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This paper is concerned with the spatial dynamics of a monostable delayed age-structured
population model in a 2D lattice strip. When there exists no positive equilibrium, we prove
the global attractivity of the zero equilibrium. Otherwise, we give some sufficient conditions
to guarantee the global attractivity of the unique positive equilibrium by establishing a
series of comparison arguments. Furthermore, when those conditions do not hold, we show
that the system is uniformly persistent. Finally, the spreading speed, including the upward
convergence, is established for the model without the monotonicity of the growth function.
The linear determinacy of the spreading speed and its coincidence with the minimal wave
speed are also proved.
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1 Introduction

It is well known that many species, such as mammals, exhibit distinct age stages. To study
the evolution of such populations, it is natural to take into account the age structure
which, in many situations, can influence population size and growth in a significant way.
In the past two decades, there has been great progress in modelling and investigating
dynamical behaviour of population systems with age structure. We refer to Al-Omari and
Gourley [1], Cheng et al. [3], Gourley and Kuang [8], Kyrychko et al. [13], Smith and
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Thieme [21], So et al. [22], Weng et al. [27], Weng [28] and Weng and Zhao [29] for more
information.

n [21], Smith and Thieme developed an approach to derive an age-structured popula-
tion model with two age classes (i.e. immature and mature) and fixed maturation delay.
Their approach is mainly based on the Fourier transform and the technique of integra-
tion along characteristics. Following this approach, many population models with two
age classes and fixed or distributed maturation delay have been derived. These resulting
models for the mature population are delayed nonlocal reaction—diffusion equations when
the spatial domain is continuous (see Al-Omari and Gourley [1], Gourley and Kuang [8],
So et al. [22] and Weng and Zhao [29]) or delayed lattice differential systems with global
interaction when the spatial domain consists of discrete patches (see Cheng et al. [3],
Kyrychko et al. [13], and Weng et al. [27]).

More recently, Weng [28] derived a population model in a two-dimensional (2D) lattice
strip with two age classes and maturation delay. We sketch the outline of the derivation to
illustrate the Smith-Thieme’s approach. Consider a single species population distributed
over a 2D lattice strip (i, j) € @ = [1, N]z x Z, where [I,N]z := {1,...,N} and N is a
positive integer. Let v(i, j, t,a) denote the density of the population on the (i, j)-th patch
and at time t > 0 with age a > 0. Assuming that the spatial diffusion occurs only at the
nearest neighbourhood along the horizontal and vertical directions, and is proportional
to the difference of the densities of the population at adjacent patches, u is governed by

{ St 4 SR = D(a)Av(i, j,t, a) — d(a)o(, j. 1, a) (L1)

v(0, j,t,a) = v(l, j,t,a), v(N, j,t,a) = v(N + 1, j,t,a),

where i € [I,N]z, j€Z,t >0, a =0, D(a) and d(a) are the age-dependent diffusion rate
and death rate, respectively, and

Av(i, j,t,a) = v(i+1,j,t,a) +v(i— 1, j,t,a)
+ U(i,j + 19 ta Cl) + U(i,j - 17 ta a) - 4U(i7.ja t: (1). (12)

Note that, in equation (1.1), a boundary value condition is imposed to restrict the move-
ment of individuals on the boundary of the strip.

If © > 0 is the maturation time for the species, then the total matured population at
location (i, j) and time ¢ is given by

o0
u(i,j, 1) = / o(i jot, @) da,

and satisfies, under the biologically realistic assumption v(i, j, t,00) = 0, that

du(i, j, t)
dt

=v(i, j,t,7) + /30 [D(a)Av(i, Jj,t,a) —d(a)v(i, j, t, a)] da. (1.3)

To proceed further, we assume that the diffusion and death rates for the mature population
are age independent, ie. D(a) = D, and d(a) = d,, for a > 1, where D,, and d,, are

https://doi.org/10.1017/50956792514000333 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792514000333

Spatial dynamics of a lattice population model 63

constants. Then, it follows from equation (1.3) that

du(i, j, t)

o = D, Au(i, j,t) — dyu(i, j,t) + v(i, j, t, 7). (1.4)

To obtain a closed system for u(i, j,t), we need to evaluate v(i, j,t,7) : the maturation
rate at location (i, j) and time t. Assume that only the matured individuals can reproduce.
Then, v(i, j, t,0) = b(u(i, j,t)), where b(-) is the birth function. Applying the discrete Fourier
transform and the technique of integration along characteristics, they derived

N +00
v jitt) = Y Gliir. jj1.0)b(u(in, ji.t — 1)). (1.5)

i1=1 ji=—

In equation (1.5), u = exp{ — [y d(z)dz}, « = [; D(z)dz, and

R - . . 1 T i 2
G(l,lla.]’]ba) = Gl(l,ll,a)ﬂa((] —]1) ﬂx( ) 211: / kowi—4a sin” § dw,
where i is the imaginary unit, and G (i, i,¢) is the Green function of the boundary value
problem

{’U;,” =U(i+1,0)4+ Ui — 1,t) — 2U(i,1), i € [1, N]z,t > 0, (1.6)

U(,t)=U(1,t), UN,t)=U(N + 1,t), t = 0.
Therefore, the model for the mature population finally becomes

ML) = D, Aui, j, t) — dyui, j, t)
+ n Zh:l sz—w G(l» ilaja j1> a)b(u(ilajbt - T))a (17)
u(0, j,t) = u(l, j,t), u(N, j,t) = u(N + 1, j, ).

It is easy to explain each term in equation (1.7) naturally. The growth rate of the mature
population at location (i, j) and time ¢ is the balance of the spatial diffusion, the death rate
and the maturation rate. It should be mentioned that although the patches are connected
only locally through nearest neighbourhood dispersal, the mature population is governed
by a delayed lattice differential system with a global interaction term.

An important issue in population dynamics is the stability of equilibria. There have
been many significant results on the stability of equilibria for various equations defined
on bounded domains, see e.g. Al-Omari and Gourley [1], Gourley and Ruan [9], Wu and
Zhao [31] and Yang and So [33], and the references therein. However, it seems that little
has been done for this aspect of equations defined on unbounded domains. Kyrychko
et al. [13] derived a delayed stage-structured population model on an isolated lattice
and studied the stability of the positive equilibrium. Recently, Wang and Li [26] further
extended the method in Kyrychko et al. [13] to a delayed non-local reaction—diffusion
equation in R".

Motivated by the works of Kyrychko et al. [13] and Wang and Li [26], the first purpose
of this paper is to study the stability of equilibria of equation(1.7) in a 2D lattice strip
Q with monotone or non-monotone birth functions. We first prove the positivity and
boundedness of the solutions for the Cauchy-type problem of equation (1.7) provided
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that the initial value is non-negative and bounded. When no positive equilibrium exists,
we show that the zero equilibrium is globally attractive. Otherwise, under monostable
assumptions (see assumptions (A;) and (Aj3)), we give some sufficient conditions to
guarantee the global attractivity of the unique positive equilibrium by establishing a series
of comparison arguments. Finally, when those conditions do not hold, we prove that the
system is uniformly persistent by constructing a “lower” auxiliary equation. Biologically,
the persistence of a population model means that the species survive in the long term. On
the rigorous definition of persistence, we refer to Freedman and Ruan [6].

In addition to the stability of the equilibria, two other important issues are the spreading
speed and travelling wave solutions. A travelling wave solution of an evolution system
is a special solution which travels without change of shape (see Definition 4.1). It can
describe spatial spread/invasion of the species. In recent years, this topic has attracted
much attention from the mathematical and biological community and has resulted in
many significant research papers, see e.g. [3-5,7,8,14-17,19,24,25,27-30,32,36] and the
references therein. The spreading speed is a threshold constant ¢. > 0 which gives an
important description of the long time behaviour for a population system either for
¢ € (0,c+) or ¢ € (cs,00) (see Definition 4.2). Since the introduction of this concept by
Aronson and Weinberger [2], it has been developed and applied to various of evolution
systems. See [4,10,16,24,25,27-29] and the references therein.

When equation (1.7) has only two equilibria 0 and K > 0 and the birth function b is
non-decreasing on [0, K], Weng [28] obtained the spreading speed and its coincidence
with the minimal wave speed of monotone travelling wave solutions of equation (1.7) by
applying the theory for monotone semiflows developed by Liang and Zhao [16]. However,
the birth functions, such as logistic and Ricker type, may not be monotone in general
(see Fang and Zhao [5], Hsu and Zhao [10], Li et al. [15] and Ma [17]). When b is
not monotone in [0,K], equation (1.7) is a non-quasi-monotone system. In this case, the
solution semiflow generalized from equation (1.7) may not be monotone and Liang and
Zhao’s theory for monotone semiflows cannot be applied directly to establish the results
on the travelling waves and spreading speed.

The second purpose of this paper is to consider the spreading speed and travelling
waves for equation (1.7) with monostable nonlinearity and without the quasi-monotone
condition. To overcome the difficulty for the non-quasi-monotone equations, we shall
introduce two auxiliary quasi-monotone equations to “trap” equation (1.7). The method
has been used by many researchers for various non-monotone evolution equations, see
e.g. Fang et al. [4], Fang and Zhao [5], Hsu and Zhao [10], Li et al. [15], Ma [17],
Wang [25] and Wu and Liu [30]. Based on a comparison theorem for solutions of the
Cauchy problems of the three systems, the spreading speed c. is established and the
non-existence of travelling waves with speed less than c. is also obtained. By constructing
a profile set in a suitable Banach space via the monotone travelling waves of the auxiliary
systems and applying Schauder’s fixed-point theorem, we then establish the existence
and asymptotic behaviour of travelling waves with speed ¢ > c.. Finally, the existence
of travelling waves with speed ¢ = c. (minimal waves for short) is obtained by using a
limiting process. It turns out that the spreading speed is linearly determinate and coincides
with the minimal wave speed of travelling waves for this class of non-quasi-monotone
delayed lattice dynamical systems.
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We would like to mention that it is not easy to obtain the upward convergence
of the spreading speed and travelling waves, as well as the downward convergence
of the minimal wave due to the non-quasi-monotone nonlinearity. We shall establish
some sufficient conditions to ensure the upward convergence of the spreading speed
by using a fluctuation method. This method was developed by Thieme and Zhao [23]
for a non-local delayed and diffusive predator-prey model and was used in [4, 5, 10]
to prove the upward convergence of the spreading speed for various non-monotone
evolution systems. The upward convergence of the travelling waves are then obtained. The
downward convergence of the minimal wave is also obtained by proving its integrability on
(—00,0].

The rest of the paper is organized as follows. In Section 2, we consider the positivity
and boundedness of solutions for equation(1.7). Section 3 is devoted to the stability
of the equilibria. In Section 4, we first state some known results on spreading speed
and travelling waves for equation (1.7) with monotone growth function b. Then by using
the squeezing method combined with two auxiliary systems, we obtain the minimal
wave speed and spreading speed of equation (1.7) with a non-monotone growth function,
the linear determinacy of the spreading speed as well as the coincidence in between
the minimal wave speed and spreading speed. In Section 5, we present two illustrative
examples.

2 Positivity and boundedness of solutions
Throughout this paper, we always make the following basic assumption:
(A1) b€ CY(R,R), b(0) =0, and b(u) > 0 for u > 0.
Other assumptions which will be needed later are listed as follows.

(A3) b(*) is non-decreasing on [0, 4+c0).

(Az) There exists a number up,x > 0 such that b(u) is non-decreasing for 0 < u < Upax
and decreasing for u > up,x.

(A3) There exists a constant K > 0 such that ub(K) = d,,K, and ub(u) > d,u for
u € (0,K), ub(u) < dyu for u > K.

(A3) dyuu > ub(u) for u > 0.

It is easy to see that if (Ay) and (Ajz) hold, then the reaction system of equa-
tion(1.7) has an unstable equilibrium 0 and a stable equilibrium K. In this case,
equation (1.7) is a monostable system. The monostable assumptions will be needed in
studying the global attractivity of the positive equilibrium, travelling waves and spreading
speeds.

We remark that the following two specific functions

pu

i) = 17—

and b,(u) = pue™™ with p > 0 and o > 0,

which have been widely used in the mathematical biology literature, satisfy the conditions
(A1) and either (A;) or (Aj), respectively. For a wide range of parameters p, u, o and d,,,
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they also satisfy either (A3) or (A3). We also mention that the function b3(u) = pu’e ™,
with p > 0 and « > 0, satisfies (A1) and (A3) provided that d,,ae > up.

To investigate the existence, positivity and boundedness of solutions for equation (1.7),
consider an initial value of equation (1.7):

u(iaj>s) :(p(iajas)> (i>jas) €0 x [_T’O]' (21)
For convenience, we introduce the following notation.
(1) We define

X ={¢ :Q->R|¢p={¢(i))}ijeeo is bounded},
= {¢ € X|¢(i, j) = 0 for (i, j) € Q},
«52{(45)(1} J) = A, j), Vo € X,

N +w
T(O[P1(J) = e ™ > Y Gliir, juj1. Dut)plir, j1), Ve € X, 1> 0.
i1=1 jlz—%
Clearly, X is a closed cone of X under the partial ordering induced by X ™.

(2) We equip X with a compact open topology, and the accompanied norm is expressed
as || - ||lx. Then X is a Banach lattice, and T(t) : X — X is a linear Cy-semigroup with
T(HXt < X for t > 0.

(3) Let € = C([—7,0], X) be the Banach space of continuous functions from [—7, 0] into
X with the supremum norm || - ||¢. For any given K > 0, we define the following
spaces:

¢t = {p € Flo(s) € X, s € [-1,0]},
(g[O,K] = {q) € (g|€0(17]a S) € [O,K],V(l,‘], S) €0 x [_’57 O]}

Clearly, €™ is a closed (positive) cone of €.

(4) As usual, we identify an element ¢ € % as a function from Q x [—z,0] into R defined
by ¢(i, j, s) = ¢(s)(i, j). For any continuous function u : [—t,b) — X, b > 0, we define
u € €,t €[0,b) by u,(s) = u(t + s), s € [—7,0]. Then t — u, is a continuous function
from [0,b) to €.

(5) Define F : ¥ — X by

N 4w

F(p)(i,j) : MZ:E:GOmLm@MMmh,))

=1 ji=

Using this notation, the initial value problem for equation (1.7) can be rewritten as

{ w'(t) = Dpotu — dypu(t) + F(uy), t >0, (2.2)

=pecbr.

Since G(i, i1, j, j1, Dmt) is the Green function of the boundary value problem

W — p,,AU(, j.t), i € [LLN]z, jE€Z, t>0,
@LG—UUL),(NLG=UW+LLmj€Zt>Q
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one can see that equation (2.2) is equivalent to the integral problem (see Weng [28]):

{u(t) = T(t)p(0) + [y T(t — s)F(us)ds, t >0, (23)

u(s) = ¢(s), s € [—r,0].

Then, we have the following result on the existence, positivity and boundedness of
solutions of equation (1.7) with monotone or non-monotone birth functions.

Theorem 2.1 Under the assumption (A;), for any ¢ € %%, equation(1.7) has a unique
solution u(i, j,t; @) on [0,+00) such that

0<u(i,j,t;0) <K for any (i, j,t) € Q x [0, +00), (2.4)
where M = maXe[— 0] SUP; jeo (i, j,5) and
max { th(tmax)/dms M},  if (A2) holds;
K = max {K, M}, if (A;) and (Asz) hold; (2.5)
M, if (As) hold.

Furthermore, if ¢(0) € IntX™, then u(t) € IntX™ for t > 0 and u, € Inté™ for t > 1.

Proof The existence and non-negativity of the solutions follow directly from the method
of steps, see e.g. Smith [20, Chapter 5]. We now prove that u(i, j, t; ¢) < K for any (i, j,t) €
Q x [0, 400).

If (A,) holds, then for any (i, j) € Q and t > 0, we have

Mwmw=meww+ATWﬂWWMﬂ%

t
< Me™ ™" + 1b(ttmax) / e~ =9 gg
0

= Me ! + pb(umax)(1 — eidmz)/dm
< max {ub(umax)/dm, M }.

If (A,) and (A3) hold, we consider two subcases: M < K and M > K. If M < K, then
for any (i, j) € Q and ¢ € [0,1], we have

MMﬁ@=NW@Mﬁ+ATWﬂW%Mﬁ%

t
< A}\4e_dmI _I_ 'ub(M)/ e_dm(t_s) dS
0
<Ke ™ 4+ ub(K)(1 —e ") /d, =K.

Thus, for (i, j) € 2 and ¢ € [1,27], we have

t
u(i, j,t;0) < Ke ! 4 ,ub(K)/ el ds < K.
0
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Inductively, we can prove that u(i, j, t; ¢) < K = max {K, M} for any (i, j, 1) € Q x [0, +c0).
If M > K, then d,,M > ub(M) and hence for any (i, j) € Q and t € [0, 7], we have

u(i, j,t; ) < Me™" 4 ub(M)(1 — e~ ") /dyy < M.

By an inductive argument, we can prove that u(i, j,t;¢) < M = max {K, M} for any
(i, j,t) € Q x [0, +00).
If (A3) holds, then for (i, j) € Q and s € [0, 1],

N +00
Fu)(i, ) <> Glisir, ju ji.0)dwuiy, ji.s — 1) < dy M.

i=1 ji=—o0

Thus, for (i, j) € Q and t € [0, 7], we have
t
u(i, j,t; ) < Me ' 4 de/ e =) gg = M.
0

Inductively, we can prove that u(i, j,t; ) < M for any (i, j,t) € Q x [0,+00). Therefore,
u(i, j,t;¢) < K for any (i, j, t) € Q x [0, +c0).
From the boundedness of solutions and the assumption b € C!(R,,IR), it is easy to
prove the uniqueness of the solution by using the Gronwall’s inequality. We omit it here.
If ¢(0) € IntX ™, it then follows from the fact

ui, j, t;0) = T(O@(0)(i, j) = e~ inf (i, j,0)
(i,j)eQ

that u(z) € IntX™ for t > 0 and u, € Inté™" for t > 7. This completes the proof. O

3 Global attractivity

This section is devoted to the stability of the equilibria for equation (1.7). We first show
that when no positive equilibrium exists, the trivial equilibrium is globally stable regardless
of the monotonicity of the birth function b. Then, in Subsection 3.1, we shall prove the
stability of the positive equilibrium when the birth function b is non-decreasing. A similar
problem with b being non-monotone will be discussed in Subsection 3.2.

For convenience, we write

G =10 €67 lole <Mand inf ¢(i,j,0)> o}
’ i,j)€

for any given constants 6 > 0 and M > 0. In the following, we also write ||¢|| =
sup(; yeo [0, j)| for any ¢ € X.

Theorem 3.1 Assume that (A1) and (A3) are satisfied. Then for any 6 >0 and M > 0,

lim—o |u(-, £; @) | = O uniformly for ¢ € %jM
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Proof From Theorem 2.1, we have de =% < u(i, j,t;p) < M for any (i, j,t) € Q x [0, 40)
and ¢ € %E{M. Since b(u) > 0 = b(0) for u > 0, the function b is either non-decreasing on
[0,00) or non-monotone on [0,00). We first consider the case where b is non-decreasing
on [0,00). Let v(t) solve the following problem

B0 — —d,0(t) + pb(u(t — 1)), t >0,
v(s) =M, s € [—1,0].

Since b is non-decreasing on [0,00), by the comparison method (see Lemma 3.2 in
Subsection 3.1), we have

0<u(i,j,t;p) <uv(t) for (i,j) € Q2 and t = 0. (3.1)

Thus, to prove the assertion of this theorem in the monotone case, it is sufficient to show
that lim,_,,, v(t) = 0. We first prove that lim,_,,, v(¢) exists. If this is not true, then

o =:limsupov(t) > liminfo(t) = 0.
t—00 [—00

Applying the Fluctuation lemma (see e.g. Wu and Zou [32, Lemma 2.2]), there exists a
sequence {t;} with t; — oo as j — oo such that lim;,,, v'(t;) = 0 and lim;_,,, v(t;) = o. Set
v/ = sup{v(t) : t > t; — t}. Then, we have

V(1)) = —duo(t)) + ub(o(t; — 1)) < —duol(ty) + pb(o)).

Letting j — oo in the above inequality, we obtain 0 < pb(a) — dy,a < 0. This contradiction
implies that lim,,, v(t) exists. Moreover, it is easy to see that lim,.., v(t) = O since
dpu > pb(u) for all u > 0.

Now, we consider the case where b is non-monotone on [0, 00). We construct a monotone
system to control the original system. Define

b*(u) := max b(v), u € [0, 0). (3.2)

vel0,u]

It is easy to see that b™(0) = 0, b*(u) is non-decreasing on [0,00), b*(u) = b(u) for any
u >0, and ub™(u) < d,u for any u > 0. Let ut(t; M) be the solution of the following
auxiliary system:

(3.3)

WO — gt (1) + pb* (Ut (¢ — 1)), ¢ >0,
ut(s) =M, s € [-,0].

Since b*(u) is non-decreasing on [0,00) and ub*(u) < d,u for any u > 0, from the
proof of the first case, we have lim,_., u"(t; M) = 0. Thus, it suffices to show that
u(i, j,t; ) <ut(t; M) for (i, j) € Q and t > 0. Let

w(i, j,t) = u(i, j,t;0) —ut(t; M) for (i, j) € Q and t > —1.
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Then, w(i, j,s) < 0 for (i, j) € Q and s € [—7,0]. Moreover, for (i, j) € Q and t € (0,7], we
have
QLD Ao o) — dywli, 1)+ blui o1 — 2:0) — b (1 — )
< Dulw(i, jit) — dpw(i, j, 1) + ub™ (u(i, j,t — 59)) — pb™ (u™ (t — 7))
<

DmAW(la.]a )_ de(l,], )7

which implies that

N 4o

w(i, j, 1) < e "N Gi.ir. o ji. Dmt)W(it. j1, 0) < 0.
i1=1 ji=—o

Thus, u(i, j,t;¢) < ut(t; M) for (i, j) € Q and t € [0,7]. Inductively, we can prove that
u(i, j,t; ) < ut(t; M) for (i, j) € Q and t > 0. This completes the proof. O

Theorem 3.1 guarantees that when no positive equilibrium exists, the trivial equilibrium
is globally stable regardless of the monotonicity of the birth function b. In the following,
we shall consider the stability of the unique positive equilibrium of equation (1.7) with
monotone or non-monotone birth function b.

3.1 Monotone birth function
Assume that the birth function is non-decreasing. We first introduce the following com-

parison lemma.

Lemma 3.2 Assume that (A1) and (A;) are satisfied. Let u(i, j,t) and u(i, j,t) be such that
u(i, j,s) = u(i, j,s) for all (i, j,s) € Q x [—1,0] and

B > DA, jt) — dwit(i, j.8) + £ o0y SSFE Gl ju jis o)
xb(a(iy, ji,t — 1)), (i,j) € 2t >0,
u(0, j,t) = u(l, j,t), a(N,j,t)=u(N +1,j,t), j€Z,t =0,

and

WD < DA, j, 1) = dtaCi, j, 8) + p >0 S, Glisiv, o i)
Xb(ﬂ(ilsjlat_ T))s (ls]) € Qat > 09
u(0, j,t) = w(1,j,t), w(N, j,t) = u(N +1,j,1), j € Z,t>0.

Then, u(i, j,t) = u(i, j,t) for (i,j) € Q and t > 0.
The proof of the above lemma is similar to that of Weng [28, Lemma 3.3] and is omitted.
Theorem 3.3 Assume that (A1)—(A3) are satisfied. Then for any 6 >0 and M > 0,

lim,_,o, |u(:,t; 9) — K| = 0 uniformly for ¢ € %E{M.
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Proof If (A;) holds, then from Theorem 2.1, we have de %' < u(i,j,t;0) < K =
max{K, M} for any (i, j,t) € Q x [0,400) and ¢ € %E{M. Let @(t) and u(t) solve the
following problems

% = —dpi(t) + ub(u(t — 7)), t > 1,
u(s) =K, s € [0,1],

and

W) — —du(t) + pb(u(t — 1)), t > 1,
u(s) = de~7, s € [0,1],

respectively. It then follows from Lemma 3.2 that
u(t) <u(i, j,t;p) < u(t) for (i, j) € 2 and t > 1. (34)
Moreover, using Theorem 9.1 in Kuang [12, page 159], we have

lim u(t) = lim a(t) = K,

t—o0 t—o0

and hence the assertion follows. This completes the proof. O

3.2 Non-monotone birth function

In this subsection, we consider the stability of the positive equilibrium for the non-
monotone case.
We first establish the following comparison theorem for general birth functions.

Lemma 3.4 Assume that (A1) holds, and that there exists M > 0 such that 0 < u=(i, j, t) <
ut(i, j,t) < M for (i, j,t) € Q x [—1,+00) satisfying: for any function ¢ with u=(i, j,t) <
oG, j,t) <ut(i, j,t) < M for (i, j,t) € Q X [—1,00), we have

WL > Dy Aut — dyu (i, j, 1) + 10y S22 Gl ju i)

Jir=—o0
Xb(¢(i1,j1,t—‘[)), (i,j) € Q,t >0,
ut(0,j,t) =ut(1,j,1), ut(N,jt)=u"(N + 1,j,t), j€Z,t =0,
and
WL < DA™ — du (i o 1) + Ny SF Gl o i)
xb($(ir. ji.t — 1), (i.j) € Q,t >0,
u_(o’j9 t) = u_(19j9 t)’ u_(N9j9 t) = u_(N + 19j9 [)7 .j e Zﬂt > 0'
Then for any function ¢ with

u (i, j,5) < @i, j,s) <u' (i, j,s) < M for (i, j,s) € Q x [=1,0],
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we have
u=(i, j,t) < ui, j, t;0) <ut(i, j,t) for all (i,j) € Q and t > 0,

where u(i, j,t; @) is the solution of equation (1.7) with the initial value ¢ € €%, and u~ and
u™ are called a pair of sub- and super-solutions of equation (1.7).

Proof Define w(i, j,t) = u™(i, j,t) — u(i, j, t; ¢) for (i, j) € Q and t > —t. Then it is easy to
see that

dwC;[ > D, Aw(i, j, 1) — duw(i, j, 1) ‘H‘En 1 o G, 11, j, j1,%)
[ ((b(llajlzt_f))_b(u(llajlzt_f))}z ( ])EQ t>0 (35)
W(Oﬂjﬂt):W(lﬂjﬂt)’ W(N’J’t):W(N+15j5t)’ JEZ’tZO)

for all ¢ with u=(i, j,t) < ¢(,j,t) < u'(i,j,t) for (i, j,t) € Q x [—1,+00). Note that

u(i, j,s;9) = ¢, j,s) for (i,j,s) € Q@ x [-7,0]. Take ¢(i, j,s) = (i, j,s) for (i,j,s) €
Q x [—7,0]. It follows from equation (3.5) that

dt

AL = DoAw(i j,0) = duw(i, 1), (i, ) € 2, € (0,7], (36)
w0, 1) = w(l, j, ), wN, ) = w(N +1,1,0), jE€Z,t>0 |

Recalling the definition of the operator T, equation (3.6) implies that
w(i, j,1) = T(O)w(0)(i, j) = 0, (i, j) € 2,1 € (0,7].
Hence, u(i, j,t; @) < u™(i, j,t) for all (i, j) € Q and ¢ € [0, 7]. Similarly, we can show that
u= (i, j,t) <u(i, j,t; @) for all (i, j) € 2 and t € [0, 1].
Now, we choose ¢ to be any function between u™ and u~ such that ¢(i, j, ) = u(i, j,t; @)

for (i, j,t) € Q x [0,7]. Then, from equation (3.5), we have

DI > p,Aw(i, j,t) — duw(iy j, 1), (i, j) € Q,t € (1,21],
(0 Bty =w(l,j,t), wN,j,t)=wN+1,j,t), jeZ,t >,

which implies that

w(i, j,t) = T(w(t)(i,j) =0, (i,j) € Q,t € (z,21].

Hence, u(i, j,t;0) < ut(i,j,t) for all (i,j) € Q and t € [r,21]. Proving that u™(i, j,t) <
u(i, j, t; @) for all (i, j) € Q and ¢ € [7,21] is similar.

Inductively, we can obtain u=(i, j,t) < u(i, j,t; @) < u™(i, j,t) for all (i, j) € Q and t > 0.
This completes the proof. O

In the rest of this section, we always assume that (A;), (Az) and (Aj3) hold. We shall
consider two cases: K < upax and K > upay.
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3.2.1 The case K < Upax.

Theorem 3.5 Assume that (A1), (Az) and (Az) are satisfied. If K < uyax, then for any
0>0and M >0,

lim,_,, |u(:, t; @) — K| = 0 uniformly for ¢ € (KIM

Proof Take K = max{M, d’—:}b(umax)}. From Theorem 2.1, we have
de~t < u(i, j,t;¢) <K for any (i, j,1) € Q x [0,400) and ¢ € 6] ;.

It is easy to see that the functions u=(i, j,t) = 0 and u™(i, j,t) = Vi(t) are a pair of sub-
and super-solutions of equation (1.7), where Vi(t) satisfies

% = __dm Vi(t) + pb(umax), t > 7, (3.7)
Vi(s) =K, s € [0,1]. ’
By Lemma 3.4, we have 0 < u(i, j, t; @) < V() for (i, j, t) € Q X [0,+00). Thus,
limsup sup u(i, j,t:0) < lim Vi(t) = 4 b(umay). (3.8)
t—w  (i,j)eQ =0 dpy,

In the case where K < upay, we have K < dib(umax) < Umax. Thus, there exists T > 0

such that
.. 1
u(i, bt o) < Vi(h) < E [dib(umax) + Umax | < Umax
m

for (i,j) € Q and t > T. Note that the function b(u) is non-decreasing for u € [0, tmax]-
Similar to the proof of Theorem 3.3, we can show that lim,_,., ||u(-,t; ¢)—K || = 0 uniformly
for ¢ € 675,

We now consider the case when K = up,,. Let b*(-) be defined as in equation (3.2) and
u™(t; M) be the solution of equation (3.3). By Theorem 9.1 in Kuang [12, page 159], we
have lim,_,,, u™(t; M) = K. Then, for any e € (0, 1), there exists t; > 0 such that

u(i, jot;0) <ut(t; M) <K + € for any t > 11,9 € 65 .

Define
b_ (u) = min{b(u),b(K + €)}, u € [0,K + €].
It is clear that b_(u) is non-decreasing on [0,K + €] and ub_ (u) = d,u admits a unique

positive solution K.. Moreover,

0<K—K, = di[b(K) — b (K.)] = dﬂ [b(K) — b(K + €)] < e,

where x = di max,ejok+1] [b’'(u)]. Let u=(¢) be the solution of the following problem:

d“;[“) =—du (t)+ub-(u (t—7)), t >t;+71,
u=(s) = de~ it s € [ty,t; + 1]
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Note that K + € > u(i, j,s; @) = de 149 = y=(s) for any s € [t1,t; + 1], (i,j) € Q and
Qe %jM Similar to the proof of Theorem 3.1, we can easily prove that

u=(t) <u(i,j,t;p) <K+ e forany t > t; and (i, j) € Q.

Since K. < K + ¢, it is easy to show that lim,_,,, u~(¢t) = K, by the similar method used in
the previous paragraph. Then there exists t; > t; such that u=(t) > K. —e > K — (k + 1)e
for any t > t; and (i, j) € Q. Therefore,

K —(ic+ 1)e <uli, j,t;0) <K +e forany t > by, (i, j) € @ and ¢ € 67 ,.

This completes the proof. O

3.2.2 The case K > upay.

To obtain the global attractivity of K in this case, we further impose the following
assumptions.

(Q) ub(u) is strictly increasing in u € (0, 4-b(tmax)]-

< 2K —u, if u € [upax, K),
>2K —u, ifue[K,2K].

Q) #bw) {
Theorem 3.6 Assume that (Ay), (Az) and (Asz) hold and K > umyax. Assume further that
dﬂmb(ub(umax)/dm) > Umax and (Q) or (Q) holds. (3.9)
Then, for any 6 >0 and M > 0,

lim;_, o, |u(-,t; ¢) — K| = 0 uniformly for ¢ € %;M.

Proof Let V/i(t) be the solution of the problem of equation (3.7) and v(t) be the solution
of the following problem

{ 0 — —dy (1) + pmin {b(or (= ). BV (=) £ > (3.10)

vi(s) = de~7, s € [0,1].

Since b(umax) = b(u) for all u = 0, we have

W | g > 20

> i 04
Vi(t) = vi(r) and It it

+du1(t), t> 1.

It is easy to prove that 0 < vy(t) < Vi(¢) for all t > 7. Moreover, it is not difficult to verify
that v; and V; are a pair of sub- and super-solutions of equation (1.7). Thus, we have

0 <o(t) < uli,j, t;0) < Vi(t) (3.11)
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for any (i, j,t) € Q x [0,+0c0) and ¢ € %jM Similar to the proof of [26, Theorem 3.3], we
can prove that

}Ln; Ul(t) = %b(ﬂb(umax)/dm)'

By our assumptions, there exists T, > 0 such that

tmax < 5 | 5D (W (tma) /) + thman | < 01(6) < (i 15.9) < V2 (0)

1
3l
for any (i, j,t) € Q x [T, +0) and ¢ € ;. Let

Lrp
o1 = 5 [dfmb(,ub(umax)/dm) + Umax:| :

We now construct a sequence of pairs of sub- and super-solutions of equation (1.7):

%”= dun(t) + bV 1(t — 7)), t> T +1,
[”Zfz = —d Va(t) + b1t — 1)), t > To + 1,
Un(S) = 01, Vn( ) = K, s€ [T, T, + 1],

where K is given by Theorem 2.1. Using Lemma 3.4 and a similar argument to that in
Wang and Li [26, Theorem 3.3] and Kyrychko et al. [13, Theorem 5.3], we can show that

vi(f) < < vopa (1) S wn(0) < K uli, ot )
< V) K Vit (1) < -+ < VA(0) (3.12)

fort > T, + 1.
By an inductive argument, lim,_,, v,(t) and lim,_,, V,(¢) exist. Set v, = lim,_,, v,(t) and

Vy =1lim,,o, V,(t). Then,
,Ltb( Vr:;l) = dmv;; and Hb(v;:q) =dy V,.

n

Define v* = lim,,, v, and V, = lim,_,, V,;. Then we have
ub(V*) = d,* and ub(v") = d,V".

Suppose that (Q) holds. Since lim,_,, V1(t) = £ b(upax), we have v° < K < V' <
4=b(umax). Note that uV*b(V*) = dv* V" = u*b(v* ) ‘Then it must be v =K = V*.

On the other hand, if (Q)" holds, consider two curves U = J-b(u) and u = 7-b(U) in
the (u, U)-plane. Conditions (A;), (Az) and (Q)" imply that

b)) <2K —u for u € [0,K), and b(u) > 2K —u for u € [K, +00).

Since the curve u = ﬁb(U) is the reflection of the curve U = ﬁb(u) about the line U = u
and the line U = 2K — u is symmetric with respect to the line U = u, the two curves
U= ﬁb(U) and U = dimb(u) have only one positive intersection point (K, K). Hence, we
have v* = K = V*. It then follows from equation (3.12) that lim,_,., |u(:,t;¢) — K| =0
uniformly for ¢ € %;{M. This completes the proof. O
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When K > upy,y, if the condition (3.9) does not hold, then we can prove that system
(1.7) is uniformly persistent. For convenience, we define

_ minvE[u,Ko] b(”)’ ue I:Oa Ko]z
b(u) = { b(u), u> Ko,

where Ko = 4-b(umax) +1. It is clear that there exists K. € (0,K) such that ub(K.) = d, K-,
ub(u) > dy,u for u € (0,K.) and ub(u) < d,u for u > K.. Moreover, b(u) = b(u) for all

u=0.

Theorem 3.7 Assume that (A), (Az) and (A3) hold and K > unyax. Then, for any ¢ € €+
with inf(,-,j)eg (p(i, j, 0) > 0,

K. <liminf inf u(i,j,t; ) <limsup sup u(i,j,t; ) < ﬂb(umax).
t—oo  (i,j)eQ t—w0  (i,j)eQ dy

Proof Let Vy(t) and vy(t) be the solutions of the following problems:

dli?t(t) = —dy VO(I) + ,Ub(umax)a t>r,
VO(S) = max {,ub(umax)/dm, SUD(; jr)e@x[—1,0] go(i, j, 7’)}, S € [(), T],

and

00 — —d,,vo(t) + pmin {b(vo(t — 7)), b(Vo(t — 1))}, t > 1,
vo(s) = min {K., e~ inf ;co ¢(i, j,0)}, s € [0,7],

respectively. We can verify that vp and ¥, are a pair of sub- and super-solutions of
equation (1.7) and it follows from Theorem 2.1 that vy(t) < u(i, j, t; @) < Vo(t) for (i, j,t) €
@ x [0,7]. Using Lemma 3.4, we obtain

vo(t) < uli, j,t; ) < Vo(t) for (i, j, t) € Q X [1,00). (3.13)

It is clear that lim, . Vo(t) = ub(umax)/dm. To prove the assertion of this theorem, it
suffices to show that liminf,_, vo(t) = K.. From equation (3.13), there exists T3 > 0 such
that 0 < vo(t) < ub(Umax)/dm + % for t = T;. Consider the following problem:

{ % = _dmﬁ(t) + /,tb(ﬁ(l’ - ‘L')), > T3 +1,
(s) = min {K., mine[r, 1,47 vo(t)}, s € [T3, T3 + 1.

Noting that b(u) = b(u) for all u > 0 and b(u) is non-decreasing on [0, K], it is easy to
show that

lim,_,, 5(t) = K. and vy(t) = 8(t) for t > T + 7.

Thus, liminf,_, vo(t) = K.. This completes the proof. O
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4 Travelling waves and spreading speed

In this section, we consider the travelling waves and spreading speed. In addition to (Aj)
and (A3), we also need the following strictly sublinear assumption:

(By) b"(0) exists and b(yu) > yb(u) for y € (0,1) and u € (0, +o0).

From (B;), we see that b(u) < b'(0)u for all u = 0. Furthermore, this fact together with
the assumption (A3) implies that ub'(0) > ub(5)2 > d,.

4.1 Preliminaries

We first state some results on spreading speed and travelling waves for equation (1.7) with
a monotone growth function b:

(By) b'(u) =0 for all u € [0,K].

The definitions of the spreading speed and travelling waves of equation(1.7) are de-
scribed as follows, see e.g. [4,16,24].

Definition 4.1 A travelling wave solution of equation (1.7 ) refers to a solution with the form
u(i, j,t) = ®;(j+ct), (i, j) € Q, where ¢ > 0 is the wave speed. Moreover, we say that ¢, > 0
is the minimal wave speed if system (1.7) has a travelling wave with speed c if and only if
its speed ¢ = cy,.

Definition 4.2 A function u : Q x Ry — R is said to have a spreading speed c¢. > 0 if
there exists a constant ¢ > 0 such that

lim u(i,j,t) =0 for all ¢ > c., and lim (i, j, t) = ¢ for any c € (0,c.).

t—o0,|j|=te t—o0,|jI<te
All these limits are uniformly for i € [1, N]z.

According to Definition 4.2, we see that ¢. and ¢ depend on the function u. However, if
all solutions of a system with initial functions having compact supports share the same
¢» and ¢, then we call such c. the spreading speed of the system.

For the sake of simplicity, we write 0 = (0,...,0) € RY and K = (K,...,K) € RV,
Letting ¢ = j+ct, then the profile function of the travelling wave solution of equation (1.7)
is @(&) = (P1(&),...,DPn(&)). It is obvious that the profile function @(¢) of the travelling
wave solution satisfies the following equation:

cP(&) = D [®i11(E) + Pi1(E) — 204(&)]

+Dp[Pi(E + 1) + Di(E — 1) = 20:(&)] — dnPi(€)

Hu SN S Gii i a)Bai)b (P, (€ — i — c0)),
Do(&) = D1(E), Pn(&) = Pn1(8).

(4.1)

Since Z;ffoc Ba(j1)e 4t = e¥coshi=1) (see Weng [28, Lemma 2.1]), it is clear that the
characteristic problem for equation (4.1) with respect to the trivial equilibrium can be
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represented by

M(2)v; = Dy [vis1 + vieg — 20;] + [2Du(cosh 4 — 1) — d,]v;
+ ub/(o)e—M(i)reZo:(coshl—l) Zg:l Gi(i, iy, OC)Uil ,
i€[1l,N]z, 1€,
Vo = U1, UN = UN+1-

(4.2)

From Weng [28], we know that equation (4.2) has a positive principal eigenvalue M (A)
with strictly positive eigenfunction v(4) = {vi(4)}ien1.ny,- Moreover, there exist ¢. > 0 and
A« > 0 such that

o= MG e MA)

Ao >0 ;L, ’ (43)

and for any ¢ > c., there exists a unique 4 := 4;(c) € (0, A.) such that M(4;) = ¢4y, and
M(A) < ¢/ for any 4 € (Aq, 4+).

Under the assumptions (A;), (A3), (B;) and (B,), Weng [28] showed that the number c.
is the minimal wave speed of monotone travelling waves connecting 0 and K as well as the
spreading speed of equation (1.7) by employing Liang and Zhao’s theory for monotone
semiflows (see Liang and Zhao [16]). In fact, using the technique of monotone iteration
schemes coupled with the method of sub-super solutions, one can further obtain the
asymptotic behaviour of the wave tail for travelling wave fronts as ¢ > c.. The following
result summarizes the above stated results which will be used in the coming subsections
for proving the existence and asymptotic behaviour of the travelling wave solutions.

Proposition 4.3 ([28, Theoerems 5.2-5.3]) Assume that (Ay), (A3), (By) and (B;) are satis-
fied. Then the following statements hold.

(1) For each ¢ > c«, system (1.7) has a non-increasing travelling wave solution ®(&) =
(D1(&),..., DN (E)), & = j+ ct satisfying &(—ow0) = 0 and &(+o0) = K. Moreover,

P'(E) >0, lim D(E)e M =v(Ji(c)) and B(E) < eO%(2(c))
{——

for all &£ e R.

(2) For any ¢ € (0,c.), system (1.7) has no travelling wave solution ®(&) connecting 0 and
K.

(3) For any ¢ > c«, if ¢ € Gk With 0 < ¢ < K, and ¢(i, j,-) = 0 for i € [1,N]z and j
outside a bounded interval, then lim,_,, |ji>c u(i, j, t; @) = O uniformly for i € [1, N]z.

(4) For any 0 < ¢ < ¢\, if @ € Gk with ¢(-,0) £ 0, then lim,_, ;i< u(i, j,t;0) = K
uniformly for i € [1,N]z.

Remark 44 From equations(4.2) and (4.3), it is easy to see that the spreading speed
¢« depends on the maturation delay t. Moreover, from equation(4.2), we can see that
M(A) is decreasing with respect to t on [0,00). Thus, due to the definition of c., it is
a decreasing function of t, that is, the maturation time delay will slow the spreading
speed. A similar phenomenon has been observed by some researchers for various spatially
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continuous reaction—diffusion equations with delay, see e.g. Zou [36], Li et al. [14] and
Ou and Wu [19].

In what follows, we shall extend the results in Proposition 4.3 to the case of non-
monotone growth function b. We replace the monotone condition (B;) by the following
assumption.

(By) There exist constants K= with K* > K > K~ > 0 and two continuous and piecewise
continuously differentiable functions bt : [0,K*] — R such that

(i) wb*(K*) = dpK* and ub*(u) > dyu for u € (0,K*);
(ii) b'(0) = (b)Y (0), (bt)"(0) exist, b(u) are non-decreasing on [0, K*] and

0 < b (u) < b(u) < b (u) < ' (O)u for u € [0,K*].

According to the assumption (B,)’, we introduce two auxiliary monotone equations to
“trap” the equation (1.7):

PG = Dy Au(i, j 1) — dyui, J. 1)
‘le,l _1 +°O o GG, i1, j, ji, )b~ (uliy, j1,t — 1)), (4.4)
u(Oajat)_u(l .]9 )9 M(N J:t):u(N-"_lajat):

and

WL = Dy Aui, j,t) — dyui, . 1)
+u2“ 12,1_%0 (i, ivs o j1o c)b™ (uliy, ji, t — 7)), (4.5)
U(O,],t) - u(l ]5 )7 M(N ]: ) - M(N+ lajat)'

For simplicity, we define K* = (K,...,K*) € R". Note that if b is non-decreasing on
[0,K], then b* = b and KT = K. If there exists a number ugmax > 0 such that b(u) is non-
decreasing for 0 < u < upax and decreasing for u > tmay, then b(+) can be constructed as
follows:

bt(u) = max b(v) and b~ (u) := min b(v), u € [0,K7],
ve[0,u] ve[uK+]
where Kt = ,Ub(umax)/dm~

In the following subsections, we always assume that (Aj), (Asz), (By) and (B;) are
satisfied.

4.2 Spreading speeds and non-existence of travelling waves

We shall consider the spreading speed and the non-existence of travelling waves for
equation (1.7) with non-monotone growth function b. Similar to Theorem 2.1, it is easy
to show that for any ¢ € %|ox+, equation(1.7) admits a unique solution u(i, j, t; ¢) on
[0, +c0) such that u(i, j,s; @) = @(i, j,s) and 0 < u(i, j,t;9) < KT for (i, j) € Q, s € [—1,0]
and t > 0.
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To obtain the spreading speed of equation (1.7) in the non-monotone case, we need to
establish a comparison theorem for solutions to systems (1.7), (4.5) and (4.4). Its proof is
similar to that of Zhao et al. [35, Lemma 4.2] and is omitted here.

Lemma 4.5 Assume that ¢, " € €ox+ and ¢~ € Gk with

Let u=(i, j,t;07), u(i, j,t; ) and ut(i, j,t; ") be the unique solutions of systems (4.4), (1.7)
and (4.5) through ¢~, ¢ and @, respectively. Then,

u (i, j,t;97) < uli, j.t;0) < ut(i, j,t;0%) for (i,j) € Q and t > 0.

Applying the comparison Lemma 4.5, we have the following results on the spreading
speed for system (1.7) with non-monotone growth function b.

Theorem 4.6 The following statements hold :

(1) For any ¢ > c., if ¢ € Glok+ with 0 < ¢ < K™, and ¢(i,j,") =0 for i € [1,N]z and j
outside a bounded interval, then lim_, . |j>c u(i, j, t; @) = O uniformly for i € [1, N]z.

(2) For any 0 <c < cs, if @ € G+ with @(-,0) £ 0, then

K~ < liminf u(i, j,t;¢) < limsup u(i, j,t;0) < K™

t—o0,|jl<ct t—o0,| jl<ct
uniformly for i € [1, N]z. Moreover, if, in addition, one of the following holds:

(1) (Ay) holds and K < umax;

(i) b(u)/u is strictly decreasing for u € [K—,K™] and b(u) has the property (P) that for
any u,v € [K~,K™] satisfying v < K < u, dyv = pb(u) and d,u < ub(v), we have
u=v,

then 1im,_,o,|ji<ce u(i, j, t; @) = K uniformly for i € [1,N]z.

Proof For any ¢ € @ok+], define § € k-1 by ¢(i, j, t) = min{e(i, j, t), K~}. It follows
from Lemma 4.5 that

u= (i, j,t;®) <u(i, j,t;0) <u'(i,j,t;¢) for (i,j) € Q and t > 0.

Since b'(0) = (b1)(0), it is clear that equation (4.2) is also the characteristic problem of
equations (4.5) and (4.4) with respect to the trivial equilibrium 0. Further, by Proposition
4.3, we see that c. is the spreading speed of solutions for both auxiliary quasi-monotone
systems (4.4) and (4.5), which together with the above inequalities implies that c. satisfies
the statement (1) and the first part of (2). That is, ¢. is the spreading speed of system
(1.7).

Now, we prove the upward convergence in the property of spreading speeds. In the
case where (i) holds, we see that b*(-) = b(-) and K* = K, and the upward convergence
follows.
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In the case where (ii) holds, we shall use a fluctuation method which was developed
by Thieme and Zhao [23] and used in [4,5,10] to prove the upward convergence of the
spreading speed for various non-monotone systems. Since the process is very similar, we
only sketch the outline here. Define h € C(]Ri,]R) by

min 1b(w), ifu<v
h — welu] : ,
(u’ U) { maXyefo,u] b(W) ifo<u

Clearly, h(u,v) is non-decreasing in u and non-increasing in v, and h(u,u) = b(u). For
simplicity, we denote u(i, j,t; @) by u(i, j,t). For § € (0,c.), we set

V.(B) = min liminf u(i,j,t) and V*(f) =  max limsup u(i, j, ).
i=1,..,N t—o0,|j|<pt Nt—>oom<[ft

Then there exists a sequence {t;} < (0,c0) such that |j| < ft;, t; - o0 as j — oo and
limj_,o, u(i, j,t;) = V«(p) for some i € {1,...,N}.
Rewrite equation (1.7) in the following way:
0
u(i, j,t) = e u(i, j,0) + Dm/ elu(i+ 1, j,t +s)

—t

+ u(i—1, j,t-l—s)-l—u(ij-l—l t+s)+u(i,j—1,t+ s)lds

+ ,u/7 ”Z Z G1(i, i1, 20) By (j1)

i1=1ji=
X h((u(ll,] _]1aS_T)5(u(ilaj_j17t+s_T))dsa (46)

where k = 4D,, + d,,. Let y € (f,¢.). Then, for any given s € R and k € Z, there holds
|j — k| < y(tj +s) when j is sufficiently large. Using Fatou’s lemma, it then follows from
equation (4.6) that

V(B = 20y + Lhv ). v ).

Set
W.(c,y) = irﬁlf V.(B) and W*(c,y) = sup V*(B).
c<fp<y

c<p<y
Then, we obtain

W) 2 W) + ROV e, W (),
which implies that
Wele.y) = dﬁmh(W*(c,y), W (c.7)). (4.7)
Similarly, we have
We(e.y) < %h(wwc,w, We(e.)). (4.8)

By the definition of function h, we can find u,v € [W.(c,y), W*(c,7)] = [K~,K*] such
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that
h(W.(c,y), W(c,7)) = b(u) and h(W™(c,7), W.(c,7)) = b(v).
Hence,
u . I
b)) < Waley) S v < Wey) < 4-b(0) (49)

which yields that

<1= < .
dm u dm K dm U

This, together with the strict monotonicity of b(u)/u on [K—, K], implies that v < K < u.
By equation (4.9) and the property (P), we obtain u = v. Hence, u = v = K. It then follows
from equation (4.9) that W.(c,7) = W*(¢,y) = u = v = K. Consequently,

K = W.c,y) < Vi(p) SV (y) S Wi(e,y) =K,

which implies that lim,_,o i< u(i, j, t;¢) = K uniformly for i € [1, N]z. This completes
the proof. ]

Remark 4.7 As pointed out by Fang et al. [4], Fang and Zhao [5] and Hsu and Zhao [10],
either of the following two conditions is sufficient for (P) to hold:

(Py) ub(u) is strictly increasing for u € [K—,K*], or

(P2) b(u) is non-increasing for u € (K,K™*] and b(ﬁb(u))/u is strictly decreasing for
u € (0,K].

The non-existence of travelling waves is a consequence of the result on the spreading
speed. Its proof is similar to that of Thieme and Zhao [24, Theorem 3.5], see also
Wang [25, Theorem 2.1]. We omit it here.

Theorem 4.8 For any 0 < ¢ < c., equation (1.7) does not admit a travelling wave solution
@(&) with liminfe_,, P(E) > 0 and P(—o0) = 0.

4.3 Existence of travelling waves

In this Subsection, we shall prove the existence of the travelling waves (&, c) for system
(1.7) with a non-monotone growth function b and ¢ > c.. For the case ¢ > c., we
shall employ the Schauder’s fixed-point theorem and construct a suitable profile set in a
Banach space by using the travelling fronts of the lower auxiliary system (4.4). Such a
construction of the profile set has the merit that we can obtain the asymptotic behaviour
of the travelling waves at —oo (see equation (4.10) below).

Note that system (4.4) has the characteristic problem (4.2). From Proposition 4.3, we
have the following result on the travelling fronts for the lower auxiliary system (4.4).
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Proposition 4.9 For any ¢ > c., system (4.4) has a non-increasing travelling wave solution
@ (&) which satisfies @, (—o0) = 0 and &, (+o0) = K~. Moreover,

EPE >0 lim oL@ = u(i(e) and @7(E) < P o(hi (o)
for all £ e R.

Now, we state the main result in this subsection.

Theorem 4.10 For each ¢ > c«, equation(1.7) admits a travelling wave ®(&) =
(@1(E),...,DPN(E)) such that 0 € &(&) < KT for £ € R, d(—oa0) = 0,

K~ <liminf &(¢) < limsup &(¢) < K,

[Smaes E—0
and
élim D(&)e™1¢ = u(41(c)). (4.10)

Moreover, if, in addition, one of the following holds:

(1) (Az) holds and K < upay;
(i) b(u)/u is strictly decreasing for u € [K—,K™] and b(u) has the property (P),

then lim;_,.. ®(¢) = K.

Proof The proof of the first assertion is similar to those of [17, Theorem 1.1] and [10,
Theorem 3.1]. So, we only sketch the outline in the following three steps.
Step 1. Define the operator H = (Hy,...,Hy) : C(IR, [0,K*]Y) - C(R,R") by

Hi[P1(&) = Dulypit1(E) + wim1 (&) +pilE + 1) +yi(E —1)]
N +4o©

+ Y Y Gilhin0)Ba(iob (v (& — ji — ). (4.11)

i1=1 j] =—00

We also define H™ and H~ by replacing b with b and b~ in equation (4.11), respect-
ively. Since b*(u) are non-decreasing for all u € [0,K*], H¥(-) are non-decreasing in
C(R, [0,K*]Y). Furthermore, we define T = (Ty,..., Ty) : C(IR, [0,K*]Y) - C(R,RY)
by

_Ho

T =3 [ e (412)

where pg = 4D,, +d,,. Similarly, we define T and T~ by replacing H with H* and H™ in
equation (4.12), respectively. It is clear that TT(¥) are non-decreasing in C(IR, [0, K*+]V),
and

T-(Y)<T(Y)< TT(¥) for any ¥ € C(R, [0,KT]™).
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Step 2. Define @*(¢) = (& (¢),..., P4 (&) by
(&) = min {K T, v;(21(c))e" <), i=1,...,N.

Using the assumption bT(w) < b'(0)w for allw € [0,K™], it is easy to show that
TH@)(&) < &H(&) for & € R.
For a given 4 € (0, 41(¢)), let

X, = {‘F = (1,...,pN) € C(R,RY) :iung 1 (&)e < +oo}
ce

with | ¥ [;= supecr |l P (&)|le~. Then (X;, | - |;) is a Banach space. It is easy to see that
o7, 0t € X

Define a subset Y« X, by Y={P € X, : &
closed subset of X, and for any ¥ €Y,

- < ¥ < &*}). Then, Y is a convex and

c

O, =T (P,)<T (V)< T(¥)<STHY) < TH(P") < D7,

C C

which implies that T : Y — Y.
Step 3. We show that T is compact on Y. We first show that T is continuous on Y.
For any @ = (¢1,...,¢n), ¥ = (v1,...,pNn) € Y, we have

[H{(®@)(&) — Hi(P)(&)]e
< Dy [|i1(E) — Wit (E)] + i1 (&) — wi1(E)[] e
+ D [|6i(E + 1) = i€ + DI+ i — 1) — i€ — D] e

N +oo
-HLZ Z G (i, i1, 2) By (j1)

i1=1 jlz—OG

X b (i (& — ji = c1)) = b(wi(§ — ji — 1))l

N +oo
<1 =¥ L[PG+ +uLi Y Y Gilhin ol |

ij=1 ji=—0

::LZHQI)_'PHA, i= 19"'9N9

where Li = max,cpx+ |'(1)|, which implies that

I T(®)(&) — T,'(‘P)(é)\e*ii < L,

<—2 |o6—P|,; i=1,...,N.
Trale= Tl

Hence, T is continuous on Y.
Next, we show that T(Y) is compact X,. For any ¥ € Y and £ € IR, it is easy to see
that

IHi(P)(&)| < 4D, K* 4+ max |b(u)| =: Ls, i =1,...,N,
uel0,K+]

which implies that |T;(¥ )(¢)|] < L3/po, i = 1,..., N. Noting that

_Ho

TV = 7))+ H(P)E)
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we have |T{(W) (&) < 2L3/c, i = 1,...,N. Therefore, T(Y) is a family of uniformly
bounded and equi-continuous functions on IR. Further, using the method as in Fang
et al. [4] and Hsu and Zhao [10], we can show that T(Y) is compact in X;.

Therefore, using the Schauder’s fixed-point theorem, we know that the operator T has
a fixed point @ in Y which is a travelling wave solution of equation (1.7) for ¢ > c.. Since
0 < D-(8) < D) < PH(E) for & € R, it is easy to see that 0 < &(¢) < KT for & € R.
Moreover, ®(—o0) = 0, lim;_,_., #(&)e *9% = v(J4(c)), and

K™ < liminf &(C) < lim sup &(¢) < K'.
C—0

{—00

When (A;) holds and K < tmay, b(-) = b(-) and K* = K. Hence lim;_., #(¢) = K. In
the case where (ii) holds, by using the upward convergence in the property of spreading
speeds, the proof of the limit lims,,, #(¢) = K is very similar to that of [10, Theorem
2.3], see also [4, Theorem 4.1]. We omit it here. This completes the proof. O

Using a limiting process, we can obtain the existence of travelling waves @* with the
minimal wave speed c.. Moreover, we can show that ¢*(—oo) = 0 and give some sufficient
conditions to ensure the upward convergence of the minimal wave. In fact, we have the
following result.

Theorem 4.11 For ¢ = c., equation (1.7) admits a nonconstant travelling wave solution ®* =
(P7,...,Py) such that " (—o0) =0 and

K™ <liminf @"(¢) < limsup @"(¢) < K*. (4.13)

[Smdes] &0

Moreover, if, in addition, one of the following holds:

(1) (Ay) holds and K < upmax;
(ii) b(u)/u is strictly decreasing for u € [K—,K™)] and b(u) has the property (P);

then lims_,,, (&) = K.

Proof Since S°7” _ f,(ji1) = 1 and ub'(0) > d,,, there exists M; > 0 such that

ji=—m

b0 d .
()++ Z ﬁv(]l) - dm > 0.

Ljil<M;

In addition, there exists do > O such that
b(u) = O ity —: pyu for all u € [0, ).

We first show that for any vector ¢ € RN with ¢ > 0, equation(1.7) admits a
nonconstant travelling wave solution ¢* = (&j,...,®}) such that 0 < ¢*(¢) < K* for
¢ e R, and 9°(¢) < ¢ for ¢ < M;. Choosing a sequence {c;} < (c«,+00) such that
limj¢; = ¢.. According to Theorem 4.10, there exists a travelling wave (), ¢;) of
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equation (1.7) for each j such that

K~ < liminf 7 (¢) < limsup #9(&) < K*.

{0 &

Given any vector ¢ € RN with ¢ > 0. Since ®U)(¢ + h), h € R, is also such a solution,
PU)(—o0) = 0, we can assume that ®U)(¢) < ¢ for ¢ < M;. Similar to the proof of
Theorem 4.10, we can prove that {®V)(¢ )}jf;l is an equi-continuous and uniformly bounded
sequence of functions on IRR. By Arzera—Ascoli’s theorem and a nested subsequence
argument, there exists a subsequence of {c;}, still denoted by {c;}, such that PU)(¢&)
converges uniformly on every bounded interval, and hence pointwise on IR to a function
D" (&) = (P](E),..., DPy(E)). Note that dV(&) = T(PV))(¢), &£ € R, where

: 1[5 . :
Ty(®V)(&) = - / e  CCEIH(PV)(s)ds, i =1,...,N.

—00

Letting j — oo in the above equation and using the dominated convergence theorem,
we get @°(&) = T(P)(&), £ e R, 9*(¢) < ¢ for & < My, and K™ < liminfe_,,, (&) <
limsup;_,,, (&) < K™.

Next, we show that ¢*(—o0) = 0. It suffices to show that @*(—o0) exists. We first prove
that

0
/ @} (E)dE < 400, i=1,...,N.

Note that @*(¢) < ¢ for any ¢ < Mj. Choose ¢ > 0 with |g|| < d¢g. Then, for any
i€{l,...,N}, ¢ <0and || < My, @} (& — ji —ct) < dg, and hence for any & < 0, we have

N N +00
SN Gilhin )b (P, (€ — ji — c1)
i=1 ij=1 jj=—00
]N N
>33 > Giliina)Bu(j)b(®; (& — j1 — 1))
i=1 it=1 |ji|<M,

N N
>n Y30 Y Giliin () (E — i — 1) — B, (E)]

i=1 ij=1|j|<M;
N N
o1 Y Y Giliina)Bu(in)®; (&)
i=1 ii=1|ji|<M;
N N
= p1 Z Z Z G1(i, i1, ) B (j1) [®], (& — ji — c7) — @] (£)]
i=1ii=1|ji|<M;
N
+ p1 Z Z Bo(j1)®; (E).
i=1 |ji|l<M
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It follows from equation (4.1) that

N

d . N * *
C; Eél(é) = Dy, ;[@Hl(f) + ¢i71(é) _2¢l(5)]
N

N
+ Dy Y [B](E+ 1)+ B[ (E—1) = 20](E)] —d Y i (&)
i=1

i=1

N N
Fupr > D D Gilhin ))& — ji — cr) — B} ()]

i=1 i=1|j|<M;

N
+upr Y > Bl ()

i=1 |jil<M,
N
= Dy, Z[@(é + 1)+ & (& —1) —20;(&)]
i=1

N N
Fupr Y D D Gilhin ))& — ji — cr) — B} ()]

i=1 ij=1|j|<M;

+XN: {,um Z ﬂoc(jl)_dm:| (pt*(é)

i=1 [1l<M;y

Define p> = pp1 3, 1<p, Bx(j1) — dw > 0. Integrating (4.14) over [y, 0], we obtain

N

¢ [8;(0) — & (y)]

i=1
sz/ HE )+ B(E — 1) —205(0) d¢+pz§j/ @(e)d
Y Gl ) / (& — i — ) — B (N de

i=1 ij=1|j|<M;

Direct computation shows that

j/O[¢?<é+1)+d>:‘(é—1)—2q>:‘(f)] |

\/médé/ () — /+1¢(édé+/y¢(édé’<4K+

and

N N 0
SN S Gl [ 10— - en - o de]
y

i=1 =1 |jj|<M,
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|
hE
Mz

Z (i, ﬁm)/ / (i + cOl(®})(E = (i + c0)0)d0 de

i111 1‘

M =
Mz

Z G1(i, i1, ) Bx(j1)(j1 + c7)

Lir=1|ji|<M;

T
I
—_

1
< [ 105 (=l +e00) = 0 (0 = i + 0ol do

S2KIN Y Buli)(il + ).

[J11<M,

Therefore, from equation (4.15), we obtain that fyo @1 (&)dé (i =1,...,N) is bounded on

(—00,0], and hence ji)% @;(¢)dé < +oo, i =1,...,N. By using the uniform boundedness
of (®*)' and the proof by contradiction, it is easy to verify that ¢*(—o0) exists. Therefore,

®.(—o0) = 0.
The proof of the upward convergence ®.(+o0) = K is similar to that of Theorem 4.11
and omitted. This completes the proof. O

5 Discussions

In this paper, we have studied the spatial dynamics of a monostable age-structured
population model for the dynamics of growth of a single species on a 2D lattice strip with
Neumann boundary conditions. We have given some sufficient conditions for the stability
of the equilibria and the persistence of the model with monotone or non-monotone birth
functions. We have also considered the spreading speed and the traveling wave solutions,
including the upward convergence, for the model without the monotonicity of the birth
function. Our result implies that the spreading speed is linearly determinate and coincides
with the minimal wave speed of travelling waves for this class of non-quasi-monotone
lattice differential systems. Our main methods are based on the comparison argument,
the constructions of two auxiliary quasi-monotone systems, the Schauder’s fixed-point
theorem and the fluctuation method.

Now, we present illustrative examples by choosing two types of birth functions from
population biology.

First, we consider the Holling-II type function b(u) = ; Hu with p,a > 0. It is clear that
this function is non-decreasing on [0,00) and (A;) and (A;) hold. Moreover, if pu/d,, > 1,
then system (1.7) has a unique positive equilibrium K = (pu —d,,)/(d,2) and (A3) holds.
By Theorems 3.1 and 3.3, we have the following result.

Example 5.1 Let b(u) =

1 + - with p,a > 0. Then, the following statements are valid:

(1) Ifo< Z—“ < 1, then the zero equilibrium 0 is globally attractive.
(2) If Z—ﬁ > 1, the positive equilibrium K is globally attractive.

Next, we consider the Ricker type function b(u) = pue™™ with p,o > 0. Clearly, b(u) is
non-decreasing on [0, tm,,] While non-increasing on [Umay, 90), Where upax := o~ !. When
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pu/d, > 1, system (1.7) has a unique positive equilibrium K := o !In EE. Moreover, if
pu/dy > e, then K > uy,, and the condition (3.9) equals to

21n5—p—ﬂ—1>0and5—”<ez.

dme

It is easy to see that the above first 1nequahty holds for e < ’;" < 2. Therefore,
equation (3.9) is equivalent to e < f* < e%. By Theorems 3.1, 3.5, 3.6 and 3.7, we have the
following result.

Example 5.2 Let b(u) = pue™™" with p,o > 0. Then, the following statements hold:
(1

If 0 < BX < 1, then the zero equilibrium 0 is globally attractive.

) i
(2) If 1 < IE < e, then K < upay and the positive equilibrium K is globally attractive.
3) Ife< f,—f: < €%, then K > up,, and the positive equilibrium K is globally attractive.
EE > ¢* then %k. k1 is a global attractor, where
4) If BE 2, then Gk, k] i lobal h

—”b( +1) and K* =

dyoe d oe”

In addition, the conclusions of Theorems 4.6, 4.10 and 4.11 are valid, that is, the spreading
speed for equation (1.7) with the Ricker type birth function is linearly determinate and
coincides with the minimal wave speed of travelling wave solutions. In particular, it is easy
to verify that (P;) holds in the case where e < ££ < e”. Hence, the upward convergence
of the spreading speed and travelling waves holds provided that 1 < £2 < e’

We mention that the monostable assumptions are needed in studymg the global at-
tractivity of the positive equilibrium, travelling waves and spreading speeds; while they
are not needed in the results on the global attractivity of the zero equilibrium. Let’s
consider equation (1.7) with the birth function b(u) = pu’e™™ with p,a > 0. Obviously,
b(u) is non-decreasing on [0, uy.x] and non-increasing on [upax, 90), Where uUmax = 2/0.
Moreover,

(i) if d,, > £, then 0 is the only equilibrium for equation (1.7);

(i) if d,, = L, then system (1.7) admits a unique positive equilibrium K and d,,u > ub(u)

for any u € (0,K);

(iii) if d,, < £, then system (1.7) has two positive equilibria (i.e. bistable case).
It is easy to see that (A;) and (A;) hold provided that d,, > %. From Theorem 3.1, if
dyn > %, then the zero equilibrium is globally attractive. However, when d,,, < %, one can
see that (A3) does not hold. Hence, for b(u) = pu?e™ with d,, < P2, our main results
on the global attractivity of positive equilibrium, travelling waves and spreading speed

cannot be applied. We conjecture that the saddle-point behaviour may occur for the case
when d,, < £, see e.g. Jiang et al. [11].
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