igusa varieties arising from a PEL
datum of type (A) or (C). Our proof is unconditional thanks to the recent proof of the fundamental
lemma by Ngo, Waldspurger and many others.

An earlier work of Kottwitz, which inspired our work and proves the stable trace formula for the
special fibres of PEL Shimura varieties with good reduction, provides an explicit way to stabilize terms
at co. Stabilization away from p and oo is carried out by the usual Langlands—Shelstad transfer as in work
of Kottwitz. The key point of our work is to develop an explicit method to handle the orbital integrals at
p. Our approach has the technical advantage that we do not need to deal with twisted orbital integrals
or the twisted fundamental lemma.

One application of our formula, among others, is the computation of the arithmetic cohomology of
some compact PEL-type Shimura varieties of type (A) with non-trivial endoscopy. This is worked out in
a preprint of the author’s entitled ‘Galois representations arising from some compact Shimura varieties’.
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1. Introduction

The l-adic étale cohomology and Hasse-Weil zeta-functions of Shimura varieties have
been computed in several cases using the strategy developed by Ihara, Kottwitz, Lang-
lands and others. At the core of the method lies the comparison of the Arthur—Selberg
formula (or L2-Lefschetz formula by Arthur) and the Lefschetz fixed-point formula for
the special fibres of Shimura varieties at primes of good reduction (‘unramified’ primes).
In order to compute the cohomology of Shimura varieties at ramified primes, Harris and
Taylor introduced a new method making use of the interplay among Shimura varieties,
Rapoport—Zink spaces and Igusa varieties. There are two main parts for this method.
On one hand, one establishes a formula relating the cohomology spaces of the three geo-
metric objects (see [11, Theorem VI.2.9], which is generalized in [29, Theorem 22]). On
the other hand, one obtains a trace formula for the cohomology of Igusa varieties via
counting points (see [11, Proposition V.4.8], which is generalized in [36]) and compares
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it to the L2-Lefschetz formula for Shimura varieties [1, Theorem 6.1]. This comparison of
the two trace formulae usually requires stabilization. On the geometric side of the trace
formula, very roughly speaking, this amounts to rewriting a sum of orbital integrals over
the set of conjugacy classes as a sum of stable orbital integrals over the set of stable
conjugacy classes on endoscopic groups. In fact, the issue of stabilization was bypassed
in the work of Harris and Taylor as they only work with some simple kinds of unitary
similitude groups for which endoscopy disappears. However more interesting applications
are expected to result from the general case where stabilization is necessary.

The aim of our work is to carry out the stabilization of the trace formula for the
cohomology of Igusa varieties, with [36, Theorem 13.1] as a starting point. We will use the
standard form of the fundamental lemma and the transfer conjecture (Conjectures 2.13
and 2.14), which were recently proved by Ngo and Waldspurger, based on previous work of
many others. (See Proposition 2.17 and the subsequent explanation.) Note that there have
been results on the stabilization of various trace formulae which are related or analogous
to ours. The elliptic part of the Arthur—Selberg trace formula was stabilized by Langlands
[26] and Kottwitz [17]. The characteristic 0 Lefschetz formula for Shimura varieties
(as in [1] or [9]) was stabilized by Kottwitz [24] in an unpublished manuscript. The
point-counting formula for PEL-type Shimura varieties of type (A) or (C) was stabilized
by [21], [31] and [30].* It is worth noting that [21], [31] and [30] use a form of the
twisted fundamental lemma while our work does not.

Let us summarize our results more precisely. Let G be the reductive group over Q
attached to a PEL Shimura variety Sh of type (A) or (C), which is a projective system
of quasi-projective varieties over a number field. The Newton strata of the special fibre
of Sh at a place above p are parametrized by group-theoretic data b € B(Gq,), where
each b prescribes an isogeny class of Barsotti-Tate groups over F, with additional struc-
ture. Choose X}, in that isogeny class. One can define the Igusa variety Igy, , which is a
projective system of smooth varieties over I, related to the Newton stratum of Sh corre-
sponding to b. From an irreducible finite-dimensional representation £ of GG, we construct
an [-adic local system % on Igy, and Sh where [ # p. (We use the same notation .Z
for Igy, and Sh by abuse of language.) We will consider the [-adic cohomology space
H.(Igy,, Z¢) (alternating sum over all cohomological degrees), which is a virtual repre-
sentation of G(A™P) x Jp(Qp). Here Jy is a certain inner form of a Levi subgroup (of
a parabolic subgroup) of Gg,. (The group action at p is different for the cohomology of
Sh. The latter has an action of G(A>).) When ¢ € C°(G(A>®P) x J,(Qp)) is accept-
able [36, Definition 6.2], we have the following formula [36, Theorem 13.1] (details are
given in §4.4):

(O H (g, Z)) = S0 vollo(R)) ALy - tré(no) - OFET %@ ).
(y0;7,0) KT
(1.1)

* Kottwitz stabilized the formula for compactly supported cohomology. This result was extended by
Morel to the case of intersection cohomology.
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The upshot of the present paper is Theorem 1.1 (see also Theorem 7.2 later in the
paper), which stabilizes (1.1). This is an analogue of Kottwitz’s stable trace formula [19,
Theorem 7.2).*

Theorem 1.1. Let ¢ € C(G(A>®P) x Jy(Qp)) be any acceptable function. For each
elliptic endoscopic triple (H, s,n) for G, let h* be the function on H(A) constructed from
¢ as in § 7. Let STH denote the stable distribution on H(A) given by the sum of stable
orbital integrals on elliptic semisimple elements. (See (7.3) for the precise definition.)
Then

(8| Ho(lgs,, 20) = [ker (@, G)| S (G, H)STH (1),

(H,s,m)

Since the orbital integral in (1.1) is essentially a product of local orbital integrals, we
can basically stabilize (1.1) at each place. The stabilization away from p is done exactly
as in [19, §7]. In fact, it is the usual Langlands—Shelstad transfer of orbital integrals
away from p and co. At the infinite place of QQ, we obtain an explicit transfer in exactly
the same way as in work of Kottwitz, where the essential inputs are Shelstad’s theory
of real endoscopy and Clozel-Delorme’s result on the existence of pseudo-coefficients
for discrete series. (Although the existence of transfer at oo can be deduced without
exhibiting functions, the mere existence is not enough for applications to the computation
of cohomology, at least a priori.) So the main issue for us, which takes up §6, is how to
stabilize the term at p in a sensible way. The stabilization at p, which includes an explicit
process of constructing hf , is considered important because the explicit information
about hf would eventually go into the computation of the Galois and automorphic
representations (even if they are ramified at p) in the cohomology of Shimura varieties
at p. There are two problems for stabilization at p. First, we are not in the usual formalism
of the trace formula since the orbital integral at p is computed on a different group,
namely on Jy,(Q,). We resolve this issue by relating the endoscopy of J;, to the endoscopy
of G in a systematic way. Second, we need to relate the Kottwitz invariant (§4.2) at p
to the transfer factors. This is precisely the content of Lemma 6.3, which plays a key
role. (An analogous result in the context of Kottwitz’s formula is proved by Kottwitz
in [31, Appendix].)

Our motivation for this work stemmed from two kinds of expected application of The-
orem 1.1. (A fair part of that expectation has been realized.) As the first application,
given certain PEL-type Shimura varieties arising from unitary groups with non-trivial
endoscopy, we may compute their [-adic cohomology at ramified primes as long as we have
some prior knowledge of the cohomology of Rapoport—Zink spaces involved in the com-
putation. Indeed, we studied in [37] the cohomology of compact U(1,n—1)-type Shimura
varieties (which are more general than the ones in [11] which have trivial endoscopy) in
detail and obtained applications to Galois representations. We would like to make two
technical remarks regarding the last result. First, in the special case of U(1,n — 1)-type,
it is actually not necessary to assume that the PEL datum is unramified (§4.1) (as we
still have nice integral models for Shimura varieties; they also lead to a good notion of

* It is a mere coincidence of numbering that our Theorem 7.2 is an analogue of Theorem 7.2 of [19].
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Igusa varieties). Although we wrote this paper only for an unramified PEL datum, the
argument and construction carry over to the U(1,n — 1)-case without the unramified
assumption. Next, it is worth noting that a large part of the cohomology of (compact
or non-compact) Shimura varieties arising from unitary groups with arbitrary signature
could also be computed at ramified places even if endoscopy is non-trivial, by arguing as
in § A.7.3 of [7] (even though the latter only deals with the case of trivial endoscopy).
The basic strategy is to combine what we know in the case of U(1,n—1) (e.g. [37, §6.2])
with the information about the cohomology of those Shimura varieties at unramified
places (e.g. [31, §8.4], which extends the results of [20] to the setting of non-compact
Shimura varieties with non-trivial endoscopy), and apply the Cebotarev density theorem
to obtain the desired information at ramified places.*

The second application of our results is expected in some cases where we have prior
knowledge of the cohomology of Shimura varieties. We may compute the cohomology
of Rapoport—Zink spaces as an application of Theorem 1.1, by proving a generalization
of [11, Theorem V.5.4] and using a result of Mantovan [29, Theorem 23|. This way we
can recover the main results of Fargues [7, Chapter 8] and prove some new facts. The
second application will appear in our forthcoming work.

Finally, let us sketch the structure of the article. Sections 1-4 are devoted to known
facts and background materials from various sources. The reader may try to digest the
statement of Theorem 4.4 and then read from §5, where the stabilization of formula
(4.3) in Theorem 4.4 begins. The first four sections may be used as reference along the
way. Section 5 is the easier part of stabilization, where local expressions away from p are
treated. Here we have not needed any new ideas or insights. The heart of the paper is §6
and concerned with stabilization at p. After preparatory §§6.1 and 6.2, we construct the
functions hf whose stable orbital integrals have the desired values. It is fundamentally
used in our construction that the Kottwitz invariant at p (denoted by &) interacts
nicely with transfer factors. This relationship is formulated in Lemma 6.3. The proof
of Lemma 6.3 is the most technical result of our paper and takes up §6.4. Section 7
puts together the main results of §§5 and 6, culminating in Theorem 7.2 with the fully
stabilized formula. Our paper could end here, but we included §8 for two purposes. By
explicitly computing some terms in Lemma 6.3 in simple cases, we wish to help the reader
understand the nature of Lemma 6.3. More importantly, the computation of cpy,, is a
necessary input in the aforementioned application of our main result to the cohomology
of Shimura varieties.

1.1. Notation and convention

We will work with various sets of isomorphism classes. By abuse of terminology, we
often choose a representative in each isomorphism class and identify the set of isomor-
phism classes with the set of representatives. When a specific representative is chosen
from an isomorphism class, we explain the choice.

* Morel suggested that we include this remark on Shimura varieties attached to unitary groups with
arbitrary signature.
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Let F be a field of characteristic 0. Let I' denote Gal(F/F) in §§2.1-2.4. Starting
from §3, I' := Gal(Q/Q) and I'(v) := Gal(Q,/Q,) for each place v of Q. For any linear
algebraic group G over F, denote by G the neutral component of G.

Let D be a diagonalizable group over F. Let X*(D) (respectively X,(D)) denote the
Z-module Homp (D, G,,) (respectively Homg(G,,, D)) with Gal(F/F)-action. We often
write X*(D)g for X*(D) ®z Q. The same applies to X, (D)gq. For a finite abelian group
A, let AP denote the group Hom(A,C*).

Let G and G’ be connected reductive groups over F'. For each g € G(F'), use Int(g) :
G — G to denote the inner automorphism defined by z +— grg—!. Let Intx(G) be the
group of all inner automorphisms of G defined over a field K (containing F'). We say that
G and G’ are F-inner forms with respect to an F-isomorphism ¢ : G = G’ if ¢y~ o )7
lies in Int 7(G) for every o € Gal(F/F). This notion only depends on the G (F)-conjugacy
orbit of . We often omit the reference to ¥ when there is no danger of confusion.

Let G be a connected reductive group over F. Let G4 denote the derived subgroup
of G, and G* a quasi-split F-inner form of G. Write Z(G) for the centre of G and Ag
for the maximal F-split torus in Z(G). If T is a maximal torus of G xp F, we write
R(G,T) (respectively RY(G,T)) for the set of roots (respectively coroots) of T' in G and
2(G,T) := Ng(T)/T for the Weyl group. Let Z(y) denote the centralizer of v € G(F') in
G. If 7 is semisimple and G is simply connected, then Zg/(7) is connected (see [12, § 3]).
A semisimple v € G(F) is called F-elliptic if Z(Za(7))°/Z(G)° is anisotropic over F.
An F-elliptic torus T in G is one such that T/Z(G)° is anisotropic over F.

Set H'(F,G) := H'(Gal(F/F),G(F)). When F is a number field, write ker'(F,G)
for the kernel of H*(F,G) — [], H*(F,, G) where v runs over all places of F. Similarly
define ker'(F, H) for any complex Lie group H equipped with an action of Gal(F/F)
factoring through a finite quotient.

Suppose that v, € G(F). We say that v and +' are conjugate in G(F) and write
v ~ 4" if there exists g € G(F) such that v/ = gyg~'. When v and ~ are conjugate
in G(F) so that 4/ = gyg~! for some g € G(F), the association o + g~'g° defines an
element of ker(H!(F,I) — H'(F,G)) where I := Zg(v). If this cohomology class is in
the image of ker(H!(F, I°) — H'(F,G)), we say that v and +' are stably conjugate, and
write y ~g 7. If I is connected then G(F)-conjugacy and stable conjugacy coincide for
v by definition.

When we say that a field F' of characteristic 0 is global (respectively local), it means
that F is a finite extension of Q (respectively Q, for some place v of Q). Suppose that
F is global or local. Then the Weil group Wy of F is defined [38]. To discuss the L-
group LG of a connected reductive F-group G, we fix a Gal(F/F)-invariant splitting data
(B, T,{X4}aca) once and for all where A is the set of B-positive roots for T in G. The
L-group is defined as a semi-direct product “G := G % W, where Wg acts on G via

Wp — Out(G) = Aut(G,B, T, {Xa}aca).

Often a Levi subgroup of a parabolic subgroup of G (respectively “G) will be called a
Levi subgroup of G (respectively “G) by abuse of terminology. (See [4, §§2-3] for details
on L-groups and their Levi subgroups.)
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Let F be a global field. When S is a finite set of places of F', we denote by A% the
restricted product of F, for all v ¢ S.
Finally, if G is a Q-group and F' is any field containing Q, we write G for G xg F.

1.2. Harmonic analysis on reductive groups

We introduce further notation and convention for harmonic analysis on reductive
groups. Let G be a connected reductive group over a field F' of characteristic 0.

Suppose that F' is local. The Kottwitz sign e(G) € {1} is defined in [13]. If G is
quasi-split over F' then e(G) = 1. If F = Q,, (respectively F' = R) then we often write
ep(G) (respectively e (G)) for this sign. Let C*°(G(F')) (respectively C°(G(F'))) denote
the space of smooth (respectively smooth and compactly supported) functions on G(F')
with values in an algebraically closed field 2. When F' is R or C, take {2 = C so that
smoothness makes sense. When F' is non-archimedean, smooth means locally constant
and (2 may be C or Q for some prime I. We will always take 2 = C from §5 until the
end. When F' = R, let x : Ag(R)® — C* be a continuous homomorphism and fix a
maximal compact subgroup Ko, of G(R). Define C°(G(R), x) to be the space of smooth
functions G(R) — C which are bi- K -finite, compactly supported modulo Ag(R)°, and
transform under Ag(R)° by x.

Keep assuming that F' is local. Let G; and G5 be connected reductive F-groups which
are inner forms. Once a Haar measure p; on G1(F) is chosen, there is a unique Haar
measure pg on Gao(F') such that p; and ps are compatible in the sense of [18, p. 631].

Let us define orbital integrals and stable orbital integrals. Let v € G(F') be a semisimple
element and fix Haar measures on G(F) and Zg(7)"(F). For ¢ € C°(G(F)), define

05" (9) = | F (e yz) da,
Za(7)°(P)\G(F)

where the quotient measure is used for integration. The stable orbital integral is defined
as [18, p. 638]

S0710(6) = 37 e(Za(v)") - aly)-05(9),

Y sty

where 4/ runs over a set of representatives for G(F')-conjugacy classes in the stable
conjugacy class of v. The number a(y’) is defined as the cardinality of the kernel
of HY(F,Za(v')°?) — HY(F,Zg(y')). We remark on the choice of Haar measures for
Of,(F)(d)) in the definition. If 4/ ~g 7 then Zg(v')? and Zg(7)? are F-inner forms. The
measure on Zg(y')? is chosen to be compatible with that on Zg(v)°.

Assume that F is a local non-archimedean field. Let Irr(G(F')) denote the set of iso-
morphism classes of irreducible admissible representations of G(F'). The Grothendieck
group of admissible representations of G(F') is written as Groth(G(F')). (See [11, p. 23]
for a precise definition, which also works for representations of any topological group.)
Let M be a Levi subgroup of a parabolic subgroup P of G. Write N for the unipotent
radical of P. Define a function D, on M(F) and a character p : M(F) — C* by

DS (m) = det(1 — ad(m))|Lie(G), Lie(r)s dp(m) = [det(ad(m))|Lie(P)/ Lie(a) | F
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where |- [p : F* — RZ, is the valuation map normalized such that the inverse of the
uniformizer maps to the cardinality of the residue field of F. Let m be an admissible
representation of G(F') on a {2-vector space V. Denote by J acg(ﬂ') the admissible repre-
sentation of M (F') on the quotient of V' by the subspace generated by nv—uv for n € N(F')
and v € V. Put J§(7) := Jach(r) ® 5;1/2. Both Jac%(w) and JG () induce maps from
Groth(G(F)) to Groth(M (F)). If 7 is an admissible representation of G(F') on a vector
space V, each ¢ € C°(G(F)) defines a finite-rank operator m(¢) := fG(F) ?(g)m(g) dg on
V. Thereby trm(¢), or tr(¢|m), is defined. This definition extends to m € Groth(G(F)).

Let G be a connected reductive group over Q and S be a finite set of places of Q. Choose
a hyperspecial subgroup K2 of G(Q,) at every finite place v where Gg, is unrami-
fied (possibly with finitely many exceptions of v), and define the spaces C*°(G(A%))
and C°(G(A%)) via restricted product over all v ¢ S [8, §3]. Let Groth(G(A%))
denote the Grothendieck group of admissible representations of G(A®) (where we assume
S D {o0}). The definition of orbital integrals, stable orbital integrals and the trace dis-
tributions extends to the adelic case in an obvious way. There is a canonical measure
on G(A)/Ag(R)°, called the Tamagawa measure. The volume of G(A)/Ag(R)° for this
measure is finite and denoted by 7(G). It is known that [18, p. 629]

7(G) = |mo(Z(G) D) /|ker' (Q, G). (1.2)

Let G be a real reductive group and T be an R-elliptic torus in G. Define d(G) :=
|ker(H*(R,T) — H'(R,G))|. This value is finite and independent of the choice of T

2. Endoscopic groups and the transfer conjecture

Throughout §2, let G be a connected reductive group over a local or global field F' of
characteristic 0 and assume that G9°* is simply connected. More conditions on G or
F will be specified as needed. In §2.1 and §2.4 various sets such as Er(G), EQr(G),
SSr(QG), etc., are defined. In later sections we will write £(G) (respectively &,(G)) for
Er(G) if F = Q (respectively F = Q,) and do the same with EQr(G), SSr(G), etc.

2.1. Endoscopic triples

We first give the definition of endoscopic triples. Recall that there is an action of I" :=
Gal(F/F) on G given by the choice of splitting data. The definition below is independent
of this choice since the I'-actions for any two splitting data differ by G-conjugacy.

Definition 2.1 (Kottwitz [15, 7.4]). An endoscopic triple for G is a triple (H,s,n)
satisfying the following three conditions where H is a quasi-split connected reductive
group over F, s is an element of Z(H), and n: H — G is an embedding of complex Lie
groups.

(ii) The G-conjugacy class of 7 is fixed by I".
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(iii) The image of s in Z(H ) /Z(@) is I'-invariant and its image under the connect-
ing homomorphism (Z(H)/Z(G))" — H'(F, Z(G)) arising from the I'-equivariant
short exact sequence

1= Z2(G) = Z(H) — Z(H)/Z(G) = 1

is trivial if F is local and locally trivial (i.e. contained in ker!(F, Z(Q®))) if F is
global.

Remark 2.2. The condition (ii) in the above definition implies that the embedding of
Z(@G) into Z(H) via n is I'-invariant. Thus the condition (iii) makes sense.

Remark 2.3. It is obvious that the endoscopic triples for G are the same as those for
G’ if G and G’ are inner forms over F.

Definition 2.4. An endoscopic triple (H,s,n) for G is called elliptic if (Z(H)")° c
Z(@), or equivalently if Z(H)!'Z(G)/Z(G) is a finite group.

Definition 2.5 (Kottwitz [24, Definition 2.5]). An isomorphism between endoscopic
triples (H,s,n) and (H',s',n) for G is an isomorphism « : H = H’ such that

(i) n o & and 7' are conjugate under an element of G (this makes sense as the
H-conjugacy orbit of & is well-defined);

(i) s and a(s') are equal in Z(H)/Z(G).
The group of automorphisms of (H, s,n) is denoted by Autg(H, s,n). Define
Outp(H,s,n) := Autp(H,s,n)/Intp(H).

We write £x(G) (respectively £8(G)) for the set of isomorphism classes of all (respec-
tively elliptic) endoscopic triples for G.

Remark 2.6. The notion of isomorphism in Definition 2.5 is stronger than the one
given in [15, §7]. Consider G = GLy and H = GL; x GL;. Let s,y == (a,b) € H
where a,b € C*, and 7 be such that (a,b) maps to the diagonal matrix with entries a
and b. Then (H, sq,7) belongs to Ex(G) (but not to E§1(G)). Any two (H, s44,71) and
(H, sc,4,n) are isomorphic in the sense of [15, § 7], but they are isomorphic in our sense
if and only if a/b = ¢/d or a/b = d/c.

Let (H,s,n) be an endoscopic triple for G. Let Ty C H, T C G, Ty C H, T C G be
maximal tori over F. Choose Borel subgroups By € H, B C G, By C H and B C G over
F such that Ty € By, T C B, Ty C By and T € B. These determine isomorphisms

: Ty ~ Ty and ¢ : T ~ T. There exists g€ G such that 6 := Int(j) o n sends
TH to T and By into B. Thereby we obtain T Ty given by LH 067 1oy Get an
F-isomorphism j : Ty — T by taking the dual. The £2(G, T)-orbit of j is independent
of the choice of § and the Borel subgroups. For a fixed T4, the G(F)-conjugacy class
of embeddings Ty < G induced by j is independent of the choice of T, Ty, T, § and
the Borel subgroups. Given an F-maximal torus T of H, there exists a maximal torus
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defined over F in its H(F)-conjugacy class since H is quasi-split over F. Suppose that
G is quasi-split and that Ty is defined over F. Then we may arrange that j is an F-
morphism in the above process, replacing (B,T) by a G(F)-conjugate if necessary so
that T is defined over F. (Use [12, Corollary 2.2] to find an F-embedding j : Ty — G
in the canonical G(F)-conjugacy class and take for T' the image of j.)

There is an embedding of Z(G) < Z(H) given by j~! since R(H,Ty) C R(G,T)
via X*(Tg) L x (T). The embedding Z(G) — Z(H) is canonical in the sense that it
only depends on (H,s,n) and that it is compatible with isomorphisms of endoscopic
triples. The embedding Z(G) — Z(H) is defined over F. Indeed, it is enough to prove
this when G is quasi-split over F', and for such a group G we may take j to be defined
over F' as remarked earlier. Restricting Z(G) — Z(H) to maximal F-split subtori, we
obtain a canonical embedding Ag — Ay over F. This embedding is an isomorphism if
(H,s,n) € EF(G).

In practice (from §5), we will fix a representative in each isomorphism class of endo-
scopic triples and identify the set of isomorphism classes of endoscopic triples with the
set of representatives.

2.2. The groups A(:) and K(Ip/Q)

Define Ap(Go) := m(Z(Go))P for any connected reductive F-group Go. For the
relationship between Ap(Gy) and the Galois cohomology of Gy, see [17, §§1-2]. If F is
local there is a canonical functorial map

HY(F,Go) — Ar(Gy). (2.1)

(This map is functorial with respect to any F-morphism by [17]; cf. the proof of
Lemma 2.3 in [36].) The map in (2.1) is an isomorphism (of pointed sets) if F' is non-
archimedean and will form the left vertical arrow of (3.1).

Let F and G be as before. Let vy be a semisimple element and set Iy := Zg (7). From
the canonical I'-equivariant inclusion Z(G) < Z(I,), obtain an exact sequence

1 Z(GQ) = Z(Io) = Z(1o)/Z(G) — 1

and consider the connecting homomorphism (Z(Iy)/Z(G))" — H'(F, Z(G)). Define
RA(Io/F) = Rg(Iy/F) to be the subgroup of (Z(Iy)/Z(G))" whose image in H(F, Z(G))
is trivial (respectively locally trivial) if F' is local (respectively global). Our definition
(due to [24]) coincides with the one in [17, 4.6] when ~g is F-elliptic but differs from it
in general.

Define &(Iy/F) to be N, Z(Ip)"™ Z(G) if F is global and Z(Iy)" Z(G) if F is local.
By unraveling the definition of £(Iy/F) we see that canonically

R(Io/F) = ’(Lo/F)/Z(G). (2.2)

Now suppose that F' is global and that v is F-elliptic. In particular £(Iy/F) is a finite
abelian group. Assume that the group homomorphism ker!(F, Z(G)) < ker'(F, Z(Iy))
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induced by the canonical I'-equivariant map Z(G) < Z(I,) is injective (cf. Lemma 4.1).
Then by dualizing the exact sequence on [17, p. 395] we obtain an exact sequence

1 — &(Io/F)P — Ap(Io) — Ar(G) — 1. (2.3)

2.3. Transfer of conjugacy classes

Let F be local or global and consider (H,s,n) € Er(G). We explain how to transfer
semisimple stable conjugacy classes from H to G. Let vy € H(F) be a semisimple
element of H. Choose a maximal torus Ty of H over F containing vz. As explained in
the paragraph below Remark 2.6, there is a canonical G (F')-conjugacy class of embeddings
j: Ty — G. Put v := j(yg) for one such embedding. The G(F)-conjugacy class of ~ is
independent of the choice of Ty and j. This G(F)-conjugacy class contains an element
Y% € G(F) if G is quasi-split over F', but not in general. If such vy € G(F) exists,
we say that vy transfers to v in G(F), or that vy and -y have matching conjugacy
classes. The association vy +— 7 is a partially defined map from the set of semisimple
stable conjugacy classes in H(F') to the set of semisimple stable conjugacy classes in
G(F). This map is compatible with isomorphisms between endoscopic triples for G. In
the above process, we may choose Ty, and also j if G is quasi-split over F, so that Ty
and j are defined over F. (Use [12, Corollary 2.2].)

Let T := j(Ty). We have an inclusion R(H,Ty) — R(G,T) C X*(T) via j.
The semisimple element vy is called (G, H)-regular if a(yg) # 1 for every a in
R(G,T)\R(H,Ty). This notion is independent of the choice of Ty and j.

Define SSr(G) (respectively SSS(G)) to be the set of equivalence classes of (7o, &)
where 79 € G(F) is semisimple (respectively elliptic) and k € Rg(Io/F). Two pairs
(70, #) and (7(, k') are considered equivalent if y9 ~gs ¥, and k = &’ via the canonical
isomorphism Z (1) ~ Z(I}), where I}, := Zg (7). At this point, assume temporarily that
G is quasi-split over F. Define EQr(G) to be the set of equivalence classes of (endoscopic)
quadruples (H, s,n,vg) where (H, s,n) is an endoscopic triple for G and vy is a (G, H)-
regular semisimple element of H(F). As we are assuming that G is simply connected,
we know that Iy := Zp(yy) is connected [17, Lemma 3.2]. The quadruples (H, s,7n, V)
and (H',s',n',v};) are equivalent if there exists an isomorphism (H,s,n) — (H',s',n’)
given by  : H = H' such that a(vx) is conjugate to 74 in H'(F) (equivalently, a(vz)
and +}; are stably conjugate). Define £Q%'(G) to be the subset of £Qr(G) characterized
by the condition that (H, s,n) € E&(G). It is worth noting that Iy and Iy are connected
and inner forms of each other [17, §3]. Observe that vy transfers to some vy € G(F)
since G is quasi-split over F. From s € Z(H) we construct x € &(Io/F) by taking the
image of s under Z(H) < Z(Iy) = Z(Iy), which lies in &(Io/Q). (cf. Remark 2.7.) It is
easy to check that equivalent endoscopic quadruples give rise to equivalent pairs (7o, ).
Thus we have defined a map (H, s,n,vm) — (7, %) from EQr(G) to SSr(G).

Now drop the assumption that G is quasi-split over F' and let G* be the quasi-split
inner form of G. Define £Qr(G) to be the subset of £Qr(G*) consisting of (H, s,n,vm) €
EQr(Q) for which vy transfers to a stable conjugacy class in G(F).
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Remark 2.7. In the situation (H,s,n,vg) — (Y0, %), we will always use the symbol &
to denote the image of s under Z(H) < Z(Iy) = Z(Iy). It follows that & € R(Iy/Q).
The image of & in K(Ip/Q) is k.

Lemma 2.8 (Kottwitz [24, Lemma 4.1]). The above map defines a bijection from
£Qr(G) to SSr(G) and restricts to a bijection from EQS(G) to SS$(G). An automor-
phism o : H =5 H inducing a self-equivalence of (H, s,n,vg) € EQr(G) is unique up to
H (F)-conjugacy.

Proof. It was proved in [17, Lemma 9.7] that the map from £Q%'(G) to SSP(G) is a
bijection. The general case is proved in the same way. O

As remarked at the end of §2.1, we will fix a representative for each isomorphism
class of £p(G) from §5. When working with £Qr(G), it is convenient to consider only
those (H,s,n,vm) such that (H,s,n) is in the set of fixed representatives. For any given
(H,s,n,vm), it is easy to see from Lemma 2.8 that there are precisely |Outp(H, s,n)|
stable conjugacy classes of v4; € H(F') (including that of g itself) such that (H, s, n,vu)
and (H, s, n,7}) are equivalent.

2.4. Endoscopic triples for Levi subgroups

Let M be a Levi subgroup of an F-rational parabolic subgroup of G. In § 2.4 we assume
for simplicity that G is quasi-split over F'. Let J denote an inner form of M over F.

Definition 2.9 (Kottwitz [24, Definition 7.1]). A G-endoscopic triple for M
is an endoscopic triple (Mpy,smg,nm) for M such that the condition (iii) of Defini-
tion 2.1 holds with My and G in place of H and G, respectively. An isomorphism
between two G-endoscopic triples (Mp,sm,ny) and (Mj;, sy, ) for M is an iso-
morphism « : My = Mj; of endoscopic triples for M buch that sy and &(s}y) are
equal (not only in Z(My)/Z(M) but also) in Z(Mp)/Z(G). Denote by Ep(M,G) the
set of isomorphism classes of G-endoscopic triples for M. Write Autg(MH,sH,nH)
for the group of automorphisms of (Mpy, sy, ny) and define Owt(My, sy, ny) =
Autg(MH,sH,r]H)/IntF(MH).

If J is an inner form of M over F, define G-endoscopic triples for J, the notion of
isomorphism, and the set £p(J,G) in an analogous way, by replacing M with J and
using the canonical map Z(G) < Z(M) = Z(J).

Let 79 € M(F) be a semisimple element. Let T be a maximal torus of M over F
containing 9. We say that ~o is (G, M)-regular if a(y) # 1 for every root a of T
in G which is not a root in M. This notion is independent of the choice of T'. Now
suppose that v is (G, M)-regular. Let Iy denote Zps (o), which is the same as Zg(vo).
We have a natural map K¢ (lo/F) — K (Io/F). (This turns out to be a surjection with
kernel (Z(M)/Z(G))" but we do not need this fact.) Suppose that a semisimple element
¢ € J(F) transfers to a (G, M)-regular o € M(F'). It is easy to check that I5 := Z;(d) is
an inner form of Iy over F. Define R (I5/F), replacing Z(Io) by Z(Is) in the definition
of R (Io/F). (There is a canonical I'equivariant embedding Z(G) < Z(I5).) There are
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canonical isomorphisms K¢ (I5/F) ~ Ra(Io/F) and R;(Is/F) ~ Ky (Ip/F) coming from
the canonical I'-equivariant isomorphism Z(Is) ~ Z(Io).

Define SSr(M, G) to be the set of equivalence classes of (vg, k) where 7 is a (G, M)-
regular semisimple element of M (F') and x belongs to g (Ip/F). Two pairs (7o, k) and
(7, &') are considered equivalent if g ~g ) in M(F) and k£ = &’ via the canonical
isomorphism Z(Iy) ~ Z(I}). The set SSp(J,G) is defined analogously, replacing (Yo, %)
with (9, k) where k € Rg(Is/F) and § € J(F) is a semisimple element which transfers to a
(G, M)-regular element of M (F'). There is a natural injection SSr(J,G) — SSr(M, G)
given by the transfer of stable conjugacy classes.

Define £Qp(M,G) to be the set of equivalence classes of (G-endoscopic) quadru-
ples (My, sg,nm,vu) where (Myg,sg,nm) is a G-endoscopic triple for M and g is
an (M, My )-regular semisimple element of My (F) which transfers to a (G, M)-regular
element in M(F). The quadruples (Mg, sg,nu, va) and (MY, sy, 0y, Vi) are equiva-
lent if there is an isomorphism (M, sp,ng) — (M, sy, 1) by a: My — M} such
that a(yy) is conjugate to vy in My (F). For (My,su,nm,vu) € EQr(M,G), put
Ingg, = Zr,, (vm) and suppose that g transfers to yo € M(F'). As before, Iy and Iy,
are connected and inner forms of each other, and we may construct x € R¢(Ip/F) as the
image of sy € Z(My). Thus obtain a map (Mg, sg,nu,ve) — (70, %) from EQp(M, G)
to SSp(M, Q). Now define a subset EQr(J, G) of EQr(M, G) by the following condition:
the image (7o, ) of (Mp, sm,nm,vm) is such that 7o transfers to an element § € J(F).
Thus we get a map EQr(J,G) = SSr(J,G) given by (M, sg,nm,vu) — (9, ). There
is an analogue of Lemma 2.8.

Lemma 2.10. The maps that we constructed above are bijections from EQp(M,G)
to SSp(M,G) and from EQp(J,G) to SSr(J,G), respectively. An automorphism « :
My = My inducing a self-equivalence of (Mg, s,n,vg) in EQr(M,G) is unique up to
My (F)-conjugacy.

Proof. In the case of EQr(M,G) and SSr(M, G), the proof of [17, Lemma 9.7] works
without essential change. The analogous assertion for £EQp(J, G) and SSr(J, G) follows
from this. g

2.5. Levi subgroups of L-groups

In this subsection we use the notions and facts covered in [4, §§ 1-3], omitting proofs
most of the time. Choose a Borel subgroup B and a maximal torus T of G over F. Thus
get a based root datum (X*(7T'),A, X.(T),AY). In particular we are given a bijection
a— oY from R(G,T) onto RY(G,T) which restricts to a bijection A +» AV. Recall that
we choose a Gal(F/F)-invariant splitting data (B, T, {X4}) to define G = G' x Wp. In
particular “G is equipped with a natural surjection “G — Wp.

Definition 2.11. The normalizer P of a parabolic subgroup of G in LG is called a
parabolic subgroup of “G if P surjects onto Wg. A standard parabolic subgroup of G
is one containing B x Wg. If P is a parabolic subgroup of “G, the normalizer in P of a
Levi subgroup of P := P° (which is a parabolic subgroup of é) is called a Levi subgroup
of P (or of “G by abuse of terminology).
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The bijection A <+ AV induces a natural injection from the set of G(F)-conjugacy
classes of F-rational parabolic subgroups of G to the set of Cl—conjugacy classes of
parabolic subgroups of “G. Similarly there is a natural injection from the set of
G(F')-conjugacy classes of F-rational Levi subgroups of G to the set of G-conjugacy
classes of Levi subgroups of LG [4, 3.3, 3.4]. If G is quasi-split over F' then both injec-
tions are bijections. So if the image of an F-embedding iy, : M — G is an F-rational
Levi subgroup of G, then i), determines a G- -conjugacy class of L-embeddings “M — LG

whose images are Levi subgroups of LG, Let l?w : LM — L@ be one such embedding and
put 1§, =191,
Lemma 2.12. If Iy, : M < G lies in the G- conjugacy orbit of 19, then Iy can be

extended to an L-embedding ZM : LM < LG which is G- conjugate to 19,. Moreover,
the image of any such extension Iy is the centralizer of Iy ((Z(M)T)°) in LG

Proof. Let § € G be such that Int(§) o 19, = Iy Then Iy :=1Int(j) ol is as
desired in the first assertion. Let us prove the second assertion. Let M := I3, (M) and
M’ = Zia(ly ((Z(M)T)0)). Clearly, M ¢ M’ and (M')° = M°. Moreover, M and M’
are Levi subgroups of ZG. This is obvious for M and follows from [4, Lemma 3.5] for
M. From this it is easy to see that M = M’. O

2.6. Transfer conjecture and the fundamental lemma

In §2.6 we state the famous transfer conjecture and the fundamental lemma which are
at the heart of the stable trace formula formalism. They are now proved in most cases
by the work of several mathematicians. (See Proposition 2.17 and the remark below it.)

Assume that F is a local field. For each (H,s,n) € £(Q), fix an L-group morphism
7 : “H — LG extending 7. Such an 7 exists since G4°* is simply connected (see [25,
Proposition 1], cf. [15, 1.8.3]). Consider a (G, H)-regular semisimple element vy € H(F)
and a semisimple element vy € G(F) with matching stable conjugacy classes. There is
a complex-valued function A(-, )g, called the transfer factor and well-defined up to a
constant, defined on any such pair of elements (yy,7). (See [27] when g is G-regular
and [28] in general.) The function A(-, )% depends not only on 1 but also on the choice of
7. When there is no danger of confusion, we simply write A(-,-) for A(-,-)%. Langlands
and Shelstad proposed the following transfer conjecture. Functions ¢ and ¢ as in the
conjecture are called (A-)matching functions.

Conjecture 2.13 (Kottwitz [17, Conjecture 5.5], cf. Langlands and Shelstad
[28, 2.1]). For each function ¢ € C°(G(F)), there exists a function ¢¥ € C*(H(F))
such that for every (G, H)-regular semisimple element vy € H(F), if vy transfers to
Yo € G(F) in the sense of § 2.3, we have

SOII () = N e(Za()) - Al ) - OS T (9),

Y~stY0

where the sum is taken over a set of representatives for conjugacy classes in the stable
conjugacy class of vy, and SO,IY{I;F)(QZ)H) = 0 if vy does not transfer to G(F).
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There is freedom in the choice of A(yg,~). Namely it is fixed only up to a constant.
Nevertheless, once the value of A(-,-) is fixed for one pair (yg,7), it is determined for
every other pair.

When G is an unramified group over F', there is a more precise conjecture. Suppose that
7] is unramified in the sense that it arises from a map H x W(FY/F) — G x W (F™/F)
by inflation. (By definition W (F"/F) is the free abelian group generated by the Frobe-
nius morphism.) Let K¢ and Kg be hyperspecial maximal compact subgroups of G and
H, respectively. The following is believed to be true under an appropriate normalization

of A(va,7).

Conjecture 2.14 (fundamental lemma). For any (G, H)-regular semisimple element
vy € H(F), if vy transfers to vy € G(F) then

SOH ) (charg, ) = > e(Za(7)) - Alyu,7) - O (char,,)

Y™~stY0
and SOf;F)(charKH) = 0 if vy does not transfer to G(F).

Remark 2.15. As proved in [28, Lemma 2.4.A], the general case of Conjecture 2.13
and 2.14 follows from the special case where vyp is G-regular in the sense of [27, 1.3].

Remark 2.16. The map 7 induces a map
0" O (Ke\G(Qp)/Ka) = CF(Ku\H(Qp)/Kn)

of unramified Hecke algebras. A more general version of the fundamental lemma says
that ¢ and 77*(¢) are A-matching functions. (Recall that A depends on the choice of 7).)
The proof of this general version reduces to the case ¢ = charg,, as proved by Hales [10].

Proposition 2.17. Conjecture 2.13 is true. Conjecture 2.14 is true if the residue char-
acteristic of F' is sufficiently large.*

We briefly remark on the proof of the proposition. Waldspurger showed in [40] and [42]
that Conjectures 2.13 and 2.14 follow from a Lie algebra version of the fundamental
lemma. The proof of the Lie algebra fundamental lemma over F (with char F' = 0)
is reduced by [41] to the proof for local fields of positive characteristic if the residue
characteristic of F' is large enough. The proof of the last case was recently announced
by Ng6 [32]. (In fact it is enough to assume that the residue characteristic of F' does
not divide the order of the Weyl group.) This implies Conjecture 2.13 for any F and
Conjecture 2.14 for any F' with large residue characteristic. For more details and related
works on the fundamental lemma, we refer to the introduction of [32].

2.7. Transfer between GL,, and their inner forms over p-adic fields

The purpose of §2.7 is to exhibit one of the simplest examples of the Langlands—
Shelstad transfer as well as its interaction with representation theory, in the case of

* Michael Harris, as well as Sophie Morel, informed us that the condition on the residue characteristic
can be removed by results of [10].
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general linear groups and their inner forms. The result in this subsection, which is not
new, will not be used in later sections but turns out to be useful for applications (as
in [37]).

Let F' be a finite extension of Q. In this subsection, let G be an F-inner form of
G* := GL,. Note that conjugacy classes are the same as stable conjugacy classes in
G(F) and G*(F) by Hilbert 90.

Badulescu defined a morphism LJ = LJgZé};) from Groth(G*(F')) to Groth(G(F))
which is uniquely determined by the character identity [3, Proposition 3.3]

trLI(m)(g9) = e(G) - trm(g*) (2.4)

for every m € Groth(G*(F)) and every pair of regular semisimple elements g € G(F)
and ¢g* € G*(F) with matching conjugacy classes. If = € Irr(G*(F')) is square-integrable,
its image LJ(7) is the inverse image of 7 under the Jacquet—Langlands correspondence
as in [6]. In general, an irreducible smooth representation of G*(F) may not map to an
irreducible representation of G(F') under LJ.

Lemma 2.18 (cf. [11, Lemma V.5.1]). For each ¢ € C>(G(F)), there exists a
function ¢* € C°(G*(F)) such that

(i) for any pair of semisimple elementsy € G(F'), v* € G*(F') with matching conjugacy
classes, i
O () = e(G) - e(Za(7)) - 05 (9"),
where Haar measures are chosen to be compatible between the inner forms G(F)
and G*(F) (respectively Zg(v)(F) and Zg-(v*)(F)), and O,C;:(F) (¢*)=0 if a
semisimple v* € G*(F') does not transfer to G(F);

(ii) for any 7 € Groth(G*(F)),
trLI(7%)(¢) = tr* (¢*).

Remark 2.19. Lemma 2.18 admits an obvious generalization to the case where G is an
inner form of a product of general linear groups.

Remark 2.20. Note that (G*,1,id) is an endoscopic triple for G. Part (i) of the lemma
is a basic example of Conjecture 2.13, with the normalization A(-,-)&. = e(G).

Proof. By [6, Theorem B.2.c], we may choose ¢* € C°(G*(F)) such that (i) holds,
but we need to account for the sign difference. Our sign convention is different from that
of [6] because we use compatible measures in the sense of [18, p. 631]. The ratio of the
measures on G(F) and G*(F) in our case differs by e(G) from that in [6], which explains
the appearance of e¢(G). The extra sign factor e(Zg (7)) comes from the fact that we
choose compatible measures on Zg(v)(F) and Zg-(v*)(F) in (i).

It remains to verify (ii). Recall the Weyl integration formula in the notation of [11,
p. 189

ter(e) = S WelT) ™ [ Deof (@)t
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where the sum runs over G(F')-conjugacy classes of maximal tori 7 in G(F'). A similar
formula holds for 7* and G*. Using part (i) and the fact that tr LJ(7*)(¢) = e(G) tr 7*(¢*)
by (2.4), we deduce that tr LI(7*)(¢) = tr 7*(¢*). O

3. More background

3.1. The sets B(G), N(G) and the Newton maps

In §§ 3.1 and 3.2, let G be a connected reductive group over Q,, which is quasi-split. Choose
a maximal torus T’ of G defined over Q,. Let L := FracW(F,) and Ly := Frac W (F:)
for s € Z~¢. Denote by o the Frobenius automorphism of L which induces the pth power
map on the residue field. In this section I'(p) := Gal(Q,/Q,). Let D denote the protorus
with character group Q. Define

B(G)=G(L)/ ~, wherex~y < Jgc G(L), z =g ‘yg°,
N(G) = (Int G(L)\ Hom (D, G))” = (X.(T)g/2)"?,

where (2 is the Weyl group for T in G over F. There is a map
vg : G(L) — Homp (D, G)

characterized by various properties (see [33, Theorem 1.8] and [16, §4]) which induces
the Newton map vg : B(G) — N(G). The sets B(G), N(G) and the maps vg, Vg are
functorial in G. Moreover, ¢ fits into the commutative diagram (3.1) below, which is
functorial in G. The first (respectively second) row of (3.1) is exact in the middle in the
sense of pointed sets (respectively abelian groups). See [33, Theorem 1.15] about these
facts and the maps in the diagram:

HY(Qp, G) ——— N(G) (3.1)

ok

To(Z(G)FP))P —— X*(Z(G)F'®)) LN X*(Z(G)FP g, Q

3.2. The groups M} and J,

An element b € G(L) is called decent [34, Definition 1.8] if for some s € Zsg, svg(b)
arises from a morphism G,, — G and

bo(b)---o° "1 (b) = sua (D) (p). (3.2)

In particular this implies that b € G(L,). Recall that b € G(L) is called basic [16, §5.1]
if vg(b) : D — G factors through Z(G). Any b € B(Q) is basic if it has a representative
b € G(L) which is basic.

Fix b € B(Q) for the moment. It is possible to choose a decent representative b of
b such that vg(b) is defined over Q, (see §4.3 and p. 219 of [16]). Write M; for the
centralizer of Vg(i)), which is a Q,-rational Levi subgroup of G. In fact b gives rise to a
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basic element of B(Mj) [16, Proposition 6.2]. We may and will arrange that be M (L)
and that b is a basic decent element of Mj(L). Fix s € Z~( which satisfies (3.2) for b.
Define a Q,-group J; by

Jy(R) ={9€G(L®g, R)|g= bo(g)b '}

for any Q,-algebra R. The representability of J; is shown in [34, 1.12]. We will often
use the fact that J; is an inner form of Mj represented by the cocycle o Int(b) in
H'(Ls/Qp,Int(M;)) (cf. [36, Lemma 4.2]). We may and will fix a choice of an Li-
isomorphism ¢ : J; = Mj such that ¢~ = Int(l;). (The M;(Q,)-conjugacy class of 1
is canonical.) This allows us to embed J; into G over Q,, by J; ~ M; — G. If V' is another
choice for b, then there exists g € G(Q,) such that M;, = gMzg~* and b = gbg~! [16,
Proposition 6.3].

From now on we fix the choice of a decent b for each b € B(G) and will write J,
My and v, for J;, M; and Vg(g) for simplicity of notation. It is easy to see from the
previous discussion that the G(Q,)-conjugacy class of the Q,-embedding M; — G and

the G(Q,)-conjugacy class of the Q,-embedding J, < G are canonical in that they are
independent of the choice of b.

3.3. Acceptable elements
Consider a triple (Go, v, Mp) such that

(1) Gy is a connected reductive group over Q,;
(ii) v: D — Gy is defined over Qp;
(ii) My is the centralizer of v in Gy (thus a Q,-rational Levi subgroup of Gy).

For any maximal torus Ty of M, over @p, the map v may be viewed as an element of
X, (To)g- Choose s € Zsg such that sv € X, (Tp). We assume that

for every a € R(Go, To)\R(Mo, Tp), we have v,(a(sv(p))) # 0. (%)

If condition () is verified for some T and s then it is also true for any other choice
of Ty and s. For o € R(Go,Tp), condition (iii) implies that («,v) = 0 if and only if
o€ R(Mo, To)

Definition 3.1. A semisimple element vo € My(Q,) is said to be v-acceptable if the
following condition is verified: for every « in R(Gy, Tp)\R(Mo, Tp), we have (a,v) > 0 if
and only if a(v0) € Q) has positive (additive) p-adic valuation. An arbitrary element o €
Mo (Qp) is said to be v-acceptable if the semisimple part of o in the Jordan decomposition
is v-acceptable.

Whether ~q is v-acceptable is independent of the choice of Ty. If yo,7) € Mo(Q,) are
My (Q,)-conjugate, then g is v-acceptable if and only if 7 is. So it makes sense to ask
whether a stable or My(Q,)-conjugacy class in Mo(Q,) is v-acceptable. Let Jy be an
inner form of My over F.
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Definition 3.2. For an element § € Jo(Q,), let d, denote its semisimple part. We say
that § is v-acceptable if the stable conjugacy class of §, transfers to a v-acceptable stable
conjugacy class in My(Q,) (via the transfer between inner forms).

Remark 3.3. This definition coincides with the one given in [36, Definition 6.1].

Denote by P(v) the unique Q,-rational parabolic subgroup of Gy containing My as a
Levi subgroup such that o € R(Go, To)\R(My, Tp) satisfies (o, v) < 0 exactly when « is
a positive root with respect to P(v). The following lemma is obvious.

Lemma 3.4. If 79y € My(Q,) is v-acceptable, then vy is (Go, My)-regular (§2.4) and
|DS (o), = dpw)(70). The set of all v-acceptable elements is open in Mo(Qj).

0

We record a few other useful lemmas. (We do not assume that the derived subgroups
of Gy and My are simply connected.” This does not bother us as we are concerned with
elements with connected centralizers when it comes to applications.)

Lemma 3.5. Let m € My(Q,) be a (Go, My)-regular semisimple element. (For instance,
m may be any v-acceptable semisimple element by the preceding lemma.) The inclusion
My — Gy induces a bijection from the set of My(Q,)-conjugacy classes in the stable
conjugacy class (in My) of m to that of Go(Q,)-conjugacy classes in the stable conjugacy
class (in Gy) of m.

Proof. Set I := Zy,(m)°. We know I = Zg,(m)°?. The first assertion is equivalent to
the statement that the natural map

ker(H'(Q,, I) — HY(Q,, My)) — ker(H*(Q,,I) = H'(Q,, Go))

is a bijection. We will prove that the map H'(Q,, Mo) — H'(Q,,Go) given by
My — Gy is an injection of sets. Since H'(Q,, P(v)) — H'(Q,, Go) is an injection [35,
II1.2.1.Exercise 1], it suffices to show that H'(Q,, My) — H'(Q,, P(v)) is an injection.
Let U be the unipotent radical of P(v). Since the composition My < P(v) — P(v)/U
is an isomorphism, the composition

HI(QZHMO) - Hl(QmP(V)) - Hl(QpﬂP(V)/U)
is a bijection and the proof is complete. O

Lemma 3.6. If v-acceptable semisimple elements m,m’ € My(Q,) are conjugate in
Go(Q,) then m and m' are conjugate in Mo(Q)).

Remark 3.7. Lemma 3.6 fails if m, m’ are assumed not v-acceptable but only (Go, My)-
regular. A counterexample can be given when My = GL; x GL; is the diagonal torus of
Go = GLg, by taking m = (1,—1) and m' = (—1,1).

* In §6, the role of G is played by H, for instance. For a PEL datum of type (C) (namely when the
group G of §4.1 is a sympletic similitude group), H9®" is usually not simply connected.
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Proof. Let gy € Go(Q,) be such that m’ = gomgo_1 and choose maximal tori Ty and T}
of My over @p containing m and m’ respectively. The proof is easily reduced to the case
where Ty = T and goTogy * = To. Then Int(go) acts on X*(Tp) in the same way as some
w € 2(Gy, Tp). As m and m’ are v-acceptable and conjugate under go, it follows that w
must preserve the parabolic subgroup P(v). This proves w € £2(My,Ty). Therefore, m
and m' are My(Q,)-conjugate. O

Corollary 3.8. Let m € My(Q,) be a semisimple element such that Zyg,(m) is con-
nected. In the Go(Q))-conjugacy class of m, there is at most one My(Q,,)-conjugacy class
which is v-acceptable.

Proof. Immediate consequence of Lemma 3.5 and Lemma 3.6. (Recall that if Z,, (m)
is connected, the stable conjugacy class of m is the same as the M(Q))-conjugacy class
of m by definition.) O

The discussion so far may be applied to (G, v, M) of §3.2 as the conditions (i)—(iii)
and () are clearly satisfied. So we can make sense of v-acceptable elements in M;(Q,)
and J,(Q,) as well as the parabolic subgroup P (1) of G. Another example is given by
(H, iVMH, MH) of § 6.3.

3.4. A lemma on the transfer of functions
Let (Go, v, My) be a triple as in §3.3. Fix Haar measures on G and M.

Lemma 3.9. Suppose that ¢ € C°(My(Q,)) is supported on v-acceptable elements
and that O%O(Q")(qb) = 0 whenever m is a semisimple element such that Zy,(m) is not
connected. Then there exists a function ¢ € C°(Go(Q,)) such that

(i) for any semisimple element g € Go(Q)),
05 @) (9) = ) (m) " - O (@) ()

if there exists a v-acceptable element m € My(Q,) which is conjugate to g in
Go(Qy) (if so, m is unique up to My(Q,)-conjugacy), and

G p) (1) —
Ogo(@ )(¢) -0

otherwise; if m is v-acceptable and m ~ g in Go(Q)) then we choose compatible
Haar measures on Zy,(m)%(Q,) and Zg,(9)°(Qp), which are isomorphic; and

(i) for any 7 € Irr(Go(Qp)),

tr(¢) = trJ50, 0 (1) ().

Proof. In [11, Lemma V.5.2] the above lemma is proved when Gy is a general linear
group and My is the Levi subgroup of a maximal parabolic subgroup of Gy. As the same
argument works in our case we only sketch the proof indicating the necessary changes
that should be made.
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Define a function ¢ € C2®*(Mo(Qp)) by ¢° := ¢ -5, and a function W on Go(Q,)
by
W(g) := Z O%O(QP)WO),

where m runs over a set of representatives for My(Q,)-conjugacy classes contained in
the Go(Qp)-conjugacy class of g. The main step for (i), whose proof will be omitted
as it is essentially the same as in [11, Lemma V.5.2], is to prove that W satisfies the
characterizing properties of orbital integrals in [39, Theorem B]. It is worth noting that
for the proof we need to make use of the fact that ¢° € C2°(M(Q),)) is supported on v-
acceptable elements. As a result of the main step there exists a function ¢ € C°(Go(Q,))

such that W(g) = OEO(Q”)@)). Corollary 3.8 finishes the proof of (i).

Part (ii) follows from part (i) combined with Lemma 3.4, the Weyl integration formula
and [5, Theorem 5.2]. One may argue exactly as in [11, p. 189-190], noting that there is
a difference by 51;(111) between our normalization and theirs as we replaced ¢ with ¢° in
the course of the proof. O

Corollary 3.10. Let ¢ and ¢ be as in Lemma 3.9. Let g € Go(Qp) be a semisimple
element. If there is no v-acceptable element m € Mo(Q,) such that m ~g g in Go(Qp)
then SO?”(QP)(@ = 0. If there does exist such an element m,

805 (6) = dp()(m) ™" - SO (9),
where compatible Haar measures are chosen on Z g, (m)°(Q,) and Zg,(g)°(Qp).

Proof. Immediate from Lemma 3.5 and Lemma 3.9. O

4. Pre-stabilized counting point formula

In this section we recall the definition of Igusa varieties and related notions. We state
the ‘counting point’ formula for Igusa varieties in §4.4. We fix a prime p once and for
all, until the end of the paper.

4.1. Igusa varieties

We give a brief summary of the material covered in [36, §5] (see also [29]). Consider
a tuple (B, *,V,{-,-), h), called a PEL (Shimura) datum, where

e B is a finite-dimensional simple Q-algebra,
e x is a positive involution on B,
e V is a finite semisimple B-module,

e (-,) : VxV — Q is a non-degenerate alternate pairing such that (bvi,ve) =
(v1,bvg) for all b € B, vy,v9 € V, and
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e h: C — Endp(V)r is an R-algebra homomorphism such that Vz € C, h(z°) =
h(z)* and that the bilinear pairing (v, w) — (v, h(i)w) is symmetric and positive
definite.

Put F := Z(B) and define a Q-group G by the relation
G(R) ={g € Endpg,r(V ©q R) | Fw(g) € R,
(gu1, gua) = w(g)(v1,ve) for all v1,v5 € V ®@q R}

for any Q-algebra R. We define a C-group morphism p = py, : G, — G as the composite
CX <3 C* x C* = (C 9g €)% M (Endp(V) ©q €)%,

where the first map is z — (z,1) and the inverse of the second map is induced by the
algebra map given by 21 ® 2o — (2122,2122). Often p is viewed as a @p—morphism by
making a choice of ¢, : Q, ~ C. The datum (B,x,V,(-,-),h) falls into type (A), (C)
or (D) [21, §5]. We will consider only type (A) and (C) throughout this paper. This has
the following consequences.

o Gdr and GYer are simply connected. So are M9" and MAer for each Qp-Levi sub-
group M of Gg,.

e Gp has an elliptic torus and (Ag)r = Ag, canonically.
e For any semisimple 79 € G(Q) and Iy := Zg(70), the canonical map
ker' (Q, Z(G)) — ker'(Q, Z(1o))
is injective.
Lemma 4.1. The last assertion in the list above is true.

Proof. Write I3 := Iy/I§°" and G* := G/G9°". Tt suffices to prove that ker' (Q, I3P) —
ker' (Q, G2P) is surjective by dualization [14, (1.8.3), (4.2.2)]. The following commutative
diagram is induced by the obvious commutative diagram of morphisms between groups:

ker'(Q, Z(G)) — ker' (Q, G) — ker! (Q, G?P)

| | |

ker' (Q, Z(Iy)) — ker' (Q, I) — ker'(Q, I3")
The right arrow in the top row is a bijection by [14, Lemma 4.3.1]. According to [21,

p. 393-394], ker' (Q,G) = 1 or ker' (Q, Z(G)) — ker'(Q,G) is a bijection. Therefore,
ker!' (Q, I§P) — ker' (Q, G*P) is surjective. O
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The PEL datum determines a Shimura variety Sh which is a projective system of quasi-
projective varieties Shyy defined over the reflex field E where U runs over sufficiently small
open compact subgroups of G(A>) [21, §5]. Here E is a number field determined by the
PEL datum. Let ¢ be a finite-dimensional irreducible representation of G over Q;. We
obtain from { an l-adic local system .Z: on each Shy.

We suppose that (B, *,V,(-,-),h) can be extended to a p-unramified integral Shimura
datum [36, Definition 5.2] and fix one such extension. In particular p is unramified in F
and G, is unramified. The p-unramified integral Shimura datum determines a hyperspe-
cial subgroup U;js of Gg,. The Shimura variety Shyr := ShUPXUZ];s has an integral model
with smooth fibre Shy» over IFp,, which in turn has a Newton polygon stratification

Shy» = [[Shyrs
b

parametrized by b € B(Gq,, — ). )

From here on, fix b once and for all and also fix a representative b as in § 3.2. Let X}, be a
Barsotti-Tate group over I, of isogeny type b, satisfying the additional conditions (i)—(iv)
in §5 of [36]. We briefly remark that X} comes equipped with the compatible structure
of a Qp-algebra morphism B ®q Q, — End(X}) ®z, Q, and a polarization 2 — X,
and that J,(Q,) is isomorphic to the group of self-quasi-isogenies of X, preserving these
additional structures [36, Lemma 4.14]. The Igusa variety Igy, is a projective system
{Igs, vr.m} Over open compact subgroups U? (which are small enough) and positive
integers m. Each Igy, (s ,, is a finite Galois covering of the locus in Shy;, where the fibres
of the universal abelian scheme have their associated Barsotti—Tate groups isomorphic
to Xp. The representation § determines an [-adic local system on each Igy, ¢ ,,, to be
written as .Z; by abuse of notation. Define

Hc(1g2b7°%> = Z(_l)k hgl”l Hf(IgEb,Up,n”H”zﬂﬁ)?
k Uur,m

where we use the étale cohomology with compact support. As the summand is an admis-
sible representation of G(A*?) x J,(Q)) for each k, we may view H,(Ig,, ;) as a virtual
representation in Groth(G(A>P) x J,(Qy)).

4.2. Kottwitz triples and Kottwitz invariant

Definition 4.2. By a Kottwitz triple (of type b), we mean a triple (vo;~,d) where
e 79 € G(Q) is semisimple, and elliptic in G(R),
e 7€ G(A®P) and v ~ 7 in G(A>P),

e § € Jy(Qp) is vp-acceptable and § ~ v in G(Q,) via any Q,-embedding J, — G
whose G(Q,)-conjugacy class is canonical (§3.2); we will simply write § ~g 7o for
the last condition.

Two triples (y0;7,9) and (v{;7',9’) are considered equivalent if vo ~g ¥ in G(Q),
v~ in G(A>®P), and § ~ ¢ in J,(Qp).
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Let (v0;7,9) be a Kottwitz triple. We briefly recall the definition of a(yp,v,d) €
£(Io/Q)P, leaving details to [36, § 10]. For each place v of Q, we can define a,(y0;,6) €
X*(Z(IAO)F(”))7 which will be written temporarily as «,, for simplicity. For v # p, co, the
invariant «, equals inv,(yo,7,) of [19, p. 169]. The definition of «, is reproduced below
in §4.3. See [36, §10] for aeo.

Recall that a,, (respectively aq) restricts to —pup in X*(Z(G)T®) (respectively p in
X*(Z(G)T(>))). Also note that | 7(Gyre s trivial for v # p,co. For each place v

~ ~

we extend a, to an element &, of X*(Z(Iy)' ™) Z(@)) such that

1 if v # p, 00,
dv(70u776)‘z(é) =93y M1 if v =D, (41)
1 if v = o0.

In view of (2.2), we make the following definition. It makes sense to view &, (v # p,0)

and G,@. as characters of £(1/Q) since each of them is trivial on Z(G):

a(70;7,0) = < 11 dv|R(I0/Q)) (Gplico )| 8(10/0)- (4.2)

v#£p,00

To clarify what input & depends on, it is helpful to write &, (v # p,0), &p, Goo as
a(70,7) (v # p,00), ap(70,6), Goo(70), respectively. Put ay (v0;7) = dwla(ro/0)-

If (v0;7,9) and (v4;7,9’) are equivalent then Iy and I} := Zg(() are inner forms over
Q. In that case a(vyo;7,9) and a(vy);7, d") are identified using the canonical I'-equivariant
isomorphism Z(Iy) = Z(I}).

Denote by KT} the set of equivalence classes of Kottwitz triples. Let KTEff denote the
subset of KT}, consisting of (vp;~,d) such that a(vp;7,0) is trivial.

4.3. Definition of &y (7o, d)

We will give a definition of the Kottwitz invariant at p which is convenient for our
purpose. It is not hard to see that our definition is equivalent to the one given by [36,
§10]. Let us freely use the notation of § 3.2. In particular, v : J, — Mj is an isomorphism
over Ly and satisfies 19p=7 = Int(b). Let (y0;7,0) € KT} such that vo € My(Q,). Then
there exists y € M;(L) such that (5) = yyoy~!. (First find € M,(L) such that
¥(8) = xyoz~t. Since Steinberg’s vanishing theorem says H'(L, Iy) = 1, we can replace
z by some y € My(L).) In fact, we could find y in Mge*(L) by the same argument. It is
easy to see that bs := y~1by” belongs to Iy(L), thus yields an element bs € B(Ip), which

is independent of the choice of y. Define
ap(707 5) =Rl (b5)
Lemma 4.3. The above element bs is basic in B(Ip).

Proof. Clearly, by maps to b under the map B(Iy) — B(M;) induced by the inclusion
Iy < M,. Since b is basic in B(M;) (as noted in §3.2), bs must be basic in B(lp). The
last implication easily follows from [33, Proposition 1.12.(i)]. O
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4.4. Point-counting formula for Igusa varieties

Put KI};S = U;‘S (§4.1). For each finite place v # p where Gg, is unramified, choose
a hyperspecial subgroup K C G(Q,). These data enable us to define C°(G(A%P) x
Jp(Qp)) via restricted product. An acceptable function ¢ € C°(G(A®P) x Jp(Qp)) is
defined in [36, Definition 6.2] to be a finite linear combination of functions of the form
P X ¢, such that ¢, is supported on v,-acceptable elements of J,(Q,) and a few other
conditions hold. These other conditions ensure that Fujiwara’s fixed point formula (also
known as Deligne’s conjecture) for algebraic correspondences is applicable in the course
of the proof of Theorem 4.4, but do not concern us in the stabilization process. In this
section ¢ takes values in Q;, but will have values in C starting from § 5.

We introduce some notation. Let 79 € G(Q) be an R-elliptic semisimple element. Write
Iy for Zg (7o) as usual and I, for a compact-mod-centre inner form of I, over R. Denote
by Io(A)! the kernel of the map Io(A) — RZ, given by z +— |w(z)[yx where @w : G — G,
is the multiplier map. Define G(A)! similarly and set G(R)! := G(A)! N G(R).

Let us explain the choice of Haar measures in Theorem 4.4 below. Fix Haar measures on
G(A>?) and J,(Q,) once and for all. Choose the Tamagawa measure on Io(A)! and any
Haar measure on Io(R)!, and give Io(A°) the quotient measure via the exact sequence

1 — Ip(R)* — Iy(A)t — IH(A>) — 1.

Haar measures on Zg(7)(Qy) (v # p,o0), I5(Q,) and I (R)! are defined compatibly
with those on Ip(Q,), [o(Qp) and Io(R)!, respectively. (In fact, our notation G(A)?!
coincides with that of [2, p. 16], where Arthur gives a natural decomposition G(A) =
G(A)' x Ag(R)". In our case Ag(R)" ~ RZ,. The same applies to Iy in place of G.)

Theorem 4.4 (Shin [36, Theorem 13.1]). If¢ € C°(G(A®P)x J,(Qp)) is acceptable,
then

tr(¢ | Hcagzbvvgﬁ))

= Y vol(Io(R)) T Ag(lo)| - tré(re) - OC T (). (4.3)
(7057,6) EKTEH

Even though Theorem 4.4 is valid with any Haar measures on G(A*?) and J,(Qy), we
make a particular choice of measures for future convenience. Choose Haar measures p,, on
G(Q,) for each v so that whenever Gg, is unramified, yu, (K!*) = 1. For any finite set S of
places of Q, take the Haar measure va g My On G(A®). Choose the Tamagawa measure
on G(A)!. The measure on G(R)! is determined by the condition that the quotient
measure on G(A®) via the exact sequence 1 — G(R)! — G(A)! — G(A*) — 1 is equal
t0 [, 400 #o- We can arrange that the measure on G(R) induces the usual measure dz/x
on A¢(R)% = RZ via the exact sequence 1 — G(R)! — G(R) — Ag(R)? — 1. The Haar
measure on M;(Q,) is chosen such that K},}S N M,(Q,) has measure 1. The measure on
Jp(Qp) is chosen to be compatible with that on M;(Q,).

With Theorem 4.4 as a starting point, our main goal is to obtain a stable trace formula
for tr(¢|H.(Igy,,Z¢)). This means that we rewrite the right-hand side of (4.3) in terms
of stable orbital integrals on elliptic endoscopic groups for G.
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5. Stabilization away from p

In this section, we assume that the function ¢ € C°(G(A*P) x J,(Q))) is acceptable
and has the form

o= 1] ¢v for ¢, € CZ(G(Q)) (v # p.o0). &y € CZ(J1(Qy)). (5.1)
vF#00

Put ¢P :=1], £p,00 ¢,. From here on, every test function including ¢ will assume values
in C (rather than Q). Fix ¢; : Q; = C once and for all.

5.1. A first step in stabilization
We know from (1.2) and (2.3) (cf. Lemma 4.1) that

[ Ag(Lo)| - |1R(Lo/Q)| " = 7(G) - [ker' (Q, G)|.

As R(Iy/Q) is a finite abelian group, we have

1, a(v;7,9) is trivial,

0, otherwise.

R(I/QI Y <a(vo;%5)7fi>={

w€R(Io/Q)

Hence (4.3) can be rewritten as

tr(gluHe(Igy,, %)) = 7(G)|ker (Q,G)| > vol(Io(R)")™

(7057,0)€KTy

X Z (@(7057,6), k) trg(fyo).o(ci(’?) PV ().
wE€R(1o/Q)
(5.2)

As remarked in §2.1, we fix once and for all a representative (H, s,n) in each isomor-
phism class of elliptic endoscopic triples for G' and view £°(G) as the set of such repre-
sentatives. For each (H,s,n) € £(G), we also fix an L-group morphism 7 : “H — LG
extending 7 once and for all. Fix Haar measures on H(Q,) for each v in the same way
as we did for G(Q,) in the paragraph below Theorem 4.4.

Each pair (7o, #) in the sum of (5.2) can be viewed as an element of SS°'(G'), which cor-
responds by Lemma 2.8 to (H, s,n, vy ) whose isomorphism class in SQEH(G) is uniquely
determined. Define & € &(I/Q) as in Remark 2.7. By (4.2),

(@107, 8), K} = ( I <ay<vo,v>,n>)<dp<vo,a>,&><aoowo>,k>.
VF#£P,00

If v is a finite place where G is unramified (except finitely many v with small residue
characteristics), the transfer factor A, (vy,70) is pinned down by the formula in Conjec-
ture 2.14 (with K = Q,) as the relevant Haar measures are fixed. At the other places v,
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the factors A, (v, o) are well-defined only up to constant, but will be chosen compatibly
so that the following global constraint is satisfied whenever vy € G(Q) [27, §6]:

[T2c0m ) =1. (5:3)

Note that A, (ym,70) # 1 for only finitely many v. For any 7' € G(A) such that 7' ~
in G(A), transfer factors satisfy

Av (’YH? ’)/) = <inVU (707 ’7/)7 "{>Av (’7H7 ’YO) (54)
Put Is := Z;,(6) and I, := Zg, (7) for v # p,o00

Lemma 5.1. Suppose that (yo;7,d) € KTy. Then e,(I,) = 1 for all but finitely many
v # p,00. If moreover a(y;7,9) is trivial, then

( 11 ev(Iv))ep(Ig)eoo(Ioo)zl.

vF#p,00

Proof. As (Iy)q, is isomorphic to I, for all but finitely many v # p, 0o, the first asser-
tion is verified. Now assume that a(yo;7,d) is trivial. By Lemma 12.3 of [36], there is
(A, \,i), [a]) € FPAY corresponding to (70;7, ) in the notation there. Take the Q-group
I’ to be the centralizer of a in End%(A). Then we see that I, is isomorphic to I,,, I5 and
I, when v # p, 00, v = p and v = oo, respectively. It is a standard fact [13, Proposition,
p. 297] that [, e,(Ig,) = 1. O

Let SS¥T(G) denote the subset of SS(G) consisting of the pairs (7o, %) for which
there exist v and § such that (y;7,8) € KTy. Observe that SS¥T(G) ¢ S§(@Q). Let
AP(ym,70) denote [[,, . Av(v#,70). To break up the summand of (5.2) into three
parts, we consider pairs (70, k) € SS¥T(G) and make the following definitions:

Op(fYO7 a(bp) AP ’yHarYO H Z Ay 'YOa 7 > L. e'u(I'u) . Ogu(Qv)(d)v)a

VFEP,00 Yu Vst Y0

Op(Y0, 7 8p) 7= Ap(ym.%0) - Y (Gp(10.8), 7)1 - ey (L5) - 03" (8, (5.5)

d~stY0
Ooo(’YOa "%) = Aoo(’YHfVO) : VO](IOO(R)l)_1<dOO(’YO)7 i%>_1 . eoo(loo) . trg(’YO)'

The first (respectively second) sum in (5.5) runs over the set of semisimple conjugacy
classes of 7, in G(Q,) (respectively 0 in J,(Q,)). We generalize the definition in (5.5) to
the case where (70, #) is contained in SS(G) but not necessarily in SS** (@), as follows.
The same definition of O (7o, k, ¢*) works in this generality. The expression O (7o, &, ¢p)
makes sense if we define O, (70, &, ¢p) := 0 in case there is no ¢ such that 6 ~g 7. Finally,
Ooo (70, k) makes sense if g is elliptic in G(R) and is defined to be zero otherwise.

By (5.2), (5.3), (5.5) and Lemma 5.1, we have

tr(luHc(Igy, , Ze))
=7(@ker' (@G > OP(y0,5 ¢")O0p(Y0, &, $p)Ono (70, 7). (5.6)

(70,5)ESSHT(G)
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The right-hand side does not get new contributions if the sum is taken over all (g, k) in

SSN(@), or in SS(G).

5.2. The functions h¥P and hfo

As before, let (H, s,n) € £(G). The reference for this subsection is [19, pp. 178-179,
182-186], where Kottwitz works out stabilization for the terms away from p assuming the
validity of Conjecture 2.13 and 2.14 (cf. Proposition 2.17). His method may be adapted
to stabilize our terms away from p without change. We state the results of Kottwitz on
the functions AP and hL, which are needed to stabilize (5.6).

Since @, (Y0, vw) equals inv, (Yo, ) for v # p, 0o,

AP (v, v0) - [ (awr0.7)8) ™ = AP (v, ).

v#p,00

(Here we use the Langlands—Shelstad definition of transfer factors whereas inv, (-, -) is as
in [19, §2].) We write e”(Zc(7)) =[], 00 €0(Zc(7)). The usual transfer of x-orbital
integrals yields the following lemma.

Lemma 5.2. There exists a function h"* € C%°(H(A>?)) such that whenever a (G, H)-
regular semisimple vy € H(AP) and a semisimple vy € G(A°P) have matching stable
conjugacy classes,

SOLATD Py = 3" AP(yu,7) - € (Za(y)) - OF AT (¢P) (5.7)
YstY0
and SOngAw'p)(thp) =0 if the (G, H)-regular semisimple element vy € H(A°P) does
not transfer to G(A*P). The sum in (5.7) is taken over a set of representatives for
G(A%P)-conjugacy classes which are G(A°P)-conjugate to 7.

Remark 5.3. If (H,s,n,v1) — (70,%) over Q (from SQGH(G) to SSell(G)) then the
right-hand side of (5.7) equals OP(vo, &, ¢*) by (5.4).

We explain the construction of hZL. Assume that the elliptic maximal tori of Gg come
from those of Hpg; otherwise simply put A := 0. Under this assumption there are
canonical isomorphisms among (Ag)r, Acy, (Am)r and Ap,. The representation £ of G
yields a (quasi-)character y¢ : Ag(R)? — C* by restricting the central character of &.
Consider the composition

W]R — LH]R — LG]R — L(A(;)R,

where the first map is the standard inclusion, the second is given by 7 and the third by
dualizing Ag < G. The above composition map determines a character of Ag(R)?, say
X- Set xm = XX¢, viewed as a character of Ay (R)? = Ag(R)°. Kottwitz constructed
R € C*(H(R), xg) as a sum of the pseudo-coefficients of certain discrete series repre-
sentations of H (R) via Shelstad’s theory of real endoscopy. (See [19, p. 186] for the explicit
formula.) In particular hZ is stable cuspidal in the sense of [1, p. 270]. (See [24, §5.5]
and [19, p. 186] for the fact that hZ transforms under yz.) Observe that if H = G* and
7 =id then xg = xe.
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Lemma 5.4. There exists a function hfo € C*(H(R),xm) such that whenever
(Ha87777’7H) = (’7071‘4/) over R,

0] R : elliptic in H(R
SOH® (1) ~(70,K), Ym:e fp ic in H(R), (5.8)
0, otherwise,

and SOfZ{(R)(th) = 0 if the (G, H)-regular semisimple vy does not transfer to G(R).

Remark 5.5. We use the convention of Langlands and Shelstad for transfer factors,
but Kottwitz [19] uses a different normalization from theirs in that he replaces s with
571, as explained on p. 178 of that paper. (This is why we put exponents —1 in (5.5),
which are not seen in Kottwitz’s article.) So the formula for AL on p. 186 of [19] needs
to be adjusted in our situation, but the validity of Lemma 5.4 remains intact. In case of
PEL datum of type (A), we may take s as an order two element so that the distinction

between two conventions disappears.

Remark 5.6. In fact, Kottwitz’s function hZl has the property that SOH (R) (hH )=0
for every non-(G, H)-regular semisimple vy [31, Proposition 3.3.4, Remark 3.3.5].

However, Kottwitz’s stabilization method does not work for O, (o, &, ¢p). (Compare
Oy, (Y0, R, ¢p) with the right-hand side of the formula (7.3) of [19].)

6. Stabilization at p

Our goal in this section is to rewrite O, (R, Y0, ¢p) in terms of stable orbital integrals on
endoscopic groups of GG. This should be more than an abstract statement. For applications
of our stable trace formula it is necessary to have a reasonably concrete construction of
the test function hf on each endoscopic group H.

6.1. Definition of various sets

Define SSef(Mb,G) to be the subset of SS,(M,,G) which contains exactly those
(70, k) such that vo € M(Q,) is vp-acceptable. Similarly define the subset SSCH(J;,, G) of
S5, (Jy, G) so that it consists of the pairs (6, k) with vp-acceptable 6. The transfer of stable
conjugacy classes canonically identifies SSEH(J;,7 G) with a subset of SSef(Mb, G), which
will be denoted by SS2¥ (M), G). The injection M, < G induces a map from SS¢' (Mj, G)
(respectively SSeH(Mb, G)) to 8S,(G), which is an injection by Lemma 3.6. We denote
the images of SSCf(M(,, G) and SSCH(MI)7 G) by SSCf(G) and SSCH(G) respectively.

Let & QEf( ) (respectively & Qeﬁ( )) denote the image of SSEf(G) (respectively
SSBH(G)) under the bijection S§,(G) + £9Q,(G) in Lemma 2.8. Let EQef(Mb, Q)
(respectively EQEH(Jb, G)) denote the image of SSef(Mb, G) (respectively SSGH(J;), @)
under the bijection SS,(Ms, G) +> £Qp(My, G) (respectively SS,(Jy, G) <> £Qp(Jp, G))
coming from Lemma 2.10. Similarly let SQQH(MZ), @) denote the image of SS;H(M;,, G).
The sets £ QEH(Mb, G) and & QEH(JZ,, G) are canonically identified. The discussion so far
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is put together in the following diagrams:

88(G) <———£Q(G) (0, 1) <——= (H, 5,7, 71)

ill I (6.1)
885 (M, G) <—= £Q5f (M), G) (3o #) =—> (Mg, 51,081, V)
88H(G) ~———£0"(G) (Y0, %) = (H, 5,1, 1)

3 |
S8 (My, G) === £QT (M, ) (16, K) <> (Mu, s, 011, 70) - (6:2)

S
S8 (1, G) <= £Q (), G) (8, ) = (Mg, 857,081, Yoz

The top two rows of (6.2) come from the restriction of the diagram (6.1) to subsets.

6.2. Study of the triple (Mg, s, M)

Throughout §6.2 we fix (H,s,n) € £,(G). Define 5§f(Mb, G; H) to be the set of those
isomorphism classes of (Mg, sy, ng) in E,(Mp, G) for which there exist var, € My (Qp)
and vy € H(Qp) such that

(1) (MHv SH, 77H7A/MH) € gQ;f(Mbv G) and (H7 5,1, 'YH) € gQ;e;f(G)v and
(il) (Mm, S, Yy ) and (H, s,n,vp) correspond under the bijections in (6.1).

Similarly define the subset £ (Jy, G; H) of &,(Jy, G). We will explain below how we will
fix a representative (M, sg,np) for each isongorp}}ism class in Esf(Mb, G; H). Moreover,
we will pin down certain additional data 7g, Iar,, Iny s S0y, Vi, for each (Mg, sp,ny)
and give a more direct way to view the bijection EQ;f(G) > SQ;f(Mb,G) given by
(6.1) (cf. Lemma 6.2). The representatives of isomorphism classes for El‘ff(Mb, G; H) will
also serve as representatives for £5%(.J,, G; H), in view of the injection £5%(J, G; H) <
Szf(Mb, G;H).
Consider a triple (Ty, T, j) where

e Ty is a maximal torus of H defined over Qp,
e T is a maximal torus of M; defined over Q, and
o j:Ty 5 Tisa Qp-isomorphism.

From (T, Ty, j) we would like to construct a Q,-morphism v : D — H and (H,, s,,m,) €
Ep(My, G) in the next few paragraphs.
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Define v : D — H by

j1

—b>AMb‘—>TL>TH;>H. (63)

Put H, := Zy(v) and let i, : H, — H denote the natural embedding. We are going
to complete H, into a G-endoscopic triple for M}, but need some preparation first. Use
J to identify X*(Ty) with X*(T) and X.(Ty) with X.(T) as Z-modules. (Here we do
not consider Galois actions.) We view v and v, as elements of X,.(T)g and X.(Tx)g,
respectively, which are identified via j. There are the following inclusions.

R(M,,T) C R(G,T) < X*T)
u I
R(H,,Ty) < R(H,Tg) < X*(Tu)
The set R(H, Ty ) (respectively R(Mp,T)) consists of the elements o € R(G, T) satisfying
aV(s) = 1 (respectively awo vy, = 1). Since R(H,,Ty) is the set of « € R(H,Tx) such
that @ ov = 1, we know that R(H,,Ty) C R(Mp,T). Similar consideration shows that
RY(H,,Tp) is the subset of RV (M, T) consisting of those o satisfying

a’(s) = 1. (6.4)

Now choose a maximal torus T}, C H and put T’ := 7(T’;). (These are not part of
the splitting data used in the definition of G or £H.) Choose a Borel subgroup B’ of
G containing T', which determines a Borel subgroup B/, of H via 7. With the choice
of Borel subgroups By C H containing Ty and B C G containing T over @p, we are
given isomorphisms tg : T}{ ~ T’ and ¢ : 1" ~ T’ as C-tori. Without loss of generality,
we may assume that the previous isomorphism j : Ty — T was chosen such that the
dual map 7' = Ty of j is given by v~ e (cf. §2.1). Let us identify X.(Tw) = X*(T7;)
and X,(T) = X*(T') via ¢y and ¢. Then the identification X.(Ty) = X.(T) via j
is transported to the identification X*(T%) = X*(T’) via 7. These allow us to iden-
tify RY(H,,Ty) = R(H,,Ty), RY(H,Ty) = R(H,T), RV (M,,T) = R(M,,T") and
RY(G,T) = R(G,T).

So there is an embedding Iy, : M, — G (respectively g, : H,— H ) corresponding
to the inclusion of the sets of roots of T” (respectively T%;). The images of Iy, and lp,
are Levi subgroups of G and H, respectlvely It follows from the construction that the
G—conjugacy orbit of I, (respectively H- conjugacy orbit of Iy, ) is exactly the orbit
determined by the given embedding M}, < G (respectively H, — H) in the sense of
the paragraph above Lemma 2.12. In particular the é—conjugacy class of lp, and H-
conjugacy class of Iy, are well-defined regardless of the choice of T, T/, B, B’, B and
Bpy. (Moreover the G-conjugacy class of | M, is independent of the choice of (T, T, j) but
the H- conjugacy class of Iy, depends on this choice.) Condition (6.4) ensures that the
image of H, < H -5 G is precisely the centralizer of (s) in Iy, (M;). (This centralizer
is connected since M der is simply connected.) So there is a unique inclusion H, < Mb,
which we call 7, making the diagram (6.5) commute. Let s, be the inverse image of
s under Iz, . Observe that 1, (H,) = Zyy, (mu(sy)). It is a routine matter to verify that

https://doi.org/10.1017/51474748010000046 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748010000046

A stable trace formula for Igusa varieties 877

(H,, sy,m,) is a G-endoscopic triple for My:

So far we attached to (Ty,T,j) a morphism v : D — H and (H,,s,,n,) €
Ep(My, G). Actually we are only interested in triples (T, T, j) arising from a quadru-
ple (H,s,n,7u) € £Q5(G) in the following way. Let (y0,x) € SS (G) be the image
of (H,s,n,vu). There are maximal tori Ty C H, T C G defined over Q, and a Q-
isomorphism j : Ty — T, which (after being composed with T' < G) belongs to the
canonical G(Q,)-conjugacy class of embeddings Ty — G, such that j(yy) and o are
G(Q,)-conjugate. There also exists a v,-acceptable element 7)) € M;(Q,) such that
7 = gv09~ " for some g € G(Q,). We can arrange that 77 := gTg~! and Int(g) : T — T’
are defined over Q,,. Therefore, it is harmless to assume that 7' is contained in M; and
that vy, = vo = j(vm). Now that (T, T, j) is among the triples that we considered ear-
lier, we have v and (H,,s,,n,) attached to (Tx,T,j). Observe that vy € H,(Q,). We
claim that (H,, s,,n,vw) is equivalent in £Q,(My, G) to (My, Sy, M, Ym, ) Where the
latter corresponds to (H,s,n,vm) in (6.1). Indeed, j induces an embedding Ty — M,
whose M, (Q,)-conjugacy class coincides with the one determined by (H,,s,,7,) (as
in §2.1), so (Hy, Su, My, yg) maps to (vo, k) € SS;f(Mb, G). Since (9, k) is also the image
of (My,su,nH,VMmy), the claim follows from Lemma 2.10. By the claim, (H,,s,,n,)
belongs to E;’f(Mb, G; H).

In the last paragraph, when vy is fixed, the choice of (Ty,T,j) is not unique. Let
us investigate the dependence of v on the choice of (T, T, j). Suppose that (T,7",5)
is used to construct v’ : D — H. Then TV = mTm™! and T}, = hTyh~! for some
m € My(Q,) and h € H(Q,). Let j” = Int(m~!) o j’ o Int(h). We know that j and ;"
are in the same G(Q,)-conjugacy class. Since j(vg) and j”(vz) are vp-acceptable, j and
§" are in fact M;,(Qp)-conjugate. Since the M;,(Q,)-conjugate action is the identity on
Apg,, it is easy to see that v/ = Int(h™1) o v in view of (6.3).

On the other hand, for a € Autg, (H, s,n) we may replace vy by a(yy) without chang-
ing the equivalence class of (H,s,n,vg). Changing a by an inner automorphism of H if
necessary, we may assume that a(Ty) = Ty. Under jo = joa~! we see that a(yy) maps
to a vp-acceptable element g in 7. The morphism I — H constructed from jy in (6.3)
is given by « o v. To sum up our discussion, the Autg, (H, s,7)-orbit of v depends only
on the equivalence class of (H,s,n,vm).

In fact, we can remove the dependence on 7y in the following sense. Consider
(H,s,m,7y) € EXNG). Let (Mg, sp,nm,Yary) and (M, sy, 0.7y, ) correspond to
(H,s,n,vm) and (H,s,n,vy), respectively. Construct v : D — H (respectively v/ : D —
H) from (H,s,n,vm) (respectively (H,s,n,7vy)) by choosing a triple (T, T, j) (respec-
tively (T,T7,7")).
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Lemma 6.1. The map V' is contained in the Autq, (H, s,n)-orbit of v if (M, si,nm)
and (M}, sy, 1) are isomorphic in &' (M, G; H).

Proof. Arguing as in a few paragraphs above Lemma 6.1, we have that T/ = mTm ™!
and T} = hTyh~! for some m € My(Q,) and h € H(Q,) and that j” := Int(h=*) 0 j’ o
Int(m) belongs to the £2(G,T')-orbit of j. (Unlike the previous situation we do not know
whether j” is in the £2(Mp, T')-orbit of j.) Write j” = wj for w € 2(G,T).

When u acts on T', we write @ for its dual action on 7. If u € 2(G,T) then u — @
yields an isomorphism 2(G,T) = 2(G, T) (once an isomorphism T~ T is determined
by B and the choice of a Borel B D T). If the G-endoscopic triples (MH, sH,nH) and
(M}, s, my;) are isomorphic, then j(s) and ;”(s) are Mj-conjugate in 7'/Z(G). This
happens if and only if W = wowp for some wo € 2(M,,T) and wy € £2(G,T) such that
W (n(s)) = n(s) mod Z(G).

On the other hand, let us view v and v/ as maps from D to Ty . The relation j” = wj
implies v/ = wv. Since wv = v if and only if w € 2(M,,T) (acting on Ty via j), we
deduce that v is in the Autg, (H, s,n)-orbit of v if and only if w = wxywo for some wy €
2(My,T) and wy € 2(G,T) such that wy acts on Ty (via j) is the same way as some
a € Autg, (H, s,7) fixing TH Such a wy is precisely characterized by the condition that
W (n(s)) = n(s) mod Z(G) in view of (i) of Definition 2.5. So the proof is complete. [J

This is a good moment to fix a representative for each isomorphism class, say (2,
in ng(Mb,G; H). (This has the effect of fixing a representative for each isomorphism
class in Esf(Jb, G; H) since é';f(Mb, G;H) = ng(Jb, G; H).) Choose any g as in the very
beginning of §6.2 as well as (Ty,T,j), thus obtain v : D — H and (H,,s,,n,) € 2.
We will fix such v and (H,,s,,n,), and use the latter as the representative for the
isomorphism class 2. The maps Iy, and Iy, in (6.5) will also be fixed for (H,, s,,n,).

From now on, the representative (H,, s,,n,) will be denoted by (Mg, sg,nm) to save
notation, and 5;f(Mb, G; H) will be identified with the set of the representatives we just
fixed. Write iz, for i, and v, for v. Lemma 6.1 tells us that the Autg, (H, s, n)-orbits
of iy, and V%/[H are canonical in that they depend only on the isomorphism class of
(My,sH,nm) in S;f(Mb,G; H). Define vy, : D — My by

DV—b>AMb‘—>AMH‘—>MH,

where Ay, — A, is the canonical embedding. (See the first paragraph below Remark
2.6.) This embedding is compatible with ;71 : T = Tg, so I/R/IH = ipy O Vay Dy the
definition of v in (6.3).

We claim that (6.5) can be extended to a commutative diagram of L-morphisms
(I;T , being rewritten as M #). Let us prove the claim. The map ny induces an injec-
tion (Z(Mb)F(p)) (Z(MH)F(T’)) of groups. Using Lemma 2.12 we can choose an
L-morphism [ M, (respectlvely l MH) extendmg In, (rebpectlvely Ipry ) such that the G-
conjugacy class of le (respectively H- conjugacy class of ZMH) corresponds to the Levi
embedding M, — G (respectively ip,, : Mg < H) in the way described in §2.5.
The same lemma tells us that the image of [Mz, (respectively ZMH) is the central-
izer of (Z(My)T®)0 in LG (respectively (Z(Mpg)"®)° in “H). The commutativity
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of (6.5) shows that 7 o Ipr, (*My) C Iag, (“M), hence there is a unique L-morphism
Ne : “My — “M, which makes the following diagram commute. We will fix such an 7y
henceforth:
lNM;,
LM, —— LG (6.6)

A

Ingy
Mg —LH

There is a natural embedding
UMy H * Outgp(MH,sH,nH) — Outq, (H, s,71)

defined as follows. (In the following we often omit the subscript if the field of definition
is Q,.) For each 3 € Owt®(My, sg,my), choose a lift § € Aut® (MH,SH,nH) and also
m € Mb such that Int(1h) o ng = ng o 3 (cf. Definition 2.5 (i)). Note that 3 and 3°
are Mp-conjugate since 3 is defined over Q,. There is a unique &g € Autc(H ) such that
1o &g = Int(lag, (1)) o n. Since 4§ o lnr, and lay,, © 37 are H conjugate, we see that dg
and 4§ are H-conjugate. Thus the H-conjugacy orbit of @§ég ! is defined over Q,. Choose
a Qp automorphism g : H = H such that the outer automorphisms defined by o and
do correspond via the canonical isomorphism Outg, (H) ~ Outc(H). Then the H(Q,)-
conjugacy class of ay is defined over Q, and we deduce that there is some o € Autg, (H)
which is H(Q,)-conjugate to ag. The properties of &, imply that a actually lies in
Autg, (H, s,n). Finally, we define tary. 2 (B) to be the image of a in Outg, (H, s,n). It is
not hard to show that tps,, g is well-defined.
Suppose that o € Aut(H,s,n) and S € AutG(MH,sH,nH) are representatives for
a € Out(H,s,n) and € OutG(MH,sH,nH), respectively. If a7, g(8) = @ then we
claim that «oiyy,, and ipr, o 3 are H(Q,)-conjugate. Note that a (respectively B)
induces & € Aut(H) (respectively 3 € Aut(My)) which is well-defined up to Int(H)
(respectively Int(M)) and that there exists § € G (respectively m € M,) such that
Int(§) on = @&on (respectively Int(r)ony = Fony) and Int(§) (respectively Int(r)) pre-
serves 7)(s) (respectively 1y (sg)) up to Z(G) (cf. Definitions 2.5 and 2.9). The condition
tary 5 (B) = & means that Int(lyy, (1)) and Int(§) induce the same outer automorphism
on H. In other words, there exists h € H such that

Int(§) = Int(laz, (1)) o Int(n(h)) on n(H). (6.7)

On the other hand, the H-conjugacy class of lpr, corresponds to the H(@p)—conjugacy
class of iy, in the sense of §2.5. So the H(Q,)-conjugacy class of aoipy, (respec-
tively ips,, © B) corresponds to the H-conjugacy class of Int( Yol (respectively
lar,, o Int(m1)). (Hcre Int(g~!) and Int(m ) act on H and My via n and 7y, respec-
tively.) Since Int(§=1) o lps,, and lp, o Int(h 1) are H-conjugate by (6.7), we see that
aoipy,, and iy, o B are H(Q,)-conjugate.

Choose a finite subset {a; }req of Aut(H,s,n) such that the natural projection from
{o,}rem to Out(H,s,n)/Out? (Mg, sg,ng) is a bijection of sets. We may assume
that there exists r € Z such that «, is the identity. Define Z(Mpy, H) to be the set

{O‘T’ © iMH }re@-
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Lemma 6.2.

(i) For each ypmy, € Mu(Qp) such that (My,SH, M, YMy) EEQ;f(Mb,G;H), the
quadruples (H, s,n,i(yum, ) are equivalent for all i € Z(Mp, H) and lie in EQ;f(G).
If (MH,SHﬂ?H,VMH) S SQZH(MZ))G7H) tben (Hvsan’i(’yl\/f}])) egggﬁ(G) fOI"
every i € Z(My, H).

(ii) Suppose that vy, € Mu(Qp) and vy € H(Qp). If (Mu,suy,nu,Ymy) and
(H,s,n,vu) belong to SQ;’,f(Mb, G; H) and EQ;f(G), respectively, and correspond
to each other as in (6.1), then there exists a unique ¢ € Z(My, H) such that the
elements i(3(yy, ) and vy are H(Q,)-conjugate for some 3 € At (My, s, ).

(iil) If yary € Mu(Qyp) is such that (My, Sg, M, Vmy) € EQ;f(Mb,G;H) then vyar,, Is
iV -acceptable with respect to any ¢ : My — H in Z(My, H).

Proof. Let us prove (i). Suppose that (M, Sgr, 0, Yar, ) maps to (v, k) € SS;f(Mb, Q)
which may also be viewed as an element of SSZf(G). We can choose Ty C My,
Ty C My and jar : Tary, — Tar defined over Q, such that yo ~ jar(yar,, ) in My(Qy).
Let jarc : Tvy < G be the composition of jpr with the natural injection Ty — G.
The (G, T)-orbit of jur.q and the G(Q,)-conjugacy class of jar.c(var,) are indepen-
dent of ¢ € Z(Mpy, H). The commutativity of (6.5) ensures that ja;¢ belongs to the
G(Q,)-conjugacy class of the embeddings determined by (H,s,n) (§2.1). Therefore,
(0, k) € SS;f(G) is the image of (H, s, 7, (v, )) for every i € Z(My, H). From this the
first two assertions of (i) follow. The last assertion is proved similarly.

To prove (ii), observe that (H,s,n,vm) and (H, s,7,ium,, (Yay ) are equivalent as they
have the same image in SS°(G) by the proof of (i). So there exists a € Aut(H, s, n) such
that vy = aling, (a1, ))- It is possible to find o, € Aut(H,s,n) which has the same
image in Out(H, s,7)/ Out® (Mg, s, mi) as . We can also find § € Aut® (Mg, si, )
such that a is H(Q,)-conjugate to o, o tar, m(8). Here tar, 1 (8) € Aut(H, s,n) denotes
any automorphism whose image in Out(H, s,n) is tar,, 1z (8) where 3 is the image of 3 in
Out® (M, 5,11 ). On the other hand, tar,, #(8) 0 inry is H(Qp)-conjugate to ins, o 3
by the discussion above Lemma 6.2. Therefore, vg and oy o i, o B(var, ) are H(Q,)-
conjugate.

It remains to prove (iii). Write ¢ = aoipy, for a € Aut(H,s,n). Let (yo,k) €
SS;f(Mb, G; H) be the image of (Mu, Spr, M, Yy ). We can choose maximal tori Ty C
H, T C G and an isomorphism j: Ty — T over Q, such that 7o = j(yu), where
My(Qp)-conjugacy of j is determined by ng. Set Mg = a(Mpy), T = a(Ty) and
§¢:= ja~!. What must be shown is that a(vyaz,, ) is ivar,-acceptable with respect to the
inclusion M8 C H. If we identify X*(T) = X*(T%) via j® then R(M&,T&) C R(M,,T)
and R(H,T5) C R(G,T). So the vy-acceptability of vo = j*(a(vynr,)) implies the ivpy,, -
acceptability of a(vyar,, ). O

6.3. Stabilization at p

Consider (H,s,n) € &,(G) such that E7(Jy, G;H) is non-empty. We then fix
(Mu, su.nu) € E(Jy, G; H) until we get to (6.10). Suppose that (o, %), (79, %), (6, %),
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(H,s,n,vm)and (Mg, sg,nm, Ya,, ) are as in diagram (6.2) and correspond to each other.
Without loss of generality we can take v, = vy and vyar,, = vr. We would like to express
O, (70, R, ¢p) defined in (5.5) in terms of stable orbital integrals on H(Q,).

The first step is to write O, (70, &, ¢p) in terms of stable orbital integrals on My (Qp)
using the endoscopic transfer between .J, and My with respect to the L-morphism
Lpfy 2 Laf, = LJ,. We will need to relate the transfer factor Ap(VH, 6)}{511 to
A, (vm,70)%- Fix a Haar measure on Mg (Q,). In view of diagram (6.6), according to
the definition of transfer factors by Langlands—Shelstad, we may and will normalize
Ay(-, )%L so that

Dy, 70)aty = 1S5, ()1, 21D, (v Ap (v, 70) 57 (6.8)

for every vy and 7 such that (My,sg,ng,ve) € SQ;f(Mb, G) maps to (y0,k) €
SSCf(Mb, G). (This remains true if the superscript ‘ef” in the last sentence is dropped.)
The factor | D, (7o) ;1/2|DMH ('yH)|p/2 comes from Ay of [27, §3.6]. Here D, is taken
with respect to iy, : Mg — H.

Lemma 6.3. There is a non-zero constant cyy,,, depending on the normalization of the
transfer factor Ay (-, -)X/’}H, such that

CMy 'Ap(’YHa(S);/b[H = <6‘p(7075)7’%>71AP(’7H770)%L (6.9)
for every vg, o and 9§ related to each other as in (6.2) (with yg = Yy, )-

We postpone the proof of Lemma 6.3 to §6.4. In §8 we will give another proof of
Lemma 6.3 in some special case and compute the constant cps,, under a certain normal-

ization of Ay(-, )](/"IH

Remark 6.4. Lemma 6.3 is easily verified when (7o, k) comes from (H,s,n,vg) for
(H,s,n) = (G*,1,id). Note that there is a unique isomorphism class in ESH(JI),G; G*)
which is represented by (Mm, sgr,nm) = (Mp, 1,id). Take 77 = id and 7 = id. In (6.9),
(&p(70,9), %) = 1 and we may naturally take

AP("')%ZI =1 and Ap(~,-)']{}’IH =ep(Jp).
Then Lemma 6.3 is satisfied with car, = €, (Jp).

Let us go back to the task of rewriting Oy, (7o, R, ¢p). The identities (6.8) and (6.9) tell
us that

Op(10: s bp) = D eay Dy, 0035, €)1 DSy, (o) |5/ 21 DR, (v ) [y /2057 (9,).
d~vstY0

Since we assume 7y is v,-acceptable, |DG (70)lp = 6p(,)(70) by Lemma 3.4. Define
a character (5p ) * J6(Qp) — C* by the formula 0p(y)(0) = dp@,)(v0) where v €
Mp(Qyp) is the element whose stable conjugacy class matches that of . The function
@0 =¢p- 0 ) belongs to C(J(Qp)). Let @b € C2°(Mp(Qp)) be a matching func-
tion for ngO v1a Conjecture 2.13 (and Proposition 2.17). Then

0, (Y0, &, 8p) = caryy - | DA, (vrr)], /2 - SOMH (@e) (9
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and SOJVVIH (@) (¢p') =0 if the (Jy, Mp)- regular semisimple element ~4, transfers to
o€ Jb((@p) which is not vp-acceptable or if 4%, does not transfer to J,(Q,). The last fact
and Lemma 6.2 (iii) imply that

unless the (Jp, My )-regular semisimple 7}, is ivag,-acceptable for every i : My — H
in Z(Myg, H). Since the set of ivyr,-acceptable elements is open in Mg (Q)) for every
i € I(My, H) (Lemma 3.4), it is possible to choose ¢p27# so that ¢p)7# (v};) = 0 unless
vy (not necessarily semisimple) is ZVMH—acceptable for every i € Z(My,H). Define
(béwH’ € CX(Mu(Qy)) by (bé”H’ = ¢£4H 61;(111121\4 ) For every i € Z(My, H), i is
ivpr,,-acceptable by Lemma 6.2 (iii) and

| D3ty (v lp = Op(t, ) (VH) = Op(iva,) (YH)

where the first equality follows from Lemma 3.4 and the second is obvious. Applying
Lemma 3.9 to d)é”H’i with respect to each i : My — H, we find a function gbfij*i €

C*(H(Qp)) and get
O, (0, 2 p) = earyy - SOL (gz;;,wH’i). (6.10)

Note that éi‘f‘” depends on ¢,, (My, sy, ny) and i but not on g, ¢ and vg. (As long
as (0,x) and (9, k) give rise to the same (Mg, sy, ny) in diagram (6.2).)
Define a function b/l € C*(H(Q,)) by

hZ})I = Z ZCMH MH7

(Mu,sm,mm) @

1(’YH

where the first sum runs over SSH(Jb, G; H) and the second over Z(Mp, H). The upshot
of §6 is the following lemma.

Lemma 6.5. Suppose that (H,s,n) € £,(G) is such that E;H(Jb,G;H) is non-empty.
For every (G, H)-regular semisimple vy € H(Q,),

SO @) (Wl = 0, (10, &, 6p) (6.11)

if (H,s,n,vu) € EQ;H(G) and
H(Qp) (1, HY _
SOM@) (Rl = o (6.12)

otherwise.

Proof of (6.12) when (H, s,n,vu) ¢ 8QeH(G) We prove SOH @) (q@i‘,/[*‘”) =0 for
cach (Mp,sm,nu) € EX(Jy, G H) and i € I(My, H). We assume that there exists an
ivpr, -acceptable element yar, € My (Q)p) such that i(vyar, ) ~ vm in H(Q,) as otherwise
SO Q) (§Mu 1) = 0 by Lemma 3.9. Let (7o, %) be the image of (Mpr, sg, nrr, ¥ar,,) under
EQp(My) — S§S,(My). (Note that we do not know whether (vo, x) defines an element of
S5, (My, G) as we do not know whether ~g is (G, Mp)-regular.) Consider the injection
S8, (Jy) < SS,(My). Since (My, s, nm, vy) & EQST (My, G) by Lemma 6.2 (i), there
are two cases that can occur:
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(i) there exist no (4, k) € SS,(Jp) mapping to (o, &), or
(ii) there exists (0, k) € SS,(Jp) mapping to (4o, k) but ¢ is not v,-acceptable.

By the construction of ggfo”ff’i,

SO (g1 1) ZA i, 82 - e(Z5,(8) - O @) (¢0),

where §’ runs over the set of conjugacy classes of J,(Q,) such that ¢’ ~g 6. The right
side is viewed as zero if there is no (4,x) mapping to (yo,k). It is now clear that
SOfFEQp)(qbg[H’i) vanishes in the cases (i) and (ii) alike, noting that the orbital integral
of qbg is non-zero only on v,-acceptable elements. O

Proof of (6.11) when (H,s,n,vg) € £QeH(G) Suppose that (Mg, sg,ng) and
(Mpy, sy, ) belong to E,(Jy, G; H) Let i € I(MH7H) and i' € Z(Mj;, H). Assum-
ing that SO,%QP)(QNS}],V[H”) and SOH @) (¢MH 2 ) are both non-zero, we will prove that
(Mg, sg,mu) =~ (M, syny) and i = 4. Once we have done it, (6.11) follows
from (6.10).

According to Lemma 3.9, there exist var,, € My (Q,) and vy, € M (Qp) such that
i(vary )5 3 (Yary,) and ypr are stably conjugate in H(Qy). Let (70, ko) (respectively (g, 5g))
be the image of (Mu,sw,nm, vy, ) (vespectively (My, sy, ny, vary,)) in SSp(My, G).
The images of (70, ko) and (7}, k() in SS,(G) are equivalent since both correspond to
(H,s,m,vm) via the bijection S§,(G) <> EQp(G). In particular, vy ~g; 7 in G(Qp).

We know that (Mg, sy, g, Yamy) 68‘3 (My,G; H). Indeed, if this were not true,
the argument in the previous part of the current proof shows that SOH 2 ((;SMH )
vanishes. Similarly (M}, sp, 1,7V, ) € €58 (My, G5 H). So both 7o and Y are -
acceptable in M;(Qp). Lemma 3.5 shows that vy ~g 7y in My(Qp), which implies
that (70, k0) and (), k() are equivalent in SSy,(My, G). Therefore, (Mg, Su, Nr, Yy )
and (My, 8,0y, Vi, ) are equivalent in SZ?H(MI,, G; H). Finally, we deduce ¢ = ¢’ from
Lemma 6.2 (ii). O

So far we assumed that E57(Jy, G; H) is non-empty for (H,s,n). Now for arbitrary
(H,s,m) € &(G) such that Eeﬁ(Jb, G; H) is empty, we define hlT := 0. The conclusion of
Lemma 6.5 holds in this case since (H, s,n,vp) never lies in EQGH( ).

6.4. Proof of Lemma 6.3
Subsection 6.4 is devoted to the proof of Lemma 6.3. We recall the setting. Fix
(H,s,m) € &(G),  (Mu,su,nu) € E(My, G; H).

Suppose that (yo, ), (0, k) € SSEH(Mb,G) and (6,x),(0,R) € SSZH(Jb,G) correspond
via the bijection SSEH(Mb,G) > SSEH(Jb,G), respectively. Also suppose that (o, k)
and (9o, &) correspond to (Mg, sg,ng,vu) and (Mg, sg,ng,vm) via (6.2), respectively
(by setting 74 = 70, Ymy = YH, €tc.).
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Regular case

First we consider the case of regular elements and later extend the proof to the gen-
eral case. Suppose that 7o and 7o are regular in M;. Set Tp := Zus, (o), To := Zar, (50),
T := ZJb ((5)7 T:= Zjb(g), Ty = ZMH (’YH)7 TH = ZMH (’7}[)* Also set Téier = ToﬂMgier,
Téier =Ty ﬂMbder and Zder = Z(Mgier). Recall from §3.2 that the L,-isomorphism
Wi Jy = M, satisfies =7 = Int(g) for the arithmetic Frobenius o. We can choose
z,7 € M (Qp) and y,y € MZ*(L) such that

P(6) = zyor ™" = yyoy P(0) = 250z " = yH0y (6.13)
(To find such y and g, use the argument of §4.3.) Set

c=a""ty, c=1""'4. (6.14)

It can be seen from (6.13) that ¢ € T§°"(L) and ¢ € T3 (L).
Recall that % and k were defined as the images of s under the canonical I',-equivariant
isomorphisms Ty — T and Ty — T. Without danger of confusion, we write s for
% and k. (Of course s is viewed as elements of Ty and Ty via Z(H) < Ty and

Z(H) «— Tg.) For the proof of Lemma 6.3 in the regular case, by [27, Corollary 4.2.B],

it suffices to show that
<dp(_075)a > . ’YHa(s
—_— T = .1

G100 ) N \5,5) 70 ) (619)

where we use the notation of [27, §3.4] on the right-hand side. We recall the definitions
after setting up more notation.

Let a := (7 ~ a,) be a cocycle in Z'(Ls/Q,, M) such that a, has the same image
in Mﬁd(@p) as l~), so that a represents the cohomology class attached to Jy,. By inflation a
cocycle T+ b, in Z1(I,, M) is obtained from a. For each 7 € I}, let 3" € M (Q,)
be any element whose image in M24(Q,) is the same as b,. (We warn the reader that
7 b3 is not a cocycle in Z1(I,, MZ") in general.) Similarly, let b4 € Mj,(L) be any
element which has the same image in M24(L) as b. Obviously,

»

bler = 2b (6.16)

for some z € Z(My)(L). Let b*! denote the image of b in Ma4(L,). For each m € Z-y,
define

(Eder)(m) — Eder(gder)a L. (Eder>am71
and similarly define (5*4)(™). For each 7 € W(L/Q,) (or 7 € I'(p)), define |7| € Z such
that the image of 7 in W (L/Q,) is o!l. Now define bd" := bg‘f(rT) for each 7 € W(L/Q,)
where pr : W(L/Q,) — I'(p) is the natural projection. For 7 € W(L/Q,) with |7| > 0,

* As G9°T is simply connected, we know Zg(70) is connected. From this (and [17, Lemma 3.2]) it is
not hard to see that Ty, To, T, T, Ty and T are connected. In other words, v, J0, J, 0, vy and ¥y
are automatically strongly regular.
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it is elementary to check that both (5%°")I7I and bd** have image (b°1)!7l in Mpd(L). In
other words, we can find z, € Z(M,)(L) such that

(bl = 2 pder, (6.17)
We need to define the terms on the right-hand side of (6.15). Define a torus

U= (T8 x T8 /{(271, 2) | z € 2%, (6.18)

- (’YH,5)
N, 0

is the element of H'(Q,,U) given by

By definition,

T ((J;_lbferaﬁT)_l, J’:_lbferi’).

Now we recall the definition of sy. Consider the following commutative diagram
where every arrow is I'(p)-equivariant. By definition, Z(M;)der := Z(Mb) N (Mb)der,
Tder .= TN (My)r, and T4 is the image of T in Mpd. Similarly, define 79 and (7724
We have Z (M) = Z(M,) N T = Z(NMy) N T

Z(My) = Ty x Ty (6.19)

We can choose z € Z(M,) such that the image (sz, sz) € T’ x Tofsz € Z(MH) belongs to
Jrder x Jder, _(Find one such z so that sz € T4 by using the fact that 79 . Z(M,) = T.
Then sz € T is automatic.) Note that (sz,sz) and (s,s) have the same image, say
(524, 520), in T4 5 (T)2d, Then sy € U is defined as the image of (sz, sz) in U. It turns
out that sy is I'(p)-invariant and independent of the choice of z [27, p. 246]. By abuse
of notation, the image of sy in 7T0(U) will be again denoted by sy. Then the right-hand
side of (6.15) is given by the Tate-Nakayama pairing H'(Q,, U) x m(U) — C*.

Consider the following diagram, which is commutative by the functoriality of the map
k(. (see [33, Theorem 1.15.(i)] or [22, 4.9.1]):

B(T x T) B(Tder x Tdery — > B(U) (6.20)

i(HTﬁiT) l(KTder»KTder) \L

X*(TF(p) % rfvl“(p)) %X*((Tad)lj(p) % ((T)ad)F(p)) — > X UF(p)
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Recall from §4.3 that

dp(0.8) = mr(y'by7),  ap(50,0) = wp (7~ 0F°).
So the left-hand side of (6.15) can be computed as

(kp(51077), s) _ (Fpaer (1097 g7), 5°4) = (Y,, su), (6.21)

(wr(y=tby7),s)  (Rpae (y=1bdery?), s2d)

where Y, is the image of ((y~!b%ry)~1 5=1pde 57) in U(L). (The notation Y, also
denotes its image in B(U).) The second identity in (6.21) follows from the commutativity
of the right rectangle in (6.20). To check the first identity in (6.21), use (6.16) and the
functoriality of (., with respect to the diagonal embedding Z(M;) — T' x T.

The proof of (6.15) boils down to showing that

]
<inv <7H’ _>,5U> = (Y,, su).
YH, d
In light of the left rectangle of (3.1) for U, the above identify follows if we show that
inv (7H76> — Y,
Va0

under the map H'(Q,,U) — B(U) of (3.1).
The last map is defined as the composition of the following:

HY(Q,,U) = H'(W(L/Qy),U(L)) = H'(W(L/Q,),U(L)) = B(U),

where the first two arrows are inflation maps. The image of Y, in HY(W(L/Q,),U(L))
is represented by the cocycle for which

7 (g7 )Ty g ) (Mg (6.22)

whenever |7| > 0. (The images of 7 with |7| > 0 uniquely determine the cocycle.) On the
other hand,
7= ((z71odere™) =t 2 1pderzT) (6.23)

iy <7H,§>
’7H75

in HY(W(L/Q,),U(L)). By (6.14) and (6.17), the cocycle in (6.22) can be rewritten as

represents the image of

7= (et teder ™) e e el ETET) - (20 20).

T

Noting that (271, 2,) = 1 in U(L) (see (6.18)), it is now obvious that (6.22) and (6.23)
define the same cohomology class in H (W (L/Q,),U(L)). Hence the proof of Lemma 6.3
is complete in case 7y is regular semisimple.
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General case

It remains to prove that the identity (6.9) of Lemma 6.3 continues to hold for the same
constant cps,, when - is not regular. We imitate the argument of [23, A.3.8].
Changing notation, set

Iy == ZMb(IVO)a Is = ZJb (5)’ Iy = ZMH (’YH)

Note that Iy, I5 and Iy are connected (cf. the footnote in the current proof for the regular
case). Find y € My(L) such that 1(8) = yyoy~'. The L-isomorphism ¢y := Int(y~1)y
from J, to My, restricts to I5 — Io. Since 1p~7 = Int(b), we have

Yoty 7 = Int(bs) = Int(y~by”). (6.24)

Choose an elliptic torus T of Iy over Q,. Since bs € B(Iy) is basic by Lemma 4.3, it
is in the image of the natural map B(T) — B(Ip) [16, Proposition 5.3]. This means
that there exists i € Io(L) such that i 'bsi® € T(L). It is easy to verify that k :=
Yot oInt(i) = ¢! o Int(yi) gives a Qp-embedding from T to Is5. (Namely k and k7 give
the same map from T to I5. This is checked using (6.24).) For each ¢t € T'(Q,), define

Yt = t0, O := k(t)o.

We assume that v; is regular in M}, so that T = Zyg, (7¢).
The natural inclusion 7" < I yields the following commutative diagram:

B(T) B(I,) (6.25)

X*(TF(p)) - X*(Z(fO)F(P>)

We claim that
&p(’Yt» 6t) = dp(r)/(% 6) (626)

via the bottom horizontal map of (6.25). To show this, it is enough to show that
bs = yill;y” and Bgt =Y 15yf define the same element in B(ly). Here y; is any ele-
ment of T'(L) such that

P(8) = yi 'y -

(A different choice of y; does not change the image of bs, in B(T).)
Let us prove the claim. Observe that

V() = (k)Y () = (Int(yi)t)yyoy ' = yiti 'yoy™" = yityoi 'y,

where the last identity holds as i € Iy(L). Hence we can take y; = yi. Then it is obvious
that bs, is o-conjugate to bs in Iy(L). The claim is proved.
We are ready to see that (6.9) holds in general. We deduce from (6.26) that

<dp(7t7 5t)a R> - <6‘P(703 6)7 /%>
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for any t € T(Qp) such that v, is regular in M;. On the other hand, Ap(fyH,cS)]JVb[H
(respectively Ap('yHﬁo)%i{) is defined as the value of AP(’VH,t’ét)ﬁH (respectively
Ap(Y s ’yt)%’; ) when ¢ is close enough to 1 and ~; is regular, where vz, is the transfer
of v up to stable conjugacy (see [28, §2.4]). Since we already proved

CMy ‘Ap(’YH,tyfst)zJ\?H = <0~‘p(’7t’5t)7'~f>Ap(7H,t7%)%ip

for any such ¢, we conclude that (6.9) is true with the same constant cp, as in the
regular case.

7. End of stabilization

We are ready to obtain a fully stabilized expression for tr(¢|yH.(Igy, , Z¢)) when ¢ €
C2°(G(A>P) x Jy(Qp)) is acceptable. For each (H, s,n) € £M(G), put h¥ := hHPRIRE.

The stable orbital integrals defined by h depend on the choice of 7, but are indepen-
dent of the choice of local transfer factors A, (-, )%, once 7 is fixed. (Despite the fact that
each of hfl:P hf and h!L depends on the choice.) The stable orbital integrals defined by
hH remain unchanged if (H, s,n) is replaced by an isomorphic endoscopic triple (H, sz,7)
for any z € Z(G‘) (Note that if s is replaced by sz then & changes by z in the process,
in view of Remark 2.7.) Both of the above assertions are easy to verify.

Putting these together, we can show that h¥ is well-defined in the following sense:
keeping the previous notation, suppose that (H,”H,s,7) and (H',"H’,s',7') are equiv-
alent as endoscopic data for G via a Q-isomorphism « : H = H’, in the terminology
of [27, 1.2]. Then the stable orbital integrals defined by h*f and hf " are the same via a.

Lemma 7.1. Suppose that (H,s,n) € £(G). For every (G, H)-regular semisimple
u € H(Q),

(i) if (H,s,n,vm) belongs to EQ™(G), let (vo, k) € SS(G) be its image; then
SO’I‘;II.EA) (h’H) = Op(’yoa R, ¢p) : Op(’Y()? %7 (bp) : 000(707 R/)
if (y0, %) € SS*T(G) and SOfH(A)(hH) = 0 otherwise (see Remark 2.7 for k); and
(if) if (H, 5,1, 7) ¢ €Q(G) then SOL™M (M) = 0.

Proof. Let us prove the assertion (i). If (y0,%) € SS¥T(G) then (7o,#) defines an
element of SSS™(G) and (H,s,n,7u) € £Q”(G) defines an element of £Q2(G). The
first assertion follows from (5.7), (5.8) and Lemma 6.5.

Now assume (7o, %) ¢ SST(G). One of the following occurs.

e There is no v,-acceptable § € J,(Qp) such that 6 ~g 0.
e v € G(Q) is not R-elliptic.

In the first case, (y0,k) ¢ SS;H(G) and (H,s,n,vm) ¢ EQ;H(G). By Lemma 6.5 (and
the remark below its proof) we conclude that SOf;A)(hH ) = 0. The same equality holds
in the second case by (5.8).
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Let us begin the proof of (ii). We may assume that elliptic maximal tori of Gg come
from those of Hg as hfl = 0 otherwise. The condition of (ii) means that vy € H(Q) does
not transfer to G(Q). Consider the case where v as an element of H(A) transfers to some
70 € G(A) (up to G(A)-conjugacy). If v¢ is not R-elliptic then SO,%A)(hH) =0 by (5.8).
If g is R-elliptic then we show that a contradiction occurs. Indeed, the argument of the
second paragraph of [19, p. 188] shows that 7o € G(A) is G(A)-conjugate to an element
of G(Q), which contradicts that vz does not transfer to G(Q).

It remains to deal with the case where vy does not transfer to G(A). We may assume
~p is R-elliptic as otherwise SO?H(A) (hf) = 0 by (5.8). Then 7y transfers to G(R). Since
G is quasi-split over Q,, vy transfers to G(Q,) as well. So our situation is that vy does
not transfer to G(A°P), which implies SOfH(A)(hH) = 0 by Lemma 5.2. O

By Lemma 7.1 and Lemma 2.8, the identity (5.6) may be rewritten as

tr(PluHe(lgs,, %)) = T(G)lker (Q,G)| Y SOLH (1), (7.1)

(H,s,m,vH)

where the sum runs over £Q°'(G). By the remark below Lemma 2.8,

> SoM My = > |Outg(H,s,n)[t Y SOLE (), (7.2)

(H,s,n,7m) (H,s,m) TH

where in the last sum g runs over a set of representatives for R-elliptic semisimple
stable conjugacy classes in H(Q) which are (G, H)-regular.

So far we have constructed h* when ¢ € C°(G(A>®P) x J,(Q,)) satisfies (5.1). The
construction of h¥ linearly extends to the general case where ¢ is an arbitrary acceptable
function. Define

STY (M) =Y " r(H) - |Zu(yu)/Zu(va)°| 7" - SOLE (), (7.3)
YH
where vy runs over a set of representatives for Q-elliptic semisimple stable conjugacy
classes in H(Q). (In fact there is no new contribution if we include non-Q-elliptic stable
conjugacy classes in the sum since hfl has trivial stable orbital integrals over them.)
Define
UG, H) :=7(G)7(H)™"|Outg(H,s,n)| .

Theorem 7.2. Let ¢ € CP(G(A>®P) x Jy,(Qp)) be any acceptable function. For each
(H,s,m) € EN(Q), let h be the function constructed from ¢ as above. Then

tr(¢luHo(Igx,, Z)) = |ker' (Q,G)| > «(G, H)STY (n™).

(H,s,m)

Proof. We may assume that ¢ is asin (5.1). Note that only (G, H)-regular vy contribute
to STH (h#) by Remark 5.6 and that Zz (yg) is connected for any such vz. The theorem
follows from (7.1), (7.2) and (7.3). O

Remark 7.3. Theorem 7.2 is an analogue of [19, Theorem 7.2].
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8. The constant cps,, of Lemma 6.3 in special cases

The main purpose of this last section is to determine the constant cps, which shows up
in Lemma 6.3, under a particular normalization of transfer factors as in (8.6) and (8.9).
(The computation of ¢ps,, would be useful for applications. It is used in [37, § 5.5].) When
Jp =~ M, (§8.2) a simpler proof of Lemma 6.3 will be given. We will work in the setting
of Lemma 6.3 without mentioning it again. As we are only concerned with Q,-groups
in §8, we often write G for Gg, and similarly for other groups in order to save notation.

8.1. The case of general linear groups

For convenience we introduce a non-standard terminology for a reductive group Gy
over Q.

Definition 8.1. We say that G satisfies GL, if G is Qp-isomorphic to

11 Bx./0,GLa,
el

for a finite index set I, positive integers n; and finite extension fields K; of Q,. Here,
Ry, g, means the Weil restriction of scalars.

In this subsection we prove Lemma 6.3 under the simplifying assumption that Gg,
satisfies GL£,. This assumption is often satisfied for a PEL datum (B,*,V,(-,-),h) of
type (A). In the case of type (A) datum, F = Z(B) is a CM field. Let F* be the fixed
field of F under the complex conjugation. If every place of F'T above p splits in F', then
G, satisfies GL).

Suppose that Gg, satisfies GL£,, throughout §8.1. Then the groups H, M, My, Iy
and Iy also satisfy GL£,. All these groups and their dual groups have simply connected
derived subgroups. In particular, Z(My) and Z(M,) are tori.

One important task for us is to give an explicit formula (8.5) for (&, (7o, d), ). Conse-
quently, its value will be easily seen to be independent of vy, § and 7. To this end, we
examine the character a,(yo,0) € X*(Z(Io)"® Z(G)). Consider the following commuta-
tive diagram of I'(p)-equivariant group homomorphisms:

—

2(H) > Z(My) — Z(In) —= Z(Mp) (8.1)

N N

2(G) = Z(My) — Z(Iy) — Z(M)

The two rows are given by the inclusions Z(My) C Iy C My C H and Z(My) C Iy C
M, C G, respectively, using [15, 1.8] and [17, 4.2]. The vertical injections Z(G) — Z(H)
and Z (M b) = Z (M ) are given by n and ny, respectively. The left-most rectangle is
compatible with the diagram (6.6) and thus commutative. The commutativity of other

rectangles are straightforward. The element s € Z(H) maps to sy € Z(My) and & €
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Z(I). We may write s = s1s5 for s, € Z(H)'® and s, € Z(G). Let &1 and &y denote
the images of s; and sy in Z(1), respectively. In view of (4.1),

(@p(70,0), Fg) = pa(s2) " (8.2)

Let us evaluate (&,(70,0),%1). Let T be a maximal torus of M), defined over Q, con-
taining 0. Recall from §3.2 that b satisfies (3.2) and belongs to My(Ly). Let us also
recall from §4.3 that é,(y0,6) = sz,(bs) and that bs is o-conjugate to b in M(L). We
claim that 7, (bs) = 13 as elements of X, (T)q/$2(Io,T). Indeed, Dpyz, (bs) = Upr, () = vp
shows that 7y, (bs) and v, are in the same 2(Mp, T)-orbit, but since the £2(My, T')-orbit
of v, consists of v, only, the claim is verified.

The commutativity of (3.1) shows that pr,(&,(v0,0)) = 01, () where vy, is viewed as an
element of X, (T)g = X*(T)g. On the other hand, &7, is the pullback map via Z(Iy) < T'
in this case. Since v}, : D — T factors through Z(M,), we may view v}, as an element of
X*(Z(My))q, which will be denoted by 2. Then d,(5) is nothing but the pullback of
oy via Z(Io) — Z(My).

Let &}, € X*(Z(Mp)"®)) be the pullback of &, (70, 6)| 4(j,)re Via (8.1). Then

(Gp(70,9), B1) = (&) 51). (8.3)

Since p.) is functorial on the category of connected reductive groups over Q, (for any
Qp-group morphisms), we see that par, (a;) coincides with the pullback of &7, (1) €

X*(Z(IO))(S(’D) to X*(Z(MH))(g(p) via (8.1). Again in view of (8.1), par, (&;,) may also
be obtained as the pullback of 7, via

—

Z(My) — Z(My) — Z(My).

The last map comes from Z(M;,) — Z(Mp) < My, which only depends on the endo-
scopic datum (Mg, sg,nm) and not on g, 6 and . Since My satisfies GL,, par,, s injec-
tive. (By (3.1), ker(pary, ) is isomorphic to H'(Q,, M), which is trivial by Hilbert 90.)
Let ﬁéwH denote the pullback of 7, via

Z(Mg)"®) = Z(My) — Z(My).

We see from the description of ppr,, [33, p. 162] that 64; is obtained as the pullback of
Py (G,) via Z(Mg)"'®) — Z(Mpy), hence @, coincides with oA priori 9" s just

an element of X*(Z(Mp)"®))q, but it belongs to X*(Z(Mz)"®)) as a;, does.

To sum up, &, = ﬁlf”H and

(@, s1) = ("7, 51). (8.4)

By (8.2), (8.3) and (8.4),
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Clearly, the value on the right side is independent of g, 6 and the choice of decomposition
s = 5155. Therefore, Lemma 6.3 tells us that we may normalize A,(-,-)7; so that the
ratio of A, (vw, (5)}\7}’1H to Ap(va, 'yo)ﬁH is a non-zero constant. Our normalization is that

Ap(7H7 5)]{;11

A i = ep(Jb). (8.6)

This choice is to be consistent with our convention that A,(-, ){\/tjb =ep(Jp) (cf.
Remark 2.20).
It follows from (8.5) and (8.6) that the constant ¢y, in Lemma 6.3 is given by

rg = ep( o) - pa(s2) - (031, s1) (8.7)

8.2. The case Jp, ~ M,

Recall from §3.2 that Jy is the Qp-inner form of M, given by the cocycle o — b in
H'(L,/Qp,Int(M)). Since G is unramified over Q,, we may assume that G xg, Ly is
split, by enlarging s if necessary. (Before, s € Z~o was chosen in §3.2.) The aim of §8.2
is to give an explicit alternative proof for Lemma 6.3, under the assumptions that

o Jy ~ M, as Q,-groups,
e MEer is simply connected, and
o Z(My) and Z(Mpy) are connected.

The second and third assumptions are always satisfied for a PEL datum of type (A).

The first assumption implies that the trivial element in H'(L;/Q,, Int(M,)) is defined
by o + b. So there exists some by € My(L,) such that Int(b) = Int(by '6g). (This is
possible since the natural map My(Ls) — Intr (My) is surjective. The last fact follows
from the triviality of H'(Lg, Z(M,)) implied by Hilbert 90.) In other words,

b= by bgz (8.8)

for some z € Z(My)(Ls).

We claim that J,(Q,) = My(Q,) as subgroups of My(Ls) via § + bydb,'. Let us
prove the claim. Using (3.2) it is easy to see that J,(Q)) is contained in M,(Ls). (See
also the proof of [34, Corollary 1.14].) As subgroups of M (L), the two groups J,(Qp)
and M,(Q,) are cut out by the conditions gbo = bog and go = og, respectively. The
claim follows from this and (8.8).

We will certainly choose the transfer factor A(-, )X}}H so that

A(’)]{;H = A(?)%;{ (8'9)

via the isomorphism J;(Qp) >~ M;(Qp) in the last paragraph. Suppose that 6 € J,(Q)
and o € My(Q)) are semisimple elements with matching stable conjugacy classes. This
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amounts to assuming that bodby ' is stably conjugate to vo in M;(Q,). Observe that the
identity (6.9) now simplifies as

eny = (Gp(70,0), &)1 - (inv, (bodby ,0), &) (8.10)

The proof of Lemma 6.3 comes down to showing that the right side of (8.10) is a con-
stant independent of vy and §. As in the paragraph preceding (8.2), write s = s1s2
for 51 € Z(H)F(p) and so € Z(G) and let %1 and Ry denote the images of s; and s
in Z(fo), respectively. To show Lemma 6.3, it suffices to prove that (a,(y0,d), /1) " -
(invp(bO(;bal, Y0), R1) is constant. In view of [36, Lemma 10.9], it is enough to prove that
if 7o = bodby " then (o, (70,0), &) is independent of 4.

In the definition ay,(v0,d) = r1,(bs) (§4.3), we may take y = by ' so that

bs = bobby 7 = z € Z(My)(Ls)

using (8.8). (Its image in B(Ip) is bs.) We see that a, (70, 9) equals the image of kz(az,)(2)
under the bottom horizontal arrow below:

B(Z(My)) B(ly)

lﬁz(Mb) \LHIO

X*((Z(My))T @) —— X*(2(Io)" @)

Note that the diagram (8.1) makes sense in our case as well. We obtain a character on
Z(]\ZIH)FU’) by pulling back kz(az,)(2) via (8.1). Since &; is the image of s; € Z(f[)r(p),
we see that

(ap(70,9), k1) = (Kz(n,)(2),51),

where the pairing on the right is taken between X*(Z(Mpg)'®) and Z(My)"®). The
value on the right-hand side is visibly independent of §. This finishes the proof of
Lemma 6.3 in the setting of the current subsection. Our discussion shows that (with
the identification A, (-, )]‘{}}H =A,(-, )%L)

ey = ma(s2)(kzan,)(2),s1) 7" (8.11)

Acknowledgements. It will be obvious to readers that our work is greatly influenced
by that of Robert Kottwitz. We are very grateful to Kottwitz that he allowed us access
to his unpublished manuscript [24] from which we gained key ideas for stabilizing the
terms at p (§6). In particular we learned how to deal with Levi subgroups of endoscopic
subgroups and endoscopic groups of Levi subgroups systematically. It should also be
noted that Lemma 2.8, Lemma 2.10 and the diagram (6.6), as well as several definitions
in §2, are due to him.

We are indebted to Richard Taylor and Michael Harris for their constant encourage-
ment, helpful comments and interest in our work. We thank Sophie Morel for helpful
conversation and several valuable comments on an earlier version of this paper.

https://doi.org/10.1017/51474748010000046 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748010000046

894 S. W. Shin

Most of this paper was written during a stay at the Institute for Advanced Study,
where it is always academically stimulating.

The author is partially supported by the National Science Foundation under grant
no. DMS-0635607.

References

1. J. ARTHUR, The L*-Leftschetz numbers of Hecke operators, Invent. Math. 97 (1989),
257-290.

2. J. ARTHUR, An introduction to the trace formula, Clay Mathematics Proceedings, Vol-
ume 4, pp. 1-263 (Clay Mathematics Institute/American Mathematical Society, Provi-
dence, RI, 2005).

3. A. 1. BADULESCU, Jacquet-Langlands et unitarisabilité, J. Inst. Math. Jussieu 6 (2007),
349-379.

4. A. BOREL, Automorphic L-functions, in Automorphic forms, representations, and L-
functions (ed. A. Borel and W. Casselman), Proceedings of Symposia in Pure Mathe-
matics, Volume 33.2, pp. 27-61 (American Mathematical Society, Providence, RI, 1979).

5. W. CASSELMAN, Characters and Jacquet modules, Math. Annalen 230 (1977), 101-105.

6. P. DELIGNE, D. KAZHDAN AND M.-F. VIGNERAS, Représentations des algébres centrales
simples p-adiques, pp. 33-117 (Hermann, Paris, 1984).

7. L. FARGUES, Cohomologie des espaces de modules de groupes p-divisibles et correspon-
dances de Langlands locales, Astérisque 291 (2004), 1-200.

8.  D. FLATH, Decomposition of representations into tensor products, Proceedings of Sym-
posia in Pure Mathematics, Volume 33.1, pp. 179-183 (American Mathematical Society,
Providence, RI, 1979).

9. M. GORESKY, R. KOTTWITZ AND R. MACPHERSON, Discrete series characters and the
Lefschetz formula for Hecke operators, Duke Math. J. 89 (1997), 477-554.

10. T. HALES, On the fundamental lemma for standard endoscopy: reduction to unit elements,
Can. J. Math. 47(5) (1995), 974-994.

11. M. HARRIS AND R. TAYLOR, The geometry and cohomology of some simple Shimura
varieties, Annals of Mathematics Studies, No. 151 (Princeton University Press, 2001).

12.  R. KoTTwITZ, Rational conjugacy classes in reductive groups, Duke Math. J. 49 (1982),
785-806.

13.  R. KOTTWITZ, Sign changes in harmonic analysis on reductive groups, Trans. Am. Math.
Soc. 278 (1983), 289-297.

14. R. KoTTwITZ, Shimura varieties and twisted orbital integrals, Math. Annalen 269 (1984),
287-300.

15.  R. KoTTwITZ, Stable trace formula: cuspidal tempered terms, Duke Math. J. 51 (1984),
611-650.

16. R. KOTTWITZ, Isocrystals with additional structure, Compositio Math. 56 (1985), 201—
220.

17.  R. KoTTwITZ, Stable trace formula: elliptic singular terms, Math. Annalen 275 (1986),
365-399.

18. R. KoTTwITZ, Tamagawa numbers, Annals Math. 127 (1988), 629-646.

19. R. KoTTwITZ, Shimura varieties and A-adic representations, Volume I, Perspectives in
Mathematics, Volume 10, pp. 161-209 (Academic Press, 1990).

20. R. KoTTwITZ, On the A-adic representations associated to some simple Shimura variaties,
Invent. Math. 108 (1992), 653-665.

21.  R. KoTTwITZ, Points on some Shimura varieties over finite fields, J. Am. Math. Soc. 5
(1992), 373-444.

https://doi.org/10.1017/51474748010000046 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748010000046

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

A stable trace formula for Igusa varieties 895

R. KoTTwiTz, Isocrystals with additional structure, II, Compositio Math. 109 (1997),
255-339.

R. KoTTwITZ, Comparison of two versions of twisted transfer factors, Appendix appearing
in Etude de la cohomologie de certaines varietés de Shimura non compactes, Annals of
Mathematics Studies, in press.

R. KoTTwITZ, unpublished article.

R. LANGLANDS, Stable conjugacy: definitions and lemmas, Can. J. Math. 31 (1979),
700-725.

R. LANGLANDS, Les d’ebuts d’une formule des traces stable, Publications Mathématiques
de I'Université Paris VII, Volume 13 (I'Université Paris VII, 1983).

R. LANGLANDS AND D. SHELSTAD, On the definition of transfer factors, Math. Annalen
278 (1987), 219-271.

R. LANGLANDS AND D. SHELSTAD, Descent for transfer factors, in The Grothendieck
Festschrift, Volume II, pp. 486-563 (Birkh&user, Basel, 1990).

E. MANTOVAN, On the cohomology of certain PEL type Shimura varieties, Duke Math.
J. 129 (2005), 573-610.

S. MoOREL, Cohomologie d’intersection des variétés modulaires de Siegel, suite, preprint.
S. MOREL, Etude de la cohomologie de certaines varietés de Shimura non compactes (with
an appendix by R. Kottwitz), Annals of Mathematics Studies, Volume 173 (Princeton
University Press, 2010).

B. C. NGO, Le lemme fondamental pour les algebres de Lie, preprint (arXiv:0801.0446v1
[math.AG]).

M. RAPOPORT AND M. RICHARTZ, On the classification and specialization of F-isocrystals
with additional structure, Compositio Math. 103 (1996), 153-181.

M. RAPOPORT AND T. ZINK, Period spaces for p-divisible groups, Annals of Mathematics
Studies, No. 141 (Princeton University Press, 1996).

J.-P. SERRE, Galois cohomology (Springer, 2002).

S. W. SHIN, Counting points on Igusa varieties, Duke Math. J. 146 (2009), 509-568.

S. W. SHIN, Galois representations arising from some compact Shimura varieties, Adv.
Math., in press.

J. TATE, Number theoretic background, in Automorphic forms, representations, and L-
functions (ed. A. Borel and W. Casselman), Proceedings of Symposia in Pure Mathemat-
ics, Volume 33.2, pp. 3-26 (American Mathematical Society, Providence, RI, 1979).
M.-F. VIGNERAS, Caractérisation des intégrales orbitales sur un groupe réductif p-adique,
J. Fac. Sci. Univ. Tokyo 28 (1982), 945-961.

J.-L. WALDSPURGER, Le lemme fondamental implique le transfert, Compositio Math.
105(2) (1997), 153-236.

J.-L. WALDSPURGER, Endoscopie et changement de caractéristique, J. Inst. Math. Jussieu
5(3) (2006), 423-525.

J.-L. WALDSPURGER, A propos du lemme fondamental tordu, Math. Annalen 343(1)
(2009), 103-174.

https://doi.org/10.1017/51474748010000046 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748010000046

