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Abstract

Ihara et al. proved the derivation relation for multiple zeta values. The first-named author obtained its
counterpart for finite multiple zeta values in A. In this paper, we present its generalization in A.
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1. Introduction

For ky, ..., k, € Zs; with k, > 2, the multiple zeta values (MZVs) are defined by

1
(s k)= Y ——

1<n<<n, n] L

For n € Zs, we define the Q-algebra A, by
A= ([1z1rz)|( @D zirz) = @y 10, € 2152 ~,
P )

where (ap), ~ (b)), are identified if and only if a,, = b, for all but finitely many primes
p.Forky,.... k. € Zs| and n € Z,, the finite multiple zeta values (FMZVs) in A, are
defined by

1
gﬂn(kly- .. ,kr) = ( Z - % mod pn) eA,.

1 ... r
1<n;<<n,<p-1 nl ny p

Recently, Rosen [8] introduced the Q-algebra A By natural projections A, —
Ay—1, we define A :=lim, A,, where we put the discrete topology on each A,.
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We also define the natural projections : [[,Z, — A and Ty . A - A, for each n,
where Z, is the ring of p-adic integers. Then FMZVs in A are given by

1 —
kl...nl;’)p)eﬂ.

1<n)<-<n,<p-1 nl
We can easily check that 7,({7(K)) = {a,(K) for k € Z,. Furthermore, we define

p :=n((p),) € A and we also use the notation p :=m, o n((p),) € A, (for details, see
Rosen [8] and Seki [10]).

We recall Hoffman’s algebraic setup with a slightly different convention (see
Hoffman [2]). Let $ := Q(x,y) be the noncommutative polynomial ring in two
indeterminates x, y and $' (respectively $°) its subring Q + y$ (respectively Q + y$Hx).
Set zx := yx*~! (k € Zs,). We define the Q-linear map Z: §° - R by Z(1) := 1,
Z(Zky - zw,) =Lk, k).

A derivation 0 on $ is a Q-linear map 9: $ — 9 satisfying Leibniz’s rule d(ww’) =
o(w)w’ + wo(w'). Such a derivation is uniquely determined by its images of generators
x and y. Set z:=x+y. For each [ € Z,;, the derivation d; on § is defined by
91(x) := yz7'x and 9)(y) := —yz~'x. We note that 9;(1) = 0 and 9;(z) = 0. In addition,
R, is the Q-linear map given by R,(w) := wx for any w € $.

Lalkrn k) = n((

TueOREM 1.1 (Derivation relation for MZVs; Thara et al. [5, Theorem 3]). Forl e Zs,
andw € $°,
Z(0,(w)) = 0.

Similar to the definition of Z, we define two Q-linear maps Zz, : 9! - A,
and Zz: o' > A by Zg,(1) = Zz() =1, Za(z, - 2,) = {a, ki, ..., k) and
Za(zk, - 2,) = {zlka, - . . k). We write A := Aj. The derivation relation for FMZVs
in A was conjectured by Oyama and proved by the first-named author.

THeorREM 1.2 (Derivation relation for FMZVs in ‘A; Murahara [7, Theorem 2.1]). For
l€Zs) andw € y9Hx,
Za(R;'9,(w)) = 0

in the ring A.

In this paper, we prove a generalization of the above theorem in the ring A. For
nonnegative integers m and n, we define S, : Q((x, y))[[u, v]] — H by setting B, ,(w)
to be the coefficients of u™v" in w.

TraeOREM 1.3 (Main theorem). For m € Zsy and w € y$),

izﬁ(ﬁm,nR;lAqu(w—wyul T = Za (Bl ;)

oy +xu 1-—xv 1 —yu

in the ring ﬁ where A, is an automorphism on Q{{x, y»)[[u, v]] given by

[e9)

A, = exp(z %(—u)’).

=1
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RemMark 1.4. Since Z#(1,...,1) =0 (see, for example, Hoffman [3, Equation (15)]),
Theorem 1.3 is a generalization of the equality

ZaBuoR: AuR (W) = 0

for m € Zso, which was obtained by lhara (see Horikawa et al. [4, Section 5.3]). We
note that this is equivalent to Theorem 1.2.

As a corollary of our main theorem, we have Hoffnggn’s relation (see Hoffman [1,
Theorem 5.1] for the original formula) for FMZVs in A.

CoroLLARY 1.5. Forw € y$,
ZaAR 1(wn) = = 3" Za(wyx"p" = Za(w)Zz()
n=1
in the ring A.

2. Proof of the main theorem

2.1. Notation. The harmonic product * and the shuffle product mr on $' are defined
by
lxw=w=x1l:=w,
W * W 1= (W * Zwa) + 2(zewr * wa) + Zkri(wy * wo),
lmw=wml:=w,
uwy I vwy = u(wy I vwy) + v(uw; I wy)

(k,l € Zsy, u,v € {x,y} and w, wy, w, are words in 351), together with Q-bilinearity.
The harmonic product * and the shuffle product mr are commutative and associative;
therefore, $' is a Q-commutative algebra with respect to * and m1, respectively (see
Hoffman [2]).

2.2. Propositions and lemmas. In this subsection, we prepare some propositions
which will be used later.

ProposiTiON 2.1. For wy, wy € ',
Zaz(wy x wa) = Za(wi)Zz(w2)
in the ring A.
Proor. This is obtained by the definition of the harmonic product. O

Prorosition 2.2 (Jarossay [6], Seki [9, Theorem 6.4]). For wy, w; € 9! with wy =
Tyt Ty

a ki+1;—1
Zz(wy mwy) = (_1)k1+ +k, Z “_I ( )]Zﬁ(wlzk,‘ﬂ, . 'Zk1+ll)Pll+ +1,

I
Uyl €2Zs0 i=1 !

in the ring A.
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Proposition 2.3 (Thara et al. [5, Corollary 3]). Forw € 9,

1 1
*w = —— 11 A,(w).
1 —yu 1 —yu

2.3. Proof of Theorem 1.3. By Proposition 2.1,

o R A R
On the other hand,

Zawmy') = 2) Zﬁ(ﬁo’"(w(_y 1 —1xv )r))p”

holds by Proposition 2.2. Then

Zﬁ(ﬁmao(l—l—yu " A”(W))) B Zﬁ(ﬂ ’”’O(A”(W) T —1 yu))
=7 ﬁ(ﬁm,O(Au(W) I ,Z:; yiui))
= ; Zﬁ(ﬁm,n(; A”(W)(_yul —lxv )l))p”

- ;Zﬁ(ﬂm,n(Au(W)m))Pn-

From direct calculation,
{1+ yu(l =0y
={(1 —xv + yu)(1 — xv)~ 1}
=1 -xv)(1 —xv+ yu)_1
= (1 = xn){(1 + yu)(1 = (1 + yu)~ )}
=1-xv)(1-( +yu)_1xv)_1(1 +yu)_1

=(1-2xv) i( ! xv)i(l +yu) .
i=0

1 +yu

Since A,(x) = (1 + yu) 'x,
{1+ yu(l — xv)™'}!

= (1 =) ) (AW + yuy™!
i=0

= (L ym ™ + (M) = DAV +yw)™
i=1
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Since x = A, (x + y(1 + xu)~ xu),

{1+ yu(l —xv) )"
= (1 +yu) - ZA( )A(x’ i1 + yu)™!

1
= R;lAqu(l —yu ald )

T+xu 1—xv/

Hence,

Zﬁ(ﬂm’o(l —lyu - Au(w)))

=3z (ﬁmnR AR (w wyu— aid ))p". (2-2)

e lT+xu 1-xv

By (2-1), (2-2) and Proposition 2.3, we finally obtain the theorem.
2.4. Proof of Corollary 1.5. When m = 1 in Theorem 1.3,

Zz (ﬁln 1AR(W Wyu— ald ))pnzzﬁ(w)zﬁ(y).

T+xu 1—axv

Since

Xxv )_ —wyx" ifn>1,

R "ALR (w wyu
A Y “RI'O\R,(w) ifn=0,

T+xu 1—xv

we get the result.
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