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Let Q C RY be a bounded domain and 6(z) be the distance of a point 2 € Q to the
boundary. We study the positive solutions of the problem Au + (1/(5(z)2))u = uP in
Q, where p > 0, p# 1 and p € R, u # 0 is smaller than the Hardy constant. The
interplay between the singular potential and the nonlinearity leads to interesting
structures of the solution sets. In this paper, we first give the complete picture of the
radial solutions in balls. In particular, we establish for p > 1 the existence of a unique
large solution behaving like §=(2/(P=1)) at the boundary. In general domains, we
extend the results of Bandle and Pozio and show that there exists a unique singular
solutions u such that u/65— — ¢ on the boundary for an arbitrary positive function
c € C*7(9Q) (v € (0,1)),¢ > 0. Here B is the smaller root of B(8 — 1) + u = 0.

Keywords: Elliptic problems; Hardy potential; power nonlinearities; dead core and
blowup solutions; singular boundary data
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1. Introduction

In this paper, we study positive solutions of problems of the form

Lyu=Au+ uv=u"’ inQ

1

1.1
(S(.T)Q ’ ( )
where p € R\ {0}, §(x) is the distance of a point = € Q to the boundary, p # 1 is
a positive constant and Q@ C RN, N > 1 is a bounded, connected domain with a
boundary 92 € C?*7, v € (0,1). The expression

is called the Hardy potential. In view of its singularities the boundary data cannot
be prescribed arbitrarily. The boundary behaviour depends on the interplay between
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the linear regime L,h =0 and the nonlinear regime AU = UP. An important
ingredient in the study of problem (1.1) is the Hardy constant

. fg |V¢|2 dx
Cy(Q) = f = 1.2
H( ) qSGVII/E}’Z(Q) fQ 6_2($)¢2 dx ( )

It is well-known [9] that 0 < C'i(€2) < 1/4. This implies in particular, that (1.1)
cannot have nontrivial solutions belonging to Wy *(Q) if u < C ().

A function h will be called L,,-harmonic or simply harmonic if it satisfies L,,h = 0,
sub-harmonic or super-harmonic if L,h > 0, or L,,h < 0, respectively. In this paper,
we shall only be concerned with positive sub- and super-harmonics.

It was shown in [4] that for u < 1/4, a local sub-harmonic either dominates
every local super-harmonic multiplied by a suitable positive constant, or it is dom-
inated by a multiple of any super-harmonic. This property will be referred to as
the Phragmen-Lindeldf alternative. It was used in [4] to determine the behaviour
of the solutions of (1.1) near the boundary. The singularity of the Hardy potential
forces a solution either to vanish or to explode on the boundary.

In the case p > 1 the particular feature of the nonlinear problem is the existence
of a maximal solution which blows up at the boundary, and in the case p < 1 the
appearance of dead cores, that is, regions where the solution vanishes identically.

The structure of the radial solutions in balls is now well-understood. It has been
studied in [2] in the case of sublinear nonlinearities. In order to describe the result,
we have to introduce some constants which will be crucial in the sequel. For p < 1/4,

we set
1 1
=—*+1/-—pu. 1.3
Bt 5 1 (1.3)
Furthermore, let
2 1
-2t D) (1.4)
(-1

It turns out that there are essentially two types of positive solutions, those gov-
erned by the linear regime and those with a dead core or blowup caused by the
nonlinearity. More precisely, we have

THEOREM A. Assume 0<p<1, pu<1/4, u#0 and Q= Br:={rcRV:
|z| < R}.

(i) Problem (1.1) has a unique radial solution u(r) for any u(0) > 0.

(ii) For any p € (0, R) there exists a unique radial solution of problem (1.1) such
that

o, ifr € (0, pl,
ulr) = {>0, ifr € (p,R).
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(iil) There exists a unique radial solution which vanishes at r =0 and which is
positive in (0, R). Near the origin it is of the form

2(N _ 1) 1/(p—1)
1—p ’

u(r) = 120D (L)), w(0) = 0 and ¢’ = <u* N

(iv) All radial solutions satisfy u(r)/((R—7)%-) —¢>0 as r— R and vice
versa, for any constant ¢ > 0 there exists a unique solution satisfying this
condition and it is radial.

For the superlinear case the situation is slightly different, namely

THEOREM B. Assume p > 1, —pu* < pu < 1/4, u # 0 and Q2 = Bg.

(i) There exists a positive number u* such that problem (1.1) has a unique radial
solution for u(0) < u* whereas for u(0) > u* the radial solutions blow up
before r = R.

(i) Ifu(0) < u*, lim,_ g(u(r)/((R —r)?-)) = ¢ > 0 and vice versa, for any c > 0
there exists a unique radial solution satisfying this condition.

(iii) If u(0) = u*, then lim,_ g (u(r)/((R — )~/ @E=0))) = (u + p*)/P=D (maz-
imal singular solution).

In short if u(0) < u* the linear regime prevails, otherwise the nonlinearity domi-
nates.

In the previous papers [2, 3] the authors considered also general domains and
constructed solutions which behaved like 0055* <u(z) < 5P near the boundary.
In this paper, we prove ezxistence and uniqueness of solutions with a prescribed
boundary behaviour. The existence results in theorem A (iv) and theorem B (i) are
special cases of the following more general result

THEOREM C. Letp >0,p# 1, u < Cy () and p #0. If p > 1 we assume in addi-
tion that u > —p*. Let 0Q € C**Y for some v € (0,1). For any c € C**7(09Q),
¢ > 0, there exists a unique solution of (1.1) such that

. u(x) o) _

where z* € 0L is the projection of x on the boundary.

It was shown in [3] that for p > 1 and p < —pu* problem (1.1) has no nontrivial
solutions. Related results are found in [2,5, 6, 8].

This paper ends our long collaboration. Maria Assunta Pozio passed away a few
days before the paper was accepted. The first author mourns for a dear friend and
for a valuable collaborator.

2. Preliminaries

We recall some lemmas which will be used in the proofs of our theorems.
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LEMMA 2.1 (Maximum principle). Let p < Cg(Q2) and w € Q. If Au+ V,u > 0 in
w and u € Wol’Q(w) then v < 0 in w.

The proof simply follows from the definition of the Hardy constant in (1.2).

DEFINITION 2.2. A function u € V[/ltf (€2) is called a subsolution of (1.1) if

V@-Vgpdx—u/%dx%-/gpnpdxg&
Q 0o Q

for all positive ¢ € W12(Q) with compact support in 2. A supersolution % is defined
similarly with the inequality sign < replaced by >.

From lemma 2.1 we deduce immediately

LEMMA 2.3 (Comparison principle). Let G C Q be an open set such that G C (Q,
andlet0 < u,u € VVllocz(G) N C(Q) be sub- and supersolutions of (1.1). Assume that
u<Tuon JdG.

(i) If u < C(Q), then u < in G.
(ii) If p> 1 and uw > 0 in G, the same statement holds without restriction on .

The fact that (ii) is valid for any u € R, was observed in [3]. Also the next result
is taken from [3, theorem 2.6].

LEMMA 2.4 (Phragmen—Lindelof alternative). Let u < 1/4 and let h be a local sub—
harmonic. Then either of the following alternatives holds:

(i) for every local super-harmonic h > 0,

h
limsup = > 0,
z—8Q h

or

(ii) for every local super-harmonic h > 0,

. h
limsup = < +o00.
z—0Q

M. Marcus and P-T. Nguyen [8] have shown that for 0 < p < Cy(Q2) every har-
monic function can be represented by the Martin kernel Kf} (z,y), (z,y) € Q x ON.
For fixed y € 012, Kf}(%y), is an L,-harmonic function vanishing on 0\ y and
equal to one at an arbitrary, but fixed point xy € ). Based on estimates by Filipas,
Moschini and Tertikas, Marcus and Nguyen showed that there exists a constant
cx > 1 such that Vo € Q,y € 99,

e 0% (@)]e =y N < KR (a,y) < exd (@) —yP TN (2.1)

A further important tool for establishing the existence of solutions is (cf. [3])
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LEMMA 2.5. Let u < Cy(2) and p # 1. If there exists a sub and a supersolution
0 <u<@inQ, then problem (1.1) admits a solution U in Q such that u < U < 7.
If p > 1, the condition pu < Cg(Q) can be replaced by p < 1/4.

The parallel set Q, := {z € Q: §(x) < p} will be used to determine the behaviour
of the solutions near the boundary. If 2 is of class C*, k > 2, then 4 is in C*(€,,)
for pp > 0 sufficiently small [7]. Denote as before by x* the nearest point to = on
0. Let K;(z*),i=1,...,N — 1 be the principal curvatures of 9Q at z*. For any
x € §,, we have

Vé(z)| =1,

N1 = g N1 (2:2)

o0 S T L) S o)

i=1

The maximal distance po for which 99, is in C? can be estimated by means of the

principal curvatures

PO

1

0<p0< ’
\Kmax

Kax = max{|K;(z),i=1,...,N — 1, x € 09}. (2.3)

3. Ball

Theorem A (i), (i%), (ii4) have been proved in [2]. The existence result (iv) is a
consequence of theorem C. The proof of theorem B is based on ode techniques
partly developed in [2].

3.1. Proof of theorem B

The radial solutions of (1.1) in Bpg satisfy the ordinary differential equation
(" :=d/dr)

u”+(NT1)u'+(RiLr)2UZ“p in (0,R), u'(0)=0. (3.1)

This equation has given «(0) > 0 a unique local solution. It can be continued until
one of the following cases occurs:

1. The solution vanishes before r = R,
2. It blows up before r = R,
3. It exists and it is positive in the whole interval [0, R).

The first case is excluded by the fact that p < 1/4 = Cy(Bg). It is well-known
[1] that for any 0 < p < R there exists a unique large solution U, of (3.1) in B,
which blows up at the boundary at the rate (*)'/ =1 (p — )=2/(=1)_ Clearly, by
lemma 2.3, U,(0) decreases as p increases. Define u* := lim, .z U,(0). Obviously,
u(r) blows up at p < R if u(0) > u*. This establishes the nonexistence part in
theorem B (7).
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Next, we consider the solution U*(r) of (3.1) satisfying U*(0) = u*. We fix
ro € (0, R) and by means of suitable super and subsolutions we shall show that
there exist positive constants 0 < ¢; < ¢o depending only on r¢, such that ¢; (R —
r)~@/P=D) < U*(r) < eo(R — )~ @/®=1D) for r > rg.

We start with the supersolution. Let wy = ¢, (R — )~ (/=) Tt satisfies

2(N -1
Lywy —wh = ,u*—i—u—cﬂl—i—(;_l)r)(R—r) cp(R—r)~@/(=1)  (39)
If
_ 2(N —1)
A pt+ m——— (R — ),
E R Gy, )

then wy is a supersolution of (3.1) in (rq, R).

Let U,, (r) be the solution which blows up at m € (rg, R). Choose c4 so large that
w4 (ro) > U, (10). Let 7 be the largest number such that w, () = Uy, (7). Then the
function

ﬂ(?“) — {Uﬁ (T) ?Il [(377:]7
wi(r) in[F,R)
is a weak supersolution with w(0) > u*.

Next, we construct a subsolution. From (3.2) it follows that for small ¢_ <
(+ )Y P = (R—7r)~?/(P=1) is a subsolution in (0, R). Here we need
the assumption —p* < p. Since w’ (0) = c_ 2 < R™ 2/(r=1)-1 > 0, w_ is a radial
subsolution in Bg.

Applying lemma 2.5 we deduce that there exists a solution u < U* <@ in [0, R).

The assertion (iii) of theorem B will be established if we prove the followmg
Claim: The function

w*(r) == U*(r)/(R —r)~2/(P~D)
that is bounded from below and above by positive constants satisfies

w'(R) = lim w*(r) = (u+ )"/ 070

In [0, R), w* satisfies the equation

A~ s

where 0 = (R — ) (4/(p=1)).N-1

(wio), =

Put
flw,r) = wP — [u* + p+n(r)w, w >0, re(0,R],

2(N —-1)
r)=———->
For any r € [0, R], the equation f(w,r)=0 has two zeros, namely w =0 and
wo(r) = (u* + p+n(r))/P=1, The function wy(r) is monotone decreasing with

(R—r).
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lim, o wo(r) = 400 and lim, g wo(r) = (p* + p)/ @~ Tt is important to point
out that all the local maxima of the solutions of (3.3) are below wg(r) and the local
minima are above wq(r).

The radial symmetry implies that U;(0) = 0 and consequently,

2
'UJ*(O) = —EU* (O)R(?)ip)/(pil) < 0.

Thus w* decreases in a neighbourhood of r = 0. If it has a local minimum in r =
0, by the previous remark w*(rg) = wo(ro). Then w*(r) cannot have a first local
maximum w*(ry) for some ry € (rg, R), since we get wo(ry) = w*(ry) > w*(ro) =
wo(ro), which is impossible because wq(r) is decreasing. Therefore w*(r) is either
decreasing in (0, R) or it has one local minimum.

Thus w*(r) is monotone in a neighbourhood of r = R. Its boundedness implies
that lim, g w*(r) = w*(R) and in addition, L := lim,_, g f(w*(r),r) with |L| < cc.

Integration of (3.3) leads to

T f(w*,s)ds. (3.4)

wi()o) ~ witralatro) = [ 7T

ro

Next, it will be shown that L = 0. We divide (3.4) by o and integrate. We then
obtain

w*(r) —w*(ro) — w(ro)o(ro) /T o7 (s)ds

To

N /m (RUES‘)S)?f(w*’S) (/:U_l(y) dy) ds.

The left-hand side has a limit as » — R. Near » = R the integrand at the right-
hand side behaves like (R —7)~!. The integral exists therefore for r — R only
if f(w*(r),r) — 0 as r — R. Recall that f(w,r) has only two zeros w =0 and
w = wp. The case w*(R) =0 is excluded because w*(r) > c¢_ > 0. Consequently,
w*(R) = wo(R) which establishes theorem B (iii).

Moreover, theorem B (4i7) implies that w* decreases in [0, R]. Namely if w*
has a local minimum at g € (0, R), then w(R) = (u + p*)" P~ > w(rg) > (u +
,u*)l/ (»=1) which is impossible as observed above.

Next, we proceed to the proof theorem B (i7). Consider the function w(r) =
u(r)(R — )% =1 where u(r) solves (3.1) and u(0) < u*.

We claim that w < w* in (0, R). In fact w cannot intersect w*. Namely, if w(ry) =
w*(r1) and w < w* in (0,71), then U* > v in B, . This implies L,(U* —u) > 0.
From lemma 2.1 it follows that U* < u, which is obviously a contradiction. This
establishes the assertion. The same arguments as for w* show that w < w* decreases
in the whole interval (0, R). Exactly in the same way as for w* we prove that
lim, g f(w(r),r) = 0. Thus either w(R) = (u + p*)"/®P= or w(R) = 0.

Suppose that w(R) = w*(R). Define m(x) by u(r) = m(r)U*(r). By the previous
observations, we have m < 1 in Br and m = 1 on 0Bpg. Since u solves (1.1) in Bp,
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the differential equation for m(r) is

U*Am + 2Vm - VU* + mAU* + %mU* = mP(U*)P. (3.5)
Hence
U'Am+2Vm - VU* = mP(U")P —m(U")? < 0. (3.6)

The maximum principle implies that m attains its minimum on the boundary.
Consequently, m(r) = 1 and v = U*. This contradicts the fact that u(r) < U*(r).
Therefore we must have w(R) = 0. This argument shows that there is only one
radial solution which behaves like §(z)~(2/(P=1) near the boundary. Notice that
this uniqueness result holds also for nonradial solutions in general domains.
We now need to prove the boundary behaviour in (ii).

The function u(r) = w(r)(R —r)~?/P=1) is a solution of (3.1) which can be
written as follows

N-1, p—wP?

" — 4 —
u’ + " u+(R—r)2u_07 u’'(0) = 0. (3.7)

A radial harmonic in Bg solves

N-1, H
, h(?")‘f’m

R (r) + h(r)=0 in[0,R), W' (0) =0.

The difference z =u — h is positive in [0,7) and satisfies z” + ((N —1)/r)z' +
wu(z/((R—7)?)) > 0in (0, R). If 7 < R we can test this inequality with z and obtain
that > Cy(Bg) = 1/4. This contradicts the assumption p < 1/4. We can now
apply the Fuchsian theory to h. Since p < 1/4, lim, g h(r)/(R —r)?~ = ¢y > 0.
Consequently, u(r) > ¢1(R — r)?~ for some sufficiently small constant c;.

In order to construct an upper bound we take the solution w. of (3.7) with w
replaced by w. = max{w, e}. It is a subsolution to (3.7) and if u(0) > «(0) it is an
upper bound for u. Since w is decreasing and w(R) = 0, we have w, = € near r = R.
We can now apply the Fuchsian theory to u.. The indicial equation for u. implies
that uc(r) = (R — )P f(R —r) where j. is the smaller root of B.(8. — 1)+ p —
e?~1 =0 and f is an analytic function near » = R such that f(0) = b > 0. Hence
for some dg > 0 we have

0 < co(R—7)" <ulr) <ucdr) <k(R—r)%, Vre(R-26y,R). (3.8)

We replace r by § = R —r and consider the function v(§) = u(R —3§)6~ 7. A
straightforward computation leads to

(0v') = (Up(;ﬁ(pl) + 6(11;]—(51)(51}) , (3.9)

where o(8) = 6**(R— 6N~ and B=p4_.
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We take 0 < 0 < 0y and we integrate (3.9) to get:

3o
v(0) —v(dg) + 0(50>U/(60)/5 o tds (3.10)

4 s
_ [ B(p—1) N-1 -1
o) ([ )

Keeping in mind that § < 1/2, we have for s € (4, dg]

s L 81—26
o dé < < 00.
f o e <

From (3.8) and the definition of v it follows that v < k6B-—P_ Hence there exist
some positive constants ki, ko, k3 independent of § such that

50 N_ 1 S
B(p—1) v s -1
/5 a(vps P +ﬁ(Rs)sU) (/(5 o df) ds

s 5
<k / 0 §20HBe—F—141-28 40 | L. / O P0G DF20 s by,
s 5

for sufficiently small e. By our assumption p > —p* we have 8 > —(2/(p —1)).
It is therefore possible to choose € so small that p(3. — )+ B(p—1)+ 1> —1,
and B, — 0 > —1. Hence the integrals above converge as § — 0 and v is uniformly
bounded.

Next, we want to show that v(J) has a limit as § tends to 0.
If 3 = B- >0, (3.9) implies that v cannot have a local maximum and since v'(R) =
u' (0)R™P — Bu(0)6= =1 = —Bu(0)§~#~1 < 0, it decreases in the whole interval.
Then wu(r)/(R — )~ is an increasing bounded function for r = R — ¢ € (0, R),
hence it has a limit as r — R~ .
Assume = f_ < 0. Recall that v is uniformly bounded. Since by assumption 5_ >
—(2/(p — 1)) all integrals in (3.10) exist for § = 0. Consequently, we can pass to the
limit which shows that lims_. v () exists.

For the last assertion of (i) we refer to the proof of theorem C. This completes
the proof of theorem B. O

4. General domains

4.1. Proof of theorem C

The existence of a solution u of (1.1) satisfying (1.5) will be proved by means of
a supersolution @ and a subsolution u of (1.1), which both satisfy (1.5) and which
are such that v < @.

We start with an important observation. For 6 < g < po/2, po defined in § 2, set

u@) = PPwlz), (B=p). (41)
Then u is a local solution of (1.1) in Qs,, if and only if w satisfies

A(w) := Aw + ? <Vdi, Vw> +@w = §AP—Dgp, (4.2)
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The function u = §%w(z) is a local subsolution of (1.1) in Qs, if (4.2) holds with
the equality sign replaced by >. Analogously @ = §°w is a super solution if the
inequality sign is reversed.

We shall construct a supersolution as the minimum between a local supersolution
satisfying (1.5) and a global one which satisfies (1.5) with > instead of equality.

Local supersolution. Let o € (0,1) be such that

1 if 3
(0,1-28) ifB_ > 0.
For any given ¢ € C?*7(9Q), ¢ > 0, let h € C?T7(Q) be the solution of
Ah=0, z€Q, (4.4)
h(z) =c(z), x€ 0.
Set W = h(x) + Aé* where A > 1 will be fixed below. Then for z € 5,
2
A@) = —Aa(l — a)§* 2 + Aad™ A + Tﬁ < V6,Vh >
+ 2480672 + %@.
Since |Ad| < ¢ and |VJ| =1 in Q5, we have
2
A@) < Aa(a+28 —1)62 + A(a + |B])ed™ + @\vmm + %Ihlw

By our assumptions on the regularity of 0Q and ¢, |h| and |Vh| are uni-
formly bounded in Q, cf. [10, page 161]. Hence 2|5||Vh|s + |8]c|h|oc < C and
consequently,

A(m) < 0724 |afa +28 1) + 8o+ B+ 500

Since « satisfies (4.3), it is possible to choose dy < pg sufficiently small such that
A@) <0< 8PP VP, zeQs, VA>IL (4.5)

Thus @ := 6w is a local super-harmonic function and therefore the desired local
supersolution.

Next, we construct a supersolution in the whole domain. We shall treat the case
u >0 and p < 0 separately.

Global supersolution for u < 0. Let n = n(r) be the solution of

n o, (N=1) 4 W _
{TI + N + (5077‘)277 - 07 re (60/2760)7 (46)

n(60/2) =1, 1'(60/2) = 0.

Since p < 0 the function n(r) is increasing in a neighbourhood of dy/2 and it has
no local maximum. Thus 7n(r) is a positive increasing solution in (d9/2, dp).
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We claim that
: n(r)
Thjfslo 7(50 - =C,>0. (4.7)

For the proof of this claim we proceed as in [2] where a similar result has been
derived for the nonlinear equation. We choose § = §y — r instead of r as the new
variable and set 7(dy — 0) = 6°v where 3 = _ < 0. From (4.6) we obtain

N -1 N -1
'UN+ (2/?_ 60_5>U/—ﬁ(50_6)5v:0, o€ (0,(50/2) (48)
This equation can be written in the form
(ov') = 50(5];7—51)6”’ where o(8) = 6%%(5p — 6)V 1. (4.9)

Since 3 < 0 it follows that (cv")’ < 0 which implies that for e < §
a(e)v' (€) = a(6)v'(9) .

Dividing the last inequality by o(e) and integrating in the same interval we get

5
0<wv(e) <v(d) — 0(5)1}’(5)/ o1 (s)ds.

This implies that v is bounded as ¢ — 0.
Integrating (4.9) we get

5
N -1
U/(G) = 0'71(6)0'(5)’0/(5) — /80'71(6)\/6 U(S)mv dS
We can pass to the limit € — 0 and conclude, since (_ is negative, that |v'| is
bounded. Hence there exists

gii%v(é) = v(0).

Suppose that our claim (4.7) is not true and that v(0) = 0. Following the proof of
lemma 2.4 in [2], we define w by n = §°-v = §%+w. It satisfies the same equation
(4.9) as v with S_ replaced by S,

N -1

(opw') = 5+C7+m11}(2 O (4.10)

where o (8) = 62°+(6y — &)V L.
We integrate (4.10) over [e, d] for some d € (0,d¢/2] and we get

N -1

)
700 (0) = () = B [ o) () ds

4
= B4 (N — 1)/ (60 — s)N "2u(s) ds.

Since v is bounded we can pass to the limit as ¢ — 0 and deduce that
lim, ¢ o4 (€)w'(€) = M. and hence w(8) = O(6'~25+). By assumption v(0) = 0 and
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therefore 627+ ~1w = v — 0 as § — 0, that is, M = 0. Thus

5 _
W) = Beoi ) [ ol s

0o — s)sw

&
o
Va)
WV
=)

Hence w(d) > w(e) = 0, that is, w(e) is bounded in a neighbourhood of é = 0. This
implies 7(6p — 0) < ¢6”+ — 0 as § — 0. This is impossible since 7 increases as § —
07. Consequently, v(0) > 0 and (4.7) follows.

Choose

M > |C(6317|°°, (4.11)

where C), is defined in (4.7). Then the function

a(x) — Mn(60 - 6($))’ HIES 950/2) (412)
M, z € \ 950/2.

is in C*() and is a (weak) supersolution of (1.1) satisfying

lim x)glg S |e()|oo- (4.13)

Indeed since p < 0, any nonnegative constant is a supersolution. Moreover, since
n'(r) = 0 and &y < po/2, by (2.2) we have —1/Ad < ((N —1)/(d0 — 6))n’. Hence

M L, N1 _
Ay R =0<aP
Au—|—§2u M( nA(5—|—5277) M(7]—|— - 6?7—!-52 0<u

Global supersolution for we (0,Cy (). We consider the function z(z)=

fasz (x,y)dS,, where KQ is the Martin Kernel introduced in §2. By [8] we
have that z is harmonic in Q Next, we will prove that estimate (2.1) implies

z
lim _— 0. 4.14
d(; aa)ao 5(z)P- > > ( )

For any = € Qs,, and y € 02 N Bs(y/2(z*(z)), there holds
|z —y| < |o—a"(@)| + [2"(z) —y| < d(x) +6(x)/2 = 36(x)/2,

where 2*(x) € 0} is the nearest point to x. Obviously,

z(x) = / Kf}(%y) ds,.
QN By (/2 (x*(x))

The boundary regularity together with the fact that = € Qs,, (6o < po/2), imply
that |00 N By(zx(2))/2] = €0d(x)V ™! for some ey > 0. Then by (2.1) there exists a
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constant cg > 0 independent of x such that

N 6@V > cod(z)P- (4.15)

2(2) = eté(x)’ (26(2)/3)
For a given M > (|¢[oo/co) define
i(z) := Mz(z).
Then @(x) satisfies (4.13) and
Lyi(z) = 0 < a(x)P.

Hence () is a supersolution of (1.1) satisfying @/(6(z)?-) = c(x) on 9.
Next we construct supersolutions in the whole domain with boundary values ¢(x),
cf (1.5).

Supersolutions satisfying (1.5). Consider the local supersolution @ = §°w con-
structed at the beginning of §4.1. Choose

A > (80/2) 7P~ " max{i(z) : =€, d(z)=d/2},

where @ is the global supersolution satisfying /(6()?-) > ¢(x) on 9. Then for
any x € {2 such that é(x) = dp/2 we have a(x) < (55’4_0‘14 < 4(x), while @ > 4 in a
neighbourhood of 9€2. Then

alx) = mln{ﬂ(m), ﬂ(l’)}, T e Q50/2’
(z): {u(m), € Q\ Qs /0. (4.16)

is the desired supersolution which satisfies (1.5).

Subsolution satisfying (1.5). Set w = (h(z) — ad®)y where « is defined in (4.3), h
solves (4.4) and a > 0 will be fixed below so that the support of w is contained in
Qs,. This is the case if a > ag > 0 for a suitable ag. If A(w) > §°P~DwP, at points
where w > 0 and since 0 is a solution of (1.1) then,

B
u= {0 €8, (4.17)
0, xe€ Q \ ng
is the desired subsolution. Since ad® < |h|oo where w > 0, we have
Alw) = an(1l —0)0" ~ a00" A5 + 2 < 95, Vh > ~2a800" + P20
(4.18)

> aa(l —a —28)8%7% = 07 (o + |6])]h]oc| Ad] o + 2[B|[V o0 ).
In Qs, /2, where w > 0 we want to have
5270‘.14(@) > 5B(p*1)+27cva7

If p <1 it suffices to choose a sufficiently large, whereas in the superlinear case
p > 1 we have to require in addition that S(p —1)+2—«a > 0. In view of our
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assumption p > —p* this condition can always be satisfied by choosing « very small.
By construction the subsolution is below the supersolution. Hence the existence of
a solution satisfying (1.5) follows.

Uniqueness. For any given boundary data ¢ € C?T7(982), ¢ > 0, let uy, uy solve
(1.1) and (1.5). We argue by contradiction. Suppose that h:= (u3 —ug)y #0
(or h:= (uz —uy)4+ #0). Clearly, h is a sub-harmonic function, and it satisfies
lim, . p0(h/5%-) = 0.

In [3] simple local super-harmonic functions H and h have been constructed with
the property that limd(x,ag)_)O(F/W*) =1 and limd(zﬁg)éo(ﬁ/é'g*) =1.
Since limsup,_, 5o (h/H) = 0 the Phragmen-Lindeléf alternative (ii) (see lemma
2.4) applies and we get h < ¢d%+. Consequently, (u; — ug)y belongs to W, *(Q).
Since p < Cy () the comparison principle implies that (u; — ug)4+ = 0 in contra-
diction to our assumption.

This completes the proof of theorem C. O

Open problem. It is not known what is the behaviour of the solution in theorem C
at the points where ¢(x*) = 0. According to a local version of the Phragmen-Lindel6f
alternative, which is not yet available, it should be limg(,)_.o u(z)/6(x)+ = c.
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