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A convergence result is proved for the equilibrium configurations of a
three-dimensional thin elastic beam, as the diameter h of the cross-section tends to
zero. More precisely, we show that stationary points of the nonlinear elastic
functional E®, whose energies (per unit cross-section) are bounded by Ch2, converge
to stationary points of the I'-limit of Eh/hg. This corresponds to a nonlinear
one-dimensional model for inextensible rods, describing bending and torsion effects.
The proof is based on the rigidity estimate for low-energy deformations by Friesecke,
James and Miiller and on a compensated compactness argument in a singular
geometry. In addition, possible concentration effects of the strain are controlled by a
careful truncation argument.

1. Introduction and main result

In this paper we extend our previous work with Schultz on the convergence of
equilibria of planar thin elastic beams (see [8]) to the case of three-dimensional
thin beams.

To set the stage, let h > 0 and let S be a bounded open connected subset of R?
with Lipschitz boundary. We consider a thin beam whose reference configuration is
given by the open set 2, = (0, L) x hS. Given any deformation v € W12(£2;;R?),
we define the elastic energy (per unit cross-section) associated to v as

1

EM(v) := 72

W(Vv)dz.
h
The stored-energy density function W : M3*3 — [0, +-00] is assumed to satisfy the
following conditions:
hl) frame indifference, i.e. W(RF) = W (F) for every R € SO(3) and F € M?3*3;
=0 on SO(3);

h3

(
(h2
(h3) W(F) > cdist®(F,S0(3)), ¢ > 0, for every F € M?*3;
(

)
) W
)
h4) W is of class C? in a neighbourhood of SO(3).
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Here SO(3) denotes the group of proper rotations. The frame indifference implies
that there exists a function 1 defined on symmetric matrices such that W (Vv) =
W((Vv)TVo); ie. the elastic energy depends only on the pull-back metric of v.

To discuss the limiting behaviour of E”, as h — 0, it is convenient to rescale to
a fixed domain {2 = (0, L) x S by the change of variables

z = (x1,hza, has) and y(z) = v(z(x)).

1
hasy)

With the notation

1
Viy = (513/ 552?/

we can write the elastic energy as
Eh(v) =I"(y) = / W(Vry) dz.
0

Without loss of generality we can assume that £2(S) = 1 and that the segment
(0,L) x {0} x {0} is a line of centroids for the beam; i.e.

/ZL‘deQ d$3:/$3d$2d$3:/$2$3d$2 d.’IJ3:0. (1.1)
S S S

Under the previous assumptions it is possible to identify a complete hierarchy of
limiting rod theories, depending on the scaling of I, by means of I’-convergence.
More precisely, for every 8 > 0 we have
1

5l L 1, (1.2)
where, according to the value of 3, the functional Iz describes a different elas-
tic model for rods. The I'-convergence for 3 = 0 was proved in [1], leading to a
nonlinear string model. The scaling 8 = 2, which corresponds to a nonlinear rod
model, has been studied in [6] and, independently, in [10]. The result for 8 = 4 has
been proved in [7], while for the other scalings I'-convergence can be easily derived
from [6,7].

The I'-convergence results (1.2) guarantee that if (y(®)) is a compact sequence of
minimizers of I" (with respect to some boundary conditions or body forces) such
that I"(y(") < ChP, then, up to subsequences, (y™)) converges to a minimizer of
I (for a comprehensive introduction to I'-convergence we refer the reader to [2]).

In this paper we deal with the problem of the convergence of equilibria in the
scaling # = 2. In this case the natural class of admissible functions for the limit
problem turns out to be

A= {(y,d2,d3) € W>2((0, L); R®) x WH2((0, L); R®) x WH((0, L); R?) -
R := (y'|d2|d3) € SO(3) a.e. in (0,L)}. (1.3)

On this class the I'-limit functional is given by

L
1
I (y,da,ds3) := 5/ Q1(R'R') duxy, (1.4)
0
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where R := (y'|d2|d3). The density @ is a quadratic form on the space M3 of
skew-symmetric matrices, defined as

Q1(4) = min / Qs(x2Aes + x3Ae3]|0200|0300) g das (1.5)
acW2(S;R3) Jg

for every A € Mi’}fe‘:’v, where Q3 is the quadratic form Qs3(F) := LF : F and L is
the linear map on M3*3 given by £ := D?>W (Id).

In this limit model the function y represents the deformation of the mid-fibre
of the rod, which has to be isometric because of the constraint |y’| = 1. The two
Cosserat vectors dy and ds determine the rotation undergone by the cross-section
of the rod at each point of the mid-fibre. We remark also that, as R belongs to
SO(3) a.e., the matrix RT R’ is skew-symmetric. Moreover, the entries (RTR’);; for
j = 2,3 are related to the curvature of the deformed mid-fibre, while (RTR')a3 is
related to the torsion of the mid-fibre and to the twist of the cross-section, after
the deformation. Finally, the solutions to (1.5) with A replaced by RT(x1)R/(x1)
describe the warping of the cross-section with respect to the normal plane (see [6]).

If, in addition, W is isotropic and S is a disc, then the quadratic form @1 can be
computed explicitly and reduces to

1 p(3A +2p) 7
Q1(4) = %W(A%Q + A% + %Agl%

where A and p are the Lamé coefficients of the rod (see [6, remark 3.5]).
We assume the beam to be subject to a body force of density h?g, with g €
L?((0, L); R?); thus, we consider the functionals

J"(y) =/Q(W(Vhy)—h29(x1)-y) da. (1.6)

The corresponding I'-limit at scale h? is then given by

L
Jo(y, da, d3) = I2(y,dz, d3) —/ g-ydxy (1.7)
0

if (y, da,ds) € A, while J; takes the value +o00 if (y, da,d3) ¢ A (here we have taken
the liberty of identifying maps on {2 which are independent of x5, x3 with maps on
(0,L)). It is convenient to fix one end of the rod by requiring, for example, that
y(0) = 0 and d;(0) = ey for k = 2,3, where {ej, e, e3} denotes the canonical basis
in R3.

We are now in a position to state the main theorem of the paper.

THEOREM 1.1. Assume that (h1)-(h4) are satisfied and that W is differentiable
with globally Lipschitz derivative DW. Let g € L*((0,L);R?). Let (y™) be a
sequence of stationary points of J", subject to the boundary condition

y(h)(0,$279€3) = (0, hxo, hxs)

and to natural boundary conditions on the remaining boundaries. Assume further
that there exists a constant C > 0 such that

/ W(Viy™)de < Ch? (1.8)
2
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for every h. Then, up to subsequences,
yM =g in WH2(2;R3), (1.9)

1 . ,
Eaky(h) —dy, in L*(2;R%), k=2,3, (1.10)

where (§,ds,d3) € A is a stationary point of

L L
1
JQ(y,dz,dg) = 5/ Ql(RTRI) d$1 —/ qg- ydxl
0 0

with respect to the boundary conditions y(0) = 0, dx(0) = e for k = 2,3, and
natural boundary conditions at x1 = L.

REMARK 1.2. An easy application of the Poincaré inequality shows that the esti-
mate (1.8) holds automatically for minimizers.

REMARK 1.3. In [5] Mielke used a centre manifold approach to compare solutions
in a thin strip with a one-dimensional problem. His approach already gives a com-
parison for finite h, but it requires that the nonlinear strain (V,y)TVyy be close
to the identity in C%“ (and applied forces g cannot easily be included).

In the case of planar thin beams, the Euler-Lagrange equations corresponding
to the limit functional J, can be expressed in terms of a single ordinary differential
equation in the variable 6, describing the angle of the tangent vector to the deformed
mid-fibre with respect to a fixed direction. One of the major differences in the
case of three-dimensional thin beams is that the limiting Euler—Lagrange equations
involve both a linear system of partial differential equations in the cross-section and
a system of ordinary differential equations in terms of the bending moments of the
rod (see §2). This requires an extra work in all the derivation argument.

However, the main ingredients of the proof of theorem 1.1 remain basically the
same as in the planar case discussed in [8]. First the quantitative rigidity estimate
in [4] is used to define suitable strain-like and stress-like variables G") and E("),
which are almost curl-free and divergence-free (see steps 2 and 3). Then we can
argue in the spirit of the theory of compensated compactness, developed by Murat
and Tartar [9,12,13], to obtain strong compactness of the stress E(*). This then
allows us to pass to the limit in the Euler-Lagrange equations (see step 7).

To rule out possible concentration effects of the strain a careful truncation argu-
ment for gradients in thin domains is employed (see lemma 4.3). We emphasize that
in the planar case this result can be proved using a simple extension argument by
successive reflection, while in the three-dimensional case an appropriate choice of
the extension operator is needed.

2. Preliminary results

The aim of this section is to derive the Euler-Lagrange equations for the functional
Jo introduced in the previous section.

We begin by collecting some properties of the minimum problem (1.5) defining
the limit density @)1. Using Korn’s inequality and the direct method of the calculus
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of variations it is easy to see that problem (1.5) has a solution. Moreover, there
exists a unique minimizer belonging to the class

B .= {a c Wl’Q(S) : / adrydzs = / Oyardxy drs = / Ozadxs drs = 0}
s s s

(see [6, remark 3.4]). The Euler-Lagrange equations for problem (1.5) are computed
in the next lemma.

LEMMA 2.1. Let A € MY2 and let Fy : WH2(S;R3) — [0, +00) be the functional
defined by

Fa (Oz) = / Q3 ($2A62 + $3A63|8204|830é) dzo das (21)
S

for every a € WH2(S;R3). Then a function o € B is the minimizer of Fa if and
only if the function E : S — M3*3 given by

E = E(IQABQ + I3A63‘320t|830t)

satisfies (in a weak sense) the boundary-value problem

(2.2)

divy, o, (Ee2 | Ee3) =0 in S,
(Fey | Ees)vps =0 on 95,

where vyg is the outer unit normal to 0S. Moreover, the minimizer depends linearly
on the entries of A.

Proof. As F4 is a convex functional, a function « € B minimizes F4 if and only if
it satisfies

/ ,C(SCQASQ + $3A63‘320t|(9301) : (0|625|83ﬁ) dl‘g dmg =0
S

for every 8 € WhH2(S;R3), which is equivalent to (2.2). The linear dependence of «
on the entries of A follows directly from (2.2). O

REMARK 2.2. Let (y,da,d3) € A, let R := (y/|d2|d3), and let A := RTR’. For every
z1 € (0,L) let a(z1,-) € B be the minimizer of (1.5) with A replaced by A(x1).
Since a(xy,-) depends linearly on A(z;) by lemma 2.1 and A € L2((0,L); M3 ),
we conclude that o € L?(£2;R3) and dpa € L*(2;R3) for k = 2,3.

The next lemma is concerned with the derivation of the Euler—Lagrange equations
for the functional J. The stationary condition for a triple (y, d2,ds) € A satisfying
the boundary conditions will be expressed in terms of the bending moments E and
E defined below. Let E : £2 — M?3*3 be the stress corresponding to the deformation
(y,da,ds), defined by

E(z) := L(x2A(z1)e2 + z3A(x1)e3]|020(x)|030()), (2.3)

where A := RTR', R := (y'|d2|d3) and o € L?((0,L); R?) is such that a(zy,-) €
B solves (1.5), with A replaced by A(z;), for almost every x; € (0,L). We call
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the bending moments associated with the deformation (y,ds, ds) the functions E:
(0, L) — M>*3 and E : (0, L) — M3*3 given by

E(xq) IZ/SZL'QE(.T)diL'Q dzs, E(xq) ::/ngE(x)dxgdxg

for every z1 € (0, L).

LEMMA 2.3. Let (y,da,ds) € A be such that y(0) = 0 and di(0) = ey for k = 2,3.
Then (y,ds, ds) is a stationary point of Jo with respect to the boundary conditions
y(0) = 0 and di(0) = ey, for k = 2,3 (and natural boundary conditions at x1 = L)
if and only if the following system of equations is satisfied:
By = A3(Ea — Es1) — AssEry — RYG - eo,
Bl = —A1a(Eo — E31) + A1y — RYG - es, (2.4)
Bl — B4y = A1p By — AzEn, '
En(L)=En(L)=0,  Exn(L)— Esn(L) =0,
where §(z1) == [} g(t)dt for every z1 € (0, L).
REMARK 2.4. If W is isotropic, that is,
W(F)=W(FR) forevery F € M®*3 R € SO(3),

then the linear operator L associated with the second derivatives of W at the
identity reduces to
LF =2usymF + A(tr F) Id,

where A and p are the Lamé coefficients of the rod.

If we assume in addition that the cross-section S is a disc, then the minimizer
a € B of (1.5) can be computed explicitly and, in terms of the entries of the matrix
A= RTR' it is given by

1 A
o= —Zm(‘r%Alg — $§A12 + 21‘21‘31413)62
1 A 9 9
_ Zm(_%AB + $3A13 + 2x2$3A12)63

(see [6, remark 3.5]). In this case the stress is equal to

3242
m(mAm +3413) %$3A23 —%$2A23
E= %$3A23 0 0 ’
—%$2A23 0 0

while the bending moments are

_ 1 u(3A+2p) 1
EF=—""_"7/A - —A
Ir At 1261 ® e 37 23(e1 ®es +e3@eq),
.1 p(3A+2p) 1
EF=—_—_""__""74 —A )
Y 1261 @ e+ o 23(e1 ®ex +ea ®eq)
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Proof of lemma 2.3. Let R := (y'|ds|d3) and let A := RTR’. Tt is convenient to
consider J, as a functional defined on the class

R:={P e W"((0,L); M**?) : P € SO(3) a.e. in (0, L), P(0) = Id},

whose tangent space at R is given by all functions of the form RB with B €
W2((0,L); M2X3 ) and B(0) = 0.

skew

Let then B € W42((0,L); M3X3) with B(0) = 0. In order to compute the

skew
Gateaux differential of Jy at R in the tangent direction given by RB, we con-

sider a smooth curve 7 : [0,1] — R such that v(0) = R and 4(0) = RB (where the
dot denotes derivative with respect to the variable € € [0,1]). Then we have

L L
BOE) =3 [ Qe dn+ [ g a@adn. 25)

where the prime denotes derivative with respect to x; € [0, L]. Now, let 5° €
L2(£2;R3) be such that 3°(z1,-) € B is the solution to the problem (1.5) with A
replaced by v(g)Ty(¢)’ for almost every z; € (0,L). Then

1 /L o
9 Q1(v(e) " ~(e)) day
2 0
- %/ Qs(a2() y(e) e2 + 237() "y (2)' €3] 92605 5°) dr.
2

Differentiating equation (2.5) at ¢ = 0 and taking into account the previous formula,
we obtain

dJy(R)[RB] = / E: (29(AB — BA+ B')ey + x3(AB — BA + B')es|0,3]030) dz
2
L
+/ RYG - Be dzy,
0

where E is the stress defined in (2.3) and 8 € L?(§2;R3) is such that 3(z1,-) € B
is the solution to the problem (1.5) with A replaced by BTR' + RTB’ for almost
every 1 € (0,L). Here we have used the fact that, by lemma 2.1, the function (3¢
depends linearly on the entries of ()T ().

By (2.2) the vector field Ees, Ees is divergence free in the variables x4, x3; hence,

/(E€2 - 093 + Ees - 336) dzodzs = 0.
S
Thus, the differential of Js reduces to
dJQ(R)[RB] = / E61 . (I'Q(AB — BA + B/)62 + (E3(AB — BA + B/)63) dx
2

L
+/ RYG - Bey du;.
0
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Integration with respect to xo, x3 in the first term on the right-hand side yields
L
dJ2(R)[RB] = / (Eey - B'eg + Fey - B'es) day
0

L
-|—/ (Eey - (AB — BA)ey + Eey - (AB — BA)es) da
0

L
+/ RYG- Bey du;. (2.6)
0

As A is skew-symmetric, for any F' € M?*3 and for k = 2,3 we have
Fey - (AB — BA)e, = —AFe; - Bey, — Z AjxFe, - Bej.
7k
Using (2.6) and the previous formula, it is easy to check that the condition
dJ2(R)[RB] =0 for every B € Wh2((0,L);M3X2)  with B(0) =0

is equivalent to the following three equations:

L
/ (¢'Er1 + ¢pA13(Ea1 — E31) — ¢pAszEr — 9RT G- ea) dzy =0,
0

L
/ (¢'Br1 — ¢pA12(Ea1 — E31) + ¢pAszEr — ¢RT G- e3)dzy =0, (2.7)
0

L
/ (¢ (F21 — E31) + ¢A19E11 — ¢A13F11)dx; =0
0

for every ¢ € W2(0, L) with ¢(0) = 0. By integration by parts equations (2.7) are
equivalent to system (2.4). O

3. Proof of theorem 1.1

Let (y(h)) be a sequence of stationary points of J"; i.e. suppose that the following
condition is satisfied:

[ (DWW — g ) dz =0 (3.1)
(9]

for every ¢ € W12(§2; R3) such that (0,22, 23) = 0 for (z2,23) € S. Assume that
(1.8) holds true.
The proof is split into several steps.

STEP 1 (decomposition of the deformation gradients in rotation and strain). By
proposition 4.1, below, there exists a sequence

(R™M) € (0, L);M*?)
such that R™ (2;) € SO(3) for every x; € (0,L) and

IVay™ — RM| . < Ch, (3.2)
I(RMY g2 + RI(R™) |12 < C, (3.3)
|IRM(0) —1d| < CVh. (3.4)
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By (3.3), up to subsequences, R converge to some R weakly in W2((0, L); M3*3),
hence uniformly in L°°((0, L); M3*3). Thus, R(x1) € SO(3) for every z1 € (0, L).
From inequality (3.2) it follows that

Viy™ — R strongly in L?(£2; M®*3).
In particular, we have that dy™ — 0 for k = 2,3 and, thus,
Vy") — Re; @ ey strongly in L2(£2; M3*3). (3.5)

As |y (0,29, 23)] < Ch — 0, we deduce from the Poincaré inequality that y()
converge to some ¥ strongly in W12(£2; R3) and that g satisfies

Oy = Rey, Oy=035=0 a.e. in f2.

Therefore, setting dj, := Rey, for k = 2,3, we have that (¢, ds, d3) € A, and the con-
vergence properties (1.9) and (1.10) are proved. Moreover, the boundary conditions

at z; = 0 follow from (3.4) and the uniform convergence of R(".
Let G : 2 — M?3*3 be the function
1

H(RD)TT4y ") 1)

As the functions G are bounded in L?(£2;M?>*3) by (3.2), we can assume, up to
the extraction of a subsequence, that

G .=

GM —~ G weakly in L?(2; M®*?) (3.6)

for some G € L?(§2;M3*3). Moreover, from the definition of G" it follows imme-
diately that the deformation gradients can be decomposed as

Viy™ = RM (1d +hG™). (3.7)

STEP 2 (consequence of compatibility for the strain). The decomposition (3.7)
suggests that, roughly speaking, the strains G have the structure of a scaled
gradient, up to the factor (R(h))T. This implies that the limit strain G has to satisfy
some compatibility constraints. In order to deduce these conditions we introduce a
sequence of auxiliary deformations 2™ : 2 — R? defined by

1 1

z1
2 (z) = Ey(h) (z) — E/ R (s)ey ds — 2o RM (21)ey — 25RM (21)es.  (3.8)
0

Using (3.7) we obtain

Vi = %(Vhy(h) — RM) — 25(RMY ey @ e — 23(RM) e3 @ e
= R(h)(G(h) — 29 AMey @ e — 23AMes ® e1), (3.9)
where A .= (RM)T(RMY. Since R™ — R in W2((0, L); M?*3), we have
AM A= RTR'" weakly in L?((0, L); M>*3). (3.10)

Using these two facts, together with (3.6), we conclude that
VizM = R(G — z9Aey @ e — x3Ae3 @ y)  weakly in L2(£2;M3*3).  (3.11)
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As |20, 29, 23)| < CVh by (3.4), we deduce from the Poincaré inequality that
the z(" converge to some z weakly in W'2(£2;R?). Moreover, the limit function z
satisfies

R0,z = Gey — w9Aey — x3Aes, Orz = D32 =0 a.e. in £2. (3.12)

In particular, z does not depend on 3, z3 and, thus, by the first equality in (3.12)
Ge; is an affine function of x5, x3. If we denote by G the zeroth moment of G
defined by

G(x1) ::/SG(x) dzodzs, z1 € (0,L),

then it follows immediately from (1.1) and (3.12) that

Ge; = R"7. (3.13)
To identify the second and third column of G it is convenient to define a(™ :
2 — R3 as ) .
o = E(R(h))TZ(h) —/ —(RMYT (M) dgy das.
s

From (3.11) and the uniform convergence of R it follows that
oo™ —~ Qe weakly in L2(2;R?) (3.14)
for K = 2,3. By the Poincaré inequality on the cross-section S, there exists a

constant C' > 0 such that, for almost every z; € (0, L),
o™ (@1, )F2(5) < CllO2a™ (21, )72y + Cllosa™ (21, ) |72 (s)-

Integrating with respect to z7, we deduce by (3.14) that a® —~ o weakly in
L?(2;R3), where « satisfies a € L2(£2;R3), Oy € L%(§2;R3) for k = 2,3, and
Gey, = Oya for k = 2,3. In particular, the function

B(x) == ax) — 1'2/ Oravdzg dzg — xg/ Osadzg dzs
S S

satisfies 3 € L2(§2;R3), Or3 € L?(§2;R3) for k = 2,3, B(x1,-) € B for almost every
z1 € (0,L), and B
Gep — Gep, = O3 for k =2,3. (3.15)

STEP 3 (consequences of the Euler-Lagrange equations). Let E" : 2 — M?3*3 be
the scaled stress defined by
1
EM = - DW (1d +hGM), (3.16)

Since DW is Lipschitz continuous and the G(") are bounded in L?(£2; M3*3), the
functions £ are also bounded in L?(£2; M>*3). In fact, by proposition 4.2 we have
that

EMW ~ E:= LG weakly in L?(02; M>*%). (3.17)

We note in particular that E is symmetric, as LF = (LF)T for every F € M3*3.
Note also that LF = L(sym F') for every F € M3*3.
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By the decomposition (3.7) and by frame indifference we obtain that
DW (Vy™) = RW DW (1d +hG™M) = hRM E™).

Using this identity we can write the Euler-Lagrange equations (3.1) in terms of the
stresses E("). More precisely, we have

/Q(R(h)E(h) :Vpt) —hg - ) dz =0 (3.18)

for every ¢ € WH2(2;R3) with ¢ = 0 on {z; = 0}. Multiplying (3.18) by h and
passing to the limit as h — 0, we get

/ (RE€2 - 029 + RFEes - 83@) dz = 0. (319)
2

As R is a pointwise rotation depending only on z7, the above equation yields

(3.20)

divy, 45 (Ees | Ees) =0 in S,
(Ees | Ees)rvgs =0 on S

for almost every x; € (0,L). This implies in particular that, for almost every
IS (O7L)7

/ FEepdaxodzs =0 for k =2,3. (3.21)
s

STEP 4 (symmetry properties of E(*)). From the frame indifference of W it follows
that the matrix DW (F)FT is symmetric. Applying this with F = Id +hG", we
obtain that

EM — (BT = _p(E®(GM)T — g (BM)T), (3.22)

As EM and G™ are bounded in L2(82; M3*3), we deduce in particular the estimate
|E® — (EM)T| .0 < Ch. (3.23)

STEP 5 (moments of the Euler-Lagrange equations). Let us introduce the zeroth
and first moments of the stress F(" | defined by

B0 () = / E® () dzy das,
S

E0(2y) = / 22E® (2) dry das,
S

B (1) = [ 52E0(0) doa
S

for every z1 € (0, L). We shall derive the Euler-Lagrange equations satisfied by the
moments.

Let » € C*([0, L]; R?) be such that ¢(0) = 0. Using ¢ as test function in the
Euler-Lagrange equation (3.18), we obtain

/ (RWEMe, . o —hg-p)de =0.
0}
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Integrating first with respect to the variables of S and taking into account the
fact that R, ¢, and ¢ depend only on the x; variable, we can rewrite the above
equality as

L
/ (RWEMe, . o —hg-@)day = 0.
0

Since this equation holds for every ¢ € C*°([0, L]; R3) with »(0) = 0, we deduce
that

EMWe; = —h(R"M)Tg ae. in (0, L), (3.24)

where ¢ is the primitive of g defined in lemma 2.3. In particular, passing to the
limit, we obtain
Ee; =0 a.e. in (0,L). (3.25)

Together with (3.21), this implies that E=0a.e.in (0,L). As E = LG, we obtain
that F = £(G — G) and by (3.12), (3.13), and (3.15) we conclude that

E = £($2A€2 + $3A€3|82,3|(935) (326)

Equation (3.20) and lemma 2.1 guarantee that 3(z1,-) is a solution to the prob-
lem (1.5) defining Q1 (A(z1)), for almost every 1 € (0, L).

As for the first moments, let ¢ € C*°([0, L]; R?) be such that ¢(0) = 0. Using
P(x) = za(x1) as a test function in (3.18), we obtain

1
/ (ng(h)E(h)el o'+ ER(h)E(h)eg - — hxag - cp) dz = 0.
I7)
Integrating first with respect to x9, x3 and using (1.1), this equation reduces to
L - 1 _
/ <R(h)E(h)el )+ ER(h)E(h)eg : go) dzy = 0. (3.27)
0

In particular, if we choose ¢ of the form ¢ = ¢RMe; with ¢ € C*°([0, L]) and
@(0) = 0, we obtain

L
- - 1 -
S EM L gEMe; . APe, + ¢~ EM ) dgy = 0. 3.28
A 11 h 12

From the estimate (3.23) and the identity (3.24) it follows that the term (1/h)E§g)
is bounded in L'(0, L). Since A and E( are bounded in L?((0, L); M?*3), the
product E™e; - AMe; is also bounded in L'(0,L). Therefore, equation (3.28)
implies that

| BY I < €, BY(2) =0, (3.29)

hence the sequence E‘Yf) is strongly compact in LP(0, L) for every p < oo.

Analogously, one can show that

L
. 1 -
/ (R(h)E(h)el o+ ER(h)E(h)eS . ¢) dz; =0 (3.30)
0
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for every ¢ € C°°([0, L]; R?) such that ¢(0) = 0. Choosing the test function ¢ of
the form ¢ = ¢RMe; with ¢ € C>([0, L]) and $(0) = 0, one obtains

L
. . 1 -
/ (¢’E§§L> — pEMey - AWe, 4 ¢hE§§)) dz; =0 (3.31)
0
for every ¢ € C*°(]0,L]) with ¢(0) = 0. From this equation one can deduce as
before that
| Bl < €. B (L) =0; (3.32)
hence, the sequence EYf) is strongly compact in LP(0, L) for every p < oo.
Finally, let us consider pR™ ey and ¢ R es as test functions in (3.30) and (3.27),

respectively, with ¢ € C°°([0, L]) with ¢(0) = 0. Taking the difference of the two
equations we obtain

L L
/ (ﬁl(EglL) — Eélll)) dxl — / (b(E(h)el . A(h)€2 — E(h)el . A(h)€3) dl‘l
0 0
/ o5 EW — EMYda, =0, (3.33)

As A and EM are bounded in L?(£2; M?3*3), the term
(A(h)E(h))21 _ (A(h)E(h))31
is bounded in L'(0, L). The difference

1 —n h
(B3 — Egy))

is also bounded in L'(0,L) by (3.23). Therefore, we deduce from equation (3.33)
that
lon(BSY — Bl < O B (D) — B (L) = 0 (3.34)

hence, the sequence EA’gf) — ng) is strongly compact in L?(0, L) for every p < oo.

STEP 6 (convergence of the energy by the div— —curl lemma). The strong compactness
of the sequences (EY})), (Eﬂl)) and (Fs (h) ng)) allows us to pass to the limit in
the energy integral

1
7 / DW (Id+hG™) : hGM da = / E® . o™ g
Q 02

This can be done by exploiting the div—curl structure of the product E( : G™;
indeed, the Euler-Lagrange equation (3.18) asserts that the scaled divergence of
RMEM™ s infinitesimal in L2(2;R?) as h — 0, while the decomposition (3.9)
guarantees that the matrix R G has basically the structure of a scaled gradient.
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Let us fix ¢ € C°°([0, L]) with ¢(0) = 0. Using (3.9) we have

/ eE™ . M dg =/ eRMEM . RWGM 4y
2 2

:/ @R(h)E(h) V2™ dz
[0}
Jr/ eEMe, . (20AMey + 2540 es) du. (3.35)
2

Concerning the first term on the right-hand side, the Euler—-Lagrange equation
(3.18) yields

/ eRMWEM . v, .M dz = h/ wg - 2 dz — / @ RWEMe, . (W) qg.
0 0 0

Since (" — z strongly in L?(£2;R?) and R®WE® —~ RE weakly in L?(£2;M>*3),
we can pass to the limit in the above formula to get

lim [ oRMWEM . v, dz = —/ ¢'REe; - zdx.

h—0 0 N

Taking into account the fact that z is independent of xs,x3 and using the iden-
tity (3.25), we have

L
/ ¢ REe; - zdz z/ @' REe; - zdx; =0
12, 0
and, hence,

lim [ oRMWEM . v, M dz = 0. (3.36)
h—0 0

As for the last term in (3.35), integrating first with respect to the cross-section
variables, we have

/ eEMey - (29 AMW ey + 23AMeg) dx
7
L L
5(R) A () | pa(h) 4(h A(h) )y 4 (R
= [ B AL + B AR ari+ [ oY — B AL da.
0

As Eﬁl), EA'Yf) and EA'gf) - Eé’ll) are strongly compact in L?(0, L) by step 5, we can
pass to the limit and we obtain

lim ng(h)el . (xQA(h)eg + CL’gA(h)Cg) dz
h—0 9]

L L
= / Y(E11A12 + Ey1Ag3)day + / ©(Ea — E31)Agzday
0 0

= / pFEey - (x9Aeq + x3Aes) du. (3.37)
Q
Now from the first equality in (3.12) it follows that

/ pEey - (x9heq + x3Aez) dx = / pFEey - Gey dz — / pFe, - RT2 du. (3.38)
2 2 2
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Since RT2' does not depend on w3, 73, identity (3.25) implies

L
/ pFe, - RTZ dx = / @Fe, - RT2 dzy = 0.
Q 0

Thus, equality (3.38) reduces to

/ pFEey - (x9Aeq + x3Aez) de = / pFEe; - Gey du. (3.39)
Q Q
Combining (3.35)—(3.37) and (3.39), we conclude that
lim [ oEM :GM dz = / @Ee; - Gey da. (3.40)
h—0 (9 0

By (3.20) the matrix (Fey | Eeg) is divergence free in .S with zero normal component
on 9S for almost every 1 € (0,L), while (Ges | Ges) is a gradient by (3.15). As
the test function ¢ depends only on the variable 1, the divergence theorem yields

/ ¢(Eey - Geg + Eeg - Gez)dz =0
Q

and, hence,
/ pE:Gdx = / pFEeq - Gey du. (3.41)
2 2
By (3.40) and (3.41) we finally obtain the convergence of the energies:
lim [ oE®™ . G"W dz = / oFE : Gdx (3.42)
h—0 0 n

for every ¢ € C§°(0, L).

STEP 7 (definition of the truncated deformations). In order to pass to the limit in
the Euler-Lagrange equations (3.28), (3.31), and (3.33), a strong L2-compactness
for the sequence (E™) is required. If hG") converges to 0 uniformly, then by Taylor
expansion one can replace E™ by LG in (3.42). Using the fact that E = LG and
L is positive definite on symmetric matrices, one can conclude strong convergence
for sym G™ and hence for E() | outside a neighbourhood of z; = 0 (see step 7 of
the proof of [8, theorem 1.1]).

To avoid the extra assumption h[| G ||, — 0, we introduce an auxiliary sequence
of truncated deformations u("), whose corresponding scaled strains H(") satisfy
h||[H™M || — 0 (see (3.51)). The main point will then be to show strong convergence
of sym H" (see step 8). This will imply, as before, strong convergence of the
corresponding truncated stress F") (outside a neighbourhood of ; = 0). To pass
to the limit in the Euler-Lagrange equations and conclude the proof, we will then
need to estimate the remainder term E(") — F(")_ This will be done in step 9, again
using the div—curl lemma and exploiting our careful choice of the truncations.

To carry out this plan, we consider the functions z("), defined in (3.8), and their

rescalings
M) () = (M) (xl, %, Z;’)
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Applying lemma 4.3 to 2" with a = h=5/% and b = h~7/% and undoing the rescal-
ing, we construct a new sequence of functions w™ : 2 — R? with the following

properties:
IVhw™ || < An, (3.43)
N L3(Ny) < hl(lo/h)/nvhz(h)ﬁdx
< i | (G R +1AD P ds, (34
[Viz® — Vw2, < ln(lc/h) /Q V2|2 d, (3.45)

where \;, € [h=%/8 h"7/%] and Ny, := {x € 2: 2 (z) # w(2)}. In particular we
have
A2\, = 00, hhy =0 and A2L3(Nj) — 0. (3.46)

We can introduce now the sequence of approximated deformations u(® : 2 — R3,
which are associated with the auxiliary functions w®:

z1
u = hw™ + / R(h)(s)el ds + haa RMey + has RMes.
0

Let H™ : 2 — M?3*3 be the corresponding approximated strains defined by the
relation
Vyuh = R(h)(Id +hH(h)),

and let F() . 2 — M3*3 be the corresponding stresses defined as
F .= %DW(Id +hHM), (3.47)
Using the definition of u(") it is easy to see that
HM = (R(h))TVhw(h) +29AMes @ eq + 23AMes @ 6. (3.48)

It follows from (3.45) that V,w and Vj, 2" have the same weak limit and, hence,
by (3.11),
HM @G weakly in L2(£2; M>*3). (3.49)

STEP 8 (L*®-convergence of hH" and strong convergence of sym H® and F(M).
We recall the estimate

_ 1 [F
suplf = 7 <20l o with Fo= - [ (3.50)

As (RM)" and h(R™)" are bounded in L?(0, L) by (3.3), we deduce that [(R™)| <
Ch~'/2, and therefore |[A(")| < Ch~'/2. This inequality and (3.43) imply that

hH®| < Ch)y, + ChY? = 0. (3.51)

By Taylor expansion of DW around the identity matrix we have

FO = LDW(Id+hH®) = LH® + Ln(hH®), (3.52)
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where |n(A)|/|A] — 0, as |A| — 0. For every ¢ > 0 let us define

w(t) == sup{|n|(;l4|>| DAl < f};

then, it is easy to see that w(t) — 0, as t — 0". The expansion (3.52) and the
definition of w yield

IcH® g — () g0 < (|| HM || oo )| H™ |2,
Together with (3.51), for every ¢ € C°°([0, L]) we obtain

/ oLH® - H® dg — / eF™ - H® dg — 0. (3.53)
2 o)
We now claim that
/ eFM . g qg — / eEM . gM dz — 0. (3.54)
2 Q

Combining the convergence of energy (3.42), the weak convergence (3.49) and
(3.53), this claim implies that

lim [ oLH® —G): (H® —@)dz =0 (3.55)
h—0 0

for every ¢ € C*°([0, L]) with ¢(0) = 0. From the assumptions on W we infer that
there exists a constant C' > 0 such that

LA:A>C|symA?
for every A € M®*3. This inequality, together with (3.55), implies that

sym(H® — @) = 0 strongly in L?((a, L) x S;M3*?) (3.56)
for every a > 0. Again using the Taylor expansion (3.52), we easily deduce that
FW 5 B strongly in L?((a, L) x S;M>*3). (3.57)
In order to prove (3.54) we write the difference as
/ eEM . (H®W — gy dz + / o(FM —EMY: HMW dg. (3.58)
Q Q

The first term can be controlled by the div—curl lemma; indeed, equalities (3.48)
and (3.9) yield
RMW(HM — gy = v (wh — (M),

so that, by the Euler—Lagrange equation (3.18), we have

/ eE®™ . (HM — W) dz = / eRMEM® . v, (w™ — (M) dz
Q Q

= h/ og - (w™ — 2" dz
Q

_/ S RO EM ey (™ — 21 dg.
2

https://doi.org/10.1017/50308210506001120 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210506001120

890 M. G. Mora and S. Mdiller
Since the sequence w™ — z(" converges to 0 strongly in L?(£2;R3) and R EM)
is bounded in L2(§2; M3*3), we conclude that

lim [ @E® . (H® — GM)dz = 0.
h—0 N

To estimate the second integral in (3.58) we recall that F(®) and E() are bounded
in L2(£2;M3*3). Therefore, by the Holder inequality and by (3.51) we have

1/2
L1 <0y m0a < o [ 1aORa) < clof + e m
n Np
As the right-hand side converges to zero by (3.46), this concludes the proof of the
claim (3.54).

STEP 9 (passage to the limit in the Euler-Lagrange equations). Let us fix ¢ €
C*([0, L]) vanishing on an interval (0,a). In order to pass to the limit in the
Euler-Lagrange equations, we need to prove some preliminary convergence results.
First of all we claim that

lim / gszkE(h)el . A(h)ej de = / ¢z Eer - Aejdx (3.59)
h—0 (9} N

for every k = 2,3 and every j = 1,2, 3. Indeed,

/ ¢xkE(h)61 . A(h)ej dz = / gf)xkF(h)el . A(h)ej dz
2 2

+/ pa(EM — FMye; - AW, da.  (3.60)
Np,

By the strong convergence (3.57) we have
¢xkF(h)el ~A(h)ej dz — / pxpFey - Aej dx.
0 2

As for the last term in (3.60), using the Holder inequality we obtain

1/2
/ |¢xk(E<h>—F<h>)el.A<h>ejdx<c</ |A(h)|2dx> :
Nh Nh

Since |AM| < Ch=1/2 and h=*£3(N},) — 0 by (3.46), the previous estimate implies
that the second integral on the right-hand side of (3.60) converges to 0. This con-
cludes the proof of the claim (3.59).

Integrating first with respect to the variables of the cross-section in (3.59) for
k=23 and j = 1, we obtain

L L
lim / dEMey - AMe day = / pEe; - Aey dy, (3.61)
h—0 Jg 0

L . L R
lim / dEMey . AMe dzy = / pFEey - Aey dy. (3.62)
h—0 Jg 0
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Arguing as in the proof of (3.59), it is easy to show that

hm/ ox Skew(E( e @ A" ek )dx —/ oxy skew(Eey ® Aey) dx (3.63)
for every k = 2,3 and every ¢ € C°([0, L]) vanishing on (0, a).

In order to pass to the limit in the Euler-Lagrange equations (3.28) and (3.31),
it remains to study the convergence of the terms

/ o5 E(h) day

for k = 2,3. We first decompose the integral as

1
/ 05 E(h) dz; = / o5 E(h) dzy + 2 / ¢Eskew(E(h))1kdm. (3.64)
(9
By (3.24) we immediately deduce that
L
lim/ 6+ EW dzy = /¢RTg~ekdm1. (3.65)
h—0 0

As for the second integral on the right-hand side of (3.64), it follows from (3.22)
that

% skew E®) = — skew(EM (GM)HT),

so equality (3.9) yields

1
7 skew(E™)) = —skew(EM (v, z(M)TRM)
— zoskew(EMe; @ AMey) — x5 skew(EMe; @ AMes).

Since skew A = skew(RAR™) for every A € M?*3 and every R € SO(3), we have
that
skew(EM (V20T RM)Y = skew(RM EW (v, 2(M) T,

This identity, together with the Euler-Lagrange equation (3.18) and the strong
convergence of z(")| implies that

lim | skew(E™ (V,zM)TRM)g d
h—0 0

:/ skew(REe; ® 2)¢’ dx
o
L —
= / skew(REe; ® 2)¢’ dx = 0,
0

where we have used the fact that z and R are independent of z2,z3 and that
Ee; =0 by (3.25). Combining this equality with (3.63), we conclude that

L L
1 _ . R
lim / p—skew EM day = — [ pskew(Ee; @ Aey + Eey @ Aeg)dzy  (3.66)
h—0 0 h 0

for every ¢ € C*°([0, L]) vanishing on (0, a).
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By (3.65) and (3.66) we finally obtain

lim /L S E® 4y,
h—0 0 h 1k

L L
= —2/ qukew(Eel ®A62 +E61 ®A€3)1k dxl — / ¢RTg~ek dxl.
0 0

Together with (3.61) and (3.62), this shows that we can pass to the limit in (3.28)
and (3.31). Thus, we obtain the equations

L
/ (6 By + dArs(Bon — Esy) — dAss By — 0RTG - e2)day =0 (3.67)
0
and
L A A ~ ~
/ (¢'Fy1 — ¢A19(Eoy — E31) + ¢pAxsFy — ¢RY G- e3)dz; = 0 (3.68)
0

for every ¢ € C*°([0, L]) vanishing on (0, a).
Analogously, by (3.59), we deduce that

L
lim / ¢(E(h)€1 . A(h)€2 — E(h)el . A(h)€3) dJZl
h—0 Jg

L
= / ¢(E€1 . A62 — Eel . A€3) d.’L‘l,
0

while by (3.66) we have

L L
. 1 - - ~ ~
lim / (ﬁ*(Eég) — E?()g)) dl‘l = — / ¢(A32E21 — A23E31) d$1.
h—0 0 h 0

Combining these two properties, we can also pass to the limit in the equation (3.33)
and we obtain

L
/ (¢/(B21 — E31) + pA12E11 — ¢A13E11) dzy = 0 (3.69)
0

for every ¢ € C*°([0, L]) vanishing on (0, a).

By approximation it is easy to see that the limiting equations (3.67)—(3.69) hold
for every ¢ € C*° ([0, L]) with ¢(0) = 0.

Finally, taking into account (3.26) and integrating by parts, one can check that
conditions (3.67)—(3.69) coincide with the Euler-Lagrange equations (2.4) for Js.

4. Truncation and compactness

In this section we collect together some auxiliary results which were used in the
proof of theorem 1.1.

The first proposition contains an approximation result by means of smooth rota-
tions for sequences of deformations with elastic energy of order h2. This is the point
where the rigidity lemma by Friesecke et al. (see [4, theorem 3.1]) is used in a crucial
way.
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PROPOSITION 4.1. Let (u™) C W'2(2;R3) be a sequence such that

FM (M) .= / dist?>(V,u™, S0(3)) dz < Ch?
2

for every h > 0. Then there exists an associated sequence

(R™) € (0, L); M>?)

such that
RM(z1) € SO(3)  for every z; € (0, L), (4.1)
IVpul™ — R™|| 12 < Ch, (4.2)
I(B™) |2 +AII(B™)" |2 < © (4.3)

for every h > 0. If, in addition, u") (0, x5, x3) = (0, hao, ha3), then
IR™(0) —1d| < CVh. (4.4)

Proof. The argument follows closely the proof of [8, proposition 4.1]. For every
h > 0 the set {2, can be partitioned in cylinders of the form I, x hS, where I}, is an
interval of length comparable to h. Applying the rigidity estimate [4, theorem 3.1] in
each such cylinder, we construct a sequence (Q(h)) of piecewise constant rotations
satisfying (4.2) and a difference quotient variant of (4.3). As the mollifications Q")
of Q™ at scale h are uniformly close to Q™| it is possible to project Q™ back
on SO(3); this provides the sequence (R). For the details we refer the reader
to [8]. O

The next proposition allows us to identify the weak limit of the sequence of
stresses (E(), once the weak limit of the strains (G(®)) is known. For the proof,
which is based on Taylor expansion, we refer the reader to [8, proposition 4.2].

PROPOSITION 4.2. Assume that the energy density W is differentiable and that its
derivative DW s Lipschitz continuous. Assume moreover that DW is differentiable
at the identity. Suppose that

GMW —~ G weakly in L?(£2; M>*3)

and define the rescaled stresses as in (3.16) by
1
EM .= - DW (1d +hGM).

Then
EMW ~E = LG weakly in L?(£2;M3>*3), (4.5)
where £ := D*W (1d).

We conclude this section with the truncation lemma used in the proof of theo-
rem 1.1. This a variant for thin domains of the standard results on the truncations
of gradients (see, for example, [3]).

https://doi.org/10.1017/50308210506001120 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210506001120

894 M. G. Mora and S. Miiller

LEMMA 4.3. There exists a constant C' > 0 with the following property: for every
h >0, every b > a > 0 and every u € WH2(§2,;R®) there exist A € [a,b] and a
function v € W1°(£2,;R3) such that

[Vollpe < A, (4.6)

C
NL3{x € 2y :ulz) # vz gi/ Vu|?dz, 4.7
4 wiule) £ol@)) In(b/a) {xenh:\Vu(x)\>A}| | )

9 C

< O Vot (@48)
L In(b/a) ~/{w€QnZVU(1‘)>>\}

Proof. Let @ be a square containing S. Without loss of generality we can assume
that Q = (0, M)?. Let
V.= {v € L*(S;R?): v := / vdzs des = O}.
s

Then there exists a linear extension operator
E:V = {ve L*Q;R% :suppv cC Q}
such that £(v) € W12(Q; R?) for every v € VNW1H2(S;R?) and, for some constant
C > 0, there hold
1)z < Cllollzacs) for every v € V, (4.9)
I Vas25E ) L2(0) < C|Vasasvllr2(sy for every v € VAWE2(S;R?)  (4.10)
(see, for example, [11]). We can extend € to the whole space L2(S;R3) by consid-
ering the operator £ : L?(S;R3) — L?(Q;R?) defined by
E(w):=Ew—7)+0 forevery v e L?(S;R?).
It is easy to see that, if v € W12(S;R3), then £(v) — v € Wg’Q(Q;R‘g). Moreover, it
follows immediately from (4.9) and (4.10) that there exists a constant C' such that
IE@)|IL2(q) < CllvllL2s) for every v € L?(S;R?), (4.11)
[VaszsE W) 22(Q) € ClVas,asvllr2cs) for every v € WH2(S;R?). (4.12)
Let h > 0 and let &, : L?*(hS;R3) — L?*(hQ;R?) be the extension operator
obtained by scaling £. Then, inequalities (4.11) and (4.12) imply that
lEr (W) IL2(ho) < Cllvllz2(ns) for every v € L*(hS;R?), (4.13)
IV a2,25En (0) || 12(1h@) < Cl|Vaswsll2nsy  for every v € WH2(hS;R?),  (4.14)

where the constant C' is independent of h.
Now, let u € W12(£2;,; R3). First of all we can extend u to the set Uy, := (0, L) x
hQ@Q by defining
a(zry,-) = Eplulzr,-))
for almost every z; € (0,L). By (4.13) and (4.14) we deduce that

Cllull2(2,)s (4.15)
ClIVay,zsull22(02,)- (4.16)

@l 2 v,

NN

IV 5@l L2 (0)
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As &}, is a linear operator, we have that 014(z1,-) = E,(1u(zy, -)) for almost every
x1 € (0, L), and thus, by (4.13),

[01all L2 v,y < CllOvullr2(e,)- (4.17)

As @ is constant on (0, L) x hdQ, we can extend @ by successive reflection to the
set U := (0,L) x Q. By [8, lemma 4.3] there exist A € [a,b] and w € W (U;R3)

such that
[Vw| poe @y < A (4.18)
and
NL3{x e U:az) #w(x)}) < ¢ / |Va|* de. (4.19)
~ In(b/a) Jy

Let Np, be the largest integer such that h(N, +1) < 1. For 4,5 = 0,..., Nj, let
Qhn,ij be the square (ihM, jhM) + hQ, let Sy ;j := (0, L) x Q45 and let

Rh = U\ U Sh,ij~
0<4,j<Nn

Since

Z L3({a # w} N Spij) < L2({a # w}),

0<#,5<Nn

there exist some indices i, jo such that

1 -
m/\zﬁ({u # w})

C 1 9
< N 12 ln(b/a)/U|VU| dx. (4.20)

/\2£3({ﬂ 7£ w} N Shyiojo) <

Let v : £2;, — R? be the function defined by
v(x) := w(zy,ighM + (=1)xo, johM + (—1)x3) for every z € 2.

It is clear that v € W1°°(£2;,;R3) and that it satisfies (4.6) by (4.18). Moreover,
since 1 coincides with u in 2, and it has been extended to U by reflection, we have

{z € 2 :u(x) #v(x)} C{z € Shipjo : ulzr) # w(x)} (4.21)

and

/ \Va|?dz < (N, + 2)2/ \Va|? de < C(Ny, + 2)2/ |Vu|? dz, (4.22)
U U;L -Qh

where the last inequality follows from (4.16) and (4.17). Now assertion (4.7) follows
from (4.20)—(4.22).

Finally, inequality (4.8) is a standard consequence of (4.7). This concludes the
proof of lemma 4.3. O
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