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Scholte waves, waves bound to the interface between a fluid and an elastic half-space, are, for
many material combinations, evanescent; as they propagate, they are damped due to radiation.
A representation of the general evanescent Scholte wave is here obtained in terms of a solution
to the membrane equation with complex speed, linked, at each instant, to a complex-valued
harmonic function in a half-space. This derivation generalises one obtained recently for (non-
evanescent) Rayleigh, Stoneley and Scholte waves. An alternative description is also obtained,
in which the time-evolution of the normal displacement of the interface satisfies a first-order,
complex-valued, non-local evolution equation. Amongst some explicit solutions obtained are
decaying solutions allied to a general solution to the Helmholtz equation, and a solution
closely related to a Gaussian beam. In the plane—strain case, the general Scholte wave splits
into two disturbances, one right-travelling and one left-travelling, each being described at all
times in terms of a harmonic function in a half-plane, decaying with depth yet having arbitrary
boundary values. This representation highlights the dual elliptic-hyperbolic nature typical of
guided waves and gives a surprisingly compact representation for the two-dimensional case.
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1 Introduction

Rayleigh’s [21] 1885 prediction that, along the surface of a linearly elastic half-space,
sinusoidal waves of any wavelength may propagate at a unique speed, below that of both
dilatational and shear waves within the half-space, was generalised by Stoneley [20] for
waves at the plane interface between two dissimilar elastic media, and independently by
Scholte [19] and Gogoladze [8] for waves at a fluid—solid interface. All such waves are
non-dispersive. In fact, analogous waves exist at the surface of an anisotropic half-space
or between two anisotropic half-spaces, though the propagation speed then depends upon
direction but not wavelength (or frequency) of the wave. Such waves have been much
studied and utilised (see e.g. [2-4, 7] and references therein) and the theory extended to
include non-linear effects [16]. More recently, as a by-product of investigations into waves
on plates and layered half-spaces [1,14,15], it was observed that cases involving isotropic
(or transversely isotropic) half-spaces give rise to a substantially generalised theory [11,13].
Indeed, rotational invariance of material properties about the surface normal makes the
wave speed independent of both wavelength and direction. This property is shared by
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the familiar membrane equation, u,; = c(tix + uyy), and it is a major result in [13] that
Rayleigh, Stoneley and Scholte waves have explicit representations in terms of solutions
to the membrane equation and, at each time, a linked solution to Laplace’s equation in
a half-space. The one restriction on that prediction for Stoneley and Scholte waves is
that it applies only when the material combinations allow the wave speed to be real.
Particularly for the Scholte waves, this requirement is known to be restrictive, so that, for
example, at a steel-water interface, the ‘wave speed’ must have a small imaginary part
(the wave must be accompanied by radiation away from the interface into the fluid — the
slower medium). The aim of this paper is to analyse explicit representations for this case,
specifically for evanescent Scholte waves. (It is anticipated that similar analysis applies,
but with increased algebraic complexity, for Stoneley waves at the interface between two
elastic materials in the case for which interface waves cause radiation into one of the
half-spaces so that interface waves are evanescent.)

For evanescent Scholte waves, one representation is found here in terms of a complex-
valued solution to the membrane equation with complex speed. Associated with this function
at each time is a (complex-valued) solution to Laplace’s equation in an abstract half-
space. Then, at each instant, the displacements everywhere are given explicitly in terms of
first derivatives of this ‘potential’. This representation is a natural generalisation of the
solution structure for the non-evanescent case [13], which has real propagation speed. This
case shows the dual elliptic-hyperbolic nature of guided waves [6,9,10] — as is typical,
the guided wave has structure defined through solution of a boundary value problem
(a feature of elliptic systems) yet propagates according to the membrane equation (the
wave equation in two dimensions, a hyperbolic equation). For Scholte waves, a standard
analysis using complex exponentials shows, in Section 2, that both the non-evanescent
and evanescent cases of spatially sinusoidal waves may be treated together, provided that
the frequency (or, equivalently, the speed) is allowed to be complex. This allows time
dependence which is a product of sinusoidal and exponential terms. The corresponding
displacement field in the evanescent case is a linear combination of terms each having
depth dependence which is a complex exponential decay. Superposing these evanescent
waves of all wavelengths and directions then gives, in Section 3, a representation of a
general disturbance in terms of three copies of a single function. This is closely similar to
the representation in the non-evanescent case [13], where displacements are given in terms
of three depth-scaled copies of a single scalar function, which is harmonic in an abstract
half-space and has boundary values evolving in time as a solution of the membrane
equation. Two copies apply within the elastic medium and one within the fluid.

The essential difference in the evanescent case is that the abstract ‘depth coordinate’
must become complex, while the surface values of the potential evolve according to
the membrane equation with complex speed. However, a general solution to that equation
requires initial conditions equivalent to four real functions defined over a plane. This is
much more information than is required in the non-evanescent case. Hence, unsurprisingly,
it is found that only a subset of solutions is relevant, in which the real and imaginary parts
of the solution are interrelated at each time. It is shown in Section 4 that there are integral
representations for initial conditions for the imaginary part in terms of those for the real
part. Thus, within the initial conditions only two real functions may be independently
specified over the plane interface. An alternative is to specify a single complex-valued
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function as the initial values of both the real and imaginary parts of the potential; for
the initial values of the time derivative of that potential there is then no freedom — they
are defined completely through an integral representation.

These features suggest that the potential evolves according to a first-order evolution
rule. Indeed, this is so. It is shown, also in Section 4, that the whole solution may be
described formally, at all times, in terms of a single complex-valued solution to Laplace’s
equation in a half-space, in which the coordinate normal to the surface is allowed to be
complex (it is a complex linear combination of depth and time). This again highlights the
elliptic-hyperbolic duality. In addition, it greatly helps, in Section 5, in the construction of
explicit solutions for evanescent waves. Besides the expected unidirectional solutions that
are either time-harmonic (hence spatially decaying) or spatially sinusoidal (hence, decaying
with time), there are decaying solutions of fixed (complex) frequency corresponding to
any solution to the Helmholtz equation (cf. Achenbach’s analysis [1] for plate waves).
Also, an exact and explicit solution analogous to a Gaussian beam is obtained (without
any approximation using high-frequency asymptotics), similar in structure to a solution
to the wave equation given by Kiselev [12]. This shows that beamlike solutions (with
time dependence, which is not exactly sinusoidal) exist to the full set of equations and
boundary conditions for an isotropic elastic solid adjoining a compressible fluid.

In Section 6, the special case of two-dimensional Scholte waves is revisited and it is
shown that the evolution equation for normal displacements at the interface involves
two real-valued functions and their Hilbert transforms, while interior displacements are
represented in terms of the two associated pairs of conjugate harmonic functions in a
half-plane. In fact, the general solution is a superposition of a right-propagating wave
and a left-propagating wave, each having arbitrary initial form. However, the wave profile
of each does not have permanent form, unlike in the non-evanescent case. It evolves with
time (or, equivalently, distance). Moreover, its time-evolution is given by evaluating, at
successively increasing depths, the harmonic function whose values on the Ox axis coincide
with its initial waveform. This representation of a general two-dimensional, evanescent
Scholte wave, in terms of two arbitrary harmonic functions is a further demonstration that
interface waves have many features of elliptic equations as well as of hyperbolic waves.

2 Two-dimensional analysis for Schélte waves

At the interface z = 0 between a fluid occupying z > 0 and having density pr and sound
speed ¢ and an isotropic elastic solid occupying z < 0 and having density p and Lamé
constants A and u, and unit vectors e, e; and e; are taken along the axes Ox, Oy and
Oz of cartesian coordinates (x, y,z). For waves travelling along Ox, interface waves have
displacements u = ue; +we; = ue; +use; (they are saggitally polarised, i.e. u = u-e; = 0).
Within z > 0, there is a displacement potential ¢(x, z,t) such that

u= ¢x’ w = (]52 with d)lt = Cf2(¢xx + d)zz) (21)

(subscripts x, y, z and t denote partial differentiation). The corresponding velocity com-
ponents are u; = ¢y, and w, = ¢, and the perturbation pressure is

IA7 = _Pf¢tr-

https://doi.org/10.1017/50956792511000362 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792511000362

270 D. F. Parker

Within the elastic solid, the Navier equations are
(2 + wWV(V - u) + uV2u = puy, (2.2)

while the traction components acting over z = 0 are (in indicial notation, with commas
denoting partial differentiation with respect to x = x1, y = xp or x3 = z)

o3 = AV -woiz + pluiz +uz;) - (1=1,2,3),

so that
013 = u; + wy), g3 =0, 033 = Auyx + (A + 2p)w..

Thus, continuity of traction and (normal component of) displacement imposes the condi-
tions (at z = 0)

u; +wy =0, Ay + (j- + 2,u)Wz = _ﬁ = Pffl»')na w = ¢z- (23)
We now seek generalised travelling wave solutions
u=A(k)V(z, k)" 4 cc. (2.4)

with k real but ¢ possibly complex, provided that Imc¢ < 0 (to ensure attenuation rather
than amplification). The term c.c. denotes the complex conjugate. Observe that the case in
which c is real corresponds to the non-evanescent Scholte waves, for which the membrane
equation arises, as shown by Kiselev and Parker [13].

Details of the depth-dependence V(z,k) are found as follows:
In z > 0, take ¢ = b, A e Vklzeikx—lklet) L ¢ ¢ o that

V = b (ike; — prlkles) e 77, (2.5)

where ¢ = (1 — y¢?)ci, so that the ‘attenuation factor’ yr may be complex, with Re y; > 0.
In z < 0, the Navier equations allow special (separated) solutions

V = (ip1lkles + kes)e = = VO (z, k),
V = (ikey + palkles)e = VO (z, k),

where
12=1—c/es?, y2P=1—c*/er?, with Rey; >0, Rey, >0,
and cs = (u/p)/?, cL = [(A+2u)/p]'/? are the shear and longitudinal speeds, respectively.
Taking the linear combination V = a_V(z,k) + b_V?(z,k) leads to the expressions
(in z < 0)
U, +wy = i[a,(l + 1 2)k2enklz 2b,y2k|k\e"2|k|"]ei(kx_"'k”) +c.c.,
At + (4 2w, = {a_2ppiklkle™™ 4 b_[(4 + 2p)ps® — APk ek 4 ¢,

w = [a_ken I 4 b_pyJk|er k] eib=ckin 4 ¢ ¢
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Thus, the continuity conditions (2.3) reduce to the algebraic equations

2palklb- + (147 %)ka_ =0,
pec?|klby + u(1 + 91%) k[b— + 2pp1ka_ =0,
Velk|by + 2lklb- +ka_ =0,

for which the compatibility condition becomes
2
iy — (1 + 7912 = %Vz(l —?)" (2.6)

This is precisely the algebraic equation for ¢?> governing the non-evanescent Scholte waves
(i.e. ¢ real). While equation (2.6), after being squared twice and having substitutions made
for y¢%, y12 and 7,2, yields a polynomial equation for ¢? with real coefficients, this process
introduces spurious roots. It is preferable to rewrite equation (2.6) and to seek & = ¢?/cs?,
which satisfies

VB =EF(©) =A8Ve2 =& with F(&)=4/1-EVe2—E—a(2—87,  (27)

where 0 = ¢ /cs > 1, f = ¢/cs and A = pefi/(po) = prer/(pcL). Moreover, in equation
(2.7) the real parts of \/T—¢ =y, /o> —& = a7, and /f? — & = By must be chosen
as positive.

Real roots &, corresponding to the travelling (non-evanescent) Scholte waves, arise if
equation (2.7) has a root in 0 < ¢ < min(1, #?). However, equation F(¢) = 0 corresponds
to the secular equation 4y;7, — (1 + 7;%)> = 0 of Rayleigh waves on a traction-free
half-space z < 0 and so is known to have a single root ¢ = g = cg?/cs” such that
0 < &g < 1. Moreover, it is readily shown that F(0) = 0 and F'({g) < 0. Thus, if > > &g,
the function +/f? — & F(&) is real and positive for 0 < & < & and real and negative for
Er < & < min(1, f?). Since &21/62 — & > 0 throughout 0 < ¢ < &g, it can be shown that
equation (2.7) has at least one root & in (0, {g) for all A (> 0). Moreover, for small A there
is a root ¢ =~ &g. This defines a real speed ¢ < cr and corresponding real, positive values
for y1, y2 and yy.

The above case arises for ¢ > cr so that a Rayleigh wave in z < 0 would travel more
slowly than sound waves within z > 0. Otherwise, if ¢f < cg so that f? < &g, the function
/B2 — EF(¢) is purely imaginary on ¢ € (B2, &r). In general, solutions to equation (2.7)
must be sought in Im ¢ < 0. For small A, with ¢ = g — ? also small, writing & = &g — &&
allows equation (2.7) to be approximated as

KePE\JE—1=—A¢3\/o? — &, where K =—F'(&g) > 0.

This implies that arg¢ + farg(¢ — 1) = =, for which a parametric representation of
solutions is arg ¢ = g + i and arg(¢ — 1) = 1 — 2¢, so leading to

Z = 2 sin'q2 i
1 —4sin“gq
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with ¢ related to ¢ through

2 si Aé3+\/o? — 1
51‘n2q _ Ak (Z R for 0<g<-m.
(1 —4sin” q)3/2 &32K 6

Note that as A/&’/? becomes small, argé decreases from %n to %n so that & becomes
close to the positive imaginary axis, so keeping Im ¢ < 0, as required. In fact, for A < 1
but with ¢ significantly smaller than cg so that g — > = O(1), the approximation to
equation (2.7) simplifies considerably to

iAéRz 2 — éR 2 2

1 iACR2 CL2 — CR2
Oor ¢ = Cr —
K | &k—p Keg | cr? —cf?

Erér—

Thus, evanescent Scholte waves with Rec > 0 and Im ¢ < 0 certainly exist, for ¢f < ¢cr
with A small. The temporal decay is due to radiation of energy into the fluid, which has
sound speed below the Rayleigh speed of the solid.

It may be noted that even for the ‘free space’ case limit pr = 0 which defines Rayleigh
waves, the secular equation (2.6), or equivalently equation (2.7), possesses complex roots c?,
with correspondingly complex values for y;, v, and y;. However, in the general case, only
those roots with |Im¢| < |Rec| are of practical significance, since other roots correspond
to modes that attenuate appreciably on the scale of a wavelength. For this reason,
attention should be confined to cases with small, but negative, argc and hence small
larg £|. Analysis of uniqueness, or otherwise, of admissible solutions in a related problem
for viscoelastic surface waves, in which the secular equation has complex coefficients, has
been treated by Romeo [17].

The displacements within the generalised travelling wave (2.4) are found from

by tbo am = p(1—yp)k + =2palk] : ye(1 4917k,

Choosing as normalisation the condition e; - V(0,k) = %, so that w = Re A(k)e!—Iklet),
then gives
[—i(sgnk)ey /e + es]e 7k inz=0
2V(z,k) = ¢ (1— V12)_li(sgnk)[2y1e"“‘k‘z — 927 (14 pi2)erki]ey (2.8)

(1 =2 2e7ME — (14 9,2)ek)e;  inz <O,

From (2.4) and (2.8) it is seen that, when ¢ is written as ¢ = ¢y —ic— with ¢ > 0,
the normal displacement w(x, t) (and indeed each displacement component at each depth)
propagates so that

aaf‘: + c+2—: sgnk = —c_lk|w.
This evolution equation has affinity with those derived recently for surface wave energy
by Rousseau and Maugin [18], who interpret surface waves as quasi-particles. However,

it applies only to waves with a single wave number. Since the decay in amplitude is
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inversely proportional to wavelength, no similar equation applies to waves propagating in
all directions at all wave numbers, as developed in subsequent sections.

3 Superposition as a wave of general form and direction

Since the governing equations and interface conditions are invariant in form under
rotations about the Oz axis, a generalisation to three dimensions of the complex-valued
displacements (2.4) is given by first defining a (real) surface wave vector k = kie; + ke,
and its associated unit vector k as

u = Ak)V(z, k) e!®*=k)  4*(k)V*(z, k) e~ ikx—< ki) (3.1)
for any complex A(k), where " denotes the complex conjugate and

(270~ (yres — ik) e 7Kz z>0
V(z.k) =4 (1 —712)  (es + ipik) er1lkE (3.2)
—1292(1 = p2) 17 (14 912) (p2es + ik) €%z <0.

For any ¢ chosen so that Rec > 0 and Im¢ < 0, equations (3.1) and (3.2) describe a
real-valued, spatially sinusoidal wave travelling in the direction of k and decaying with
time. By selecting ¢ as such a root of (2.6) (i.e. with —n/2 < argc < 0), we observe that
—¢" is also an allowable complex speed (since Im — ¢* < 0), but Re — ¢* < 0 so that the
corresponding wave travels in the direction of —k. As

= (1 —cz/csz)l/z, 7= (1 —cz/cLz)l/2 and = (1 —C2/Cf2)1/2

are defined with Rey; > 0, Rey, > 0 and Rey; > 0, then

1/2

y’f = [1 — (—C*)Z/Csz] , V; = [1 - (_C*)z/cLz] v

and 7} = [1 — (=) /e?]"”,

with Rey; >0, Rey; > 0 and Rey; > 0.
Also, observe from equation (3.2) that displacements within the complex-valued atten-
uating wave with wave vector k but with complex speed —c* are given by

V* (z, k) el K,

Hence, by writing the general superposition of attenuating travelling waves in two equi-
valent forms as

u= / {AK)V (z,k) e!®*=kD L J(k)V*(z, —k) el®kX+< KN dk; dk,

—00

= / [AK)V(z, k) e/ ®X=kD) 4 J(—K)V*(z,k) e kXK dk; dk,, (3.3)

—0o0

we see that u is a real-valued, generalised, attenuating, interface-bound disturbance,
provided that A(k) is chosen to satisfy

Ak) = A*(=k) (e A(=k) = A" (k)).
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Moreover, equations (3.2) and (3.3) may be written in terms of P(k) = |k|~'4(k) as
o0 o0 .
u=2Re / / P(K)k|V(z, k) e®*kD d, dk,, (3.4)

together with

—(2y¢) 71 (ik — yrlkles) eIk, 220,
(2y 7
—1,. o klz
k|V(z,k) = ¢ (1 —p?) " (iy1k + [Kles) en™ (3.5)
21(?1“ (ik + 7, |k|es)ekz  z <O0.

Just as the non-evanescent case (¢ real) allows u to be written [13] compactly in terms
of copies of a single scalar function @(x,y,Z;t) (with Z being an abstract variable
formally independent from the spatial coordinate z), representations (3.4) and (3.5) allow a
representation in terms of a complex-valued potential y(x, y, Z ;t). First, define x(x, y,Z ;t)
as

1y, Z:t)=2 / / glkx—cking=IkiZ 4k, dk,, (3.6)

which is readily seen to satisfy
Yax + Ay + 12z = 0, (3.7)

so that at each instant t the function y(x,y,Z;t) is a complex-valued harmonic function
of x, y and Z. Moreover, its evolution with time ¢ is simply given by

A = 1cyz. (3.8)

Indeed, by defining { = Z +ict, it is found that

ey Z:0) =2 / / P(k) KOGk, dky = O, v, 0), (3.9)

so that @ satisfies
O+ 0, + 0y =0. (3.10)
The connection with u is seen by observing that, in the fluid-filled region z > 0,
w  poo
u=—Re / / P(K)ys ! (ik — yrlkles) ek x—ckineg=rlklzqg  dk,
= —Rey 'V / / P (k) 't~ 0emimkE dkey dk,
o

= —Re "/f_IV/ / P(k) e[ik'x—\k\(”}’f2+ict)]dk1 dkz

= —Re (2y)"'VO(x, y, yiz + ict). (3.11)
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A similar representation exists in the half-space z < 0, in the form

0 .
u=Re yl V+e737 @(x’y’yl|z|+16t)
1—7y2 y1 Oz

1+ 7y?
2y2(1 —712)

In particular, the normal displacement w(x, y, t) at the interface z = 0 is given by

—Re VO(x,y,y:]z| + ict). (3.12)

Ww(x, 1) = w(x, y,0;t) = / “ / {A(k) elx—ki) 1 4% (k) e~ ikx=<"KIN q; dk,

=2Re / V / A(k) e *&x=<KID dk, dk,

= —Re yz(x,»,0;t) = —Re O¢(x, y,ict). (3.13)

Hence, the general displacement field carried along with the evolving normal displacement
w(x,y,t) is expressed at typical z through (3.11) and (3.12) in terms of three depth-
scaled and time-shifted versions of the complex-valued harmonic function y(x,y,Z;t) =
O(x,y,0).

Moreover, differentiation of (3.8) shows that

A = —Cz}{zz,
so that substitution into (3.7) then yields

T = (oo + Lyy)- (3.14)

Thus, at each Z, the complex potential y satisfies the membrane equation with complex
speed. So also does the function W(x,y,Z;t) = —yz(x,y,Z;t) = —O(x,y,{) and, in
particular, its boundary value W(x,y,t) = W(x,y,0;t) = O¢(x,y,ict). Specifically this
gives

Wy = (W + W), (3.15)
so that the normal displacement W(x, y,t) = Re W(x, y,t) is the real part of a function
satisfying the membrane equation with complex speed (3.15). It is readily seen that, whenever

¢ is real, equation (3.15) reduces to the membrane equation, and the description reduces
to that of non-evanescent Scholte waves, as described in [13].

4 Evolution of the interface data

While w(x, y,t) has been shown in Section 3 to evolve as the real part of a solution to
(3.15), in order to identify a solution to that equation it is necessary to specify initial
conditions for both of the complex-valued functions W and W,. However, these are not
independent, since W (x, y,Z ;t) satisfies Laplace’s equation

Wi + Wyy +Wzz =0, 4.1)
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for each t and, moreover, decays as x> + y*> + Z> — oo in Z > 0. It has a Fourier
representation

W(x,y,Z;t) =2 / / vA(k)ei(k"‘""k“)e’wz dk; dks,

from which it is readily found (cf. (3.8)) that
W, =icW5. 4.2)

However, by applying Green’s identity to the pair of functions W(x/,y’,Z’;t) and

1 1

¢r= (=P + 0=V P+Z =2V (x—xP+ =P+ Z+ 2P

in the half-space Z’ > 0, excluding a small sphere centered at (x',y’,Z') = (x,y,Z), yields
a representation for W(x,y,Z ;t) in terms of its normal derivative as

W(x,y,Z;t) = ——/ / (=) WZ(ZV 2 yO) t)_‘_zz]l/z dx'dy'". (4.3)

Setting Z = 0 and using equation (4.2) then shows that W(x, y,0;0) defines W(x, y,0;0).
More generally, W and W, are interrelated at each value of t.

Observe that, for all ¢, displacements are represented, through equations (3.11) and
(3.12), in terms of the complex-valued potential x(x,y,Z ;t). Since, at each time ¢, y
satisfies equations (3.7) and (3.8) thoughout Z > 0 and decays as x> + y*> + Z2 — oo in
Z > 0, Green’s identity may be applied to y(x',y’,Z’;t) and

1 1

R R N 21 L (M S R VS

in the half-space Z’ > 0, again excluding a small sphere centered at (x',)',Z’) = (x,y,Z),

to yield
Zy(x',y",0:1) P
Ay, Z5t) = // R y)2+22]3/2dxdy. (4.4)

A similar equation apphes to W in the form

ZW(x,y,0;t) L
w Z;t) dx' dy’. 45
e / / [(x—=x)2+(y—y)2+2Z232 x dy (4.5)

Then, by differentiating equations (4.4) and (4.5) and specialising to Z = 0, it is found

that
x(x',y',051) 'y
0;t dx'dy’ =Ly 0;t
2z(x,,051) = / /:, (x_x g Y 2(x,,0510),
x y/ O.t) / / T
Wz(x,y,0;t dx'dy' =L W. 4.6
Z(XY ) / / (x_x +(y y)]3/2 X ay ( )

Hence, one form of the evolution equation is, from (3.8) and (4.2),

1:(x, y,0;t) = icL x(x,,0;t) and, similarly, W, =icL W, (4.7
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where the integral operator L is the ‘Dirichlet-to-Neumann’ map for Laplace’s equation
(3.7) in Z > 0 subject to |y| — 0 as x> + y> + Z? — co. The inverse M of L is found by
using the representation for y throughout Z > 0 (analogous to (4.3))

)CZ(X y,O,f) ’ ’
Z:t =3 dx'dy'.
Aoy, 230) / / (x—xP+—yP+z72 " %

Specialisation to Z = 0 then gives the operator M (the ‘Neumann-to-Dirichlet’ map) as

90’ ’ ’
7%, 3, 0; t)———/ / x_ff(x y(y 2) sy 0 4y =M. (438)

Note that L and M must satisfy
LM = ML = |, (4.9)

where | is the identity operator.
Now, splitting y(x,y,0;t) = 7(x, y,t) into its real and imaginary parts as 7(x,y,t) =
7(x, y,1) +i7(x, y, 1) gives

¥w=—ciLy+c Ly and % =c,Ly+c_ L%

Upon rearrangement, using the operator M, these show that at each instant ¢ the imaginary
parts of y and y; may be expressed in terms of the real parts, using the pair of maps L
and M, as

j\((x9 Y, t) = (_M ZZ + sz)/c+ and )ACI(X, Y, t) = (|C|2L;~{ - C*%I)/C+' (410)

Equations (4.10) allow initial conditions for the membrane equation with complex speed
(3.14) (evaluated at Z = 0) to be expressed in terms of just two real-valued functions

f(x,y) = }N((xsy’o) and g(xsy) = ;N{r(xsyao) as

. 1 . .

1(x,,0) = 7(x,»,0) +ij(x,y,0) = Z[c flx,y) —iMg(x, y)]; (4.11)
N 1 .

Zl('x’ y’ 0) = zt(xa .V, 0) + IXI(X7 y’ 0) = Z[Cg(x9 J’) + I‘C‘sz(X, Y)] (412)

Alternatively, the initial conditions may be expressed, using ¥, = icLy, in terms of a
single complex-valued function F(x,y) = f(x,y) +if(x,y) as

X(X:y,O;O):F(Xay, X[(xayao;o):iCLF: (413)
or, equivalently as the real conditions

7060,0) = f(x,y),  2(x0,0) = f(x,y),
7%, 9,0) = c_Lf —csLf (=), 2(x,0,0) = ciLf +c_Lf.

It should not be surprising that only one complex-valued function F(x, y) (or two real-
valued functions f(x, y) and g(x, y)) may be independently specified, since equation (3.8) is
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a first-order evolution equation, while equation (4.4) determines y(x,y,Z;t) at all Z > 0
in terms of its boundary behaviour ¥(x, y,t) = x(x,y,0;t) at that same instant.

4.1 A first-order, non-local equation

In the non-evanescent case described in [13], where ¢_ = 0, expressions (4.10) reduce to
4 = —c'Mj; and % = cLy, so explaining why it was unnecessary there to introduce a
second function W satisfying the membrane equation (with real ¢) — it is no more than a
Dirichlet-to-Neumann map of W and so does not allow additional initial conditions to be
specified.

In the evanescent case, solutions to equation (3.15) subject to initial conditions in either
of the forms (4.11) or (4.13) should lie in the subspace for which W, —icLW = 0 and,
equivalently, cW — iMW, = 0 for all subsequent times. This may be checked by defining
the quantities 3 = W, , § = W, and § = §+18 so that equation (3.15) becomes equivalent to

S, =cV2W with W, =38, (4.14)
where V,? = 0%/0x? + 0?/0y? is the two-dimensional Laplacian. It is readily checked that

V,2(MS) = LS,

so that the use of identities (4.6) and (4.8) then yields
%[3 —icLW] = *Vo? W —icLS = —ic[icVo* W + V23 (MS)] = —icVo* {M(S —icL W)} = 0.

Hence, whenever the constraint S = icLW (or, equivalently, ¢cW = iMS) is applied at
t =0 for all (x, y), it is found that

S =icLW and  cW =iM§ for all (x,y,t). (4.15)

Thus, the evolution of the interface values W(x, y,t) is governed by the single first-order,
non-local evolution equation

- R ic [ [* W(x,y,t) L
LW = dx'dy'. 4.16
”Z 1cLW o /_30 /_oo [(x_x/)2+(y_y/)2]3/2 x ay ( )

However, in a numerical integration scheme, evaluation of an integral at each time step

is best avoided by integration of the system (4.14), with accuracy controlled through
intermittent projection into the subspaces § = icLW, ¢cW = iMS.

4.2 An alternative evolution equation

Recall that W(x,y,Z;t) = —yz(x,y,Z ;t), so that there exist two companion harmonic
functions P(x,y,Z;t) = y« and Q(x,y,Z;t) = y, (each being complex-valued), which
satisfy (at each and every instant)

Py =z = —W;, 0z = Ayz = —Wy, P, + Qy =—yzz = Wyz. (4.17)
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Then, differentiation of equation (4.4) gives

(x—x"YW(,y,0;1) P -
Peorzin=re= 5 / / [(x—x)2+(y— y)2+22]3/2dx dy’ =MW(x,y.1)
(y =Y)W(x,)y,0;1) Dt aa TR
Qbey. 250 =1 / / [(x =X+ (y =)+ 222 dx'dy’ =MW (x, 1),

(4.18)

which shows how P and Q are related to W(x, y,t) through the operators M; and M,. In
particular, after setting Z = 0 to define operators M; and M,, these specialise to

P(x,y,t) = P(x,,0;t) = MiW(x,y,1), O(x,y,t) = 0(x,,0;t) = Mo W(x,y,t), (4.19)

while, since an alternative form for (4.3) is obtained through the use of Green’s identity
as

W(Xaya ): _/fZ(x yao [

// (x = Xz (x, ¥, 050) + (y — )yy(xyOI) dx'dy’
[(x —x') + (y — )12 ’

then
W(x,y,t) = —M{P(x,y,t) — M20(x, y, t). (4.20)

Observe that (4.19) and (4.20) imply the identity relation M? + M3 + 1 = 0. Also, use of
W, = icW, gives the non-local evolution equation for W = w + i as

W, = ic[(Mi W)y + (M2 W),], (4.21)

which is an alternative version of the non-local equation (4.16).
From equations (4.17) and (3.8) it is found that

P =—icW,, Q,=—icW,, W,=ic(Py+0y)
and that every solution has the representation
P(x,p,0) = 7x(x, p,1), O(x,,8) = 7y(x, 1) (4.22)
Hence, the required solutions evolve according to
W, =icVa’7  together with 7, = —icW = ic(M;7, + Maj,). (4.23)

This version shows (like (4.13)) that initial conditions ¥(x, y,0) = F(x,y) are sufficient to
define the general wave-like solution. Alternatively, for (4.21) initial conditions W (x, y,0) =
w(x,y,0) +iw(x, y,0) are sufficient.

The relationship of either of the above initial conditions to general initial conditions in
the two media requires further elucidation. Of course, interface waves form only a small
part of the excitation due to general initial conditions. Even for surface waves on an
isotropic half-space, efficient techniques for projecting this component out of the general
excitation are still being sought (see e.g. Touhei [22]).
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5 Some explicit solutions for W(x, y,Z ;t)

Equations (3.11) and (3.12) give expressions for displacements u(x, y,z,t) in terms of a
single complex-valued scalar function y(x,y,Z;t) = ©(x,y,Z + ict). Here, some explicit
forms for W(x, y,Z ;t) satisfying equations (4.1) and (4.2) are obtained, each allowing y
to be determined from y; = —W(x,y,Z;t).

5.1 Spatially sinusoidal disturbances

By seeking W(x,y,Z;t) in the form W = e**V(Z,¢), it is found from V; = icV, and
Vzz =—V22V =k -kV so that V oc e KIZ+i) Hence, for each a = constant,

W = aexpi(k - x — ¢, |k|r) e Kz g Ikle-t,

describes waves travelling at speed ¢, which decay with ¢_t as well as with the depth Z.
Clearly, the analogous solution for y is y = W(x, y, Z ;t)/|k| and has the same functional
form as W(x,y,Z;t).

5.2 An omni-directional generalisation
It is readily seen that W = U(x,y)e (“+i) qatisfies both (4.1) and (4.2) whenever
(complex-valued) U satisfies the two-dimensional Helmholtz (reduced membrane) equation

V,U + |k|*U = Uy, + U,, + [k[*U = 0. (5.1)

Corresponding solutions for y also satisfy Vo2 + |k|>y = 0, while decaying with both Z
and t. They describe oscillatory patterns decaying with depth and decaying exponentially
with time.

5.3 Time-harmonic leaky waves

Expressions W = e 'V (x, y, Z) satisfy equation (4.2) whenever V = e~ *%4/°U(x, y), with
U a solution to

0)2
VoAU + —=U=0 (5.2)

which is the two-dimensional Helmholtz equation with complex parameter.
Special solutions travelling in the direction of n = k have

U oc expi(w/c)n - x.

The substitutions ¢ = ¢, —ic_ = c4(1 —if) and k = wcn/|c|> = wn/[c4(1 + B?)] convert
this to

U oc ekXe=Pkx

so showing that 2nf is the radiative damping factor per wavelength. The corresponding
expression for W may be written as

W(x,y,Z ;1) oc e MZePkXexpifk - x — (1 + p2)cy k|t — BIk|Z). (5.3)
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Again, it is readily confirmed that solutions for y may have the same functional form
1 =be MZe kX expilk - x — (1 4+ p*)cy k|t — fIk|Z} (5.4)

for all vectors k = kje; + kyep. Using this within equation (3.9) then gives @(x,y,{) =
bexp[(1 +ip)(ik - x — |k|{)], so that expression (3.11) gives, within the fluid,

b(1 +1ip) .. —
w =R ik — sl exp— (8K x + 35" — 0 )KE]

xexpitk - x—wt — (Bye" + ) klz}, (3.5)

where ¢ and y have been split into their real and imaginary parts as ¢ = ¢4 + ic_ and
y¢ = 7 + iy~ and where @ = c, (1 4+ p?)|k|. Only for f < 1 do expressions (5.3) and
(5.4) describe weakly evanescent (leaky) waves.

Observe that unless argy; < arge = —tan~! B so that Sy + 9~ < 0, the loci of
constant phase at each z > 0 precede those at the interface z = 0. This behaviour would
not be expected of solutions to hyperbolic problems. It is a manifestation of the dual
elliptic-hyperbolic nature of surface- and interface-guided waves.

5.4 A Gaussian beam

In equation (3.10), write £ = x +1{, y = x —i{ and O(x, y,{) = @(&,n,y), so giving
&y, +4de, = 0. (5.6)
Then, seek solutions of the form
D(E,1,y) = €< (1, y),
where a is a complex constant, so that equation (5.6) yields
¢y + 4iag, = 0. (5.7)

The fundamental similarity solution to (5.7) (cf. the heat equation) is

i 2
$0y) = (n+n0) 2%, where q= Y TIO
n =+ 1o
Thus, for any complex a, a solution to equation (3.9) is
eia(erig’) ' (y + y0)2

O(x,y,() = (3.8)

— 5 SXpud———.
(x—i +n0)2 PR

Here, yo and 5o, like a, are arbitrary complex constants. Since

x+il=x—cit+iZ+ct) and x—i{+no=x+cit+ni —i(Z +c_t—ng),
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the choice yg = 0, with a and 5 real, gives

e—a(ZJr(’,t)eia(x—chz) _ay2
. ex -
[x —cit+no—1Z + c_0)]/? b7 +ce_t+i(x+cyt+no)

=0O(x,y,Z +ict), (5.9)

1, 9,Z,t) =

from which both W(x,y,Z,t) = —yz and u(x, y,z,t) are readily derived through the use
of equations (3.11) and (3.12).

Equation (5.9) has the form of a Gaussian beam symmetric in the plane y = 0.
However, like expressions (72)—(75) of Kiselev [12] for solutions to the wave equation
in three dimensions, these are exact solutions to the original set of partial differential
equations, rather than to a paraxial approximation arising through the use of high-
frequency asymptotics. Observe that, associated with the basic phase variable a(x — c4t),
there is time-decay e ' (evanescence) as well as decay with |z|. Indeed, within the fluid,
where Z = yyz, the first factor is

e—a(Zﬂ’,t) _ e—a(c’,terf*z) —iayf*z.

e
Also, the ‘beam width’ A¢ described by
AP = [(pr"z 4+ ) + (X + et + ¢z +10)°]/a

depends not only on the propagation coordinate x but also on time ¢t and depth z. There
are also, of course, corrections to the phase due to the arguments of the two denominators
in equation (5.8).

5.5 Fundamental ‘source’ solution

Equation (3.10) has, by analogy with Laplace’s equation, a fundamental solution
0 =H(x,y,{ +{o) = [+ 5+ + )12
which, in z > 0 where { = y¢z + ict, gives the fluid displacements as

1 xe; + yey + (yez +ict + {p)es
29 [X2 4+ y2 + (pez + et + (0)?]3/%

u=

The choice of complex constant {y = yzg, with zy real, gives (in z > 0)

o 1 xe; + yex + [yr(z + zo) + ict]es
29p {x? + y? + [yi(z + z0) + ict]?}3/2

u= (5.10)

Since the denominator is [x* + y? + {y7(z + z0) + c_t + i[cst + 77 (z + z0)]}%]¥/?, this
describes an axisymmetric disturbance first converging upon, and later diverging from,
(x,y,z) = (0,0,—z¢). Since this is associated with two similar disturbances in the solid,
expression (5.10) appears to have little physical applicability.
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6 The plane—strain case

In the two-dimensional (plane—strain) case, evanescent Scholte waves may be regarded as
a superposition of right- and left-travelling disturbances. Although each has a compact
representation in terms of conjugate harmonic functions, neither may be regarded as a
wave of permanent form as in the non-evanescent case. The representation generalising
that of Kiselev and Parker [13] and of Chadwick [5] becomes more subtle.

In equations (3.9)-(3.12), taking @, = 0 gives

O=0(x,0)=yx,Z;t) with { =Z +ict =27 +c_t+icyt,
where Z = yz and y =y + iy~ takes, in turn, one of the values yr, —y; and —y,. Thus,
equation (3.9) specialises to
o . . © . o
21X, Z:t) =2 / P (k)elkx—IklZ+e-tHer qf — 2 / P (k)e*¥e K dk. (6.1)
—0 —0

Similarly, the function W(x, Z ;t) = —y specialises to

o0 . .

W =2 / A(k) e**eKE dk,

—00

so that, at z =0,
o0

W(x,t) = W(x,0;t) =2 / A(k) ellkx—Iklex—ie)d g (6.2)

—0o0

W+ iw

Now define, in the upper half Y > 0 of a real (x,Y) plane, the two complex-valued

functions
Yi(x,Y) =2 / A(Hk) e dk, (6.3)
0
and also write
Y(x,Y)=YT(x,Y)+ Y (x,Y)=2 / A(k) e**e Y dk, (6.4)

in which YT is the contribution due to k > 0, while Y~ is the contribution due to k < 0.
When the functions Y'* are split into their real and imaginary parts ¢+ and 4= through

G Y) = / TTAGER)EE 4 A° (e d,
- (6.5)

nt(x,Y) = / i[A* (£k)e TR — 4(+k)et*¥)e Y dk,
0

it is readily seen that each of the functions ¢*(x, Y) and 5% (x, Y) is harmonic in the upper
half Y > 0 of the real (x, Y) plane, with

E=nt, =0 & =—ny. & =5 (6.6)
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Indeed, since ¢T +inpt = YT (x,Y) and £~ —ip~ = Y *(x,Y) each are analytic functions
of x 4+ 1Y, expressions (6.6) are merely the Cauchy—Riemann equations stating that
(E*,n™) and (67, —n7) each are pairs of conjugate harmonic functions throughout ¥ > 0.
Moreover, the functions decay as Y — oo.

Now, equation (6.2) shows that W(x,t) = YT(x — cyt,c_t) + Y~ (x + c4t,c_t), which
may be regarded as the superposition of right- and left-travelling disturbances. Moreover,
splitting into real and imaginary parts shows that

W(x,t) = ET(x—cyt,e_t)+ E(x +cqt,c_t),

(6.7)
W(x,t) =nt(x —cptet) +n(x +eptet),

so that the normal displacement at the interface is given in terms of the two harmonic
functions &% (x F ct, Y), which correspond to right- and left-travelling disturbances. The
accompanying function W(x,t) is given in terms of their harmonic conjugates. However,
during propagation the evolution and decay of the surface disturbance are simply given
by evaluating the two harmonic functions ¢*(x F c,t,Y) at ‘depth’ Y = c_t. This result
brings into prominence the elliptic nature of the evanescent Scholte waves, since the
surface displacement is related to its initial value just through the depth-dependence of
the two harmonic functions é%(x, Y).

Representation (6.7) suggests the splitting of W, W and W into right- and left-travelling
parts, defined by

WE(x, 1) = EX(x Fept,e_t), Wh(x, 1) = nt(x Fept,et), WE(x,t) = wh(x, ) + ivE(x, 1).
Then, differentiation shows that
W,=W+ W =—cW, +cW_,

which leads to the two uncoupled pairs of equations

W+ el =—chf, W+ el =cow!
and
W, —CceW, =Cc_W,, W, —CiW, = —C_W,.

Each pair may be readily transformed into one of the sets of the Cauchy—Riemann
equations in (6.6), so confirming the representations (6.7) for both w and w. However, two
useful observations follow.

Since all the harmonic functions decay as Y — +-o0, their values at Y = 0 (and indeed
at each constant value of Y') are related as the Hilbert transforms, namely

EH(xY)=2Hn (xY), nH(xY)=FHEN(xY), (6.8)

where H is defined through the principal-value integral

Ho(x,Y) = _71 ][_OC‘ % dx. (6.9)
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Thus, the evolution equations may be replaced by the pair of non-local equations
Wi+ e Wi = FHW), (6.10)

for the left- and right-travelling parts of the normal displacement at the interface.
Observe that, since the equation W, = ¢>W,, obtained from (3.15) may be factorised

formally as
0 0 0 0 -

it is hardly surprising that its general solution W(x,t) may be written as
W=WT(x,t)+ W (x,t) = YT (x —cpt,c_t) + Y " (x + cit,c_t). (6.11)

Moreover, the two functions Y*(x,Y) and Y~ (x, Y) defined by (6.3) are analytic functions
of x+1Y and x—1Y, respectively. Each is determined throughout Y > 0 by the boundary
data wt(x,0) = £*(x,0) = Re Y'¥(x,0). Consequently, the displacements in both z < 0
and z > 0 may be represented at all later times, using the two analytic functions Y*(x, Y),
in terms of the two real functions w(x, 0).

In the fluid-filled region (z > 0), equations (3.11) give the displacements

1
u= —Re /—[VY+(x —cit—yrzyfz e )+ VY (x+opt iz z+ )], (6.12)
Ve

while, in the elastic medium (z < 0), equation (3.12) gives

71 e; 0 _
u =Re <l —'})12V+ m@z) [Y+(X —C+t+'}/'1 Z,_V?_Z +C,Z)

+ Y (x4t — 7z, =)z + e 1)
1+9:2

— Rei

292(1 = 712)

+ Y (x4 cpt—9yz, =y z + )] (6.13)

VYT (x —cit+ 75z, =5z + c_t)

Thus, all displacements are represented in terms of three copies of the two pairs &, &F
and £, &y of conjugate harmonic functions. However, at each time t, only the portions
Y > c_t of the (x, Y) plane are relevant.

In particular, since Y& = ¢ 4 inf = Fi(&5 + inf) = FiYy, expression (6.12) yields
throughout the fluid-filled region z > 0

1 _ _ o
WZ—RG%(V?Y;{_W Y+ Yy YY)

=& (x—cst—yrzyfz+et) — E(x et +y7 2,90z + cot). (6.14)

7 Conclusion

This paper describes how the recently derived representation of omni-directional Rayleigh,
Stoneley and Scholte-Gogoladze waves [13] in terms of a solution of the membrane
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equation and Laplace’s equation in a half-space having the solution of the membrane
equation as boundary data may itself be generalised to the evanescent case. Taking Scholte
waves at the interface between a fluid and an isotropic elastic half-space as an illustrative
case, a representation in terms of a solution of the membrane equation with complex
speed is obtained. It is demonstrated that though this solution is complex-valued, initial
conditions for the imaginary part cannot be specified independently of those for the real
part. Furthermore, alternative descriptions in terms of a first-order, non-local evolution
equation for a complex-valued potential exist. In the two-dimensional case, for which the
membrane equation reduces to the wave equation with complex speed, there also exists a
representation in terms of right-and left-travelling disturbances, each described in terms
of an analytic function in a half-plane. This, like the earlier representations, is a telling
illustration of the fact that surface and interfacial waves have both an elliptic and a
hyperbolic nature.
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