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Abstract

We extend Thurston’s topological characterisation theorem for postcritically finite rational
maps to a class of rational maps which have a fixed bounded type Siegel disk. This makes a
small step towards generalizing Thurston’s theorem to geometrically infinite rational maps.
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1. Introduction

Let C, @, A and T denote the complex plane, the Riemann sphere, the open unit disk and
the unit circle respectively. Let f : C — C be an orientation-preserving branched covering
map of degree at least two. We call

sz{x} degxf>1}

the critical set and

Pr= ] rup
1<k<oo
the postcritical set of f. We say f is PCF (postcritically finite) if P is a finite set. In 1982
Thurston established the topological characterisation for PCF rational maps. The reader may
refer to [3] for the details of this theory. It has since been generalised to sub-hyperbolic
rational maps [2, 7] and post-singularly finite exponential maps [6]. There are also some
other types of generalisation of the original theorem by constraining just some of the critical

points [15]. The reader may refer to Rees’ survey article [16] for a more detailed introduction
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of the development in this aspect. In this work we will extend this theory to a class of rational
maps with a Siegel disk of bounded type rotation number. Recall that an irrational number
is of bounded type if all the coefficients of its continued fraction have a finite upper bound.
Let 0 < 0 < 1 be an irrational number of bounded type and be fixed throughout.

Definition 1-1. Let R;“" denote the class of all the rational maps g such that:

(1) g has a fixed Siegel disk D, with rotation number 6;
(2) the forward orbit of each critical point of g either intersects D,, or is eventually periodic,
or belongs to the basin of some attracting cycle.

The main purpose of this paper is to give a topological characterisation of the maps in

RS Before we state the main result, let us introduce some terminologies first. Let f :
C — C be an orientation-preserving branched covering map. Suppose O = {xy, ..., x,} is

a periodic cycle of f with period p. We say O is a holomorphic attracting cycle of f if f
is holomorphic in an open neighbourhood of O, |[Df?(x1)| < 1, and moreover, O attracts at
least one infinite critical orbit of f.

Definition 1-2. Let Rm‘” denote the class of all the orientation-preserving branched
covering maps f : C— Cof degree at least two such that:

(i) fIA: A — Ais the rigid rotation Ry : z > >z given by 6;
(i) TN, #0;
(iii) the forward orbit of each critical point of f either intersects A, or is eventually periodic,
or converges to some holomorphic attracting cycle.

Definition 1-3. We say amap f € R, is combinatorially equivalent to a map g € R;“"

if there exist a pair of homeomorphisms ¢, ¥ : C — C such that:

() pof=goy;
(i) ¢|A =¥ |A is holomorphic;
(iii) for each point x; in the holomorphic attracting cycles of f, there is a Jordan disk D;
containing x; such that ¢|D; = | D; is holomorphic, and moreover, ¢ is isotopic to ¥
rel Py U U,»E.

Since a Siegel disk of a rational map with bounded type rotation number is a Jordan
domain (actually a quasi-disk) with the boundary containing at least one critical point [18],
it follows that every g € R5“”" is modeled by some f € R,” in the sense of Definition 1-3.
The main result of the paper is to prove the converse.

MAIN THEOREM. Suppose f € Re "’ Then f is combmatorzally equivalent to some g €
RE™ if and only if f has no Thurston obstructions in C\ A, and moreover, if it exists, g
must be unique up to Mébius conjugation.

The necessity part of the existence is an immediate consequence of a theorem of
McMullen, see [10, Appendix B]. The proof of the sufficiency is the main task of this paper.
The general idea is to construct a Blaschke product G such that G and f act in a similar
way in the outside of the unit disk, and when restricted on the unit circle, G is a critical
circle homeomorphism of rotation number 6. The candidate rational map g is then obtained
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by performing a quasiconformal surgery on G. The following is a sketch of the line of the
proof.

Let d denote the covering degree of f :C — C. Since Q r 7 by definition, we have
d > 2. We first construct a branched covering map F of degree 2d — 1 which is symmetric
about T such that when restricted on C \ A, F acts in a similar way with f. We then perturb
F and get a sequence of orientation-preserving branched covering maps F,, : C — C such
that F,, — F uniformly, F, is symmetric about T, and moreover, every critical orbit of F,
either converges to some holomorphic attracting cycle or is eventually periodic.

The next part is the core of the proof where we need to deal with two main issues. Firstly,
we will show that for all n large enough, the maps F,, have no Thurston obstructions. Hence
by Thurston’s theorem and its extension to sub-hyperbolic case, F, is combinatorially equiv-
alent to some rational map G,. Since F, is symmetric about T, G, is a Blaschke product.
Secondly, we will prove that the geometry of Pg, is uniformly bounded, and therefore, as
n — 0o, G, converges to some Blaschke product G. The main tool in solving both the two
issues is Lemma 4-3. The lemma asserts that, as one iterates the Thurston operator induced
by F,, the length of certain groups of simple closed geodesics has positive lower bounds.

From the uniform boundedness of the geometry of P;, we will construct a combinatorial
equivalence between F and G. The map g € R is then obtained by performing a quasi-
conformal surgery on G. The existence part of the main theorem then follows. To prove the
uniqueness we first prove that the Julia set of g has zero Lebesgue measure. This, together
with the fact that the boundaries of bounded type Siegel disks of rational maps are quasi-
circles [18], implies that if f is combinatorially equivalent to both g and 4 in R;“", then
g and h are quasiconformally equivalent to each other. By lifting the quasiconformal equiv-
alence, we will get a quasiconformal conjugation between g and 4 which is conformal in
the Fatou set of g. Since the Julia set of g has zero Lebesgue measure, the conjugation map
must be a M6bius map. This implies the uniqueness part of the main theorem.

Here is the structure of the paper. In Section 2 we give a brief introduction of Thurston’s
theory on the topological characterisation of PCF rational maps and its generalization to sub-
hyperbolic rational maps. In Section 3 we construct the branched covering map F : C-C
by symmetrizing f about T and construct the sequence F, by perturbing F. In Section 4 by
assuming Lemma 4-3 we prove that F,, has no Thurston obstructions and Pg, has uniformly
bounded geometry. In Sections 5 and 6 we prove the existence and the uniqueness of the
main theorem respectively. The proof of Lemma 4-3 is the heart of this work and is presented
in Section 7. The appendix contains some known lemmas from [3] and [7], all of which are
used in Section 7, and a technical lemma on homotopy, which is used in Section 5.

2. Background

In this section we will give a brief introduction of Thurston’s theory on the topologi-
cal characterisation of PCF rational maps and its generalisation to sub-hyperbolic rational
maps. The reader may refer to [2, 3, 7, 14] for relative details. Suppose f : C— Cisan
orientation-preserving branched covering map. We say a simple closed curve y C C \ Py
is non-peripheral if each component of @\y contains at least two points in P;. Let
I'={y, -, y,} be a family of disjoint non-peripheral curves which are not homotopic
to each other. We call such I" a multi-curve. We say a multi-curve I is stable if for each
y; € T, all the non-peripheral components of f~'(y;) are homotopic to the elements in
I". Associated to each stable multi-curve I, there is a linear transformation fr : Rl — RF
with non-negative entries: let y; ;, denote all the non-peripheral components of f~'(y;)
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homotopic to y;, and let d; ; , denote the covering degree of f : y; ; » — v;, define
fry) = Z a;i Vi

where a; ;=) ", 1/d; ;.. Let Ar denote the maximal eigenvalue of fr. We call T a
Thurston obstruction if Ar > 1. Most importantly, for any k > 1 we have

(1) = ("), @1)

Remark 2-1. In the above setup all the concepts are still meaningful if we replace P, by
a compact subset E C C satisfying Py C E and f(E) C E. In partlcular in Section 7, for
fe R , we will consider the f-stable multi-curves in C \ (AU P,UU; D); and for the
maps F, constructed in Section 3, we will consider the F),-stable multi-curves in C \ (TU
Pr UU;D;).

2-1. Topological characterisation of PCF rational maps

In the PCF case, we define the orbifold O associated to f to be the pair ((C v(x)) where
v:C— N+ U {oo} is the smallest function such that v(x) deg, (f) is a divisor of v(f(x)).

We say O is hyperbolic if
2— 11— —— 0.
2 < v(x)) -

We say f is combznatorzally equivalent to a rational function g if there is a pair of
homeomorphisms ¢, ¥ : C — C such that Y is isotopic to ¢ rel Prandgpo f=go .

THEOREM 2-1 (Thurston). Let f: C—C be a PCF and orientation-preserving
branched covering map. Suppose Oy is hyperbolic. Then f is combinatorially equivalent
to a rational map if and only if f has no Thurston obstructions.

Let T denote the Teichmuller space modelled on (@, Py). The proof of Theorem 2.1 is
by considering the iteration of the analytic operator o, : Ty — T induced by f, which is
now called Thurston operator. The existence of the candidate rational map g is equivalent to
the existence of a fixed point of o ;. Let 7y € T be an arbitrary point and 7; = cr} (t0). It turns
out that the non-existence of Thurson obstructions implies the convergence of t;, which then
implies the existence of a fixed point of o/.

Here are some more details. As we iterate the Thurston operator o s, we get a sequence of
Riemann surfaces R,,. The non-existence of Thurston obstructions implies the existence of
a positive lower bound of the length of all simple closed geodesics in R,,. More precisely,
let ¢, : C — C be the homeomorphism which represents t,,. For each non-peripheral curve
y C C \ Py, letl(y, 7,,) denote the length of the simple closed geodesic in C \ ¢ (Py) which
is homotopic to ¢,,(y). The non-existence of Thurston obstructions implies that there is a
constant C > 0 depending only on 7 such that /(y, t,,) > C for all m > 1. From this one can
further deduce that dr, (7, Tny1) decay exponentially, which then implies the existence of a
fixed point of o¢.

2-2. Topological characterisation of sub-hyperbolic rational maps

Let f: C— C be an orientation-preserving branched covering map. We call f a sub-
hyperbolic semi-rational branched covering map if every critical orbit of f either converges
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to some holomorphic attracting cycle or is eventually periodic. By [7, Lemma 2-1], for each
x; in the holomorphic attracting cycles of f, which is necessarily an accumulation point of
P; by definition, we can take a topological disk D; containing x; such that:

(i) D;N'D; = fori # j and all 3 D; are real analytic curves;
(ii) for each D;, there is an annulus H; surrounding it with d D; being the inner component
of 3H; and H; N Py = 1;
(iii) f is holomorphic in D; U H; and maps D; U H; into some D;.

These D; are called holomorph1c disks of f. Since PrUU; D; is a forward invariant
compact set, in C \ (PrUU; D;) one can define the non-peripheral curves, the f-stable
multi-curves and the Thurston obstructions in the same way as in the PCF case. We
say f is combinatorially equivalent to a rational map g if there is a pair of homeomor-
phisms ¢, V¥ : C — C such that Y is isotopic to ¢ rel Py and ¢ o f = g o ¢, and moreover,
¢|D; = | D; is holomorphic for all D;. With different approaches in [2] and [7] the authors
prove the following independently.

THEOREM 2.2 (Cui-Tan, Jiang—Zhang). Suppose f is a sub-hyperbolic semi-rational
branched covering map. Then f is combinatorially equivalent to a rational map if and only
if f has no Thurston obstructions.

The proof of [7, Theorem 2-2] has the same spirit as in the PCF case, namely, by con-
sidering the iteration of the analytic map oy : 7y — T, induced by f where T, is the
Teichmuller space modelled on (@, PrU U; D;). The existence of the candidate rational map
g is equivalent to the existence of a fixed point of o¢. There are two steps in the proof. In
the first step, the proof of the existence of the fixed point is reduced to the proof of cer-
tain bounded geometry. In the second step, it is shown that the non-existence of Thurston
obstructions implies the bounded geometry. More precisely, using the same notations as in
Section 2-1, it is shown that there is a constant C > 0 dependmg only on 1y such that for
any non-peripheral y C (C P;UU;D,), if n is the geodesic in C \ ¢ (P; U U; D;) which is
homotopic to ¢,,(y), then the length of n is greater than C for all m > 0.

The proof in the PCF case relies essentially on the finiteness of P, and the invariance
property f(Ps) C P (see [3]). To adapt the argument in the PCF case, a key trick in [7] is
to take a pair of distinct points {a;, b;} C D; N Py for each D; and replace P; by the finite
set E = P; UU;{a;, b;} where

P, =P;\U;D;.

Note that E is necessarily not forward invariant. In [7] we overcame this non-invariance
problem by introducing certain intermediate larger sets, see the proof of [7, Lemma 7-5].
Such idea will be systematically used in this work, see Lemma 4-2 and the proof of
Lemma 4-3 in Section 7.

3. Constructing F,
3-1. Notations

Given a point w € @, let w* denote the symmetric image of w about T, i.e., w* = 1/w. For
aset W CC, let W* = {w* | w € W} and |W| denote the cardinality of W, and W¢=C\ W
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denote its complement in C. We say W is symmetric about T if W = W*. For any « € R, let
R,, denote the rotation given by z — e?*%z. Let id denote the identity map.

3-2. Construction of F

Suppose f € R(f" has no Thurston obstructions in C \ A. Let d > 2 be the degree of f
We may assume that oo € Py. In fact, if Py \ A #0 , we take P € Py \ A. Let ®: C—-C
be a homeomorphism such that ®(P) =00, ®|A =id and ® is holomorphic in an open
neighborhood of all holomorphic attracting cycles of f. Let f=®o fod ' Itisclear that
fe R’”” has no Thurston obstructions in C \Aand oo € P;. Then we need only consider f.
If Py \ A=, wetake P € (C\ A such that f(P) =1 and deﬁne @ and f in the same way
as before. Then f (00) € Py. In this case we consider the forward invariant compact subset
P U {oo} instead of P, see Remark 2-1. Note that with respect to this larger set f still has
no non-peripheral curves in C \ A and thus has no Thurston obstructions in C \ A. In this
case, to simplify the notations, we still use P to refer to the larger set P; U {oo}.

We construct F by symmetrising f. Before that we need to make some preliminary prepa-
ration. Firstly, if f has holomorphic attracting cycles, as in Section 2-2, for each point x; in
the holomorphic attracting cycles we take a disk D; and an annulus H; surrounding D; so
that the three properties there are satisfied. Secondly, we need make a slight modification of
fin C \ A. Since ;N T # ¢, we may assume that 1 € Q. It follows that there is a curve
segment, say A ¢, which is attached to 1 from the outside of A, such that (A ;) CT. Let

X={zeQy—A| f'(z) € A for somei > 1}.

For each z € X, let i; > 1 be the smallest integer such that f’ (z) € A. Let X= {f’ (2) |
zZ€ X} and 0:C— C be a homeomorphism such that O’|((C A)=id and U(X) C A%

Since X is a finite set contained in A, such map obviously exists. Let fj =0 o f. Define

if 1
F(o) = fi(@) if |z] > 1, G
(fi(z*)* for otherwise.

Since 1€ Q¢ and f|T =Ry, by the construction it follows directly that 1€ Qp and
F|T = R,.

We shall see later that with such modification the symmetrization does not produce
Thurston obstructions. From the construction we have

PROPOSITION 3-1. For z€ X, F*(z) € A%, and hence Fi=*l(z) € T. By symmetry, for
z€ X*, F'“(z) € Ay, and hence F='(2) ET

Note that symmetrisation may produce more post-critical points in C \ A. In Figure 1,
the point C* is such a point. Note also that more post-critical points will cause more non-
peripheral curves, and that for any non-peripheral curve y in @\Z, F~'(y) may have
non-peripheral components in A. Thus, a priori, F and its perturbations F,,, which will
be constructed in the following, may have Thurston obstructions. But we shall see later that
this will not happen.

3.3. Construction of F,

Let 6, = p./q. be any sequence of rational numbers such that (p,, ¢,) =1 and 8, — 0 as
n — oo. Let

0, = {eZJIikf),, 0<k< qn} .
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Fig. 1. Symmetrisation produces more post-critical points in C \A.

For 0 <b <a let A(a, b) ={z:b < |z| < a}. By the construction of F, any infinite critical
orbit of F which does not intersect T must converge to some holomorphic attracting cycle.
So there is an 0 < ry < 1 such that

(A(L+7r0, 1 —rg) \T) N (Qr U PrUU; D;) = 2. (3-2)

Set
Y={ze(QrUP)\T|F(z) T}, (33)

and
Z=(QrNT)UFY). (3-4)

Clearly, Z is a finite set.

PROPOSITION 3-2. There is a sequence of sub-hyperbolic semi-rational branched covering
maps F, : C — C such that F,, — F uniformly with respect to the spherical metric, and
moreover, the following properties hold for all n large enough.

(i) F,(z)* = F,(z") forall z € C, and F,|T = Ry,.

(ii) If {z, F,(2)} or {z, F(2)} is contained in C \A( +r9/2, 1 —ry/2), then F,(z) = F(2).
(iii) 1€ QpF,, |2, =2F|, Qp, \T=Qr\ Tériand Pr, \T = Pr\T.
(iv) Y ={z€(Qp, UPr)\T|F,(z) € T}.

(v) Let Z, = (Q2p, NT)U F,(Y). Then Z, C O, and Pp, N T = O,. Moreover, |Z,| = |Z|
and Z,, — Z as n — oo. In addition, if F™ (x) =y for some x, y € Z and integer m > 0,
then F"(x,) =y, with x,, and y, being respectively the corresponding points of x and
yin Z,.

(vi) There is a curve segment A attached to 1 from the outside of A such that F,(A,) C T,
and moreover, if F,(z) € C \ A holds for some z € (QF, UPr)NA, then F,(z) € A,.
In particular, this implies that (Pr, \ Py) N ((C \ A) C A,.
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Proof. Since Z is a finite set and 6,, — 6, we can define 7, : Z — O, for all n large enough
so that:

(a) Tn(l) =1

(b) 1,(z) > zforall z € Z; and

(c) T, preserves the orbit relations among the points in Z in the following sense: if there
existan m > 0 and x, y € Z such that Rj'(x) = y then Rp o 7,(x) = 7,(y).

Then we define the map o, : (2 NT) U RH_I(F(Y)) — T as follows.

7,(2) forze QpNT,
0,(2) = (3-5)
R;'o1,0Ry(z) forze Ry (F(Y)).

Note that o, is well defined when (Q2rNT)N R;l (F(Y)) #@. To see this, suppose
ze(QrNT)N R;I(F(Y)). Then w = Ry(z) € F(Y). By (c) it follows that Ry, (7,(z)) =
T, (w) = 1,(Ry(2)). That is, 7,(2) = R;ﬂl 07T, 0 Ry(2).

By (D) it follows that 0,, — id on the finite set (2 NT) U Rgl(F(Y)). So we can extend
0, to a homeomorphism o, : T — T so that:

(d) 0,(z) = z uniformly for z € T.

Now we extend o,, to a homeomorphism of the sphere to itself, which is still denoted by
o,, such that:

(e) 0, =idin C\ A(1 +70/2, 1 —r/2);
(f) O',,(Z)* = Gn(z*);

(g) as n — o0, 0, — id uniformly with respect to the spherical metric.

Next we define a homeomorphism 4, : T — T by
hn(z) = RG,I ©0y, 0 RQ_I (Z), (36)

and extend it to a homeomorphism of the sphere to itself, which is still denoted by #,,
such that:

(h) h, =idin C\ A(l + ro/2, 1 — ro/2);

(i) ha(2)* = h,(2%);
(j) as n — o0, h,(z) — id uniformly with respect to the spherical metric.

Define
F,=h,0Foao " (37

Now let us show that the properties (i-vi) hold for F,,. Since h,,, F and o,, are all symmetric
about T, F(z) = F,(z*) holds by (3-7). By (3-6), (3-7) and that F|T = Ry, it follows that
F,|T = Ry,. This proves (i).

(ii) follows from (e), (k) and (3-7).

Since 1€ Qr and o,(1)=71,(1)=1, it follows that 1€ Qg. By (3-7) we have
Qp, =0,(QF). So |QF,|=|QF|. From (e) and (3-2) and that o,(T) =T, it follows that

https://doi.org/10.1017/50305004121000098 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004121000098

Characterisation of rational maps with Siegel disks 9

Qp, \T=Qp\T. This, together with (3-2) and the property (ii) we just proved, implies
that Pr, \ T = P \ T. This proves (iii).

By (iii) we have (Qf, U P, )\ T=(2r U Pp) \T. For z € (QF, U Pp,) \ T, it follows
from (3-2), (e) and (3-7) that F,(z) = h,(F (z)). Since h,, is ahomeomorphism and 4(T) =T
F,(z) € T if and only if F(z) € T. This proves (iv).

To prove (v) note that (2p, NT) =0,(Qr NT) =1,(2F NT). By (e) and (3-2) we have
o, '(Y)=Y, and thus

Fy(Y)=hy o F oo, (Y)=h,(F(Y)) =Ry, 00,0 R (F(Y)) =7,(F(Y)).

So Z,=(Q2p, NT)U F,(Y) =1,(Z) C O, by the definition of t,. This, together with the
fact that O,, is a periodic orbit of F,, implies that Pr, N'T = O,. Since 7, is injective and
17,(z) — z for all z € Z, it follows that |Z,| =|Z| and Z, — Z. The last statement of (v)
holds since 7, preserves the orbit relations among the points in Z.

Since 0, (1) =1, F(Ay) C T and £, (T) =T, it follows from (3-7) that the curve segment

A, =0,(Ay) is attached to 1 from the outside of A and F,(A,) C T. Suppose F,(z) € C \A
for some z € (2F, U Pr,) N A. Then F,(z) € Py, \ T. From (3-2) and property (ii), we have
F,(z2) = F(2). Since z € (2F, U Pg,) N A = (Qr U Pr) N A by property (iii), F(z) € Ay by
Proposition 3-1. From (3-2) we have F(z) ¢ A(l+ry, 1 —rp). From (e) and F(z) € Ay we
have F,(z) = F(z) = 0,(F(2)) €0, (Ay) =

If we (P, \ Pr)N ((C \ A), then w = F, (Z) for some z € (2F, U Pp,) N A. According to
what we have just proved, we get w = F,,(z) € A,. The property (vi) follows.

Remark 3-1. Since P;\ A is a finite set, by deforming f in its combinatorial equiva-
lence class if necessary, we may assume that f and thus F are both quasiregular maps.
From the construction we see that both o, and 4, can be taken to be K-quasiconformal
with K > 1 being some constant independent of n. So besides the six assertions claimed
in Proposition 3-2 we may further assume that F, is Kj-quasiregular with Ky, > 1 being
independent of n.

Remark 3-2. By the continuity of F we can take ry > 0in (3-2) small and an r; > r( such that
{z| 1<zl <142r}N(Pr,UUD;) =9,

and moreover, for any z € A(1 47y, 1 —rg), F(z) € A(1 +r;, 1 —rp). So for any w with
lw| > 147y, by (e), (h), (3-7) and (3-1) we have

Flw)n(C\A)=F'w)n(C\A) = £ (w).

4. Proving that F, has no Thurston obstructions and Pg, has uniformly bounded geometry
by assuming Lemma 4-3

For n>1, let 75, denote the standard complex structure on C. For m,n>1, let
Tn.n denote the complex structure on C which is obtained by pulhng back Ton by F).
Associated to each T, , is a quasiconformal homeomorphism ¢, ,, : C — C which fixes 0,1
and co. Then

—1
G n=— ¢m,n o Fn o ¢m+1,n
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is a rational map. By the symmetry of F,, it follows that 7, , is symmetric about T. By
symmetry again, both ¢,, , and (¢, ,(z*))* fix 0, 1 and co, and are associated to the same
complex structure t,, ,. By the uniqueness we have ¢,, , (z) = (¢n.n(z*))*. It follows that

G () = b 0 Fy o iy, ()
=m0 B (9nhin @))
= b ((F (71, @))") @1)
= (Bnn (B ($110 @)))
=(Gun @)".
This implies that all G,, ,, are Blaschke products.

Definition 4-1. Suppose P C C is a proper closed subset with [P| >3 and ¢ : C—Cis
a homeomorphism. Suppose y C C \ P is a non-peripheral curve. Let n C C \ ¢ (P) be the
unique simple closed geodesic which is homotopic to ¢ (y) in C \¢(P). We use ly(y, P)
to denote the length of 1 with respect to the hyperbolic metric of C \¢(P). Wesay y is a

(¢, P)-geodesic if n =¢(y).

By (3) of Proposition 3-2 we have Pp \ T = Py, \ T. Suppose F; has holomorphic disks.
Otherwise we just omit this step. By Section 2-2 we may assume that

each D; satisfies the properties (i-iii) given in Section 2-2, in particular, by (ii) 3.D; N

We may assume that the holomorphic disks are presented in pairs which are symmetric with
each other about T, that is

D is a holomorphic disk of F, if and only if D* is a holomorphic disk of F,.
We may further assume that each D; is small enough so that
each D; contains at most one critical value of F,,.

For each holomorphic disk D;, we take a pair of distinct points {a;, b;} C D; N Pg, =
D; N Pg. It is easy to see that we can take the pair {a;, b;} C D; so that the following three
properties hold:

(1) Ifooe D;, then oo € {Cli, bl}
(i1) If v € D; is the only critical value contained in D;, then v € {a;, b;}.
(iii) If D; = D}, then {a;, b;} ={a}, b}}.

Let Y and Z be the sets defined in (3-3) and (3-4) respectively. Set

P =P\ (TUUY,D;),

Z,=(Qr,NT)UF, (),
A,=PUZ, UV {a, b},
B,=P,UO0,UU; {a;, b;}
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and
A= P, UZUU{a;, b;}.
For k > 0, let
k k k
zv=\JFizy . Ay = FiAn . Bi = Fi(By). 42)
hat — ~
and

k k
z'=|JF'(z) and A* =] F'(4).

i=0 i=0
Then A*N 0O, =2*C 0, and BN 0, = 0,.

Remark 4-1. If there are no holomorphic disks, we just define A, =P, UZ,, B,=P; U
O, = Pg, and A = P, U Z. In addition, from the construction it follows that {0, 1, oo} C 4,
Aﬁ = (Aﬁ)* and B,’f = (B,’;)*.

PROPOSITION 4-1. Let k > 0. Then | Z¥| = | Z*| and | AX| = | A¥| hold for all n large enough.
Moreover, Z* — Z* and A* — A* as n — oo. In particular, there is a i > 0 depending only
on k such that the spherical distance between any two distinct points in A* is greater than
W for all n large enough.

Proof. By (v) of Proposition 3-2 |Z,| =|Z]| and Z,, — Z, and moreover the orbit relations
are preserved. Since F, — F, this implies that | ZX| = | Z¥| for all n large enough and Z* —
Z* as n — oo. These, together with (ii) of Proposition 3-2 and the definitions of A* and A*,
implies that |A¥| = |A¥| and A¥ — AF. The last assertion is then obvious.

LEMMA 4-2. Let Ny > 0. For 0 <i < N,, define
Al =F(AYM) and B! =F, (BM). (4-3)
Then for all0 <i < Ny, A, C A\ N AN, B, C B N B™, and the maps
F:C\A > C\AY and F' :C\ B! > C\ B™
are covering maps.
Proof. For 0 <i < N, by the definition of A} we have F,(A,) C A} and thus A, C
F (AM) = Al (here F? =1id and AY = A). Since A, C A we have A, C A} N AN, The
same argument implies that B, C B. N B,
Note that for each critical point ¢ of F,, either c € A, or F,(c) € A,. From this and the
definition of A,’;’O, it follows that for each 1 <i < N, all the critical values of F,i are con-

tained in AM. Thus F:C\ Al — C\ AM is a covering map. The same argument implies
that F! : C\ B! — C\ B™M is also a covering map.
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LEMMA 4-3. The following two assertions hold:

(i) for any k >0, there exist a 6 > 0 and N = N (k) > 1 depending only on k such that for
any non-peripheral curve y C C \ Ak, Iy, . (v, AKXy > § holds for allm > 0 andn > N,

(ii) there exists an N > 1 such that for alln > N, there is a §,, > 0 depending only on n such
that for any non-peripheral curve y C C \ By, 1y, , (v, B,) =6, holds for all m > Q.

Remark 4-2. To save the notations of the constants, from now on when we say an assertion
holds for all m >0 and all n large enough, we mean that there is an N > 0 such that the
assertion holds for all m, n withm >0and n > N.

The proof of Lemma 4-3 is the heart of the paper and is postponed until Section 7.
COROLLARY 4-4. F,, has no Thurston obstructions for all n large enough.

Proof. According to [14] (or [1] if F, has holomorphic disks) the canonical Thurston
obstruction for F, is defined to be the set of all homotopy classes of non-peripheral curves
y with Iy, (y, Pg,) — 0 (or Iy, (v, Pr, UU;D;) — 0) as m — co. By [14, Theorem 1-1]
(or by [1, theorem 1]), if F,, has Thurston obstructions, then F, has a canonical Thurston
obstruction. So it suffices to prove that F, has no canonical Thurston obstructions for
all n large enough. In the case that there are no holomorphic disks, Pr, = B,. By the
second assertion of Lemma 4-3, F,, has no canonical Thurston obstructions. In the case
that there are holomorphlc disks, since each D; contams two points {a;, b;} C B,, any
(Gm.n» Pr, UU; D;)-geodesic & 1s non-peripheral in C \ B,, and therefore, is homotopic to
some (¢,.n, B,)-geodesic y in C \ B,. Since B, C Pr, UU; D;, by the second assertion of
Lemma 4-3, we have

lqﬁm_y, ("Ea PF,, U UZE) > lqﬁm,y, (7/, Bn) > 5n-

Again F, has no canonical Thurston obstructions. The proof of Corollary 4-4 is completed.

Let Tr, denote the Teichmiiller space modelled on (@, Pg,) (or modelled on (@, Pr U
U; D;) if there are holomorphic disks). By Corollary 4-4 F, has no Thurston obstructions
for all n large enough. Now let us fix an n large enough. According to the proofs of
Thurston’s characterisation theorem and its extension to sub-hyperbolic case (see [3] and
[7] or Section 2 of this paper), [t,,.»] converges to [t,] as m — oo, where [1,, ,] denotes the
point in T, represented by 7, ,, and [7,] denotes a point in T, which is fixed by o, . Let
Amon C — C denote the Teichmiiller map of [7,,,,] which fixes 0, 1 and oo and is conformal
in all the D; if there are holomorphic disks. By the uniqueness of the Techmiiller map and
the symmetry of F,, A, , must be symmetric about T, that is, X, ,(2)* = A, (2"). Since
[tm.n] converges, all A, , must be K (n)-quasiconformal with K (n) > 1 depending only on
n. Since ¢, , 1s isotopic to A, , rel Pg, (orrel Pg, U U; D;), we can lift the isotopy between
¢m.n and A, , to the isotopy between ¢,,1, and some quasiconformal homeomorphism of
the sphere, say n,, ,, through ¢,, , o F, = G,,., © @it1.,- In this way we get

-1
Gm,n = }\'m,n oF,o Mnon-

Since A,, , is K (n)-quasiconformal and F, is Ky-quasiregular (see Remark 3-1), it follows
that n,, ,, is KoK (n)-quasiconformal. By the symmetry of A, , and F,,, the complex structure
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associated to 1, , is symmetric about T. Since 7, , is isotopic to ¢, , rel Py, (orrel Py, U
U; D;) and Pm+1.0 fixes 0, 1 and oo, n,,,, fixes 0, 1 and oo also. It follows that 7,, , must also
be symmetric about T. By taking subsequence if necessary, we may assume that A,, , and
Nm.» converge uniformly to ¢, and v, both of which are quasiconformal homeomorphisms
of the sphere and are symmetric about T and fix 0, 1 and oo. It follows that

G,= ¢n oF,o0 ,:1 (44)

is a Blaschke product. Since v, and ¢, represent the same point [z, ] in TF,, they are isotopic
to each other rel P, (orrel Pg, U U; D;). Note that by symmetry ¢, (T) = ,(T) =T.

Let diamg(-) and distz(-, -) denote respectively the diameter and the distance with respect
to the spherical metric.

COROLLARY 4-5. There exists a K > 1 independent of n such that the following asser-
tions hold for all n large enough (In the case that F, has no holomorphic disks, the first four
assertions are just disregarded).

(i) For every D;, diamg(¢,(D;)) > 1/K.

(ii) For every z € Py and every D;, distz (¢, (), ¢.(D;)) > 1/K.

(iii) For every D;, distz(¢,(D;), T) > 1/K.

(iv) For every two distinct D; and D;, distg(¢,(D;), ¢,(D;)) > 1/K.
(v) Forevery z € Py, distg(¢,(z), T) > 1/K.

(vi) For every two distinct z and w in Py, distz(¢,(2), ¢, (w)) > 1/K.

Proof. Let us assume that F;, has holomorphic disks. Otherwise, the proof is the same and is
even simpler. Note that A, ,| Pr, U U;D; = P | Pr, U U; D; and Am.n — @, uniformly with
respect to the spherical metric. So we need only to prove the existence of some K > 1
independent of m and n so that the assertions hold for the maps ¢,,,, with all m >0 and
all n large enough. The lemma then follows by letting m — oo and taking the limit. But this
can be easily deduced from the following two facts.

Fact (1) By the first assertion of Lemma 4-3, there is a § > 0 independent of n and m such
that the length of any simple closed geodesic in C \ @m.n(Ay) is greater than §.

Fact (2) All the maps ¢,, , are conformal in H; U D; for each D;. Thus for any z ¢ H; U D;,
by Koebe’s distortion theorem, we have

diSt@(¢m,i1(ai)v ¢m,n(bi)) = dlam@(d’m,n(Dz)) = diSt@(d)m,n(Z)v ¢m,n(Di))-

Since TN (H; UD;) = D; N (H; UD;)=0 fori+# J, by Koebe’s distortion theo-
rem again, we have

diSt@(¢m,n(ai)v ¢m,n(b1)) f diSt@(¢m,n(Di)7 T)

and
distg (@m0 (ai), Gmn (b)) =X dista(@y,n(Di), Pmn(D))).

If any of the above assertions were nor true, there would be a pair of points in ¢, ,(A,)
whose spherical distance could be arbitrarily small. This is obvious for (vi). For (i),
(ii), (iii) and (iv) we use Fact (2). For (v) the two points are just ¢, ,(z) and ¢,,,(z*)
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since distg(P.n(2)s Pm.n(2¥)) X distg(Pm.a(2), T). Since {0, 1, 00} C ¢.n(A,), (Because
{0, 1, o0} C A, by Remark 4-1 and ¢,, ,, fixes 0, 1 and 00), this will produce a simple closed
geodesic in C \ ¢,, ,(A,) whose length could be arbitrarily small. This contradicts Fact (1).

COROLLARY 4-6. Let Ryy_1 denote the space of all the rational maps of degree 2d — 1
endowed with the metric d(f, g) =max, ¢ dista(f(2), g§(2)). Then the sequence {G,}
obtained in (4-4) lies in a compact subset of Ry_1.

Proof. Note that each G, has the following form

d
Z—Dpi Z—49;
=3

jor 1757

with |p;| <1 for 1 <i<d and|g;|>1for1<j<d—1and|A|=1, see [18, section 2].
So it suffices to prove that the spherical distance between any pole and any zero of G, has
a positive lower bound independent of n. Since d(G,, ., G,) — O, it suffices to prove that
there is a § > 0 so that the spherical distance between any pole and any zero of G, , is
greater than 6 for all m > 0 and all n large enough. In Lemma 4-2 let Ny = 1 and define the
set Al = F~'(A}). Let P,,, and Z,,,, denote the sets of poles and zeros of G, , respectively.
Since

{0,1,00} CA, CA}
by Remark 4-1 and Lemma 4-2, we have F;"'({0, oo}) C F,'(A}) = A!. Since ¢, , fixes 0,

1 and oo, from ¢, , 0 F, = Gy © P10, WE have

Pon U Zpn = bmi1n(Fy ({0, 00)) C 1 n(Al).

Since {0, 1,00} C A, C Ai by Lemma 4-2 and since ¢+, fixes 0, 1 and oo, we have
{0, 1, 00} C Pimt1.n (A;). Suppose there were no such positive lower bound. Then there
would be two points in P, , U Z,, , whose spherical distance could be arbitrarily small.
This would produce a (¢41.., A},)-geodesic n whose length could be arbitrarily small. By
Lemma 4-2

F,:C\A — C\ A}

is a covering map. This, together with Lemma 8.2, implies that y = F, (1) must be a
(Pm.n» Al)-geodesic whose length whose length could be arbitrarily small. This contradicts
the first assertion of Lemma 4-3.

By Corollary 4-6 {G,} lies in a compact set of R,,_;. We can thus assume that
G,—G 4-5)

by taking a subsequence if necessary. Since the rotation number of G, |T is 6, and 6, — 6,
G|T is a critical circle homeomorphism with rotation number 6 ([8, Proposition 11-1-6]).
Since 6 is of bounded type, by Herman—Swiatek’s theorem [12], there is a quasi-symmetric
circle homeomorphism % : T — T such that 2(1) =1 and

GIT=h"'oRyoh. 4-6)
Let¢,, ¥, : C — C be the pair of homeomorphisms in (4-4).
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LEMMA 4.7. ¢,|T — h~" and ,,|T — h~" uniformly.

Proof. Let us simply write ¢,|T and ¢, |T as ¢, and v, respectively. We first prove
Lemma 4-7 by assuming that ¢, and v, converge uniformly. Let ¢ and ¥ be the limit maps
respectively. Since the convergence is uniform, it follows that both ¢ and i are continu-
ous. Note that 1 € O, and ¢,(1) =¥, (1) = 1. Since F, is conjugate to G, on O, through
®n| Oy = ¥,| O, it follows that ¢, (FX (1)) = ¥, (F¥(1)) = G5 (1) for all k > 0. Since F,|T —
Ry and G, — G, by letting n — 0o we get ¢ (e*™%) = (e?"%) = G*(1) for all k > 0. But
on the other hand, from G|T=h""' o Ry o h and h(1) =1 we get h~(e*") = G*(1) for all
k > 0. It follows that ¢, ¥ and h~! coincide on {¢***?}> = which is a dense subset of T.
This implies that ¢ = = h~! by the continuity.

It remains to show that ¢, and v, converge uniformly. Let us do this only for ¢, since the
same argument works for ¥r,. For each N > 0, define the orbit segment Oy (G) by

On(G)={1,G'(), ..., GV (1)}.

In the same way one can define Oy (G,), On(F) and Oy (F),). Let € > 0 be an arbitrary
small number. Since G|T is a circle homeomorphism with irrational rotation number, there
exists an N = N (¢) such that the length of each component of T \ Oy (G) is less than € /4.
Since F, — F and G, — G uniformly, there exists an M > 1 such that the following three
assertions hold:

(1) for all m > M, the length of each component of T'\ Oy (G,,) is less than €/3;

(2) for all n > M, the points in the orbit segments, Oy (G), On(G,), On(F) and Oy (F,)
have the same order;

(3) suppose m, n > M. Then for any component I of T \ Oy (F}), let [ be the correspond-
ing component of T\ Oy (F,,), then T C I' UT U I", where I' and I” denote the two
components of T \ Oy (F,,) which are adjacent to I from the left and right respectively.
Similarly, for any component J of T\ Oy(G,), let J be the corresponding component
of T\ Ox(G,,), then J C JLUJ U Jr, where J' and J" denote the two components of
T\ On(G,,) which are adjacent to J from the left and right respectively.

Now for any z € T and any m, n > M, let I be the component of T \ Oy (F,) such that 7 €
T.Since ICI'UTUI", wehave ze I'UTUI". Let J = ¢,(I) and J = ¢,,(I). It follows
that ¢,(z) e J C J'U fU~J~f. On the other hand, ¢, (z) € Gu(I'UTUTY=J'UJUJ".
Then |¢,(z) — ¢ (2)| < |J'| + |J| 4+ |J"| < €. This proves that ¢, converges uniformly. The
proof of Lemma 4-7 is completed.

5. Proof of the existence part of the main theorem
Let G be the Blaschke product obtained in (4-5).

LEMMA 5-1. There exist a pair of homeomorphisms ¢, ¥ : C — C which fix0, 1 and oo
such that:

(i) po F =G o, o
(ii) ¢ is isotopic to r rel Pr U\U; D; and ¢|D; = | D; is holomorphic for each D;.
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Proof. Let ¢,, Y, and G, be the maps in (4-4). Note that for each D; there is an annu-
lus H; surrounding it such that d)nlEU H; = w,1|3i U H; is conformal. By Corollary 4-5
and by taking a subsequence if necessary, we may assume that for each D;, there is a
domain containing D; on which ¢, =, converges uniformly to a univalent map. Let
U; =1im,_, » ¢,(D;). Then by Corollary 4-5 and Lemma 4-7, it follows that when restricted
to the set Pr UU; D; (Note that Pp, \T = Pp\T), ¢, and ¢, converge uniformly to some
homeomorphism

o:PrUU;D; —> PgUU,U,. (5-1)

Note that o|T =h~! and o is holomorphic in each D;, and moreover, o o F = G o o holds
on PF U UZE

The maps ¢ and i are constructed by perturbing ¢, and ,, for a large n. Take § > n > 0
small such that By(8), Bp,(8) and B.(8), z € Py, are all disjoint with each other. Here B, ()
denotes the §-neighbourhood of the object. Let A and E denote the §-neighbourhood and
n-neighbourhood of Pr U U;D; respectively. Then Pg, U UD;CECECA.Since F, > F
uniformly, F,(F~1(E)) = F,(F~! (8)) C A foralln large enough. By deforming ¢, through
homotopy rel Pr, U U;D;, we can make ¢,|A converge uniformly to a homeomorphism
Xx : A — x(A). It follows that {¢,} is equicontinuous on F,(F~!(E)). This, together with
¢,oF,=G,oy,, F, > F and G, — G uniformly with respect to the spherical metric,
implies that {1/, } must be equicontinuous on F~'(E). By taking a subsequence if necessary
we can assume that v,| F~!(E) converges uniformly to a continuous map 7 : F~'(E) —
t(F~'(E)), and moreover, the following diagram commutes.

F'(B) —— ©(F (&)

r| le
2 —X 5 (B
Since v, maps any critical point of F), to the corresponding critical point of G, with the
same local degree, T maps any critical point of F to the corresponding critical point of G
with the same local degree. This, together with the last diagram, implies that t is locally
homeomorphic. Since 0, 1, co € F~(E) and Y, fixes 0, 1 and oo, t fixes 0, 1 and oco. It is
also clear that x| Pr U U;D; =1|PrUU,D; =0.

Let IT denote the set of the critical values of F. Take 0 < p <n. Then all the closed
disks B,(p), v € II, are disjoint with each other. Let X ={J,.; Bv(p). Then X C B. Let
Y = F~'(X). Then Y C F~!(E) and Y is the union of finitely many disjoint Jordan curves.

Take a small € > 0 and a large n, which, in each of the following steps, will be required
to be even smaller and larger respectively. By perturbing ¢, we can construct a home-
omorphism ¢>:@—> C which fixes 0, 1 and oo, such that ¢ = x holds on E and dist
(P, dn) <e€. L R

Now let us construct the homeomorphism ¥ : C — C. Let x € C \ Y be an arbitrary point.
Then F(x) ¢ 1 and ¢ o F(x) is not a critical value of G. Since the degree of G is 2d — 1,
G~ '(¢ o F(x)) contains exactly 2d — 1 points. Define ¥ (x) to be the one in G~!(¢ o F(x))
which is closest to ¥, (x) € G, ' (¢, o F,(x)). Such definition does not cause any ambiguity
provided that € > 0 is small and # is large enough. This is because by taking € > 0 small and
n large, the set G~'(¢ o F(x)) can be arbitrarily close to the set G;'((f)n o F,(x)), and on
the other hand, for x € C \ Y any two points in G~!(¢ o F(x)) are uniformly bounded away
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from each other. So ¢ is well defined on C \ Y and is locally homeomorphic on C \ Y. For
x €7, let ¥(x)=t(x). Since t is the limit of wn, the two definitions of c01nc1de on 8Y
Since 7 is locally homeomorphlc on F~'(E) and Y C F~'(Z), it follows that r : C—Cis
locally homeomorphic on Candisthusa covering map, and moreover, ¢ o F = G o ¥ holds
on the sphere. By Rlemann—Hurwnz formula the degree of a covering map from the sphere
to itself must be equal to one. So ¥ : C—Cisa homeomorphism. Since ¥ | F~!(E) = t and
7 fixes 0, 1 and oo, ¥ fixes 0, 1 and co. By the construction of v, it follows that ¥y can be
arbitrarily close to v, provided that € > 0 is small and  is large enough.

By the construction ¢|Pr U U;D; = Y| PrU U; D; = o and when restricted to each D;, ¢
and ¥ are holomorphic. It remains to show that there is an isotopy between ¢ and i rel
PrUU;D;. Since for orientation-preserving surface homeomorphisms, homotopy implies
isotopy (see [5, appendix C3]), it suffices to show the existence of a homotopy between ¢
and ¢ rel Pr U U;D;.

Since ¢,|0, = ¥,|O, and since each component of T \ O, can be arbitrarily small pro-
vided that n is large enough, we can construct a homeomorphism w, : C—>C by deforming
¥, in a small neighborhood of T so that w,|T =¢,|T and w, is homotopic to ¥, rel
Pg U U; D;, and moreover, w, can be arbitrarily close to 1, and thus arbitrarily close to
Y provided that € > 0 is small and # is large enough.

Let H(t, -),0 <t <1, be the homotopy between ¢, and w,. Since ¢,|T = w,|T, H can be
constructed such that H (¢, -)|T = w,|T = ¢,|T for 0 <t < 1. Thus w, and ¢, are homotopic
to each other rel Pr UU;D;. Let§ =¢ o ¢, '. By taking € > 0 small and n large enough, &
and ), can be arbitrarily close to the identity and v respectively, and thus (£ o w,) o ¥ ~! can
be arbitrarily close to the identity. Since (£ o w,) o ¥ ~!|Pg U U,;U; = id, from Lemma 8-5 it
follows that (£ o w,) o ¥~! is homotopic to id rel Pg U U;U;. So ¢ is homotopic to £ o w,
rel Pr UU; D;, which is homotopic to & o ¢, = ¢ rel Pr U U; D;, since w, is homotopic to ¢,
rel PF U U,E

The proof of Lemma 5-1 is completed.

Remark 5-1. Note that Pr \ (T U U; D;) is a finite set and each 8 D; is a real analytic curve.
Since ¢ is quasisymmetric on T and conformal in an open neighborhood containing each
D;, we can assume that ¢ is quasiconformal by deforming it rel Py \ (T U U; D;), and thus
Y is also quasiconformal by lifting ¢ through ¢ o F =G o .

Let h: T — T be the quasisymmetric circle homeomorphism in Lemma 4-7. Let H :
A — A be the Ahlfors—Bers quasiconformal extension of /. Define

. G(2) for |z| > 1,
G()= (5-2)
H'oRyoH(z) for|z]<l.

Let U;, 1 <i <, denote the components of 5’1(A) other than A. Let ¢ and y be the
homeomorphisms guaranteed by Lemma 5-1. Define

- H_lofoglf_l forzeU;,1<i<lI,
G@@)=1 . (5-3)
G(2) otherwise.
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Define homeomorphisms A, p : C-C by setting

#(2) for [z| > 1
rMz) = (5-4)
H'(z) forlzl <1,

and

¥ (2) for |z| > 1
p(2) = (5-5)
H'(z) forlzl <1,

By (3-1), (5-2-5-5) and ¢ o F = G o 3, we have
rof=Gop. (5-6)

Let o denote the complex structure in A obtained by pulling back the standard one by H.
We then pull back pg to the whole sphere by the iterations of G. Let @ be the qc homeomor-
phism of the sphere which fixes 0, 1 and co and solves the Beltrami equation given by . It

geom

follows that g = ® o G o ®! is a rational map and belongs to R, . From (5-6) we have
(Por)o f=go(Dop).

Since A is isotopic to p rel Py U U;D; by Lemma 5-1, ® o A is isotopic to ® o p rel Py U
U; D;. Note also that ® o L|A = ® o p|A and ® o A|D; = ® o p|D; are all holomorphic. This
completes the proof of the existence part.

6. Proof of the uniqueness part of the main theorem

Let G, ® and g be the maps obtained at the end of Section 5. Let J, denote the Julia
set of g.

LEMMA 6-1. J, has zero Lebesgue measure.

Let us first prove the uniqueness by assuming Lemma 6-1. Suppose f is also combinatori-
geom

ally equivalent to some 2 € R, . By Definition 1-3 we get the following diagram where ¢
and ¢’ are isotopic to ¥ and V' respectively rel Py UU; A, and all of which are holomorphic

onAUUiD,-.
RN AN
o b
PRI

Let P, and P, D, and D), denote the post-critical sets and the Siegel disks of f and g
respectively. Let ¢, =¢’ 0 ¢! and ¢, =’ 0oy ~'. Then

(1) ¢1 Og=h0¢2, and

(2) ¢, is isotopic to ¢, rel Py, and

(3) when restricted to D, and an open neighbourhood U = U;¢ (D;) of all attracting cycles
of g, ¢1 = ¢, is holomorphic.
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Note that ¢ and i can be chosen quasiconformal by the proof of the existence part. Since ¢’
can be chosen quasiconformal by C° perturbation, and since f can be assumed quasi-regular
by Remark 3-1, v’ is therefore quasiconformal by pulling back ¢’ by f.

Suppose ¢y .C—>Cisa quasiconformal homeomorphism which is isotopic to ¢; rel
P, U (D, UU) with k > 2. Since ¢, o g = h o ¢,, we can define ¢, by lifting ¢, through

$rog=hodp. (6-1)

Then ¢ is isotopic to ¢, and is thus isotopic to ¢; rel P, U (D, UU). By induction we
get a sequence of quasiconformal homeomorphisms ¢y : C — C all of which are isotopic to
¢ rel P, U (D, UU) and satisfy (6-1). Since g and & are holomorphic, the quasiconformal
constant of each ¢, is bounded by that of ¢,. Let 1, be the Beltrami coefficient of ¢;. Note
that the forward orbit of any point in the Fatou set of g either converges to some attracting
cycle of g, or eventually enters D,. Since ¢, is conformal in D, U U, it follows that p; — 0
on the Fatou set of g. Since J, has zero Lebesgure measure by Lemma 6-1, 1, — 0 a.e. It
follows that ¢, converges to some Mobius map uniformly in the sphere. From (6-1) it follows
that g is conjugate to 4 through a Mobius map. This implies the uniqueness assertion of the
main theorem.

Proof of Lemma 6-1 Let Jg = ®~'(J,). Since ® is quasiconformal, it suffices to prove
that J& has zero measure. Suppose it were not true.

Let zo be a Lebesgue point of Jg. For n > 1 let z, = G"(z9) (Note that G =G on Jg). By
[9, proposition 1-14], {z,} accumulates to Pz N Jg. Note that (Pg N Jg) \ T is either empty
or contains finitely many points whose forward orbits eventually enter into some repelling
periodic cycles or intersect T. It follows that {z,} accumulates to T. The idea of the proof
is adapted from [11] and [17]. If L is a ray with one end point z € T, let us use Z(L, T) to
denote the smaller angle formed by L and T at z. Then 0 < Z(L, T) <m /2.

Claim. There exist a critical point c € T of G, an 0 <« < 1/2, and a cone 2 attached
to T at ¢ from the outside of A and bounded by two rays L and R starting from c, and a
subsequence z,,, such that Z(L, T) = Z(R, T) = am, and z,, € Q for all j > 1.

Let us first prove the lemma by assuming the claim. In the following proof, we abuse the
notations A; and B; to denote topological disks, which have different meanings in other
sections. Since c is a critical point, there is another cone 2’ attached at ¢ from the outside of
A and bounded by two rays L’ and R’ such that /(L', T), Z(R', T) > B with0 < 8 < 1/2,
and moreover, all the points in B.(r) N " are mapped into A with r > 0 being some small
number. Here and in the following we use diam(-) and dist(-, -) to denote the diameter and
the distance with respect to the Euclidean metric. Then for each n; large enough, we can
take a small disk B;, such that:

(1) B; C B.(r)N ' and thus G(B;) C A;
(2) dist(Bj, z,,,) < dist(B;, T) < diam(B;) =< dist(z,,, T).

From (2) we can take a Jordan domain A; which is disjoint with P and contains both B;
and z,, such that

diam(A;) < dist(A;, T) < diam(B;). (6-2)
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Fig. 3. diamy (A"f) <6 - diamy (A} ).

Please see Figure 2 for an illustration of the above construction. Let X denote the compo-
nent of @\ Pg which contains z,,. It follows that diamx (A;) < 1 by (6-2) where diamy(-)
denotes the diameter with respect to the hyperbolic metric in X. Now we pull back A; along
the orbit z, .. ., z,,, and denote the component of G*A ;) which contains z,, _; by A:f’_k.
In particular, A7 = A;.

Let X; be the component of G*(X) containing Zn,—k- Then G*: X, — X is a holomor-
phic covering map preserving the hyperbolic metric and X; C X. Note that A’/ H X It
follows that

diamy (47 ") = diamy, (47 ") =diamy (4,) < 1 6:3)

and

diamy (A’}f*") < diamy, (A;?"*k> — diamy (A’;.f”‘“) . (6-4)
For each 1 <i < j, from (6-3) we get diamX(A;'f') <1.

Since A;’f' contains z,, and z,, is contained in the cone €2 by the claim, it follows from
diamy (A';") =<1 that there is some 0 < € < 1/2 such that A;f" is contained in a cone spanned
at ¢ so that the angles formed by the two boundary rays and T are equal to exr. Please see
Figure 3 for an illustration. By [13, Lemma 1-11] or [17, Lemma 3-2], the inclusion of X
in X contracts the hyperbolic metric in A;’-’ by by a definite factor 0 < § < 1 depending only
on €. Since G : X; — X is holomorphic covering which preserves the hyperbolic metric, we
thus have

diamy (A7) < - diams (A7) =5 diams (47"").
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This, together with (6-4), implies that

diamy (A(;) < &/7!. diamy (Aj) =81 —0

as j — oo and thus diam(A?) — 0 as j — oo. Since dist(A;, Pg) =< diam(A;), we can take
alarger disk A; D A; so that A; N P =@ and mod(A; \ A; > u with u > 0 being indepen-
dent of j. Then by Koebe’s distortion theorem the distortion of any branch of G™/ on A;
is uniformly bounded. Let B;’ denote the component of G™"/(B;) which is contained in A(}.
We have

area (B_?) > diam (A.(/)')Z .

Since B; is disjoint from Jg, it follows that Bj.) is disjoint from Jg. This is a contradiction
with the assumption that z, is a Lebesgue point of J3.

Now it suffices to prove the Claim. For each open arc I C T, Let Q2; = @\ (Pg\I).Let
dg, (-, -) denote the hyperbolic distance in €2;. For dy > 0, let 2,4, () ={z € Q; |dg,(z, I) <
do}. When || is small, Q4 (1) is almost like the domain bounded by two arcs of Euclidean
circles which are symmetric about T and such that the four exterior angles formed by the
two arcs and T are all equal to o with dy = In cot(c/4) (see [19, Lemma 2-2]). Define

H; (I)={z|lz| > 1 and z € ,4,(1)}.

a:(l—;)n.
4Q2d — 1)

So if V is a cone spanned at some z€ T\ [/ and Z(0V,T)=7r/3(2d — 1), then V' N
Hd(] (I) == @

Now let 4 : T — T be the quasi-symmetric circle homeomorphism in (4-6). For each z,,
let 7, C T be the arc such that z, € H,,(1,) and moreover, I, has the minimal property in the
following sense

Take d, > 0 such that

|h(1,)| =min{|h(I)|| I C T and z, € Hy,({)}.

Since z, — T, we have |I,| — 0 and thus |A(l,)| — 0 as n — oco. So there is an increasing
subsequence of integers, say m , such that |h(1,,)| < |h(l,)| forall 1 <n <m;.

Letn; =m; — 1. Let us prove that there is a critical point ¢ € T and a cone 2 spanned at
c such that z,,, and €2 satisfy the requirement in the Claim. Since |/,,,| — 0, by disregarding
finitely many m ; we may assume that Hy, (1) \m contains no critical value of G and H/
contains at most one critical value of G. Let J C T be the arc such that G(J) = I,,,. Then
we have the following two cases.

In the first case, K,f contains no critical values. By assumption Hy,(1,,) \ m contains no
critical values of G. Let K be the component of G~ (H,, (I,,,)) which is attached to J.Let X
denote the component of G~ (2 1,;) Which contains J. Since £2,, - does not contain critical
values of G, G: X — Q I, is a holomorphic covering map which preserves the hyperbolic
metric. So K is contained in the dy-neighbourhood of J with respect to the hyperbolic metric
in X. Note that X C Q,, it follows that K C Hy,(J). Since |h(I)| = |h(J)|, by the minimal
property of I,,,, it follows that z,,, | = z,,; ¢ Hy,(J). This means that z,,; has at least two
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Fig. 4. Z([c, zn;1. T) = Z(Ic, wmgt 1, T) withm =7.
2

&

pre-images near T. So z,,, must be close to a critical value in T, and Hg, (J) is close to some
critical point ¢ in T. Let 3 <m <2d — 1 be the local degree of G at c. Since G is a Blaschke
product m must be an odd integer by symmetry. In a small neighbourhood of ¢, we may
regard G approximately as the map z +— A - (z — ¢)™ 4+ v where A # 0 is some constant and
v = G(c). By the choice of dy, H,(J) belongs to the angle domain bounded by T and a
ray L starting from ¢ with Z(L, T) =7 /3(2d — 1). Let w € Hy,(J) be the pre-image of z,,, .
Then Z([c, w], T) < 7/3(2d — 1). Note that z,,, has exactly (m + 1)/2 preimages in a small
neighborhood of ¢ and belonging to the outside of A. These (m 4 1)/2 preimages are dis-
tributed in the “half circle” which has center at ¢ and radius |w — c¢| and which belongs to the
outside of A, and moreover, the angle between any two such pre-images, which are adja-
cent to each other, is approximately equal to 2 /m. If we label these m + 1/2 preimages
anticlockwise as wy, ..., Wt then Z([c, wi], T) + Z(c, me-H], T)~nm/m, and for 1 <
i<m+1)/2, Z(lc, w;], T) > 7/m approximately. Since Z([c, w], T) <mw/3(2d — 1) <
w/m, we may assume that w=w;. Since z,, is one of such pre-images except wy,
we have

e, ), D = 2 wepl, D= Lol D> 550 (69
Please see Figure 4 for an illustration. Let V be the cone spanned at ¢ such that Z(dV, T) =
7/2(2d —1). Then z,, € V.

In the second case, I,,; contains exactly one critical value v. Let ¢ be the critical point in T
such that G(c) = v. Then z,,, = z,,,— is near c. By [17, Lemma 4-9], there isa 0 <§ < 1/2
such that if Z([v, z,], T) < ém, we would have an arc / C T such that z,,, € Hy,(I) and
[1| < [In,|, which would contradict the minimality of 1,,,. So we must have Z([v, z,,], T) >
om. Please see Figure 5 for an illustration. Since G behaves almost like the map z+> A -
(z—=0¢)" 4+ v, #0where 3 <m <2d — 1, we have

Z(le, za)1, T) > 87/2(2d — 1). (6-6)

Since there are only finitely many critical points in T, from (6-5) and ( 6-6) the Claim
follows by taking & = §/2(2d — 1) and taking a subsequence of {n;} if necessary so that z,,,
converges to some critical point ¢ € T.

This completes the proof of the uniqueness part of the main theorem.

7. Proof of Lemma 4-3

We need a few lemmas before the proof of Lemma 4-3.
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LEMMA 7-1. There is a constant Cy > 0 independent of m and n such that if P C (Pp, U
U; D;) is a closed subset and y is a non-peripheral curve in C \ P, then

872C0 : l¢m.n(y’ P) S l¢m+]./x(y’ P) E ezco ’ l¢mm ()/’ P)‘ (7‘1)

Proof. The proof is an adaptation of the proof of [3, Proposition 7-2]. Assume that F,
has holomorphic disks. Otherwise the proof is the same and is even simpler. Let Tr, be
the Teichmiiller space modelled on ((C Pr UU; D;). Then or, : Tr, = T, is analytic and
does not increase the Teichmiiller metric on TF,. By Remark 3-1 F, is K(-quasiregular with
K, > 1 being a constant independent of #. Since T, is the standard complex structure and
Ty, 1s the pull back of 7y, by F,,, ¢1., is Ko-quasiconformal. It follows that

dTF” (Terl,na Tm,n) < dTFn (Tl,ru tO,n) < CO

with Co =1n Ky/2. So there is a Ky-quasiconformal homeomorphism % :C — C which
maps @, ,(Pr, U U;D;) to Pmt1.0(Pr, UU;D;), and when restricted to ¢m,n(UiE»), h=
Pm+1.n © qb,;.'n is conformal, and moreover, ¢, , is isotopic to 4 o ¢, , rel Pr, U U; D;. Since
P C Pr, UU;D;, h(¢n(y)) is homotopic t0 Gps1.n(y) in C\ ¢ur1(P). The map h can
then be hfted to a K- qua51conf0rmal homeomorphism between the annular covering sur-
faces of C \ @m.n(P) and C \ @m+1..(P) associated to the homotopy classes of ¢, ,(y) and
@m-+1..(y) respectively. This implies (7-1) and the lemma follows.

LEMMA 7-2. For any 0 <k <1, there is an integer k| depending only on « and
0 such that for any two distinct points a,b €T, if the length of each components of
T\ {a, b} is greater than 2wk, then a, b and their images under the map Rg‘ appear
as a, Rg‘ (a), b, Rg‘ (b) anticlockwise, and moreover, the length of each component of
T\ {a, Rg‘ (a), b, Rg‘ (D)} is greater than mi /2.

Proof. For any integer k > 1, let [a, Rg (a)] denote the the arc from a to R’g (a) anticlock-
wise. Since 6 is irrational, { R} (a), i > 0} is dense in T. So there is a smallest integer k; > 1
depending only on k and 6 such that the length of [a, R'g‘ (a)] is between mk /2 and 37k /2.
It is clear that such k; satisfies the requirement in the lemma.

LEMMA 7-3. Suppose k >0 is an integer. Then there is a A = ,(k) > 0 depending only
on k such that for all m >0 and all n large enough, if y is a (.., AX)-geodesic (or a
(Bm.n» BX)-geodesic) with 1y, (v, AX) < (or 1y, (v, BY) <), then y does not intersect
the closure of any holomorphic disk D;.

Proof. By the construction of F,, for each holomorphic disk D;, there is an annulus H;
around D; so that H; N Pr, =, and the inner component of d H; coincides with 0 D;, and
moreover, F, is holomorphic in the disk H; U D;, and maps each H; U D; into some D I
Since t,,, is the pull back of the standard complex structure by F", it follows that on all
the disks H; U D; Ty, = 0 and thus ¢, , is conformal. Suppose y is a (¢, A¥)-geodesic
which intersects D;. The same argument works if y is a (¢, ., BX)-geodesic which intersects
D;. By composing with a Mébius map, we may assume that ¢, , maps a;, b; and 1 to 0, 1
and oo respectively. Take a Jordan domain C; such that D; C C; C C; C D; U H;. Then there
are two cases.
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Fig. 5. Z([v, zm,;1. T) > é7.

In the first case, y C C;. In this case, Since H: N A’,‘l CH N Pr, =0, y surrounds at least
two points in A’,‘, N D;. Since ¢y, ,({a;, b;}) = {0, 1} and since the spherical distance between
any two points in A¥ N D; has a positive lower bound depending only on k (Proposition 4-1),
by Koebe’s distortion theorem, the Euclidean distance between any two points in @, ,(A* N
D;) has a positive lower bound depending only on k. Thus the Euclidean length of ¢,, ,(y)
has a positive lower bound depending only on k. Note that ¢,, , () C ¢..(C;). By Koebe’s
distortion theorem, there is an R > 0 depending only on D;, C; and H; such that ¢, ,(C;) C
{z]|z| < R} = Bg. S1nce the density of the hyperbolic metric of C \ @, n(Ak) is bounded
from below by that of C \ {0, 1, oo}, which has a positive lower bound on B with respect to
the Euclidean metric, it follows that /4, , (y, A¥) must have a positive lower bound depending
only k.

In the second case, y is not contained in C;. Since y intersects D;, ¢,,,(y) contains
an curve segment I" connecting ¢, ,(dD;) and ¢, ,(dC;). Since {0, 1} C ¢, ,(D;) and
mod (¢, (C; \5)) =mod(C; \3) the Euclidean length of I must have a positive lower
bound depending only on D; and C Since I' C ¢, .(C;) C B, as in the first case, the den-
sity of the hyperbolic metric in C \ .. (A*) with respect to the Euclidean metric, when
restricted to I', is bounded from below by a positive constant depending only on D;, C; and
H;. 1t follows that I, , (v, A*) must have a positive lower bound depending only on D;, C;
and H;.

Since there are only finitely many D; and since C; and H; are all fixed, the lemma fol-
lows by taking A to be the minimum of all the above lower bounds which clearly depends
only on k.

LEMMA 7-4. Let P CC be a proper closed subset such that P*= P and |P|> 3.
Suppose y is a (¢, P)-geodesic such thatl,, (v, P) <log(v/2+1)andy N'T # @. Then
y is symmetric about T, and in particular, y intersects T at exactly two points.

Proof. By symmetry y* is also a (¢, P)-geodesic with the same length. Since y N'T # @,
we have y Ny* Dy NT # @. Since the length of both y and y* is less than log(ﬁ—l— 1),
by Lemma 8-1 we must have y = y*.

Note that the sets A* and B* are all symmetric about T. From Lemma 7-4 it follows that
if y is a (du.n, A’fl)—geodesic or (G .n» B,’j)-geodesic with length less than log(ﬁ + 1) and
y N'T # @, then y is symmetric about T and y N T contains exactly two points. In this case,
by symmetry 0 and oo belong to one component of C \ y. For such y we use D(y) to denote
the other component of C \ y which does not contain 0 and oo and use D(y )¢ to denote the
complement of D(y) in (C that is, D(y)‘ = C \ D(y).

Proof of Lemma 4-3. Without loss of generality we may assume that both [, (y, A¥) and
lg,..(y, B,) are less than log(ﬁ + 1). The proof is divided into five steps. In the first four
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steps, we assume that y N'T # ¢. By Lemma 7-4 y is symmetric about T and intersects T at
exactly two points. Recall that D(y) denotes the component of C \ y which does not contain
0 and oo and D(y)° =C\ D(y). Also recall that Z* = A*NT and 0, = B, NT.

Step 1. Prove the assertion (i) under the assumption that both D(y) N Z¥ and D(y)° N Z*
contain at least two points.

Step 2. Prove the assertion (ii) under the assumption that both D(y) N O, and D(y)‘ N O,
contain at least two points.

Step 3. Prove the assertion (i) under the assumption that either D(y) N Z* or D(y)° N Z*
contains at most one point.

Step 4. Prove the assertion (ii) under the assumption that either D(y) N O, or D(y)° N O,
contains at most one point.

Step 5. Prove the assertions (i) and (ii) under the assumption that y N'T = @.

Step 1. Suppose y is a (¢, ., AX)-geodesic which intersects T so that both D(y) N Z*
and D(y)° N Z* contain at least two points. By Proposition 41 there is a ¥ > 0 depending
only on k such that the length of each component of T \ A* is greater than 27« for all n large
enough. For such «, let k; be the integer guaranteed by Lemma 7-2. Let k, > 0 be an integer
depending only on « such that for any open arc I C T with |I| > 7« /3, I N A* contains at
least one point for all n large enough. Note that k; and k, depend only on « which depends
only on k. So k; and k, are bounded by some constant M (k) > 1 depending only on k.

In Lemma 4-2 let Ny = k + k; + k, and define the set A’,‘l‘. By Lemma 7-1,

Ly (V5 Ay) <€ 1 (v, AY) (7-2)

with Cy > 0 being the constant in Lemma 7-1. Note that A* ¢ A% (Since F¥ (A%) c AN by
(4-2)) and the number of the points in A\ A is bounded by some constant depending only
on k. By Lemma 8:3 there is a (@44, .1, A’,‘l1 )-geodesic y;, which is homotopic to y in C \ A’,‘,
so that

lpuians (Vi0s A1) < €O Uy, (v, AY) (7-3)

provided that Iy, ., (v, Ay) < C(k)~" with C (k) > 1 being some constant depending only
on k. By Lemma 4.2 Fh :C \ Aﬁ‘ —C \ A is a covering map. So by lemma 82 1, =
FMi(y,) is a (@m.n, AN0)-geodesic with

Lo, (1i0s AY) =gy, (ves AY) (7-4)

provided that Iy, ., , (vi,, A") <log(v/2+ 1). Since both D(y) N Z* and D(y)° N Z con-
tain at least two points by assumption and since y;, is homotopic to y in C \ A¥, it follows
that both D(y,) N ZX and D(y,)° N Z¥ contain at least two points also. Thus the length
of both the two arc components of T \ y,, is greater than 27 «. Note that F,|T is the rigid
rotation given by 6, and n;, = Frf‘l (Yk,)- Since 6, — 6, from Lemma 7-2 y,, and n;, well
intersect each other in the following sense for all n large enough. Let {a, b} =y, N T and
{c, d} =mn, NT. Then the four intersection points can be labeled so that they appear in the
order a, ¢, b, d anticlockwise and moreover, the length of each component of T \ {a, ¢, b, d}
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Fig. 6. vk, » Nk, » &k, » Sk, and points in Aﬁz.
is greater than w« /3. By the choice of k,, each component of T \ {a, c, b, d} contains at least
one point in A*. Since k; + k; < Ny, we have
Al Ak At (7:5)

Since each component of T\ {a, c, b, d} contains at least one point in A*, y;, and n;, are
both non-peripheral in C \ A®, see Figure 4. Let &, and ¢, be the (¢, A}?)-geodesics
which are homotopic to yk, and Nk, 1in C \ A% respectively. Let {a’,b'} =&, NT and
{c,d'}=¢, NT. Then &', ¢, b', d’ have the same order as a, c, b, d, and each component
of T\ {a’, ¢/, b', d'} contains at least one point in Aﬁz. This implies that &, and ¢, are two
distinct simple closed geodesics which intersect with each other. But on the other hand,

k 2k C k:

Ly, (&xs AY) <€ Ly (60 AY)
2k C k

= l¢m+k1 n (Vkla A 2)
2k 1k

<G, (ykl, A .)

<C (kye™ .1, (v, AL)

(7-6)

and

Lo, (Cus AR) =1y, (10, AR) <Ly, (01, AY) < C (k) 101, (v, AY).  (77)

The first inequality of (7-6) comes from Lemma 7-1. Both the equalities in (7-6) and (7-7)
hold because, by Definition 4-1, y, ,(§, P) depends only on the homotopy class of & in
C \ P. The second inequality of both (7-6) and (7-7) hold because of (7-5). The last inequal-
ities of both (7-6) and (7-7) hold by combining the inequalities (7-2-7-4). Now the assertion
in Step 1 follows by taking

§=C(k)"le*MBC  Jog (ﬁ n 1) .

In fact, if I, (v, AX) <8, by (7:6), (7-7) and k; < M(k), we get I, (&, . A%) <

log(v/2+1) and Iy, (¢, A®) <log(v/2 + 1). But we have seen &, N &, # @ and & # &,
which contradicts Lemma 8-1.

COROLLARY 7-5. Suppose 1 >0 is an integer. Then there is a § =8(I) < log(~/2 +
1) depending only on | such that for all m >0 and all n large enough, if y is a
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m

n -~

Fig. 7. The construction of ¢.

(Gmns Al w)-geodesic such that y N'T #0 and 1, (v, A ) <0, then either D(y)N Zl or
D(y)n Zil contains at most one point.

Step 2. Suppose y is a (¢,.., B,)-geodesic which intersects T so that both D(y) N O,
and D(y)¢ N O, contain at least two points. The idea of the proof is almost the same as in
the Step 1. Since O, is forward invariant, the argument is even simpler.

Let I =1(n) > 1 be the least integer such that F! maps any point in O, to the one which
is on the right and adjacent to it. Then / depends only on n. In Lemma 4-2 let Ny =1/ and
define the set B!. By Lemma 7-1 it follows that

Lo, (Vs Ba) <€ 1y, (v, By). (7-8)

Note that B, C B. and the number of the points in B!\ B, depends only on n. By
Lemma 8-3, there is a (¢n1i.1, B! .)-geodesic y; which is homotopic to y in C \ B, such that

I (V1o B <C () - 1y,.,,, (v, By (7-9)

provided that I, , (v, B,) < C(n)~' where C(n) > 1 is a constant depending only on n.
Since y; is homotopic to y in C \ B,, both D(y;) N O, and D(y;)° N O, contain at least two
points. Then, by Lemmas 4-2 and 8-2, n; = F, l(yl) is a (¢, B ')-geodesic provided that
Ly V15 Bn) < log(\/_ + 1). By the choice of /, y; and n; well intersect each other in the
following sense: Let yy N T = {a, b} and n; N T ={c, d}. Then the four intersection points
can be labeled so that they appear in the order a, c, b, d anticlockwise, and each component
of T\ {a, c, b, d} contains at least one point in O,,.

Since F,|T is the rotation given by 6, and O, is periodic under F,, and since both D(y;) N
0, and D ()¢ N O, contain at least two points, from 1, = F,{ (y,) it follows that both D(n;) N
0, and D(n;)° N O, contain at least two points. In particular, »; is non-peripheral in C \ B,.
Let ¢ be the (¢,,.n, B,)-geodesic which is homotopic to 7; in C \ B,. Then

ly,. (&, By =1y, (n, By)
<y, (m. B)

_ (7-10)
S l¢m+l.n (y[’ Bl‘l)
<eCn) -1y, (v, By) -

The equality holds since, by Definition 4-1, [, , (¢, B,) depends only on the homotopy class
of ¢ in C \ B,. The first inequality holds because B, C B!. The second inequality holds
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by Lemma 8-2. The last equality follows from (7-8) and (7-9). Since y and ¢ are homo-
topic respectively to y; and n; in C \ B,, y and ¢ well intersect each other in the same
sense as above. In particular, it follows that y # ¢ and y N ¢ # @. Please see Figure 7 for an
illustration.

Now the assertion follows by taking

8, = e 2Cn)~" - log (ﬁ+ 1) .

In fact, if [y, (y, B,) < &y, then both ¢ and y are (¢, ., B,)-geodesics with length less than
log(ﬁ + 1) by (7-10). But we have seen that { and y are distinct and intersect with each
other. This contradicts Lemma 8-1.

Step 3. Suppose y is a (.., AX)-geodesic which intersects T so that either D(y) N Z*
or D(y)N Z,’; contains at most one point.

Let N; be the number of the points in P; \Z and N, be the number of the holomorphic
disks in C \ A. Since F,|T = Ry, and 6, — 6 which is irrational, there is a smallest integer
ip > k which depends only on k such that the following holds for all n large enough: if 7 and
J are any two adjacent components of T'\ Z and S = 1U J, then

S, Fu(S), ..., ENHYHL(S)

are disjoint, and moreover, each component of T \ UIN;SF Nt Fi(S) contains at least one point

in Z°.

In Lemma 4-2 let No = Ny + N, +ip+ 1 and for 0 <i < N; + N, + 1 define the sets A’n
Since A¥ C A (because i > k) and the number of the points in A \ A¥ depends only on
k (because iy depends only on k), by Lemma 8-3 there is a (¢, ., Af;‘)—geodesic 7 which is
homotopic to y in C \ A* such that

Ly, (7, AD) < C1(k) - Ly, , (v, AY) (7-11)

provided that I, (y, A¥) < Ci(k)~', where C;(k) > 1 is a constant depending only on k.
Now for0 <i < N; + N, + 1, by Lemma 7-1,

l¢m+l,n ()7’ A;’lo) S e2iCO ' l¢m,n ()7’ A;’?) : (712)

Since AP C A;, 0<i <N;+ N, + 1, and the number of the points in Ajl \ A" is bounded
by some constant depending only on k, by Lemma 8-3 again there is a (¢,4:.., A’)-geodesic
¥; which is homotopic to 7 in C \ A” such that

oo (710 A1) < Co0) Ly, (7, AT) (7-13)

provided that I .. (7, Af;’) < Cy(k)~"' where C,(k)>1 is some constant depending
only on k.
Let us show that the assertion holds by taking

8 =Ci (k)™ Cyk)~" e 2MHN+DG . min (§(No), 8(io), A(No)} ,

where §(Ny), §(ip) are respectively the constants guaranteed by Corollary 7-5 by taking
[ = Ny, iy, and A(Ny) is the constant guaranteed by Lemma 7-3 by taking kK = N,. Note that
8(ip) <log(~/2 + 1) by Corollary 7-5.
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Assume ly, (v, Aﬁ) < 4. By (7-11) it follows that

Iy, (7. AY) < 8(io) < log (\/5+ 1) ) (7-14)

By (7-14) and Corollary 7-5 it follows that D(y) N Z or D(7)¢ N Z! contains at most one
point. For 0 <i < Ny 4+ N, + 1, from (7-11-7-13) we have

Iy, .. (yi, A;) < min {8(No), A(No)} < log (fz + 1) . (7-15)

By (7-14), (7-15) and Lemma 7-4 all y; and y are symmetric about T and intersect T at
exactly two points. For 0 <i < N; + N, + 1, let {a’, b’} = y; N T and {a, b} = y N T. Since
all y; are homotopic to 7 in C \ A" and since D(7) N Z™ or D(7)° N Z! contains at most
one point, it follows from A N'T = Z" that all the points in {a, b,a’,b',0<i < N; +
N, + 1} are contained in either one component of T \ Z” or the union of two adjacent com-
ponents of T\ Z. Forall 0 <i # j < Ny + N, + 1 and all n large enough, by the definition
of iy, we have

(£ @) FL ()} 0 {FL (@) F] (7)) =, 7-16)

and moreover, for any p € {F!(a’), Fi(b')} and q € {F/(a’), F/(b7)}, if I is a component
of T\ {p, ¢}, then I contains at least one point in Z".

From Lemma 82 and that F':C\ Al — C\ AM is a covering map, and that
ly,.... (Vi ALy <log(v/2 + 1), it follows that 1; = Fi(;) is a (., AN*)-geodesic so that

Lo, (mis AN) <1y, (yi, A;) <min {8 (No) , A (No)} < log (fz + 1) . (7-17)
From (7-17) and Corollary 7-5 it follows that:

fact 1. for 0 <i < N; + N, + 1, either D(;) N ZY or D(n;) N ZM contains at most one
point.

Note that n; N T ={Fi(a’), Fi(b')} for 0<i <N;+ N, + 1. From (7-16) all n; are
distinct with each other. By Lemma 8-1 and (7-17) we have:

fact 2. all n;, 0 <i < N; + N, + 1, are disjoint with each other.

Since Z» C ZM and n; N T ={Fi(a’), Fi(b')} for 0 <i < N; + N, + 1, as we have seen
before,

fact3. forany 0<i#j <N +N,+1,if pen,NT and g € n; N'T, then each arc com-
ponent of T\ {p, g} contains at least one point in Z”, and therefore, must contain at
least one point in Z.

Now by Fact 1 we have two cases.

Case 1. D(n;) N Z™ contains at most one point for all 0 <i < N; + N, + 1. In this case, all
D(n;) must be disjoint with each other. Since otherwise, by Fact 2 we must have D(n;) C
D(n;) for some i # j. But by Fact 3, this implies that D(n;) would contain at least two
points in ZM. This is a contradiction. Since »; is non-peripheral in C\ AM and ZM =
AM NT, by symmetry each D(n;) contains at least one point in P; \ A or one holomorphic
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Fig. 8. Case L. all D(n;),0<i < N1 + N> + 1, are disjoint.

disk in C \ A (Note that from (7-17) and Lemma 7-3 7; does not intersect the holomorphic
disks). But this is impossible since there are Ny + N, + 2 disjoint domalns D(n,) 0<i<
N + N, + 1, but only N, points in P; \ A and N, holomorphic disks in C \ A. Please see
Figure 8 for an illustration.

Case 11. There is some 0 < j < Ny + N, + 1 such that D(n;) N Zflv‘] contains at least two
points. Thus, by Fact 1, D(5;)° N Z contains at most one point. By Facts 2 and 3, for each
0<i#j<Ni+N+1, D(n;) C D(n;) and D(n;)° N ZM contains more than one point.
This, together with Fact 1, implies that for 0 <i # j < N; + N, + 1, D(;) N ZM contains
at most one point. Now using the same argument as in the first case, one can first deduce
that all these Ny + N, + 1 domains D(#;) are disjoint and then get a contradiction by the
symmetry of D(»;) and by countlng the number of the points in P; \ A and the number of
the holomorphic disks in C \ A. Please see Figure 9 for an illustration.

From the assertions in Steps 1 and 3 we have:

COROLLARY 7-6. For any [ >0, there exists a 0 <5 =456() < log(ﬁ—l— 1) depending
only on | such that for all m > 0 and all n large enough, if y is a (¢, Al)-geodesic which
intersect T, then 1y, (y, Al) > 6.

Step 4. The argument is similar with that used in the Step 3. Again, since O, is forward
invariant, the argument is even simpler. Suppose y is a (¢,,.,, B,)-geodesic which intersect
T so that either D(y) N O, or D(y)‘ N O, contains at most one point. Let N, and N, be the
integers defined in the Step 3. In Lemma 4-2 let Ny = N; + N, + 1 and define the sets f?fl,
0<i <Ny.For0<i <Ny byLemma 7-1 we have

l¢m+i,n (J/y Bn) S €2ico . l(bm‘n ()/, Bn) . (718)
For 0 <i < Ny, from Lemma 8-3, B, C B,"l and that the number of the points in f?fl \Bn

is bounded by some number depending only on 7, it follows that there is a (¢4, B!)-
geodesic y; which is homotopic to y in C\ B, such that

oo (70 BL) = CL0D Ly, (7, B) (7:19)
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Fig. 9. Case IL. all D(;), 0 <i # j < N1 + Na + 1, are disjoint and are contained in D (7).

provided that Iy ., (v, B,) < Ci(n)~! where C;(n)>1 is some constant depending
only on n.

Let L = A(Ny) be the constant guaranteed by Lemma 7-3. Let us show that the assertion
holds by taking

8, = Cy(n)~'e2MC0 . min {,\, log (JE+ 1)} .

Assume that I, (y, B,) <d,. Let us get the contradiction. Since either D(y) N O, or
D(y)° N O, contains at most one point, so does D(y;) N O, or D(y;)° N O,. It follows that
(yNT)U U o(v: N'T) either belongs to the same component of T \ O, or belongs to the
union of two adjacent components of T \ O,. So the points in (y NT) U U o(v; N'T) can
be arbitrarily close to a single point in T, say zo, provided that n is large enough. Let
Zi = F,i (z0), 0<i < Nj. Since F,|T =Ry, and 6, — 6 which is irrational, as n is large
enough, all z;, 0 <i < Ny, are bounded away from each other with the bound indepen-
dent of n. Let ni = F (y;), 0<i < Ny. Since F’ (C\ B‘ — (C\ BN0 is a covering map
and [y . (vi, B ') < log(\/_—l— 1) by (7-18-7-19), from Lemma 8-2 it follows that all n;,
0 <i < Ny, are (¢, B,’,V”) geodesics, and moreover,

lov. (0 BY) <o, (0 BL) (7:20)

Since both the two points in y; N'T are close to zo, it follows that both the two points in
n; N'T are close to z;, 0 <i < Ny. Since all z; are bounded away from each other, it follows
that all n; are distinct with other provided that n is large enough.

Since either D(y;) N O,, or D(y;) N O,, contains at most one point, and since n; = F,‘l i)
and O, is F,-invariant, we have:

fact 1. Either D(n;) N O, or D(n;)° N O, contains at most one point.

From (7-18-7-20) we have I, (n;, B¥) < min{a, log(ﬁ—i— 1)}. Since all n; are distinct
with each other, by Lemma 8.1 we have:
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fact 2. all n;, 0 <i < Ny + N, + 1, are disjoint with each other.

Since for each 0 <i < N, both the two points in n; N T are close to z;, and since all z;
are bounded away from each other with the bound independent of n, it follows that, as n is
large enough,

fact3. For any 0<i#j<N;+N,+1, if pen,NT and gen; NT, then each arc
component of T \ {p, g} contains at least one point in O,,.

Note that by Lemma 7-3 and I, (n;, B)°) < A, all n; do not intersect the holomorphic disks.
Now the situation is the same as the one that we met at the end of Step 3. The remaining
argument is completely the same and we leave it to the reader.

Step 5. Instead of proving the two assertions claimed in Lemma 4-3 under the assumption
that y N'T = @, it suffices to prove the following one assertion:

Assertion. There exists a § > 0 such that for all m >0 and all n large enough, if y is a
(Dmn» An)-geodesic with y NT =, then Iy, (v, A,) > 6.

To see this, first suppose that y is a (¢,,.., A¥)-geodesic for some integer k > 1 such that
y N'T = . We may assume that y dose not intersect the holomorphic disks since otherwise
we have ;, (v, A¥y > A(k) with A(k) >0 belng the constant guaranteed by Lemma 7-3.
Since A*\ A, cTUY,; D;and y N(TUU;D;) = @ and since each D; contalns two points
a; and b; in A,, y must be non-peripheral in (C\A Since (C\A" C (C\A we have
Ly, (vs AN) > 1, (v, A,) > 6. This implies that

lg,., (v, A¥) > min{8, A(k)}.

Now suppose that y is a (¢,,.,, By,)-geodesic such that y N'T = @. Since the pointsin B, \ A,
are contained in T and since y N T = @, it follows that y must be non-peripheral in C \ A,,.
Since C\ B, c C\ A, it follows that

l¢m,n (yv Bn) > l¢,,,_,, (% An) > 8.

Now let us prove the assertion claimed above. We first define two constants, M and m,
which depend only on f. Define

=|A,| - 3. (7-21)

Note that |A,| is independent of n by Proposition 4-1. By Lemma 8-1 it follows that the
number of (¢, A,)-geodesics with length less than log (\/_ 2 + 1) is not greater than M.
Since f has no Thurston obstructions in C \ A, the maximal elgenvalues of all the linear
transformation matrices induced by the f-stable multi-curves in C \ (AU P;UY, D;) are
less than 1 (see Remark 2-1). Note that the number of the elements in any f-stable multi-
curves in C \ (AU Py U; D;) and the number of the possible values taken by the entries of
the linear transformation matrices are both bounded by some constants depending only on
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f. It follows that there are only finitely many such linear transformation matrices. So there
is an mo > 1 depending only on f such that for any such matrix A, let A™ = (b; ;), then

max Z bij < @M)™". (7-22)

Claim 1. There is a 7 > 0 such that for all m >0 and all n large enough if nis a
(@m,n. Ay)-geodesic such that Iy, (n, A,) <7, then n C C \ (TU Pg, UUY; D;), and more-
over, for each 1 < J < my, there is a unique (¢, ,, A/) -geodesic & which is homotopic in
(C\ (TU Pg, UY; D;) to . Moreover, lg, (&, A/) <2y, . (n, Ay).

Proof. For 0 < j <my, let A(j) >0 and §(j) > 0 be respectively the constants guaran-
teed by Lemma 7-3 and Corollary 7-6. In Lemma 8-3 Let us take X =C\ ¢,,.,(4,),
P= ¢m,n (A{l \ An)’ = lq},,m (771 An) and

K =min{A(j), 8(j), 0= j <mo}.

Note that the number the points in A/ \ A, is bounded by some constant p(m,) depending
only on my. By considering all the (¢,,.,, A/)-geodesics n; which have length /; < K and
which are homotopic to 1 in C \ A, and applying Lemma 83, we get

e LR B (7-23)

Now let us prove Claim 1 by taking

(4 2(pme)+ D
"(5*7)

It is clear that T < K /2. Suppose [ < t. Then / < K /2. By the definition of K, Lemma 7-3
and Corollary 7-6, 1 does not intersect TUU;D;, and so nC C\ (T U P, UD;). From
[ < 7 and the definition of 7, the left-hand side of (7-23) is greater than 1/2[/. Thus the
sum on the right-hand side contains at least one term, that is, there is at least one (¢, ,, A/)-

geodesic 7; which is homotopic to 7 in @ \ A, so that Iy,  (n;, AJ) < K. From Lemma 7 3,

Corollary 7-6 and the definition of K, such ; do not intersect holomorphic disks and T,
and thus contained in (C\ (TU Pg U D;) also. Since T NA, #¥ and D; N A, #, such
n; are actually homotopic to 7 in (C\ (TUA,UU;D;) = C \ (TU Pg, UU; D;). It is clear
that there is at most one such (Pmns Al 7)- geodesw because > any two such ones must be
homotopic to each other in C \ (TU Pg, UY; D;), and thus in C \ A/, and are thus identified
with each other. This means, there is exactly one term in the sum on the right-hand side
of (7-23). Let & denote this n;. Then l,, (€, AJ) <2l (1, A,). The proof of Claim 1 is
completed.

Clalm 2. There exists a constant « > 0 such that for all m >0 and all n large enough,
ify C C \Aisa (Gm.ns An)- geodesw with (v, A ) < K, then all components of F,~ '(y)
which are non-peripheral in C \ A, are contained in C \ A.

Proof. Suppose n C Aisa 1 component of F~'(y) which is non-peripheral in C \A,. Let Q
denote the component of C \ ¥ which does not contain the origin. Let us deform y in Q
into a single point. Then we have two cases. In the first case, the deformation of y can be

https://doi.org/10.1017/50305004121000098 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004121000098

34 GAOFEI ZHANG

lifted to a deformation of n by F,~! so that 7 is deformed into a point. In this case we must
meet a point z € Py, N A so that F,(z) € 2 C C \ A. In the second case, the deformation of
y can not be lifted to a deformatlon of n by F'. In this case we must meet some critical
point z € A so that F,(z) € 2 C C \ A. By (vi) of Proposition 3-2 in both the cases we have
F,(z) € A, where A, C C \ A is a curve segment connecting F,(z) to the point 1 such that
F,(A,) CT. Since F,(z) € 2, y must separate 1 and F,(z). In Lemma 4-2 let Ny =1 and
define the set A!. By Lemma 7-1

l¢m+l,n (yv An) S eZCu ° l¢m,n (J/» An) . (724)

Since A, C A1 and the number of the points in A1 \ A, does not depend on n, by Lemma 8-3
there is a (41,15 Al .)-geodesic y; which is homotopic to y in C \ A, such that

Lo (715 A)) S C1 Loy (7, A0) (7:25)

provided that/l, ., ,(y, A,) < C~' with C; > 1 being some constant independent of m and n.
In particular, y; must separate 1 and F, (z) and thus intersect A,. Let§ =8(1) < 10g(«/§ +1)
be the constant guaranteed by Corollary 7-6. Now take

Kk =Cle s,

Let us show that the « is the desired constant by contradiction. Assume that l¢ n (y, Ay <k.
Then 1y, .(v1, Al 2) <0< log(\/_+ 1) by (7-24-7-25). Since F),: (C\A — (C\A1 is a
covering map (see Lemma 4-2) and y; intersects A,, by Lemma 8-2, n; = F,(y;) is a
(P A,‘l)—geodesic which intersects T such that

Lo (11, A3) = Lo (1 A1) <.
This contradicts Corollary 7-6 and Claim 2 has been proved.

Recall that any point in P, \ (Py U A) is connected to the point 1 by the curve segment
A, see assertion (vi) of Proposition 3-2. So the proof of Claim 2 actually proves:

Claim 3. Let k > 0 be the constant in Claim 2. Then for all m > 0 and all n large enough,
if yCC\ Aisa (¢pn An)-geodesic with I, (v, A,) <k, then y does not separate the
point 1 and the points in Pg, \ (Py U A).

Let
L=max {(tA)", (kA)™", 2(2d — 1)e**} (7-26)

with and A = 1/1og (+/2 + 1), and 7, k, Cy > 0 being respectively the constants determined
in the Claims 1 and 2 and Lemma 7-1.

Claim 4. Let m >0 and n be large enough. Suppose the following two conditions hold
for some a > A=1/log (+/2+ 1):

(i) there is no (¢, ,, A,)-geodesic y satisfyinga < 1/1y (v, A,) < La;
(i) X ={y:yisa(¢mn, An)-geodesic with 1/1, (y,A,)> La}#?.
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LetI'={yeX:y C@\Z} and ' ={y e X:y C A}. Then ¥ =T"UT'* and moreover,
the following two assertions hold:

(1) both T and T'* are F,-stable multi-curves in C \ (T U P, UU; D;);
(2) forevery y €T', y does not separate the point 1 and the points in Pg, \ (P U A).

Proof. Suppose (i) and (ii) hold. Let y € X. From 1/1, (v, A,) > La and (7-26) we have
Iy, (v, A,) <min{r, k} < log (ﬁ + 1). (7:27)

By (7-27), Claim 1 and Lemma 8-1 all the elements in ¥ are contained in C \ (TU Pg, U
U;D;) and are disjoint with other. Since A, C (TU Pg, U U; D;), all the elements in X are
non-peripheral and non-homotopic to each other in @\ (TU Pg, U U;D;).So X =Tur*
and both T" and I'* are multi-curves in C \(TU Pg, U U; D).

To prove that I" is F,-stable, let Ny =1 in Lemma 4-2 and define the set A:, For each
y €T, by Claim 1, there is a unique (.., A})-geodesic & which is homotopic to y in
C\ (TU Py, UU;D;) with

Ly, (. AY) <214, (v, Ap). (7-28)

Suppose n C @\ (TU Pr, UU; D) is a non-peripheral component of F~!(y). Since each
D; contains two points @; and b; in A,, 1 is also non-peripheral in C\ A,. By (7-27) and
Claim 2, we have

ncC\A. (7-29)

Since & is homotopic to y in C\ (TU Py, UU;D;), and since F, :C\ A! - C\ A! is a
covering map and A}q C(TU Pg, UU;D;) , there is a (P10, A;)-geodesic ¢ which is
homotopic to n in C \ (T U Pr, U U; D;) such that £ = F,(¢). In particular, by Definition 4-1
we have

ly,, (1, Ap) =1y, (£, Ay) . (7-30)

Since F, is of degree 2d — 1, we have

Lo (6 A3) < @A = 1)1y, (5. A}) (7:31)
By Lemma 7-1 there is some C,, > 0 independent of m and n such that
Iy, (&, Ap) <€y (L, Ay). (7-32)
Since A, C Al, we have
Lo € A Sl (6 4)). (7:33)
Now by tracking these inequalities according to the order (7-30, 7-32, 7-33, 7-31, 7-28),

we have
ly,, (1, A) <2(2d — )e*@ -1, (v, A,) .

Since 1/14,,(y, Aw) > La, by (7-26) we get 1/1y, (1, Ay) >a. By (i) it follows that

1/1g,.(m, A,) > La and thus n is homotopic in C\ A, to some element 8 € X. Since
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n C C \ A by (7-29), we must have 8 € I'. Since both 7 and 8 do not intersect T U U; D;,
and since T and each D; contain points in A,, the homotopy between n and B can be
made in (C\(TUA Uy, D)_(C\(TUPF UU; D;). This proves that I" is F,-stable in
(C\(TU Pr, UU;D;). By symmetry I'* is also F,-stable in (C\(TU Pr, UU;D;). This
proves (1).

The assertion (2) follows from Claim 3 and that [, (y, A,) <«k.

Claim 5. LetI" be a F),-stable ml}]ti-curve inC \ (T_U Pg U U; D;) described in Claim 4.
Then I' is a f-stable multi-curve in C \ (A U Py UU; D;), and moreover, I induces the same
linear transformation for F,, and f.

Proof. Let I' = {yl 1<I<N} with 1 <N <M and M being the constant in (7-21). By
deforming y; in C \ (T'U P, UU; D;), we may assume that y, C C \{z:]z] <1+ r} forall
1 <l < N, where r; > 0 is the constant in Remark 3-2. Then Claim 5 follows obviously if
the following three assertions hold. Let y; € I" be an arbltrary element.

(1) If a component of F~ '(y;) is non-peripheral in C \(TU Pg, UU; D;), then it is
contained in C \ A

(i) F ' (y) N (C\A) = f~'(y) and when restricted to each component of f~'(y;), F,
and f coincide with each other.

(i) A component of £~'(y;) is non-peripheral in C \(TU Pg, UU; D;) if and only if it is
non-peripheral in C \ (AU PrUY; D).

The first assertion follows smce I' is F,-stable in C \(TU Pg, UU; D;) and all the
elements in I are contained in C \ A. The second one follows from Remark 3-2.

To see the third one, let 7 be a component of f~ Y(v)). Suppose 1 is non-peripheral in
@ \ (TU Pg, UU; D; ) Then 7 is contained in C \ A and is homotopic to some element 8 € T’
in C \ (TU Pg, UY; D;). Thus by (2) of Claim 4, 5 does not t separate the point 1 and the
points in Pg, \ (Py U A). This implies that the > component of C \ 17, which does not contain
T, does not contain the points in Pg, \ (P; U A). So n must be _non-peripheral in C \ (AU
P,UY; D;). On the other hand, suppose 7 is non-peripheral in C \ (AU P;UY, D;). Since
P; C Py, the component of C which does not contain T must contain at least two points
in Py and thus contains at least two points in Pf,. Since the other component contains T, it
follows that  must be non-peripheral in C \ (TU Pg, U, Dy).

Claim 6. Let A=1/log («/5 + 1) and L be the constant defined by (7-26). Then there
exists a C; > 0 such that for all m > 0 and all n large enough, if (i) and (ii) in Claim 4 hold
for some A <a < LMA, then

N by, v A < @MY 171, (v, A+ C, (7-34)

yer yel

where I" is the F),-stable multi-curve guaranteed by Claim 4 and M is the constant defined
by (7-21).

Proof. In Lemma 4-2 let Ny =m, and define the set A”°. Then A, C A”™. Let p = |A"0 \
A,|. Then p > 1 is independent of m and n. Let

K = min {8(mo), A(mo), L™ A"} <log (fz n 1),
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where §(mg) and A(mg) are the constants guaranteed by Corollary 7-6 and Lemma 7-3
respectively. Let us prove Claim 6 by taking

2 p+1
=M=+,
=)

Let I'={y;, 1 <i < N} with 1 < N < M. Recall that for each y; €', I3, (vi, A,) < T, see
(7-27). By Claim 1, there is a unique (¢, ,, A2'°)-geodesic y; homotopic in C\ (T U Pp, U
U,’D[) to y;. Let

I'={y/, 1<i<N}.

Note that F™ .C \ AZ:O —-C \ A™ is a covering map by Eemma 4-2. Let y/ ;, denote all
the components of F, "0 (),J{) which are homotopic to y/ in C\ (T U Pr, UU; D;). Then y/ i
are (Pmmons Al0)-geodesics. Let d; j o > 1 denote the covering degree of the map F)™ :
Y!;« —> ;- Now let us prove

S Y by O A < DV gy, (Vi A7) + € (7:35)

i ij.a

Note that A,, C A,’fo. In Lemma 8-3 let X =C \ Prntmy (An) and P = Py, (AZ“J \ A,). For
each y; € I, by the left-hand inequality in Lemma 83 we get

p+1

8 2
Vg Vi A) <D /1y (,7, AZ”’) R S (7-36)
n

where the sum is taken over all (¢4, A’"") -geodesics 1 which are homotop1c to y; in
C\ A, and satisty I, ., . (1, A’”O) < K. For any such 7, since F"*: C\ A’"0 —C \AMvisa
covering map, it follows from Lemma 8.2 that F"* (1) is a (¢, », A'°)-geodesic with

l¢men (Frllno (77)’ Anmo) S l¢m+m0,n (n’ A:lm)) < K'

By Corollary 7-6 and Lemma 7-3 F"(n) does not 1ntersect TUU;D;, hence n does not
intersect T U U; D; either. Since 7 is homotoplc toy;, €lin C \ A, and y; C C \ A, we must
have n C C\ A. Since (AP \ A,) C(TUy,; D;) and F!"(n) does not intersect T U U; D;,
and since each D; contains two points a; and b; in A,, F;" (1) must be non-peripheral in
C \ A,. Since A, C A}, we have I, (F"(n), A,) <lg,,(F(n), A°) < K <1/a. Thus
1/l (F(n), Ay) > a. By (i) of Clalm 4, we must have 1/15,  (F,"(n), A,) > La. Thus
either F;"*(n) C A and is homotopic in C \ A, to some element in I'*, or F"(n) C C \A
and is homotopic in C \ A, to some element in I'. Since F"*(n) and all the elements in I" and
I'* do not intersect T U U, D;, and since T and each D; contain points in A, in both the cases,
the homotopy can be made in @\ (T U Pr U D;). The first case can not happen. Because
otherwise, since I'* is F,-stable and 7 is a non-peripheral component of F, " (F"°(n)), n
would be homotoplc in C \ (TU Pg, U D;) to some element in ['*. But this is 1mposs1ble
since n C (C\ A and all the elements in I'* are contained in A. So F,"*(n) C (C\ A and is
homotopic in C \ (TU Pg, U D;) to some element in I". This, together with the definition
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of I'", implies that F,"(n) € I'". Assume that F,"(n) = y;. Then  must be one of the y/; ,.
From (7-36) we get

o 2 p+1
1/l¢m+m0.n (yi’ A”) < Z 1/l¢m+m@,n (Vi»jsa’ An ) + ; + T’
],
From N < M, (7-35) follows by taking the sum of the above inequalities for 1 <i < N. By
Claim 5. I' induces the same linear transformation for F, and f. Thus by (2-1, and (7-22)

we have
max 20; d,-,l,-,a = max Z bij<(@2M)™. (7:37)
‘We thus have
- 1
Z 1/l¢m+m0ﬁ (yi/,j,()t’ A::LO) = Z (Z d . )1/l¢m,n (y]/’ A:lno)
i,j,a j o b)Y

<My 1/l (v) A) (7-38)
J
<@M)™ Y 1/l (v A)

J

The last inequality holds since A, C A and thus [, (yjf LA < l¢m1n(yjf , A"). (7-34) then
follows from (7-35), (7-38) and that Iy, , (v}, Ax) =1y, (v, An).

Now let us complete the proof in the Step 5. Let N* > 1 be an integer such that all the
assertions proved until now hold for all m >0 and all n > N*, see Remark 4-2. Take an
arbitrary n > N* and let it be fixed. For m > 0, let

Xm = max{l/l%.”(y, An)}a
Y

where the max is taken over all non-peripheral curves y in C \ A,. Since ¢y, =id and since
the spherical distance between any two distinct points in A, has a positive lower bound
independent of n (see Proposition 4-1), it follows that /4, (v, A,) has a positive lower bound
independent of y and n. So we have a constant 0 < ¢y < oo independent of 7 so that xy < ¢y.
From Lemma 7-1 it follows that x,, .| /x,, < > holds for all m > 0 with 0 < Cy < oo being
the constant in Lemma 7-1.

Let My=max{2C;, A - ™ . LM+1} with C;> 0 being the constant in Lemma 7-1,
L > 1 being the constant given by (7-26) and C; > 0 being the constant in Claim 6 and
A=1/log (+/2+1).

Now suppose x,, > M, for some m > 0. Then there is a (¢, ,, A,)-geodesic n so that
X =1/1y, (7, Ay) > A - e¥0C . LM Since there are at most M (@, A,)-geodesics
with length less than log (v/2+ 1), there is some 1 <i <M + 1 such that there is no
(Pm.ns Ay)-geodesic y satisfying L'™'A < 1/1,, (v, A,) <L'A.InClaim4leta=L""'A <
LM A. Then the two conditions in Claim 4 are satisfied. Let I" be the F,-stable multi-curve
guaranteed by Claim 4.

Suppose Xpim, = 1/14,,,,, (& Ay) for some (Bnim.n, An)-geodesic &. There are two
cases.
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In the first case, 1/1,4, . (§, A,) < La. By Lemma 7-1 we have
xm+mu == 1/l¢7,,,+,,,0,,, (Ea An) S ezmoco/ldb,,.,, (Sy An) S A : €2m0C0 ° LMJrl 5 Xm -

In the second case, 1/1,,,(§, Ay) > La. By the definition of I', it follows that & is
homotopic in C \ A, to some y € I'. By Claim 6 we have

Xty < YV Ly (v A < @MY "1/, (v, A +C

yel yel
1
= E-xm + Cl =< Xm-

The last inequality holds because x,, > M, > 2C, by the definition of M,.
Now by Lemma 8-4 we have

Xy < D =max {b(')"”_lco, bg’”Mo} , Ym > 0.

Since n > N* is arbitrary and by, c(, my, M are independent of n, the proof of the Step 5 is
completed by taking § = D~'. Lemma 4-3 has been proved.

8. Appendix

For the convenience of the reader we state three lemmas which are repeatedly used in
Section 7. For the proofs, see [3].

LEMMA 8-1. [3, corollary 6-6] Let X be a hyperbolic Riemann surface and y,, y, be two
simple closed geodesics with length < log(«/i + 1). Then either y, =y, or yy Ny, = 0.

LEMMA 8-2. [3, corollary 6-7] Let X be a hyperbolic Riemann surface. Let y
be a geodesic in X which intersects itself transversally at least once. Then Ix(y) >
210g(«/§+ 1). In particular, if f:X — Y is a holomorphic covering map between two
hyperbolic Riemann surfaces, and if y C X is a simple closed geodesic with Ix(y) <
2 log(«/i + 1), then f(y) must be a simple closed geodesic in Y such that

Ix(y)=do-ly(f(¥))

with dy > 1 being the covering degree of f :y — f(y).

LEMMA 8-3. [3, theorem 7-1] Let X be a hyperbolic Riemann surface, P C X a finite
set with |P| = p > 0. Choose K < log(ﬁ—i— 1). Let X’ =X — P. Let y be a simple closed
geodesic in X and {y|, ..., v]} be the simple closed geodesic in X' which is homotopic to
v in X with length less than K. Let | =Ix(y) and l; = lx/(y;). Then s < p + 1 and

1 2 p+1 L_1, 204D

< — <
I = K 1 b4

I<i<s !

In particular, there is a constant C(p) > 1 depending only on p such that ifl < C(p)~', then
there is some y/ with 1 <i <s so that

I'<C(p)-L.
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Note. The last assertion of Lemma 8-3 follows by taking K = (1/2) log(«/i + 1) and

C(p) = max {Z(p 11,2 (”—H n 3)} .
K T

LEMMA 8-4. ([7, Lemma 7-6]) Let by > 1, ¢y, My > 0 and integer mo > 1 be given. Then
for any sequence {x,,} >0 of positive numbers satisfying:

(i) xo = co3
(il) Xps1/Xm =< bo;
(iii) if X, = Mo, then Ximtmo = Xm-

Then
X < max{by® " o, b My}, Ym > 0.

The following is a technical lemma on homotopy. We use it in Section 5. Its proof is rather
elementary and we leave it to the reader.

LEMMA 8-5. Let U;, 1 <i <I, be Jordan domains with U; C A and U; "U; =¥ for
1<i#i'<l. Let Q={qi, .., qu} C A be a set consisting of finitely many points. Suppose
ONU;U;=0. Let X=A \ (QU U;U;). Then there exists a T >0 such that for any
homeomorphism h: X — X, if dist(h, id) < v and h|dX =id, then h is homotopic to id
rel 0X.
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